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A Geometrically Nonlinear Nine-Node Solid Shell Element For mulation with
Reduced Sensitivity to Mesh Distortion

K egjoo Lee!, Chahngmin Cho?, and Sung W. Lee!

Abstract: A geometrically nonlinear assumed strain
formulation is introduced in conjunction with bubble
function displacements to improve the performance of a
nine-node solid shell element. The assumed strain field
has been carefully selected to avoid both element locking
and undesirable spurious kinematic modes. The results
of numerical tests demonstrate that the present approach
leads to an element that is significantly less sensitive to
mesh distortion than the existing element.
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1 Introduction

There has been considerable progress made in the finite
element modeling of shells. For an extensive literature
survey on shell finite elements, one may refer to Yang,
Saigal, Masoud, and Kapania (2000). Depending upon
whether it alows changes in the thickness, a shell for-
mulation can be classified as either an *inextensible’ the-
ory or an ‘extensible’ theory. One of the inextensible
shell formulationsisthe degenerated solid shell approach
[Ahmad, Irons, and Zienkiewicz (1970)], which has been
popular in finite element modeling of both thick and thin
shell structures. The kinematics of deformation is usu-
ally described by five degrees of freedom —three tranda-
tionsand two rotations. Simo and Rifai (1990) presented
a formulation based on the exact finite rotation theory
using the inextensibility assumption in the thickness di-
rection. Among the shell element formulations based on
the extensible theory, the simplest approach is to treat
the shell as a three-dimensional solid. This solid shell
element approach does not need rotational anglesto de-
scribe the kinematics of deformation. Accordingly, all
kinematic variables are expressed in vector forms, based
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on aglobal coordinate system alone. Particularly, for ge-
ometrically nonlinear analysis, large load increments are
possible with the solid shell approach [Park, Cho, and
Lee (1995)]. For the solid shell approach, the constitu-
tive law is constructed to incorporate physical behavior
of thin shell structures [Ausserer and Lee (1988), Kim
and Lee (1988)]. Also, aternate extensible theory for-
mulations using stretchable directors through the thick-
ness were introduced by Simo, Rifai, and Fox (1990),
Andelfinger and Ramm (1993), Betsch and Stein (1995),
and Buchter, Ramm, and Roehl (1994). These formula-
tions alow large load increments in geometrically non-
linear analyses.

Both the inextensible and extensible theory shell ele-
ments based on the assumed displacement alone suffer
from the element locking as the shell becomes thin. El-
ement locking is caused by the over-constraining effect
of zero strains on the assumed displacement field of an
element. The effect of locking can become more pro-
nounced when the kinematic constraints are combined
with boundary conditions or distortion of the element
geometry. Various methods such as reduced or selec-
tive integration schemes and assumed strain or stressfor-
mulations have been introduced to alleviate the element
locking. Elements with excessively reduced integration
schemes exhibit spurious kinematic modes that cannot
be controlled. Accordingly, Lee and Pian (1978) intro-
duced an approach, in which an independently assumed
strain field can be selected to alleviate element lock-
ing without triggering spurious kinematic modes. Since
then, other approaches such as the assumed strain or
stress method, the direct assumed natural strain method
and the enhanced assumed strain method have been pre-
sented. Several assumed strain/stress formulation shell
elements, combined with the inextensible degenerated
solid shell approach, were introduced by Rhiu and Lee
(1987) and others [Rhiu, Russell and Lee (1990), Yeom
and Lee (1989), Saleeb, Chang, Graf, and Yingyeuny-
oug (1990)]. Assumed strain formulation was combined
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with the three-dimensional solid shell approach to de-
velop shell elements for geometrically linear and non-
linear analyses [Ausserer and Lee (1988), Kim and Lee
(1988), and Park and Lee (1995)]. In addition, aternate
assumed strain formulations combined with the extensi-
bledirector shell kinematics were presented by Simo, Ri-
fai, and Fox (1990), Andelfinger and Ramm (1993), and
Betsch and Stein (1995).

