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On Interpolation in SPH

R. Vignjevic, T. De Vuyst, M. Gourma1

Abstract: The work presented provides an overview
of different types of kernel interpolation used in the SPH
method: conventional SPH, normalised SPH (NSPH),
corrected kernel SPH (CSPH) and normalised corrected
kernel SPH (NCSPH). These four methods are consid-
ered in a fully mesh-free form (using no background
mesh). To illustrate the effect of using different inter-
polation methods two problems were simulated: a 1D
symmetric elastic impact problem, and a shock-tube. An
overview of the simulation results for the two problems is
given. Shortcomings for the interpolation schemes tested
were identified and discussed. It is concluded that NC-
SPH provides the best results. To establish whether the
better results obtained with the NCSPH method are suffi-
cient, or further improvements are needed, it will be nec-
essary to conduct tests in two and three dimensions.

1 Introduction

The smoothed particle hydrodynamics method (SPH) is
widely used in astrophysics and in gas dynamics sim-
ulations: Lucy(1977), Gingold and Monaghan(1977),
Benz(1992), Monaghan(1982) and others. In the 1990’s
the method was extended to problems of solid mechan-
ics including impacts: Libersky and Petschek(1993);
Benz(1995); Johnson, Stryck, Beissel(1996); Swegle,
Hicks and Attaway1994; Randles and Libersky(1996)
and others. There are two significant reasons for in-
creased interest in the SPH method. The first reason is the
method’s flexibility due to its Lagrangian and meshless
nature, the second reason is that it works reasonably well
when applied to problems in an unbounded domain. In a
bounded domain, the SPH method still shows poor accu-
racy near boundaries. The issue of treatment of boundary
conditions (e.g. free boundaries or interface tracking) in
the SPH method is still in the domain of research [10],
especially for NSPH and CSPH, both in hydrodynamic
and material strength problems.
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Recently, to remedy some of the problems, a series
of studies developed by [Liu,Jun, Zhang(1995); Liu,
Yun, Adee, Belytschko(1995); Liu, Chen(1995); Liu,
Jun(1993)] introduced a polynomial correction function
to the standard kernel function. This approach, called the
‘Reproducing Kernel Particle Method’ (RKPM) by the
authors, seems to be able to handle material boundaries
without losing consistency, and improving the accuracy
of the solution.

In parallel to this a different type of correction was pro-
posed by Johnson and Beissel(1996) and Randles and
Libersky(1996). They suggest a normalization of the ker-
nel sum in order to ensure that the derivative of a linear
function is calculated exactly.

2 Basic Concepts and Equations

2.1 Conventional SPH

The SPH method is based on the convolution principle
or interpolant integral. Thus, any exact physical field
(scalar, vector or tensor) ψ � x � t � depending on position
vector x and on time t can be estimated by its smoothed
value � ψ � x � t ��� given by

� ψ � x ���	��

DhW

ψ � s �
�W � x � s � h �
� ds (1)

Where W � x � s � h � = W � z � h � is the kernel distribution,
DhW is the support of the kernel and h is a geometric pa-
rameter that defines size of the support also called the
smoothing length.

DhW � � z � z � ℜN � W � z � h ��� ℜ ���� � z � z � ℜN � z ����� C � h ��� C � h��� (2)

Where C is a constant, the second equality is only valid
for symmetric kernels. The kernel W � z � h � should possess
the following properties:



320 Copyright c
�

2001 Tech Science Press CMES, vol.2, no.3, pp.319-336, 2001

�
DhW

W � x  s ! h "
# ds $ 1 (3)

W � z ! h " h % 0 '& δz (4)

Where δzis a Dirac function.

In numerical applications the integral in equation (1) is
approximated by a pointwise integration:

( ψ � xi "�)+* ∑
j , Ni

ψ � x j "
#W � xi  x j ! h "
# m j

ρ � x j " (5)

Where mj is the mass associated with particle j and Niis
the set of particles interacting with the i particle, thus

Ni $.- j / N 01 C # h 2 xi  x j 2 C # h 3 (6)

The spatial derivative of ψan be calculated using:

( ∇ψ � xi "�)+* ∑
j , Ni

ψ � x j "
#∇W � xi  x j ! h "
# m j

ρ � x j " (7)

Conventional SPH approximations, equations (5 and 7)
as well as their variations [Libersky, Petch, et al.(1993);
Benz(1995)], are inconsistent and unstable. As a conse-
quence the accuracy of the approximations deteriorates
near the boundaries (due to incomplete support) and with
irregular particle distributions.

2.2 Normalized SPH

In order to correct for this problem the normalized
SPH (NSPH) interpolation was introduced by John-
son and Biessel(1996), Randles and Libersky(1996) and
Chen(1999) and consists of correcting the interpolation
to compensate for irregular particle distributions and in-
complete supports.

The condition that�
DhW 4 D

W � x  s ! h "
# ds $ 1 (8)

is not satisfied if DhW 56 D. In order to correct for this a
correction factor C0 is introduced in the the normalisation
condition so that:

C0

�
DhW 4 D

W � x  s ! h "7# ds $ 1 (9)

Where C0 � x ! h " is constant function with respect to s and
determined by the normalisation condition, Using this
approach the smoothed fields are given by8
ψ � x ":9�* ;DW 4 D

ψ � s "
#Wsph � s  x ! h "
# ds

;DW 4 D
Wsph � s  x ! h "
# ds

(10)

To approximate the gradients one can start from a semi-
local Taylor series expansion ψ � s " about x:

ψ � s "<* ψ � x "�=>� s  x "7# 8 ∇xψ � x ":9?= � s  x " 2
2

#�@ ∇2
xψ � x "BAC=D#�#�#

(11)

Multiplying the above equation by ∇sWsph � s  x " and in-
tegrating over DhW while ignoring second and higher or-
der terms one gets:8
∇xψ � x "E9�* ;DW

� ψ � s "< ψ � x ":"
#∇sWsph � s  x ! h "
# ds

;DW
� s  x "
#∇sWsph � s  x ! h "7# ds

(12)

The discrete forms of (10) and (12) are,8
ψ � xi "�9F* ∑

j , Ni

ψ � x j "
#Wsph � x j  xi ! h "
# m j
ρ j

∑
j , Ni

Wsph � x j  xi ! h "
# m j
ρ j

(13)

8
∇xψ � xi ":9G* ∑

j , Ni

� ψ � x j "< ψ � xi "H"
#∇x jWsph � x j  xi ! h "
# m j
ρ j

∑
j , Ni

� x j  xi "
#∇x jWsph � x j  xi ! h "7# m j
ρ j

(14)

Two more remarks can be made regarding normalised
SPH. The first one concerning the consistency of the ap-
proximation of the gradient. Due to the fact that higher
order derivatives are neglected to obtain Eq. 12, this
equation cannot be integrated to get ψ � x " .
The second problem is that even the integral forms of the
normalised SPH equations (10)(12), unlike conventional
SPH, does not satisfy the Gauss theorem.
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2.3 Corrected SPH

The second type of correction was proposed by [Liu,Jun,
Zhang(1995); Liu, Yun, Adee, Belytschko(1995); Liu,
Chen(1995); Liu, Jun(1993)], and takes the following
form as a correction to the interpolation kernel itself:

WCSPH I x J x K s J h L�M�N M

∑
k O 0

Ck I x J h LQP:R x K s
h S kT PW R�U x K s U

h S
(15)

Where M is the order of the correction function and
Ck I x J h L are coefficients that depend on the order M.
These coefficients can be determined explicitly by im-
posing the condition that WCSPH exactly interpolates
polynomials of order up to M, ie.V

DhWCSPH

skWCSPH I x J x K s J h L ds M xk for k M 0 J 1 J 2 J:W:W:WXJ M (16)

Where DhWCSPH is the support of the CSPH kernel. In
the results presented, a kernel correction of order M=1
was used, hence:

Wcsph I x J s K x J h LGMY
C1 I x J h LCZ C2 I x J h L7P I s K x

h
L\[�PWsph I s K x J h L (17)

One can see that generally WCSPH I x J x K s J h L^]M
WCSPH I s J s K x J h L , i.e. the kernel function is no longer
symmetric.

