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Abstract: Quantitative estimation of the failure of a gadolin-
ium orthosilicate (Gd2SiO5, hereafter abbreviated as GSO)
single crystal induced by thermal stress was investigated. A
GSO cylindrical test specimen was heated in a silicone oil
bath, then subjected to large thermal stress by room tempera-
ture silicone oil. Cracking occurred during cooling. The tran-
sient heat conduction analysis was performed to obtain tem-
perature distribution in the test specimen at the time of crack-
ing, using the surface temperatures measured in the test. Then
the thermal stress was calculated using the temperature pro-
file of the test specimen obtained from the heat conduction
analysis. It is found from the results of the thermal stress
analysis and the observation of the cracking in the test spec-
imens that the cracking induced by thermal stress occurs in
a cleavage plane due to the stress component normal to the
plane. Three-point bending tests were also performed to ex-
amine the relation between the critical stress for the cracking
induced by thermal stress and the three-point bending strength
obtained from small-sized test specimens. Both sets of failure
data obey the Weibull distribution, and the Weibull distribu-
tion of the critical stress for the cracking induced by thermal
stress can be very well estimated from that of the three-point
bending strength by correcting size effect using the Weibull
distribution’s weakest link model.

keyword: finite element method, thermal stress, cracking,
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1 Introduction

Ce doped GSO single crystal developed by Hitachi Chemical
Co. Ltd. is one of the most promising scintillator materials
[Takagi and Fukazawa (1983); Ishibashi, Shimizu, Susa, and
Kubota (1989)]. Because of its excellent scintillation char-
acteristics, GSO scintillator is expected to be used for medi-
cal application such as positron tomograph, as γ-ray detectors
for oil well logging application as well as in the field of high
energy physics research. GSO bulk single crystals are pro-
duced by the Czochralski (CZ) growth technique. Cracking
of the crystal sometimes occurs during the CZ growth, espe-
cially during cooling down [Ishibashi, Kurata, Kurashige, and
Susa (1993)]. The cracking would be caused by thermal stress
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Figure 1 : Equipment for thermal shock tests

during the growth process. It is necessary to perform experi-
ments of cracking induced by thermal stress and their numeri-
cal analyses in order to obtain failure stress quantitatively. We
have performed such a study on lithium niobate (LN), a trigo-
nal single crystal [Miyazaki, Hattori, and Uchida (1997)].

The objectives of the present study are to obtain what kind of
stress dominates the cracking of the GSO single crystal in-
duced by thermal stress and to obtain the failure stress for
the cracking. For these purposes, thermal shock tests of the
GSO single crystal were carried out, then thermal stress anal-
ysis considering crystal anisotropy was performed in order to
obtain the critical stress for the cracking induced by thermal
stress, using the temperature data obtained from the thermal
shock tests. Three-point bending tests were also performed to
examine the relation between the critical stress for the cracking
induced by thermal stress and the three-point bending strength
obtained from small-sized test specimens.

2 Experimental procedure

2.1 Thermal shock tests

Fig. 1 shows the apparatus for the thermal shock tests. Cylin-
drical test specimens of 50 mm in diameter and 10 mm in thick-
ness shown in Fig. 2 were cut from a GSO bulk single crystal.
The surfaces of the test specimens were chemically polished.
A test specimen was heated to about 470 K in a bath filled with
silicone oil, then thermal shock was applied to it by plunging
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Figure 2 : Test specimen for thermal shock test

Figure 3 : Locations of temperature measurement

room temperature silicone oil into heated oil bath; cracking
occurred during cooling due to thermal stress. The surface
temperatures were measured using thermocouples attached on
the specimen surfaces and all the measured temperatures were
recorded in a personal computer (PC) via an analog-to-digital
converter. Fig. 3 shows locations of temperature measurement.
The time when the cracking occurred was identified by a video
cassette recorder (VCR).