Asan aternative approach to reduce element locking, the
bubble function displacement has been combined with
the assumed strain or stress formulation. For example,
Pinsky and Jasti (1989) showed that the bubble function
displacements combined with an assumed stressfield im-
proved element performance by eliminating transverse
shear locking. Kemp, Cho, and L ee (1998) demonstrated
that, even for elements of distorted geometry, locking of
the four-node element could be alleviated using the sim-
plest bubble functions combined with a carefully chosen
assumed strain field. These studies were limited to ge-
ometrically linear plates and shells. Kim, Kim, and Lee
(2000) and Hong, Kim, and Lee (2001) introduced bub-
ble functions to construct triangular solid shell elements
for both small and finite rotation problems.

It is well to mention that, in addition to Finite Element
Method, there are other numerical techniques for analy-
sisof thin structuressuch asthe Meshless M ethod and the
Boundary Element Method [El-Zafrany (2001)]. In the
Meshless Method, approximate solutionsare constructed
based on a set of scattered nodes, instead of using ele-
ments with nodal degrees of freedom. There exist vari-
ous versions of the Meshless Method, including Diffuse
Element Method (DEM), Element-Free Galerkin (EFG)
method, and Meshless Local Petrov-Galerkin method
(MLPG). In particular, recent studies conducted by Cho,
Kim, and Atluri (1999), Gu and Liu (2001), and Cho and
Atluri (2001), have demonstrated that the ML PG method
can be made locking-free and effective in the analysis of
thin shell structures.

Althoughthere has been considerabl e progress, there till
exist room for improvement in the finite element mod-
eling of shell structures undergoing geometricaly linear
and nonlinear deformations. Accordingly, the objective
of thiswork isto develop a nine-node solid shell element
with improved performance, especialy when it is neces-
sary to use elements of distorted geometry to model ge-
ometrically nonlinear shell structures. The present study
is based on the solid shell approach that treats the shell
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structure as a three-dimensional solid. The kinematics
of deformation is described by six vector components at
a point on the shell mid-surface. The bubble function
displacements are added to the assumed displacements
and eliminated at the element level. Special emphasis
is placed on the proper selection of high-order assumed
strain terms in conjunction with the bubble function dis-
placements.

2 Finite Element Formulation

A geometrically nonlinear assumed strain solid shell el-
ement formulation is developed based on the total La
grangian description that employs the Green strain and
the second Piola-Kirchhoff stress.

2.1 Element geometry and kinematics of deformation

Reference ¢ =0

Figure 1 : Two versions of the solid shell element, 18-
node and 9-node versions

Figure 1 showstwo versions of a solid shell element, one
with eighteen nodes and the other with nine nodes. The
eighteen-node version has three degrees of freedom per
node whilethe nine-node version has six degrees of free-
dom per node. The two versions are eguivalent to each
other. For the nine-node version, the element geometry
can be described asfollows:

x:xo—|-q£a3: S Ni(&,Nn)(Xo0)i +¢ S Ni(EJl)(Eas)i
287 2 2 2
1)

where Xg is the position vector of a point on the shell
mid-surface, az isaunit vector in the thicknessdirection,
nis the number of nodes on the mid-surface of an ele-
ment, (Xo); isanodal position vector, N; isthe mapping
function corresponding to the i-th node, and t isthe shell
thickness. In eguation (1), &, n, and ¢ are the parental
coordinates with ¢ in the thickness direction.
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The displacement vector u can be expressed as follows:

U= Ug+Up

(2)

In the above equation, ug is the assumed displacement
vector corresponding to the nine-node interpolation, and
Up is abubble function displacement vector. The ug vec-
tor islinear in ¢ as shown below:

9 9
o=t Gt1 = 3 N(EN) (W0 €3 N(E ) ()
©

In contrast to the traditional degenerated solid shell, no
rotational angles are used in this approach.