Using the above a field can be approximated by:_
ψ I xi LE`�a ∑

j b Di
ψ I x j L
P YC1 I xi J h LZ C2 I xi J h L7P I x j K xi

h
L\[�PWsph P m j

ρ j
(18)

and consequently the gradient is approximated by_
∇x ψ I xi L:`Fa ∑

j b Di
ψ I x j L7P Y I C1 I xi J h L

Z C2 I xi J h L7P I x j K xi

h
L:L
P∇xiWsph Z C2 I xi J h L

h
PWsph [�P m j

ρ j
(19)

With the objective to preserve the Lagrangian and mesh-
free nature of the method, a background mesh combined
with Gauss quadrature, as proposed by Liu, was not used.
Instead, a simple point-wise integration was used.

2.4 Normalized Corrected Kernel SPH

Finally, a combination of normalization and kernel cor-
rection was considered. The idea behind this is that the
kernel correction restores consistency, while the normal-
ization enhances accuracy of the integration process. The
kernel function can then be written as:

Wncsph I x J s K x J h LGMY
Ĉ1 I x J h L'Z Ĉ2 I x J h L
P I s K x

h
L\[EP Wsph I s K x J h LV

DW

Wsph I s K x J h L
P ds
(20)

Where Ĉ1 I x J h L and Ĉ2 I x J h L are calculated by using a nor-
malized kernel interpolation. A similar interpolation was
proposed by Bonet and Kulasegaram (1998).

3 Velocity Smoothing

The velocity smoothing consists of applying a kernel in-
terpolation to the velocity field. This process reduces
or eliminates material inter-penetration and the fact that
particles of the same material in a one-dimensional case
can overtake each other. This type of procedure was
published, in slight variations, by Libersky, Randles,
Carney and Dickinson(1997); Guenther, Hicks, Swe-
gle(1994 and Balsara(1995) as a potential cure for tensile
instability. The formulation proposed by Randles, Liber-
sky(1996) is as follows:

ṽi M vi Z αcs cddde
nnbr
∑
j fO i

m j
ρ j

v jWi j

nnbr
∑
j fO i

m j
ρ j

Wi j

K vi gihhhj (21)

Where αcs is the conservative smoothing coefficient and
has a value between 0 and 1. The smoothing function for
these tests is a variation of the above formula with αcs =
1, and including the ith particle in the kernel sum:

ṽi M nnbr
∑

j k incli l m j
ρ j

v jWi j

nnbr
∑

j k incl i l m j
ρ j

Wi j

(22)

One can see that this corresponds to a normalized SPH
interpolation of a function. A second type of veloc-
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ity smoothing that was considered is a Corrected Kernel
SPH interpolation:

ṽi n nnbr

∑
j

m j

ρ j
v j o C1 p C2

x j q xi

h r Wi j (23)

The use of velocity smoothing is an alternative to the use
of artificial viscosity. An assessment of the performance
of these two methods is given by Guenther, Hicks, Swe-
gle(1994).

4 Conservation Equations

As pointed out in [Gingold, Monaghan(1977);
Benz(1992)] there are several formulations of the
equations of motion in the SPH method. This is in part
due to the fact that the kernels used are symmetric. This
allows, without great difficulty, handling of conservation
of momentum and energy. In the CSPH approach,
due to the fact that the kernel is no longer symmetric,
the possibilities of deriving an CSPH version of the
equations of motion are restricted. In general let ψ s xi t t u
be any physical quantity carried by particle i t ρ s s t t u
and S s σ u be the density and a source term describing
the state of the environment of that particle, its time
derivative can then be expressed by:

dψ s xi t t u
dt nvqxwDy∇sS s σ u

ρ s s t t u{z
s | xi } t ~ (24)

In the case of the conservation equations:

ψ n��� 1yve �� and S s σ u n��� 0
σ

σ : yv �� (25)

in this expression yv t e and σ represent material velocity,
internal energy and the stress tensor. The system above
is closed by an appropriate constitutive relation and com-
patibility equations. For conventional SPH the conserva-
tion equations are:

dρi

dt n�q ρi∑
j

m j

ρ j
s v j q vi u ∂Wi j

∂x
(26)

dvα
i

dt n ∑
j

m j � σαβ
j q q j

ρ2
j

p σαβ
i q qi

ρ2
i � ∂Wi j

∂xβ (27)

dEi

dt n σαβ
i

ρ2
i

∑
j

m j � vα
j q vα

i � ∂Wi j

∂xβ (28)

Where qi defines the artificial viscosity generated by the
particle i and is given by.

qi n α � ρi � h �Csii ��� Tr s σi u�� p β � ρi ��s hi � Tr s σi u:u 2
0

if
Tr s σi u�� 0
Tr s σi u�� 0

and Tr s σi u n N dim
∑
α

σαα
i , where N dim is the space dimen-

sion.

For the normalized SPH (NSPH) and corrected kernel
SPH (CSPH) and normalized corrected kernel SPH (NC-
SPH) a different form of the momentum equation was
used:

dvα
i

dt n�q 1
ρi

∑
j � Ni

m j � σαβ
j q q j q σαβ

i p qi

ρ j � ∂WCSPH

∂x
s xiq x j t h u

(29)

This provides greater stability, this was also observed by
Randles, Libersky(1996) and Balsara(1995). The reason
for the improved stability is that if there is zero stress
and a density discontinuity, equation (27) produces an
acceleration, while equation (29) does not. It is important
to note that throughout this paper only nodal integration
has been used, in order to preserve the meshless character
of the method.

5 Test Results

To get an initial idea of the influence of these different
methods on the interpolation a simple reconstruction of a
function and its derivative was performed. The function
to be reconstructed is a simple sine function, its deriva-
tive a cosine function.

From Figure 1 it can be seen that for a regular particle
distribution the sine wave is reasonably approximated by
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For the normalised SPH (NSPH) and corrected kernel SPH (CSPH) and normalised corrected kernel SPH
(NCSPH) a different form of the momentum equation was used:

),(
1

hxx
x

Wqq
m

dt
dv

ji
CSPH

j

iijj

Nj
j

i

i

i

−
∂

∂









 +−−
−= ∑

∈ρ
(29)

This provides greater stability, this was also observed by Libersky et al [9][19].  The reason for the
improved stability is that if there is zero stress and a density discontinuity, equation (27) produces an
acceleration, while equation (29) does not.  It is important to note that throughout this paper only nodal
integration has been, in order to preserve the meshless character of the method.

Test Results

To get an initial idea of the influence of these different methods on the interpolation a simple
reconstruction of a function and its derivative was performed.  The function to be reconstructed is a
simple sine function, its derivative a cosine function.

From Figure 1 it can be seen that for a regular particle distribution the sine wave is reasonably
approximated by all four methods, the CSPH and NCSPH methods also shows good results at the
boundaries, conventional SPH and NSPH show a clear deficiency at the boundaries.  Looking at the
estimate of the derivative (Fig. 2) identical conclusions can be drawn, except that NSPH now has similar
accuray compared to CSPH and NCSPH.