2.2 Three-point bending tests

Three-point bending tests were performed at a temperature of
470 K and at the displacement rate of 0.2 mm=min. The test
specimen was 50 mm in length and a square with the sides of
4.5 mm in the cross section. All the surfaces of the test speci-
mens were chemically polished. A GSO is a monoclinic class
2=m single crystal, and the crystallographic a-axis is 17.5 K in-
clined from the b-c plane, as shown in Fig. 4. A right-handed
Cartesian coordinate system X1-X2-X3 is taken in such a way
that the X2- and X3-axes coincide with the crystallographic b-
axis [010] and c-axis [001], respectively, as shown in Fig. 4.
The GSO single crystal has the (100) cleavage plane and the
[001] slip direction in the cleavage plane. The three-point
bending tests were performed for six cases which have differ-
ent combinations of the longitudinal direction and the loading

Figure 4 : Crystallographic coordinate system

Table 1 : Test conditions for three-point bending tests

Case Longitudinal Loading
direction direction

1 X1 X2

2 X1 X3

3 X2 X1

4 X2 X3

5 X3 X1

6 X3 X2

direction, as shown in Tab. 1 and Fig. 5.

3 Analytical procedure

A flowchart for evaluation of thermal shock test results is
shown in Fig. 6. Transient heat conduction analysis was per-
formed to obtain the temperature distribution in a GSO test
specimen using the surface temperatures measured in the ther-
mal shock test. Thermal stress analysis was performed on the
results of the heat conduction analysis, taking account of the
crystal anisotropy. Finally the calculated thermal stress was
converted into several stresses for failure evaluation.

3.1 Heat conduction analysis

Finite element transient heat conduction analysis for an ax-
isymmetric body was performed to obtain temperature distri-
bution in the GSO thermal shock test specimen at the time
of cracking. The surface temperatures were prescribed as a
boundary condition, using the temperature data on the crys-
tal surface measured in the thermal shock test. The density ρ,
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Figure 5 : Test conditions for three-point tests

specific heat Cp and thermal conductivity λ of the GSO sin-
gle crystal are required for the heat conduction analysis. The
following were used in the present analysis:

ρ = 6:71 g=cm3; Cp = 350 J=(kg �K); λ = 2:98 W=(m �K)

The values of Cp and λ were measured by Hitachi Chemical
Co. Ltd. with the laser flash method.

3.2 Thermal stress analysis

Thermal stress analysis was performed using a computer code
developed to deal with a monoclinic class 2=m single crystal
[Miyazaki, Tamura, Kurashige, Ishibashi, and Susa (1997)].
It considers anisotropy in the elastic constants Ci j and ther-
mal expansion coefficients αi, so the code uses the three-
dimensional finite element method.

The stress-strain relations of single crystal are given as

σi j = Ci jklεkl (1)

where σi j and εi j are the stress tensors and strain tensors re-
spectively, and Ci jkl denote the elastic constant tensors. The
matrix components of stress σi and strain εi are related to their
correspondent tensor components σi j and εi j as follows [Nye

Figure 6 : Flowchart for evaluation of thermal shock test re-
sults
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2
4

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

3
5!

2
4

σ1 σ6 σ5

σ6 σ2 σ4

σ5 σ4 σ3

3
5

2
4

ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

3
5!

2
4

ε1 ε6=2 ε5=2
ε6=2 ε2 ε4=2
ε5=2 ε4=2 ε3

3
5 (2)

Then the stress-strain relations are given by matrix notation as
follows:

σi = Ci jε j (3)

For a monoclinic class 2=m single crystal such as GSO, the
elastic constant matrix is written as follows [Nye (1957)] for
the Cartesian coordinate system X1-X2-X3 shown in Fig.2:

[Ci j] =

2
6666664

C11 C12 C13 0 C15 0
C22 C23 0 C25 0

C33 0 C35 0
C44 0 C46

sym. C55 0
C66

3
7777775

(4)

Let us consider a right-handed Cartesian coordinate system
X 0

1-X 0

2-X 0

3 shown in Fig. 7, where the X 0

3-axis coincides with
the symmetric axis of the test specimen, and the X 0

1-axis is in
the X1-X2 plane and normal to the X 0

3-axis. By the standard ten-
sor transformation, the elastic constant tensors C0

i jkl associated
with the X 0

1-X 0

2-X 0

3 system are related to Ci jkl of the X1-X2-X3

system as follows:

C0

i jkl = aima jnakoal pCmnop (5)
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Figure 7 : Coordinate system for thermal stress analysis

For a monoclinic class 2=m single crystal, the thermal strain
vector fεTg is given in the X1-X2-X3 system as follows [Nye
(1957)]
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(6)

where σi j and αi are the thermal expansion coefficient tensors
and the components of the thermal expansion vector, respec-
tively. Using the standard tensor transformation, we obtain the
thermal expansion coefficient tensors α0

i j in the X 0

1-X 0

2-X 0

3 sys-
tem as follows:

α0

i j = aika jlαkl (7)

The finite element computer code used in the analysis has the
elastic constant matrix and thermal expansion coefficient vec-
tor obtained from tensor transformation technique mentioned
above. This makes it possible to perform thermal stress anal-
ysis of a monoclinic class 2=m single crystal in the Cartesian
coordinate system X 0

1-X 0

2-X 0

3 which is different from the crys-
tallographic coordinate system X1-X2-X3, as shown in Fig. 7.
The details of C0

i jkl and α0

i j are given in Miyazaki, Tamura,
Kurashige, Ishibashi, and Susa (1997).

The finite element model for the three-dimensional thermal
stress analysis of a GSO test specimen are shown in Fig. 8,
where one quarter region is cut in order to show the internal
part clearly. The elastic constants and thermal expansion co-
efficient of the GSO single crystal were respectively measured

Figure 8 : FEM mesh for three-dimensional thermal stress
analysis

Figure 9 : Time variations of surface temperatures measured
by thermocouples

using ultrasonic pulse method [Kurashige, Kurata, Ishibashi,
and Susa (1997)] and dilatometer [Utsu and Akiyama (1991)].
They are summarized in Tab. 2, in which the the thermal ex-
pansion coefficient α5 is not identified probably because it is
small compared with others.

3.3 Stress evaluation for cracking

Thermal stress at the time of cracking obtained from the anal-
ysis was converted into the following stresses to discuss the
cracking induced by thermal stress : (a) Mises equivalent
stress

p
3J02, (b) the maximum principal stress σ1, (c) the nor-

mal stress σn acting on the (100) cleavage plane, and (d) the
maximum shear stress σs acting on the (100) cleavage plane.

4 Results and discussion

4.1 Thermal shock tests

Seven runs of the thermal shock tests were performed. Fig. 9
shows an example of time variations of surface temperatures
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Table 2 : Elastic constants and thermal expansion coefficients
of GSO single crystal

Const. Value Unit

C11 2:23�105 [MPa]
C12 1:08�105 [MPa]
C13 0:985�105 [MPa]
C15 0:084�105 [MPa]
C22 1:50�105 [MPa]
C23 1:02�105 [MPa]
C25 0:333�105 [MPa]
C33 2:51�105 [MPa]
C35 �0:06�105 [MPa]
C44 0:788�105 [MPa]
C46 �0:066�105 [MPa]
C55 0:688�105 [MPa]
C66 0:827�105 [MPa]
α1 4:8�10�6 [K�1]
α2 14:0�10�6 [K�1]
α3 6:4�10�6 [K�1]

measured by thermocouples which are attached to the loca-
tions 1, 6 and 8 shown in Fig. 3. The origin of time is defined
at the time when room temperature silicone oil begins to flow
into hot silicone oil. In this case, cracking of a test specimen
occurs at the time of 90.8 seconds. Using these measured tem-
peratures, transient heat conduction analysis was performed to
obtain the temperature distribution at the time of cracking. An
example of the calculated result is shown in Fig. 10. Fig. 11
shows the distributions of stresses at the time of cracking ob-
tained from thermal stress analysis. As shown in Fig. 10 and
11, a large temperature gradient was caused near the side wall
of the test specimen due to the cooling by room temperature
silicone oil and a large thermal stress is therefore induced at
the side wall.

420.0410.0 440.0430.0 450.0 470.0460.0

CL

Figure 10 : Temperature distribution obtained from heat con-
duction analysis (Unit: K, ∆T = 1 K)

(a)
p

3J02 (b) σ1

(c) σn (d) σs

Figure 11 : Distributions of stresses obtained from thermal
stress analysis (Unit: MPa, ∆σ = 5 MPa)