e
TR0 =

Figure 2 : Bubble function displacement

2.2 Bubble Function Displacement

A bubble function is a polynomial function that dis-
appears along the element boundaries and at al nodal
points. For finite element formulations, it is desirable to
keep the order of the bubble function as low as possible.
For this study, a single bubble function shown below is
added to the nine-node assumed displacement field.
No(&,n) = &n(1-&%)(1-n? @
Figure 2 shows the bubble function in equation (4) in

graphical form. The up, vector in equation (2) isalso lin-
ear in ¢ as shown below:

Up = Up, + QU

()

With the introduction of the above bubble function, the
Uy, and up, vectors can be expressed as:

Upy, = Nb(E7 r])a

Up, = Nb(&,Nn)b (6)

where the parameters a and bare the internal degrees of
freedom, which can be eliminated at the element level by
static condensation.

2.3 Assumed Strain Field

The assumed strain formulation can provide an effective
means of aleviating element locking while maintaining
kinematic stability. The selection of a proper assumed
strain field is vital to the element performance. For the
present element, the assumed strain vector can be divided
into three parts as

e—g" +¢e" €8

(")

Thee! part isbilinear in & and n as shown below.

€h= 01+ 02& + 013N+ 014N + (02540268 4+ 027N +028EN )

£yy= 05+ 06 +07N +0gEN +(Olo0+Olz0€ + 031N+ 032EN )G

€= ag+a10E+011N+a128Nn

eky: 013+ 0148+ 015N+ 168N+ (0133+034&+ 035N+ 036€N ) G

£y,= 017+ 01188 + 019N+ 008N + (037 -+ 038E + 39N +A140EN ) G

€= 021+ 0122& + 023N +00248N + (041 + Ola2€+ 0Lz +0aa€N )G
)

The second part, €™, in equation (7) is chosen as follows:

£ = 045EN2 + 01g&N %G

£y = 04661 + 0149€°NG

et =0 (9)
£y =0

£y, = 078N + A50E°NG

€5 = O47EN*+ 050EN G

The above strain field with € and €™ is identical to that
previously used for the formulation of a nine-node ele-
ment with no bubble function displacement.
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For the selection of €B, let's consider the six displace-
ment modes with coefficients a; and by, corresponding to
the bubble function displacement vectorsin equation (6),
asfollows:

Up, = 81 - &N (1— &%) (1-n?)
Vo, = 82+ &N (1— &%) (1-n?)
W, = a3+ &N(1-&%)(1-n?) (10)
Up, = by -&EN(1-€%)(1-n?)
Vo, = b2+ &N (1-&%)(1-n?)
Wo, = b &n(1-&2)(1-n?)

For a flat rectangular element with sides along x = +1
and y = 11, the geometrically linear strain components
corresponding to the above displacements are expressed
as

au(n—382n—n3+38%n3)+ ¢ by(n—38%n—n3+3e%n3)
ap(E— 328343832+ ¢ by(E—38n2—E3+38%n?)
(

ml

XX

[s2}

yy

bs(En—&3n—&n3+&3n3)

Sy=a1(,—3En°—£3+383n?)+agn - 3620 —n3+3¢2n°)
+¢-by(E-3n2 -8 +38n?)
+¢-bp(n—382n-n3+38%n3)

Byr=a3(§— 32— &3 +38%02)+bA i - —-&n°+n%)
+¢-ba(§ 3% - &3+ 38%2)

Ex=aa(nN— 32N —n3+3En3)+by(&n - & —&n3+€%n3)
+¢-bg(n—382n-n3+38%n3)

m

7z

(11)

The selection of €8 is based on the displacement-
dependent strain field in equation (11). To aleviate el-
ement locking, the assumed strain field needs to be as
simple as possible, without triggering undesirable spuri-
ous kinematic modes. This requirement can be met by
choosing only one term for each displacement mode,a;
and by in the ¢- independent part in equation (11). In the
present formul ation, an assumed strain field €8 is selected
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asfollows:

£oc= 051 (—38%N — N3+ 382n3)+ ass(— 3% — 3+ 38n°)¢
ey = 0sp(—3EN% — €2+ 383n?) + as6(—3En 2 — 3+ 363n?)¢
e3=0s3(—E3n - &3+ &3n7)
=0
£y,=05a(—3EN% — £+ 3802 + ase(—En — &3+ &3n)
ex=0sa(—3E"N —N°+3E%n°) + ass(— &> — &+ €%°)

(12)

The bilinear terms are excluded because they are present
in gL, There are no additional terms in s)E(‘y because a;,
ap, by, and b, modes are present in e, and €. The as-
sumed strain field has 56 strain parameters. It turns out
that the element exhibits two spurious kinematic modes,
when the current choice of assumed strain field is used.
However, they are incompatible and disappear when only
two elements are assembl ed.

Although the selection of the assumed strain field is car-
ried out over a flat rectangular element, the same as-
sumed strain field is used for a curved element using a
local coordinate system, in which the z-axisis normal to
the mid-surface and the x and y axes are tangent to the
surface.

It is also noted that the assumed strain field is neither
complete nor symmetric in & and . Accordingly, a spe-
cially defined local coordinate system is introduced to
maintain el ement invariance [Park and Lee (1995)].

The construction of the local coordinate system can be
summarized asfollows. A reference local coordinate sys-
tem is defined at the center of the element mid-surface
(§ =n =¢=0). First, unit vectors a; and a,, parallel to
parental coordinates§ and n, and aunit vector, vg normal
to the mid-surface are defined as

_ %o /|0%o
%=t/ |5

. aXo aXO
=/ o (13)
V5 = ag X ay

where Xg is the position vector of a point on the mid-
surface as shown in equation (1). Then, v, aunit vector
bisecting ag and a,,, isformed as showninFig. 3. A unit
vector V§ of the local coordinate system is constructed
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by bisecting vm and v x V§, and V§ is defined by taking
cross product of v§ and v§. This completes the construc-
tion of the unit vectors for the local coordinate system
at the element center. The local coordinate system at an
integration point other than the element center is deter-
mined by rotating the v§ vector to a unit vector that is
normal to the surface at the point.

g
V3 A

Figure 3 : The local coordinate system at the element
center

2.4 Compatibility and Equilibrium

The independently assumed strain and the displacement-
dependent strain can be related through the compatibility
equation expressed as.
/ 8 Co(E—£)dV =0 (14)
Y

where d¢ is a virtual independent strain vector and C¢ is
the matrix of linear elastic stiffness constants.

For asolidin equilibrium,

/V &Todv — W =0 (15)
where @ isthe second Piola-Kirchhoff stress vector, d€is
the virtual displacement-dependent strain vector, dW is
the virtual work due to the applied load and V represents
the volume of the original configuration. Equilibriumis
satisfied over the deformed configuration. The stressvec-
tor isrelated to the independent strain vector as

0= C£ (16)

In the solid shell element formulation, strains, virtua
strains, and the determinant Jof the Jacobian matrix are
assumed to be linear in ¢ such that

E=8)+CE OE=03p+C %
E=€)+C € OE=0€+C O
J=J(&,n)+¢6-A(E,n0)

(17)

The assumptions in equation (17) allow analytical inte-
gration thorough the shell thickness. Thisfeature is con-
venient for modeling of laminated composite structures
[Kim and Lee (1988)]. The finite element equilibrium
equationinvolving the tangent stiffnessmatrix vector and
theincremental load vector is obtained via the procedure
described by Park, Cho and Lee (1995). The degrees of
freedom (DOF) vector corresponding to the bubble func-
tion displacement is statically condensed out at element
level to maintain the number of element DOF at 54. If
desired, the DOF at the center node can aso be stati-
cally condensed out to construct an eight-node element
with 48 DOF. It should be noted that, due to the bubble
functions in the assumed displacement field and the ad-
ditional higher order terms in the assumed strain field,
the 4 x 4 point Gaussian quadrature rule is needed over
the &, n plane for generation of the element stiffness ma-
trix. Thisisin contrast to the 3 x 3point rule needed for
the existing nine-node assumed strain solid shell element
with no bubble functions.