The effect of irregular particle distributions (Fig. 3 and 4) the superiority of normalised and
corrected kernel interpolations over the conventional SPH approach is clear.  The conventional SPH
results have clearly deteriorated.  The results of NSPH, CSPH and NCSPH are hardly affected by the
irregular distribution of particles.  This confirms the fact that, as intended, NSPH compensates for the
irregular particle distribution.  Eventhough the rationale behind CSPH is a restoration of consistency it
leads to a similar improvement as NSPH.  These effects are even more noticeable when looking at the
results of the approximation of the derivative of the sine function.  The SPH results show virtually no
resemblance to a cosine function.
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∂
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Due to the nature of the problems to be analysed, ie. dynamics and wave propagation, a second
function that was selected to be reconstructed is a step-function, and its derivative a Dirac function.  The
results for a regular particle distribution are displayed in Figures 5 and 6.  Again one can observe the fact
that NSPH, CSPH and NCSPH give better results at the boundaries.  In the case of an irregular particle
distribution (Fig. 7 and 8) it can be seen that the results for conventional SPH deteriorate, while the two
other methods hardly are affected.
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function that was selected to be reconstructed is a step-function, and its derivative a Dirac function.  The
results for a regular particle distribution are displayed in Figures 5 and 6.  Again one can observe the fact
that NSPH, CSPH and NCSPH give better results at the boundaries.  In the case of an irregular particle
distribution (Fig. 7 and 8) it can be seen that the results for conventional SPH deteriorate, while the two
other methods hardly are affected.
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Finally, in the next four figures, the results of the reconstruction of a step function are presented
using the particle distribution used to simulate the shocktube problem. The results of the shocktube

Fig. 4

all four methods, the CSPH and NCSPH methods also
shows good results at the boundaries, conventional SPH
and NSPH show a clear deficiency at the boundaries.
Looking at the estimate of the derivative (Fig. 2) iden-
tical conclusions can be drawn, except that NSPH now
has similar accuray compared to CSPH and NCSPH.

The effect of irregular particle distributions (Fig. 3 and
4) the superiority of normalized and corrected kernel in-
terpolations over the conventional SPH approach is clear.
The conventional SPH results have clearly deteriorated.
The results of NSPH, CSPH and NCSPH are hardly af-
fected by the irregular distribution of particles. This con-
firms the fact that, as intended, NSPH compensates for
the irregular particle distribution. Eventhough the ratio-
nale behind CSPH is a restoration of consistency it leads
to a similar improvement as NSPH. These effects are
even more noticeable when looking at the results of the
approximation of the derivative of the sine function. The
SPH results show virtually no resemblance to a cosine
function.

Due to the nature of the problems to be analysed, ie. dy-
namics and wave propagation, a second function that was
selected to be reconstructed is a step-function, and its
derivative a Dirac function. The results for a regular par-
ticle distribution are displayed in Figures 5 and 6. Again
one can observe the fact that NSPH, CSPH and NCSPH
give better results at the boundaries. In the case of an ir-
regular particle distribution (Fig. 7 and 8) it can be seen
that the results for conventional SPH deteriorate, while
the two other methods hardly are affected.

Finally, in the next four figures, the results of the recon-
struction of a step function are presented using the parti-
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Due to the nature of the problems to be analysed, ie. dynamics and wave propagation, a second
function that was selected to be reconstructed is a step-function, and its derivative a Dirac function.  The
results for a regular particle distribution are displayed in Figures 5 and 6.  Again one can observe the fact
that NSPH, CSPH and NCSPH give better results at the boundaries.  In the case of an irregular particle
distribution (Fig. 7 and 8) it can be seen that the results for conventional SPH deteriorate, while the two
other methods hardly are affected.
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Finally, in the next four figures, the results of the reconstruction of a step function are presented
using the particle distribution used to simulate the shocktube problem. The results of the shocktube
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function that was selected to be reconstructed is a step-function, and its derivative a Dirac function.  The
results for a regular particle distribution are displayed in Figures 5 and 6.  Again one can observe the fact
that NSPH, CSPH and NCSPH give better results at the boundaries.  In the case of an irregular particle
distribution (Fig. 7 and 8) it can be seen that the results for conventional SPH deteriorate, while the two
other methods hardly are affected.
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Due to the nature of the problems to be analysed, ie. dynamics and wave propagation, a second
function that was selected to be reconstructed is a step-function, and its derivative a Dirac function.  The
results for a regular particle distribution are displayed in Figures 5 and 6.  Again one can observe the fact
that NSPH, CSPH and NCSPH give better results at the boundaries.  In the case of an irregular particle
distribution (Fig. 7 and 8) it can be seen that the results for conventional SPH deteriorate, while the two
other methods hardly are affected.
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Due to the nature of the problems to be analysed, ie. dynamics and wave propagation, a second
function that was selected to be reconstructed is a step-function, and its derivative a Dirac function.  The
results for a regular particle distribution are displayed in Figures 5 and 6.  Again one can observe the fact
that NSPH, CSPH and NCSPH give better results at the boundaries.  In the case of an irregular particle
distribution (Fig. 7 and 8) it can be seen that the results for conventional SPH deteriorate, while the two
other methods hardly are affected.
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differs by a factor of eight.  Conclusions drawn for the equal volume particle distribution case (Figures 5
to 8) also apply to non-equal volume case (Figures 9 to 10).  The same calculation was also performed
after a few timesteps, when the particles are no longer uniformly positioned, again the results are
significantly worse for conventional SPH (Fig. 11-12).
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dimensional problems.
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The first problem that was selected to study the different interpolation methods is a 1D symmetric
elastic impact of two bars.  The initial problem configuration is summarised in the Table 1 below.
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Number of Materials 2
Particle Spacing ∆x 0.05 cm
Smoothing Length h 0.05 cm
Young’s Modulus E 200Gpa
Poison’s Ratio 0.3
Impact velocity +/- 100 m/s

9

problem will be discussed in a later paragraph.  The main difference here is that to left of the origin the
particle spacing is eight times denser than to the right.  Consequently the volume of the particles also
differs by a factor of eight.  Conclusions drawn for the equal volume particle distribution case (Figures 5
to 8) also apply to non-equal volume case (Figures 9 to 10).  The same calculation was also performed
after a few timesteps, when the particles are no longer uniformly positioned, again the results are
significantly worse for conventional SPH (Fig. 11-12).

To assess and compare the influence of the different interpolation methods on the discretisation of
conservation methods two tests were conducted.  For this study we have restricted ourselves to one
dimensional problems.

8.00E-01

1.00E+00

1.20E+00

1.40E+00

1.60E+00

1.80E+00

2.00E+00

2.20E+00

-1.00E-02 -8.00E-03 -6.00E-03 -4.00E-03 -2.00E-03 0.00E+00 2.00E-03 4.00E-03 6.00E-03 8.00E-03 1.00E-02

step

sph

norm

rkpm

 -1.00E+02

0.00E+00

1.00E+02

2.00E+02

3.00E+02

4.00E+02

5.00E+02

-1.00E-02 -8.00E-03 -6.00E-03 -4.00E-03 -2.00E-03 0.00E+00 2.00E-03 4.00E-03 6.00E-03 8.00E-03 1.00E-02

dirac

sph

norm

rkpm

Fig. 9 Fig. 10

8.00E-01

1.00E+00

1.20E+00

1.40E+00

1.60E+00

1.80E+00

2.00E+00

2.20E+00

2.40E+00

-3.00E-02 -2.00E-02 -1.00E-02 0.00E+00 1.00E-02 2.00E-02 3.00E-02

step

sph

norm

rkpm

 -4.00E+02

-3.00E+02

-2.00E+02

-1.00E+02

0.00E+00

1.00E+02

2.00E+02

3.00E+02

4.00E+02

5.00E+02

-3.00E-02 -2.00E-02 -1.00E-02 0.00E+00 1.00E-02 2.00E-02 3.00E-02

dirac

sph

norm

rkpm

Fig. 11 Fig. 12

The first problem that was selected to study the different interpolation methods is a 1D symmetric
elastic impact of two bars.  The initial problem configuration is summarised in the Table 1 below.

Table 1
Parameter Value
Number of Particles 4000
Number of Materials 2
Particle Spacing ∆x 0.05 cm
Smoothing Length h 0.05 cm
Young’s Modulus E 200Gpa
Poison’s Ratio 0.3
Impact velocity +/- 100 m/s

Fig. 9 Fig. 10

9

problem will be discussed in a later paragraph.  The main difference here is that to left of the origin the
particle spacing is eight times denser than to the right.  Consequently the volume of the particles also
differs by a factor of eight.  Conclusions drawn for the equal volume particle distribution case (Figures 5
to 8) also apply to non-equal volume case (Figures 9 to 10).  The same calculation was also performed
after a few timesteps, when the particles are no longer uniformly positioned, again the results are
significantly worse for conventional SPH (Fig. 11-12).