Figure 12 : Cracking observed in thermal shock test

The maximum values of various stresses at the time of crack-
ing are summarized in Tab. 3. The cracking shown in Fig. 12
was observed in all the test specimens used in the thermal
shock tests. A crack runs straight from the side surface, pass-
ing through the center of the specimen. The crack surface is
confirmed to be the (100) cleavage plane by X-ray diffraction.
Among the four stresses shown in Fig. 11 and Tab. 3, the stress
σn acting on the cleavage plane can be used to explain the
cracking phenomenon. It is found from Fig. 11(c) that σn has
the maximum at the side surface of the test specimen where
the (100) cleavage plane intersects. Therefore, the crack runs
along the (100) cleavage plane. It is concluded that among the
four stresses evaluated for the cracking, the maximum value of
σn dominates the cracking induced by thermal stress.
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Table 3 : Maximum values of stresses at the time of cracking

sample no.
p

3J02 σ1 σn σs

No-1 16.90 32.22 15.84 8.360
No-2 33.38 70.56 34.61 13.68
No-3 19.01 41.09 20.66 8.105
No-4 30.96 67.41 34.21 9.086
No-5 20.69 44.29 22.35 8.897
No-6 26.03 56.23 29.13 8.297
No-7 33.58 64.55 32.33 16.54

Ave. 25.79 53.76 27.02 10.42

Table 4 : Average value of three-point bending strength

Case 1 2 3 4 5 6

Average
σb [MPa]

102.5 44.34 151.2 157.3 - 618.2

4.2 Three-point bending tests

(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4

(e) Case 5 (f) Case 6

Figure 13 : Failure observed in three-point bending tests

Fig. 13 shows failure modes observed in the three-point bend-
ing tests for the six cases of test condition as mentioned in 2.1.
In Cases 1, 3, 4 and 6, brittle failure occurred, and rough frac-
ture surfaces are observed. In particular secondary fracture in
the cleavage plane along the longitudinal direction is observed
in Case 3. In Case 2, slip occurred at first, since the loading di-
rection is parallel to the slip direction. Soon afterwards, failure
occurred due to tensile stress, which was caused by the bend-
ing moment, normal to the cleavage plane. Very smooth frac-
ture surface is observed in this case, which indicates that cleav-
age fracture occurred. In Case 5, the direction of longitudinal
shear stress is parallel to the slip direction, so slips occurred re-
peatedly along the longitudinal direction which causes a very

Figure 14 : Weibull plots for failure stress

large deformation without failure, as shown in Fig. 13(e). The
average value of three-point bending strength for each case is
given in Tab. 4. Since Case 2 has the lowest three-point bend-
ing strength and complete cleavage failure are observed both
in Case 2 and in the test specimens used in the thermal shock
tests, the three-point bending strength for Case 2 should be
used to be compared with the critical stress for the cracking
induced by thermal stress.

4.3 Relation between thermal shock tests and three-point
bending strength

Generally speaking, failure strength of a brittle material is
dominated by small defects in the material, and its failure
strength deviates greatly due to the deviation of the defect
sizes. The deviation of the maximum value of σn at the time of
cracking obtained from the thermal shock tests shown in Tab. 4
may be due to this reason, so it is appropriate to deal with the
failure data statistically. Weibull plots of the failure data ob-
tained from the thermal shock tests and the three-point bending
tests are shown in Fig. 14 where the cumulative failure prob-
ability F is related to the stress σn for the thermal shock tests
and the stress σb for the three-point bending tests. Both sets
of the failure data show good linearity and obey the Weibull
distribution. According to the Weibull distribution’s weakest
link model, the strength of a brittle material is dominated by
the maximum size of defect subjected to tensile stress, and
the probability of large-sized defects being subjected to tensile
stress increases as the specimen size increases. Consequently,
a large specimen has lower failure stress. This is why the fail-
ure data from the thermal shock tests scatter at lower stress
than those from the three-point bending tests. Furthermore, the
slopes of both lines are almost the same, which indicates that
the Weibull distribution of the thermal shock tests can be esti-
mated from that of the three-point bending tests by correcting
size effect using the Weibull distribution’s weakest link model.
The broken line in Fig. 14 is the Weibull distribution estimated
from the three-point bending data. The estimated Weibull dis-
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tribution agrees very well with that of the thermal shock tests.

5 Concluding remarks

It is found from the results of thermal stress analysis and the
observation of the cracking in GSO test specimens that the
cracking induced by thermal stress occurs in the (100) cleav-
age plane due to the stress component normal to the plane. The
failure data obtained from the thermal shock tests and those
of the three-point bending tests obey the Weibull distribution,
and the Weibull distribution of the thermal stress cracking can
be very well estimated from that of the three-point bending
strength by correcting size effect using the Weibull distribu-
tion’s weakest link model.
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