3 Numerical Tests

Several numerical testsare conducted to examine the per-
formance of the new solid shell element in comparison
with that of the existing nine-node solid shell element.
Examples chosen are geometrically linear and nonlinear
plates and shells of simple geometries under static |oad-
ing conditions. First, the effect of increase in the number
of integration points on the computational efficiency of
the current approach is tested. Secondly, numerical tests
involving plates and shells model ed with uniform meshes
are conducted to confirm that the newly added assumed
strain terms in conjunction with the bubble function dis-
placement do not reintroduce element locking. As one
of the examples, the result for a geometrically nonlinear
analysis of a pinched ring, is presented in the following.
Subsequently, geometrically nonlinear analyses of athin
plate and a hemisphere, modeled with uniform meshes
and non-uniform meshes, are carried out to compare the
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performance of the new element with the existing ele-
ment. For convenience of presenting numerical results,
the following designations are used for the new element
and the existing element.

SHEL L 9B: Nine-node assumed strain solid shell element
with bubble function displacements

SHELL9: Nine-node assumed strain solid shell element
[Kim and Lee (1988), Park, Cho, and Lee (1995)]

clamped
2 2
L § syntmely c §
& &

2

E

3

&)

clamped

L
Figure4: A sguare plate

3.1 The Number of Integration Points

In order to investigate the effect of the number of inte-
gration points on computing time, a test is conducted in
which the stiffness matrix of a single element is com-
puted 100 times consecutively. Numerical results show
that the computing (elapsed) time for SHELL9B is 1.8
times of that for SHELL9. Subsequently, a square plate,
clamped on all edges and loaded at the center point C
as shown in Fig. 4, is considered to investigate the ef-
fect as a problem size grows. Due to the geometric and
load symmetry, only one quarter of the plate is modeled
using a 2x2, 4x4, 8x8, 16x16, and 32x32 meshes. In
Fig. 5, theratio of elapsed time for a geometrically lin-
ear analysisusing SHEL L 9B, normalized with respect to
the time for SHELLY, is plotted against the number of
elements in one direction. It shows that, as the problem
size grows, theratio of elapsed time between SHELL 9B
and SHEL L9 approaches unity.
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Figure5: Timevs. number of elementsin one direction

3.2 APinched Ring

A circular ring, subjected to two opposite line loads, as
shown in Fig. 6, serves as a simple example problem to
examine the membrane locking of curved shell elements.

Figure6: A pinched ring

The radius R of the ring is 100” and the width d is 1”.
The ring material is isotropic with a Young's modulus
E = 1x10’ psi and a Poisson’sratio v = 0.3. Due to the
symmetry in geometry and loading conditions, only one
guarter in the circumferentia direction and one half in
the width direction is modeled with a 1x4 uniform mesh.
A geometrically nonlinear analysisis conducted for three
different radius-to-thicknessratios of R/t =100, 500, and
1000. A deformed shape of the pinched ring with R/t =
100isshownin Fig. 7. Figures 8-10 showsthe displace-
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Figure 7 : Deformed shape of a pinched ring with R/t =
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Figure8: Load vs. displacement of ageometrically non-

linear pinched ring with R/t = 100
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linear pinched ring with R/t = 500
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Figure 10 : Load vs. displacement of a geometrically
nonlinear pinched ring with R/t = 1000
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ment in the direction normal to the surface at two paints.
Asshownin these figures, there is no difference between
SHELL9 and SHELL9B solutions. Both elements per-
form well, exhibiting no signs of element locking.