To assess and compare the influence of the different interpolation methods on the discretisation of
conservation methods two tests were conducted.  For this study we have restricted ourselves to one
dimensional problems.

8.00E-01

1.00E+00

1.20E+00

1.40E+00

1.60E+00

1.80E+00

2.00E+00

2.20E+00

-1.00E-02 -8.00E-03 -6.00E-03 -4.00E-03 -2.00E-03 0.00E+00 2.00E-03 4.00E-03 6.00E-03 8.00E-03 1.00E-02

step

sph

norm

rkpm

 -1.00E+02

0.00E+00

1.00E+02

2.00E+02

3.00E+02

4.00E+02

5.00E+02

-1.00E-02 -8.00E-03 -6.00E-03 -4.00E-03 -2.00E-03 0.00E+00 2.00E-03 4.00E-03 6.00E-03 8.00E-03 1.00E-02

dirac

sph

norm

rkpm

Fig. 9 Fig. 10

8.00E-01

1.00E+00

1.20E+00

1.40E+00

1.60E+00

1.80E+00

2.00E+00

2.20E+00

2.40E+00

-3.00E-02 -2.00E-02 -1.00E-02 0.00E+00 1.00E-02 2.00E-02 3.00E-02

step

sph

norm

rkpm

 -4.00E+02

-3.00E+02

-2.00E+02

-1.00E+02

0.00E+00

1.00E+02

2.00E+02

3.00E+02

4.00E+02

5.00E+02

-3.00E-02 -2.00E-02 -1.00E-02 0.00E+00 1.00E-02 2.00E-02 3.00E-02

dirac

sph

norm

rkpm

Fig. 11 Fig. 12

The first problem that was selected to study the different interpolation methods is a 1D symmetric
elastic impact of two bars.  The initial problem configuration is summarised in the Table 1 below.

Table 1
Parameter Value
Number of Particles 4000
Number of Materials 2
Particle Spacing ∆x 0.05 cm
Smoothing Length h 0.05 cm
Young’s Modulus E 200Gpa
Poison’s Ratio 0.3
Impact velocity +/- 100 m/s

9

problem will be discussed in a later paragraph.  The main difference here is that to left of the origin the
particle spacing is eight times denser than to the right.  Consequently the volume of the particles also
differs by a factor of eight.  Conclusions drawn for the equal volume particle distribution case (Figures 5
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Unless otherwise indicated the units used throughout this
paper are: cm, g, µ. The results are presented for a time
10µ after impact. Ideally the velocity behind the stress
waves should be equal to zero, in the case of conventional
SPH there is oscillation behind the stress- and velocity-
wave which is a consequence of the numerical approach
used. The oscillation is present in the region behind the
stresswave as can be seen from Fig. 13. In the case of
normalized SPH and corrected kernel SPH and normal-
ized corrected kernel SPH one can see that there are no
oscillations (Figures 14 to 16).
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Unless otherwise indicated the units used throughout this paper are: cm, g, µs.  The results are
presented for a time 10µs after impact.  Ideally the velocity behind the stress waves should be equal to
zero, in the case of conventional SPH there is oscillation behind the stress- and velocity- wave which is a
consequence of the numerical approach used.  The oscillation is present in the region behind the
stresswave as can be seen from Fig. 13.  In the case of normalised SPH and corrected kernel SPH and
normalised corrected kernel SPH one can see that there are no oscillations (Figures 14 to 16).
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Figure 13. Velocity and Pressure 10µs after Impact using Conventional SPH Interpolation
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Figure 14. Velocity and Pressure 10µs after Impact using Normalised SPH Interpolation

-0.01

-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.008

0.01

-5 -4 -3 -2 -1 0 1 2 3 4 5

Position [cm]

V
e

lo
c

it
y

 [
c

m
/u

s
]

 

0

0.002

0.004

0.006

0.008

0.01

-5 -4 -3 -2 -1 0 1 2 3 4 5

Position [cm]

P
re

s
s

u
re

 [
M

b
a

r]

Figure 15. Velocity and Pressure 10µs after Impact using Corrected Kernel SPH Interpolation
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Unless otherwise indicated the units used throughout this paper are: cm, g, µs.  The results are
presented for a time 10µs after impact.  Ideally the velocity behind the stress waves should be equal to
zero, in the case of conventional SPH there is oscillation behind the stress- and velocity- wave which is a
consequence of the numerical approach used.  The oscillation is present in the region behind the
stresswave as can be seen from Fig. 13.  In the case of normalised SPH and corrected kernel SPH and
normalised corrected kernel SPH one can see that there are no oscillations (Figures 14 to 16).
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Figure 14. Velocity and Pressure 10µs after Impact using Normalised SPH Interpolation

-0.01

-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.008

0.01

-5 -4 -3 -2 -1 0 1 2 3 4 5

Position [cm]

V
e

lo
c

it
y

 [
c

m
/u

s
]

 

0

0.002

0.004

0.006

0.008

0.01

-5 -4 -3 -2 -1 0 1 2 3 4 5

Position [cm]

P
re

s
s

u
re

 [
M

b
a

r]
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Figure 13 : Velocity and Pressure 10µ after Impact using
Conventional SPH Interpolation

The second problem that was selected for this test is a
shocktube problem. The shocktube problem is a widely
used test case to validate numerical algorithms for the
simulation of hydrodynamic problems [Sod(1978)]. The
reason for its popularity is that the solution contains large
density differences, and that several discontinuities, in
the form of shockfronts, are present. For these reasons,
and the inherent inability of SPH to deal with large den-
sity differences, the shocktube problem was selected as a
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Unless otherwise indicated the units used throughout this paper are: cm, g, µs.  The results are
presented for a time 10µs after impact.  Ideally the velocity behind the stress waves should be equal to
zero, in the case of conventional SPH there is oscillation behind the stress- and velocity- wave which is a
consequence of the numerical approach used.  The oscillation is present in the region behind the
stresswave as can be seen from Fig. 13.  In the case of normalised SPH and corrected kernel SPH and
normalised corrected kernel SPH one can see that there are no oscillations (Figures 14 to 16).
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presented for a time 10µs after impact.  Ideally the velocity behind the stress waves should be equal to
zero, in the case of conventional SPH there is oscillation behind the stress- and velocity- wave which is a
consequence of the numerical approach used.  The oscillation is present in the region behind the
stresswave as can be seen from Fig. 13.  In the case of normalised SPH and corrected kernel SPH and
normalised corrected kernel SPH one can see that there are no oscillations (Figures 14 to 16).
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Figure 14 : Velocity and Pressure 10µ after Impact using
normalized SPH Interpolation
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Unless otherwise indicated the units used throughout this paper are: cm, g, µs.  The results are
presented for a time 10µs after impact.  Ideally the velocity behind the stress waves should be equal to
zero, in the case of conventional SPH there is oscillation behind the stress- and velocity- wave which is a
consequence of the numerical approach used.  The oscillation is present in the region behind the
stresswave as can be seen from Fig. 13.  In the case of normalised SPH and corrected kernel SPH and
normalised corrected kernel SPH one can see that there are no oscillations (Figures 14 to 16).
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test case.

The basic setup of the shocktube problem are two tubes
of gas. One of the gasses has a high density, pressure
and internal energy, while the other has low density, pres-
sure and internal energy. The initial velocities of the both
gasses is zero.

In practice the gasses are separated by a diaphragm. Af-
ter the diaphragm is removed the low density gas is com-
pressed resulting in a shockwave propagating to the right,
the high density gas expands to the right with an expan-
sion wave travelling to the left (see Fig.17). The diffi-
culty lies in accurately simulating the resulting compres-
sion and expansion waves, as well as obtaining accurate
values for pressure, density, velocity and internal energy.

The problem that was used to test our SPH code
has the characteristics summarized in Table 2:

Table 2: Initial Conditions of Shocktube Problem
Parameter High Density Low Density

Gas Gas
Density ρg/cm3] 1.0 0.125
Pressure p [mbar] 1.0 0.1
Velocity v [km/s] 0.0 0.0

The material model used was an ideal gas with the equa-
tion of state given below:

p � ρ � γ � 1 � e (30)

In this case a value for γf 1.4 was used for both gasses.
The analytical solution was calculated using the method
described in [Toro(1997)]. The results are shown for a
time of 0.25µ after breaking the diaphragm (Fig. 17),
and are summarized in Table 3. The different sections
correspond to a change in value of one of the variables

- velocity, density or pressure - through the solution do-
main, from left to right. The values for section 2 are
omitted as the variables are not constant in that section.

The particles were distributed over the domain such that
the mass of each particle was the same. As a result of
this the mesh density in the high density gas was higher
(ie. particles are closer together) than the low density
gas. This results 4000 particles in the high density part
of the gas, 500 for the low density gas.

The solution obtained with a conventional SPH proce-
dure compares very well with the analytical solution, but
exhibits a significant amount of oscillation through the
solution domain. Furthermore one can observe a spike in
all three plots at the point of contact between the two
gasses (Figures 18, 19 & 20). These oscillations are
caused by the fact that the particles of the two gasses mix
around the contact area, and the particles of the same gas
change order.
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Figure 18:  Velocity Profile after 0.25µs using Conventional SPH
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Figure 19:  Density Profile after 0.25µs using Conventional SPH
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Figure 20:  Pressure Profile after 0.25µs using Conventional SPH

The normalised SPH test case crashes after about ten timesteps, this is due to the fact that particles
of the expanding gas overtake each other and that a large gap forms between the two gasses after one
timestep.  Due to the latter effect a neighbour deficiency develops for the particles at the point of contact
of the two gasses.  This causes the normalisation factor of Equation 13:

( )∑ −
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ij
ij
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ρ
(31)

Figure 18 : Velocity Profile after 0.25µ using Conven-
tional SPH
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Table 3 : Analytical Solution of Shocktube Problem
Parameter Section 1 Section 2 Section 3 Section 4 Section 5

Density ρ [g/cm3] 1.0 Gradient 0.4263 0.2656 0.125
Pressure p [mbar] 1.0 “ 0.3031 0.3031 0.1
Velocity v [km/s] 0.0 “ 0.9275 0.9275 0.0

11

The second problem that was selected for this test is a shocktube problem.  The shocktube
problem is a widely used test case to validate numerical algorithms for the simulation of hydrodynamic
problems [21].  The reason for its popularity is that the solution contains large density differences, and
that several discontinuities, in the form of shockfronts, are present.  For these reasons, and the inherent
inability of SPH to deal with large density differences, the shocktube problem was selected as a test case.
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Figure 16 Velocity and Pressure 10µs after Impact using Normalised Corrected Kernel SPH Interpolation

The basic setup of the shocktube problem are two tubes of gas. One of the gasses has a high
density, pressure and internal energy, while the other has low density, pressure and internal energy.  The
initial velocities of the both gasses is zero.

In practice the gasses are separated by a diaphragm.  After the diaphragm is removed the low
density gas is compressed resulting in a shockwave propagating to the right, the high density gas expands
to the right with an expansion wave travelling to the left (see Fig.17).  The difficulty lies in accurately
simulating the resulting compression and expansion waves, as well as obtaining accurate values for
pressure, density, velocity and internal energy.

The problem that was used to test our SPH code has the characteristics summarised in Table 2:

Table 2: Initial Conditions of Shocktube Problem
Parameter High Density

Gas
Low Density

Gas
Density ρ [g/cm3] 1.0 0.125
Pressure p [mbar] 1.0 0.1
Velocity v [km/s] 0.0 0.0

The material model used was an ideal gas with the equation of state given below:

( )e1p −= γρ (30)

In this case a value for γ of 1.4 was used for both gasses.  The analytical solution was calculated using the
method described in [22].  The results are shown for a time of 0.25µs after breaking the diaphragm (Fig.
17), and are summarised in Table 3.  The different sections correspond to a change in value of one of the
variables - velocity, density or pressure - through the solution domain, from left to right.  The values for
section 2 are omitted as the variables are not constant in that section.
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that several discontinuities, in the form of shockfronts, are present.  For these reasons, and the inherent
inability of SPH to deal with large density differences, the shocktube problem was selected as a test case.
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Figure 16 Velocity and Pressure 10µs after Impact using Normalised Corrected Kernel SPH Interpolation

The basic setup of the shocktube problem are two tubes of gas. One of the gasses has a high
density, pressure and internal energy, while the other has low density, pressure and internal energy.  The
initial velocities of the both gasses is zero.

In practice the gasses are separated by a diaphragm.  After the diaphragm is removed the low
density gas is compressed resulting in a shockwave propagating to the right, the high density gas expands
to the right with an expansion wave travelling to the left (see Fig.17).  The difficulty lies in accurately
simulating the resulting compression and expansion waves, as well as obtaining accurate values for
pressure, density, velocity and internal energy.

The problem that was used to test our SPH code has the characteristics summarised in Table 2:

Table 2: Initial Conditions of Shocktube Problem
Parameter High Density

Gas
Low Density

Gas
Density ρ [g/cm3] 1.0 0.125
Pressure p [mbar] 1.0 0.1
Velocity v [km/s] 0.0 0.0

The material model used was an ideal gas with the equation of state given below:

( )e1p −= γρ (30)

In this case a value for γ of 1.4 was used for both gasses.  The analytical solution was calculated using the
method described in [22].  The results are shown for a time of 0.25µs after breaking the diaphragm (Fig.
17), and are summarised in Table 3.  The different sections correspond to a change in value of one of the
variables - velocity, density or pressure - through the solution domain, from left to right.  The values for
section 2 are omitted as the variables are not constant in that section.

Figure 16 : Velocity and Pressure 10µ after Impact using normalized Corrected Kernel SPH Interpolation

12

The particles were distributed over the domain such that the mass of each particle was the same.
As a result of this the mesh density in the high density gas was higher (ie. particles are closer together)
than the low density gas.  This results 4000 particles in the high density part of the gas, 500 for the low
density gas.
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Figure 17: Analytical Solution of Shocktube Problem

Table 3: Analytical Solution of Shocktube Problem
Parameter Section 1 Section 2 Section 3 Section 4 Section 5

Density ρ [g/cm3] 1.0 Gradient 0.4263 0.2656 0.125
Pressure p [mbar] 1.0 “ 0.3031 0.3031 0.1
Velocity v [km/s] 0.0 “ 0.9275 0.9275 0.0

The solution obtained with a conventional SPH procedure compares very well with the analytical
solution, but exhibits a significant amount of oscillation through the solution domain.  Furthermore one
can observe a spike in all three plots at the point of contact between the two gasses (Figures 18, 19 & 20).
These oscillations are caused by the fact that the particles of the two gasses mix around the contact area,
and the particles of the same gas change order.