3.3 A Thin Square Plate Under a Point Load

A square plate, clamped on all edges and loaded at the
center point C, asshown in Fig. 4 isrevisited.

symmety c

T
padund
Agaveruds

clamped

L2

Figure 11: A square plate (2x2 mesh)

Load [Ibs]
o
&

-o- Shell9
— Shell9B
— FineMesh

10 12

2 Digplaceme?qt/thicknsess
Figure 12 : Load vs. displacement of a clamped plate
with distorted mesh, L/t=1000

The length L of the plate is 2" and the thickness is
0.002". Thematerial isisotropic with a'Young'smodulus
E = 1.7472x10 psi and a Poisson’sratio v = 0.3. Dueto
the geometric and load symmetry, only one quarter of the
plateismodeled using a 2x2 mesh. To examine the effect
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of mesh distortion on the element performance, the plate
is modeled with the distorted mesh as shown in Fig. 11.
The degree of the distortionis represented by d/h = 0.2.
Numerical solutionsobtained by the geometrically linear
analysisare 88.1% (SHELL 9) and 99.1%(Shel9B) of the
analytical solution. Theresults of the geometrically non-
linear analysis are shown in Fig. 12 where the solution
obtained by an 8x8 uniform mesh (Fine Mesh) is used
asthe reference. SHELL 9B outperforms SHELL9 asthe
load increases.

3.4 A Hemispherewith Alternating Point Loads

A hemispherical shell with an 18-degree hole at the top
isunder aternating point loads as shownin Fig. 13.

Free

Y.

- P

Fws Tog View

Figure 13: A hemisphere with a hole at the top

Theradius R of the hemisphereis 10" and the thicknesst
is0.01". The materia isisotropic with a Young's modu-
lus E = 6.825x10"psi and a Poisson’sratiov = 0.3. Due
to the geometric and |oading symmetry, only one quarter
of the hemisphere, the shaded area from the top view in
Fig. 13 is modeled using various distorted meshes. As
an example, an 8x8 distorted mesh is shown in Fig. 14.
The normal displacements obtained with a 16x16 uni-
form mesh are used as a reference. The ‘uniform’ mesh
isobtained by equally dividing the anglesin the meridian
and latitude directions.

Geometrically linear analyses for the hemisphere model
are conducted using the 2x2, 4x4, 6x6, and 8x8 dis-
torted meshes. Figures 15 and 16 show the displace-
ment in the loading direction, normalized to the 16x16
uniform mesh solution. The results for the two differ-
ent radius-to-thickness ratios, R/t=250 and R/t=1000,
demonstrate that SHELL 9B outperforms SHELL9 when
coarse meshes are used.

Subsequently, geometrically nonlinear analyses are con-
ducted for two different models. In Figs. 17 and 18, the
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Figure 14 : A hemisphere model with distorted mesh
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Figure 15 : Displacement at a load point vs. number of

elements in one direction, R/t=250

3 4 5 6
Number of elementsin onedirection

7 8

Normalized displacement

-6- Shell9

—— Shell9B

2

3 4 5 é' 7 8
Number of elementsin one direction

Figure 16 : Displacement at a load point vs. number of
elementsin one direction, R/t=1000

displacementsat the load point A and B are plotted along
with the Fine Mesh solution obtained using a 16x16 uni-
form mesh. For the uniform mesh (4x4) case, SHELL9B
outperforms SHEL L9 asload increases. For the distorted
mesh (8x8) case shown in Fig. 18, SHELLO9B is signif-
icantly less sensitive to mesh distortion as the load in-
creases. The results demonstrate that SHELL 9B outper-
forms SHEL L9 for both cases.

Load [Ibs]
o <] = = I =
Q@ - B L o @ B

o
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Figure 17 :

02 03 04 05 06 07
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Load vs. displacement of a geometri-

cally nonlinear hemisphere with R/t=1000: (4x4 uniform

mesh)
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Figure 18 : Load vs. displacement of a geometri-
caly nonlinear hemisphere with R/t=1000: (8x8 dis-
torted mesh)

4 Conclusions

The results of numerical tests, conducted on geometri-
caly linear and nonlinear plates and shells, show the ef-
fectiveness of the newly developed solid shell element.
For finite element models with non-uniform meshes, the
new element is significantly less sensitive to mesh dis-
tortion than the existing nine-node solid shell element.
The improved performance of this new element demon-
strates the effectiveness of the present formulation that
combinesthe simplest bubblefunction displacement with
a carefully selected assumed strain field.
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