Figure 17 : Analytical Solution of Shocktube Problem
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Figure 18:  Velocity Profile after 0.25µs using Conventional SPH
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Figure 19:  Density Profile after 0.25µs using Conventional SPH
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Figure 20:  Pressure Profile after 0.25µs using Conventional SPH

The normalised SPH test case crashes after about ten timesteps, this is due to the fact that particles
of the expanding gas overtake each other and that a large gap forms between the two gasses after one
timestep.  Due to the latter effect a neighbour deficiency develops for the particles at the point of contact
of the two gasses.  This causes the normalisation factor of Equation 13:
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Figure 19 : Density Profile after 0.25µ using Conven-
tional SPH
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Figure 18:  Velocity Profile after 0.25µs using Conventional SPH
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Figure 19:  Density Profile after 0.25µs using Conventional SPH
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Figure 20:  Pressure Profile after 0.25µs using Conventional SPH

The normalised SPH test case crashes after about ten timesteps, this is due to the fact that particles
of the expanding gas overtake each other and that a large gap forms between the two gasses after one
timestep.  Due to the latter effect a neighbour deficiency develops for the particles at the point of contact
of the two gasses.  This causes the normalisation factor of Equation 13:
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Figure 20 : Pressure Profile after 0.25µ using Conven-
tional SPH

The normalized SPH test case crashes after about ten
timesteps, this is due to the fact that particles of the
expanding gas overtake each other and that a large gap
forms between the two gasses after one timestep. Due to
the latter effect a neighbour deficiency develops for the
particles at the point of contact of the two gasses. This
causes the normalization factor of Equation 13:

nnbr

∑
j

m j

ρ j � x j � xi � dWi j

dx
(31)

to become significant, and hence to result in a large cor-
rection to the calculation of gradients compared to con-
ventional SPH. In this case this affects the calculation of
the strain rate and accelerations.

Due to the time integration method used, the central dif-
ference scheme, the first variable to change after the
problem initialisation stage is the acceleration.

If one compares the values that are calculated for the ac-
celerations during this first timestep (Figure 21) one sees
that for the high density gas the accelerations are very
similar, but for the low density gas there is a significant
increase in acceleration due to the normalized SPH inter-
polation. This is related to the fact that the kernel support
contains less particles. A similar effect can be observed
for Corrected Kernel SPH (CSPH) but these results will
be discussed in a later paragraph.

The next steps in the solution process are updating ve-
locities and positions. Due to the large difference in ac-
celerations left and right of the contact point between the
two gasses the low density particle will move a lot fur-
ther than the high density particle. Hence the formation
of a large gap between the two gasses. Furthermore one
can see that the acceleration for the second low density
particle is a lot lower than the first one. This results in
those two particles being very close together after the
first timestep. This means that there is a discrepancy be-
tween the volume occupied by the particles (for exam-
ple the volume half-way to the next particle in 1D) and
the values of Vj = mj/ρthe nodal volumes or integration
weights. To alleviate this problem velocity smoothing
was applied at every timestep. Four combinations where
initially considered: SPH, NSPH and CSPH and NCSPH
with velocity smoothing using a normalized kernel inter-
polation (Eq. 7).

Applying the velocity smoothing (VS) to the conven-
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to become significant, and hence to result in a large correction to the calculation of gradients compared to
conventional SPH.  In this case this affects the calculation of the strain rate and accelerations.

Due to the time integration method used, the central difference scheme, the first variable  to
change after the problem initialisation stage is the acceleration.

If one compares the values that are calculated for the accelerations during this first timestep (Figure 21)
one sees that for the high density gas the accelerations are very similar, but for the low density gas there is
a significant increase in acceleration due to the normalised SPH interpolation. This is related to the fact
that the kernel support contains less particles.  A similar effect can be observed for Corrected Kernel SPH
(CSPH) but these results will be discussed in a later paragraph.

Figure 21:  Accelerations during the first timestep.

The next steps in the solution process are updating velocities and positions.  Due to the large
difference in accelerations left and right of the contact point between the two gasses the low density
particle will move a lot further than the high density particle.  Hence the formation of a large gap between
the two gasses.  Furthermore one can see that the acceleration for the second low density particle is a lot
lower than the first one.  This results in those two particles being very close together after the first
timestep.  This means that there is a discrepancy between the volume occupied by the particles (for
example the volume half-way to the next particle in 1D) and the values of Vj = mj/ρj the nodal volumes or
integration weights.  To alleviate this problem velocity smoothing was applied at every timestep.  Four
combinations where initially considered: SPH, NSPH and CSPH and NCSPH with velocity smoothing
using a normalised kernel interpolation (Eq. 7).

Applying the velocity smoothing (VS) to the conventional SPH solution results in a solution
without significant oscillation, especially the oscillations in the velocity field are much improved (Figure
22), apart from the obvious effect of slightly higher dispersion.  There is however still a spike at the
contact between the two gasses in the density and pressure field (Figures 23 & 24).  This is despite the
fact that the velocity smoothing prevents particle interpenetration, and the particles remain more or less
evenly distributed, even around the contact point.  This is probably due to the fact that if one smoothes the
velocities then these values will no longer be consistent with, for example, the density, pressure or
specific internal energy fields.  More work is required to investigate possible solutions for this problem.
Of course an explicit modelling of the contact between the gasses, such as in [10], would solve
interpenetration problems, but could in turn cause oscillations at the contact in the form of chatter
between the contact nodes.  Furthermore, contrary to what was hoped the gradients of the velocity, density
and pressure fields are not zero beween the expansion and compression waves.

Figure 21 : Accelerations during the first timestep.

tional SPH solution results in a solution without signifi-
cant oscillation, especially the oscillations in the velocity
field are much improved (Figure 22), apart from the ob-
vious effect of slightly higher dispersion. There is how-
ever still a spike at the contact between the two gasses
in the density and pressure field (Figures 23 & 24). This
is despite the fact that the velocity smoothing prevents
particle interpenetration, and the particles remain more
or less evenly distributed, even around the contact point.
This is probably due to the fact that if one smoothes
the velocities then these values will no longer be con-
sistent with, for example, the density, pressure or spe-
cific internal energy fields. More work is required to in-
vestigate possible solutions for this problem. Of course
an explicit modelling of the contact between the gasses,
such as in [Campbell, Vignjevic, Libersky(2000)], would
solve interpenetration problems, but could in turn cause
oscillations at the contact in the form of chatter between
the contact nodes. Furthermore, contrary to what was
hoped the gradients of the velocity, density and pressure
fields are not zero beween the expansion and compres-
sion waves.

In the case of NSPH with normalized velocity smoothing
the main observation is that the problem runs in a sta-
ble way. This confirms the fact that NSPH is unable to
cope with such high density and pressure discontinuities
because of particle interpenetration. Unfortunately the
results are significantly worse than the SPH ones as can
be seen in Figures 25 to 27. The velocity between the
expansion and compression waves is far from constant,
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Fig. 22:  Velocity Profile using Conventional SPH w. NVS
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Fig. 23:  Density Profile using Conventional SPH w. NVS
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Fig. 24:  Pressure Profile using Conventional SPH w. NVS

In the case of NSPH with normalised velocity smoothing the main observation is that the problem
runs in a stable way.  This confirms the fact that NSPH is unable to cope with such high density and
pressure discontinuities because of particle interpenetration.  Unfortunately the results are significantly
worse than the SPH ones as can be seen in Figures 25 to 27.  The velocity between the expansion and
compression waves is far from constant, almost like a parabolic curve.  The density and pressure are
slanted rather than horizontal.  The reason for this behaviour is not immediately clear, but may be related
to the fact that normalised SPH can only calculate linear gradients exactly.  Furthermore one can notice
that there is a significant lag of the shockfront.

Figure 22 : Velocity Profile using Conventional SPH w.
NVS
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In the case of NSPH with normalised velocity smoothing the main observation is that the problem
runs in a stable way.  This confirms the fact that NSPH is unable to cope with such high density and
pressure discontinuities because of particle interpenetration.  Unfortunately the results are significantly
worse than the SPH ones as can be seen in Figures 25 to 27.  The velocity between the expansion and
compression waves is far from constant, almost like a parabolic curve.  The density and pressure are
slanted rather than horizontal.  The reason for this behaviour is not immediately clear, but may be related
to the fact that normalised SPH can only calculate linear gradients exactly.  Furthermore one can notice
that there is a significant lag of the shockfront.

Figure 23 : Density Profile using Conventional SPH w.
NVS
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In the case of NSPH with normalised velocity smoothing the main observation is that the problem
runs in a stable way.  This confirms the fact that NSPH is unable to cope with such high density and
pressure discontinuities because of particle interpenetration.  Unfortunately the results are significantly
worse than the SPH ones as can be seen in Figures 25 to 27.  The velocity between the expansion and
compression waves is far from constant, almost like a parabolic curve.  The density and pressure are
slanted rather than horizontal.  The reason for this behaviour is not immediately clear, but may be related
to the fact that normalised SPH can only calculate linear gradients exactly.  Furthermore one can notice
that there is a significant lag of the shockfront.

Figure 24 : Pressure Profile using Conventional SPH w.
NVS

almost like a parabolic curve. The density and pressure
are slanted rather than horizontal. The reason for this
behaviour is not immediately clear, but may be related
to the fact that normalized SPH can only calculate linear
gradients exactly. Furthermore one can notice that there
is a significant lag of the shockfront.
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Figure 25:  Velocity Profile using NSPH w. NVS
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Figure 26:  Density Profile using NSPH w. NVS
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Figure 27:  Pressure Profile using NSPH w. NVS

The results of the NSPH analysis with velocity smoothing using a reproducing kernel interpolation
(Eq. 8) show similar behaviour to the normalised velocity smoothing (Fig. 28 – 30).  The velocity field
between the shockfronts appears to be in this case, piecewise linear, as opposed to the curved shape in the
normalised velocity smoothing (NVS).  Other than that, similar observations can be made: the density and
pressure fields are slanted, and there is a lag in the compression wave front.

Figure 25 : Velocity Profile using NSPH w. NVS

The results of the NSPH analysis with velocity smooth-
ing using a reproducing kernel interpolation (Eq. 8) show
similar behaviour to the normalized velocity smoothing
(Fig. 28 – 30). The velocity field between the shock-
fronts appears to be in this case, piecewise linear, as
opposed to the curved shape in the normalized velocity
smoothing (NVS). Other than that, similar observations
can be made: the density and pressure fields are slanted,
and there is a lag in the compression wave front.

The simulation results of the CSPH analyses with veloc-
ity smoothing are shown in Figures 31 to 36. Again the
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The results of the NSPH analysis with velocity smoothing using a reproducing kernel interpolation
(Eq. 8) show similar behaviour to the normalised velocity smoothing (Fig. 28 – 30).  The velocity field
between the shockfronts appears to be in this case, piecewise linear, as opposed to the curved shape in the
normalised velocity smoothing (NVS).  Other than that, similar observations can be made: the density and
pressure fields are slanted, and there is a lag in the compression wave front.

Figure 26 : Density Profile using NSPH w. NVS
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Figure 25:  Velocity Profile using NSPH w. NVS
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The results of the NSPH analysis with velocity smoothing using a reproducing kernel interpolation
(Eq. 8) show similar behaviour to the normalised velocity smoothing (Fig. 28 – 30).  The velocity field
between the shockfronts appears to be in this case, piecewise linear, as opposed to the curved shape in the
normalised velocity smoothing (NVS).  Other than that, similar observations can be made: the density and
pressure fields are slanted, and there is a lag in the compression wave front.

Figure 27 : Pressure Profile using NSPH w. NVS
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Figure 28:  Velocity Profile using NSPH w. CVS
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Figure 29:  Density Profile using NSPH w. CVS
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Figure 30:  Pressure Profile using NSPH w. CVS

The simulation results of the CSPH analyses with velocity smoothing are shown in Figures 31 to
36.  Again the first observation is that using the velocity smoothing the problems run without error
termination because particle mixing is prevented.  Similar to the NSPH results with velocity smoothing
there is an error in the propagation speed of the compression wave.  On top of that the values that are
obtained for the velocity, density and pressure fields between the wave fronts show a noticable error.  The
effect of the fields being slanted is far less exagerated but still present.  The combination of CSPH with
CVS gives marginally superior results over CSPH with NVS.  Again there is a spike at the contact
between the two gasses in the density and pressure fields.

Figure 28 : Velocity Profile using NSPH w. CVS
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Figure 29:  Density Profile using NSPH w. CVS
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Figure 30:  Pressure Profile using NSPH w. CVS

The simulation results of the CSPH analyses with velocity smoothing are shown in Figures 31 to
36.  Again the first observation is that using the velocity smoothing the problems run without error
termination because particle mixing is prevented.  Similar to the NSPH results with velocity smoothing
there is an error in the propagation speed of the compression wave.  On top of that the values that are
obtained for the velocity, density and pressure fields between the wave fronts show a noticable error.  The
effect of the fields being slanted is far less exagerated but still present.  The combination of CSPH with
CVS gives marginally superior results over CSPH with NVS.  Again there is a spike at the contact
between the two gasses in the density and pressure fields.

Figure 29 : Density Profile using NSPH w. CVS
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The simulation results of the CSPH analyses with velocity smoothing are shown in Figures 31 to
36.  Again the first observation is that using the velocity smoothing the problems run without error
termination because particle mixing is prevented.  Similar to the NSPH results with velocity smoothing
there is an error in the propagation speed of the compression wave.  On top of that the values that are
obtained for the velocity, density and pressure fields between the wave fronts show a noticable error.  The
effect of the fields being slanted is far less exagerated but still present.  The combination of CSPH with
CVS gives marginally superior results over CSPH with NVS.  Again there is a spike at the contact
between the two gasses in the density and pressure fields.

Figure 30 : Pressure Profile using NSPH w. CVS

first observation is that using the velocity smoothing the
problems run without error termination because particle
mixing is prevented. Similar to the NSPH results with
velocity smoothing there is an error in the propagation
speed of the compression wave. On top of that the values
that are obtained for the velocity, density and pressure
fields between the wave fronts show a noticable error.
The effect of the fields being slanted is far less exager-
ated but still present. The combination of CSPH with
CVS gives marginally superior results over CSPH with
NVS. Again there is a spike at the contact between the
two gasses in the density and pressure fields.
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Figure 31:  Velocity Profile after 0.25µs using CSPH w. NVS
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Figure 32:  Density Profile after 0.25µs using CSPH w. NVS
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Figure 33:  Pressure Profile after 0.25µs using CSPH w. NVS

Figure 31 : Velocity Profile after 0.25µ using CSPH w.
NVS
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Figure 32:  Density Profile after 0.25µs using CSPH w. NVS
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Figure 32 : Density Profile after 0.25µ using CSPH w.
NVS

The velocity, density and pressure profiles obtained by
NCSPH are shown in Figures 37 to 39 and are much bet-
ter than the profiles calculated using the other methods.
This, first of all, shows that the improved integration due
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Figure 34:  Velocity Profile after 0.25µs using CSPH w. CVS

The velocity, density and pressure profiles obtained by NCSPH are shown in Figures 37 to 39 and
are much better than the profiles calculated using the other methods.  This, first of all, shows that the
improved integration due to the normalistion stops the simulation crashing.  This indicates that it
necessary for the correction constants to be evaluated very accurately and that a simple nodal integration
is insufficient.  The NCSPH results compare well with the analytical solution and those obtained by SPH
method.  But one can see that the oscillations behind the shock are not as pronounced as the conventional
SPH results, compare Figures 18 and 37.  The density and pressure graphs show good resolution of the
shocks.  The spike at the contact point between the two gasses present in all the other results is not as
prominent in this case.
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Figure 35:  Density Profile after 0.25µs using CSPH w. CVS
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Figure 36:  Pressure Profile after 0.25µs using CSPH w. CVS

Figure 34 : Velocity Profile after 0.25µ using CSPH w.
CVS

to the normaliztion stops the simulation crashing. This
indicates that it necessary for the correction constants
to be evaluated very accurately and that a simple nodal
integration is insufficient. The NCSPH results compare
well with the analytical solution and those obtained by
SPH method. But one can see that the oscillations be-
hind the shock are not as pronounced as the conventional
SPH results, compare Figures 18 and 37. The density and
pressure graphs show good resolution of the shocks. The
spike at the contact point between the two gasses present
in all the other results is not as prominent in this case.
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Figure 34:  Velocity Profile after 0.25µs using CSPH w. CVS

The velocity, density and pressure profiles obtained by NCSPH are shown in Figures 37 to 39 and
are much better than the profiles calculated using the other methods.  This, first of all, shows that the
improved integration due to the normalistion stops the simulation crashing.  This indicates that it
necessary for the correction constants to be evaluated very accurately and that a simple nodal integration
is insufficient.  The NCSPH results compare well with the analytical solution and those obtained by SPH
method.  But one can see that the oscillations behind the shock are not as pronounced as the conventional
SPH results, compare Figures 18 and 37.  The density and pressure graphs show good resolution of the
shocks.  The spike at the contact point between the two gasses present in all the other results is not as
prominent in this case.
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Figure 35:  Density Profile after 0.25µs using CSPH w. CVS
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Figure 36:  Pressure Profile after 0.25µs using CSPH w. CVS

Figure 35 : Density Profile after 0.25µ using CSPH w.
CVS
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The velocity, density and pressure profiles obtained by NCSPH are shown in Figures 37 to 39 and
are much better than the profiles calculated using the other methods.  This, first of all, shows that the
improved integration due to the normalistion stops the simulation crashing.  This indicates that it
necessary for the correction constants to be evaluated very accurately and that a simple nodal integration
is insufficient.  The NCSPH results compare well with the analytical solution and those obtained by SPH
method.  But one can see that the oscillations behind the shock are not as pronounced as the conventional
SPH results, compare Figures 18 and 37.  The density and pressure graphs show good resolution of the
shocks.  The spike at the contact point between the two gasses present in all the other results is not as
prominent in this case.
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Figure 35:  Density Profile after 0.25µs using CSPH w. CVS
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Figure 36:  Pressure Profile after 0.25µs using CSPH w. CVSFigure 36 : Pressure Profile after 0.25µ using CSPH w.
CVS

Finally the combination of NCSPH with velocity
smoothing was tested. The results are very good with
very little oscillation, but the velocity smoothing intro-
duces an error in wave propagation speed.
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Figure 37: Velocity Profile after 0.25µs using NCSPH
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Figure 38: Density Profile after 0.25µs using NCSPH
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Figure 39: Pressure Profile after 0.25µs using NCSPH

Finally the combination of NCSPH with velocity smoothing was tested.  The results are very good
with very little oscillation, but the velocity smoothing introduces an error in wave propagation speed.

Figure 37 : Velocity Profile after 0.25µ using NCSPH
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Figure 37: Velocity Profile after 0.25µs using NCSPH
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Figure 38: Density Profile after 0.25µs using NCSPH
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Figure 39: Pressure Profile after 0.25µs using NCSPH

Finally the combination of NCSPH with velocity smoothing was tested.  The results are very good
with very little oscillation, but the velocity smoothing introduces an error in wave propagation speed.

Figure 38 : Density Profile after 0.25µ using NCSPH
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Figure 37: Velocity Profile after 0.25µs using NCSPH
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Figure 38: Density Profile after 0.25µs using NCSPH
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Figure 39: Pressure Profile after 0.25µs using NCSPH

Finally the combination of NCSPH with velocity smoothing was tested.  The results are very good
with very little oscillation, but the velocity smoothing introduces an error in wave propagation speed.

Figure 39 : Pressure Profile after 0.25µ using NCSPH
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Figure 40: Velocity Profile after 0.25µs using NCSPH with VS
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Figure 41: Density Profile after 0.25µs using NCSPH with VS
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Figure 42: Pressure Profile after 0.25µs using NCSPH with VS

Discussion

From the conducted tests it can be concluded that for the reconstruction of functions and their
derivatives the normalised, corrected kernel and normalised corrected kernel SPH significantly improve
the results compared to those obtained with conventional SPH.

From the results of the elastic impact problem one can conclude that again the results show an
improvement in that the oscillations present in the SPH solution are eliminated.

Figure 40 : Velocity Profile after 0.25µ using NCSPH
with VS
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Figure 40: Velocity Profile after 0.25µs using NCSPH with VS
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Figure 41: Density Profile after 0.25µs using NCSPH with VS
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Figure 42: Pressure Profile after 0.25µs using NCSPH with VS

Discussion

From the conducted tests it can be concluded that for the reconstruction of functions and their
derivatives the normalised, corrected kernel and normalised corrected kernel SPH significantly improve
the results compared to those obtained with conventional SPH.

From the results of the elastic impact problem one can conclude that again the results show an
improvement in that the oscillations present in the SPH solution are eliminated.

Figure 41 : Density Profile after 0.25µ using NCSPH
with VS
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Figure 40: Velocity Profile after 0.25µs using NCSPH with VS
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Figure 41: Density Profile after 0.25µs using NCSPH with VS
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Figure 42: Pressure Profile after 0.25µs using NCSPH with VS

Discussion

From the conducted tests it can be concluded that for the reconstruction of functions and their
derivatives the normalised, corrected kernel and normalised corrected kernel SPH significantly improve
the results compared to those obtained with conventional SPH.

From the results of the elastic impact problem one can conclude that again the results show an
improvement in that the oscillations present in the SPH solution are eliminated.

Figure 42 : Pressure Profile after 0.25µ using NCSPH
with VS
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6 Discussion

From the conducted tests it can be concluded that for the
reconstruction of functions and their derivatives the nor-
malized, corrected kernel and normalized corrected ker-
nel SPH significantly improve the results compared to
those obtained with conventional SPH.
From the results of the elastic impact problem one can
conclude that again the results show an improvement in
that the oscillations present in the SPH solution are elim-
inated.

For the more severe test of a shocktube simulation the
balance is slightly shifted. The conventional SPH re-
sults are accurate, but show a large amount of oscillation.
These oscillations can be filtered out by applying velocity
smoothing at the cost of a slightly less accurate solution
because of the dispersion it causes.

The NSPH and CSPH methods can not handle the large
variations and discontinuities in the field variables. So,
despite improving the quality of the interpolation they
perform significantly worse than conventional SPH. The
combination of kernel normalization, or corrected ker-
nels, with nodal integration is unstable if large density
differences are present and the grid becomes irregular.
This has been reported in several other papers such as
Voth, Christon(2001) and Christon, Voth(2000) . It is in-
teresting to note that SPH, despite the inaccuracy of the
interpolation does not suffer from this. Using velocity
smoothing solves this problem only to an extent as the so-
lutions are stable but not very accurate. There is an error
in wave propagation speed, and there are significant er-
rors in the values obtained for the field variables between
the shocks. The profiles exhibit slopes which are ampli-
fied the as simulation proceeds, hence, the method is un-
stable. One probable reason is the lack of a direct relation
between a field and its gradients, and that the equations
10 and 12 do not satisfy Gauss/Ostrogradsky theorem.
normalized and corrected kernel velocity smoothing give
similar results, the latter performing slightly better.

The best results are obtained using by the NCSPH
method, the oscillations present in the SPH solution are
far less pronounced in this case. Also the magnitude of
the spike at the contact point between the two gasses is
reduced. Adding velocity smoothing to NCSPH com-
pletely eliminates oscillationsin the velocity field, and re-
duces those in the density and pressure fields, at the cost
of an error in wave propagation speed.

7 Conclusion

From the conducted tests one can conclude that NCSPH
performs the best. There is less oscillation in the solution
than conventional SPH, and it can handle the discontinu-
ities of a shocktube problem. This last problem is where
NSPH and CSPH fail, despite showing good results for
elastic impact problems.
The use of velocity smoothing provides a stabilising fac-
tor and reduces oscillations. The disadvantage is the dis-
persion and error in wave propagation speed it causes.

To establish whether the improvement in results obtained
using the NCSPH method is sufficient or further im-
provements are needed it will be necessary to conduct
tests in two and three dimensions.
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