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An Explicit Discontinuous Time Integration Method For
Dynamic-Contact/I mpact Problems

Jin Yeon Cho? and Seung Jo Kim?

Abstract: In thiswork, an explicit solution procedure
for the recently devel oped discontinuoustime integration
method is proposed in order to reduce the computational
cost while maintaining the desirable numerical charac-
teristics of the discontinuoustime integration method. In
the present explicit solution procedure, a two-stage cor-
rection algorithm is devised to obtain the solution at the
next time step without any matrix factorization. To ob-
serve the numerical characteristics of the proposed ex-
plicit solution procedure, stability and convergence anal-
yses are performed. From the stability analysis, it is ob-
served that the proposed algorithm gives a larger critical
time step than the central difference method. From the
convergence analysis, it is found that the present method
with linear approximation in time gives the third order
convergence that is higher than that of the central dif-
ference method. To check the performance of the pro-
posed method in simulating impact problems, several nu-
merical tests are carried out, and some of the results are
compared with those obtained from the central difference
method. Numerical tests show that the proposed explicit
algorithm gives a much more robust numerical solution
compared to the central difference method.

keyword: Dynamic-contact, Impact, Explicit Time In-
tegration, Discontinuous Time I ntegration.

1 Introduction

Dynamic-contact/impact phenomena induce stiffness
degradation and local failure of structural systems that
lead directly to safety-related problems or malfunctions
of high precision structures [Abrate (1991)]. For ex-
ample, the impact on composite structures, used in
aerospace applications, by a dropped tool or debris may
cause invisibleinternal damage and a substantial drop in
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structural strength [Goo and Kim (1997)]. Therefore, the
time dependent behavior of structures due to the impact
of foreign abjects should be predicted accurately. To ana
lyzethetransient dynamic behavior of structures, various
numerical time integration methods have been suggested
over the past severa decades. However, it has been aso
reported in many studiesthat undesirable oscillationsare
produced in dynamic solutions when the previously de-
veloped timeintegration method isdirectly applied to the
analysis of dynamic-contact/impact problems with im-
penetrability conditions alone. To alleviate the trouble,
several works were carried out. Hughes, Taylor, Sack-
man, Curnier, and Kanoknukulchai (1976) employed the
Newmark time integration method, and proposed the dis-
crete dynamic-contact/impact conditions for a lumped-
mass case to enforce the compatibility conditions of ve-
locity and acceleration. Taylor and Papadopoul os (1993)
assumed that the velocities and the accelerations on the
contact points are independent of the displacements in
the Newmark time integration method, and enforced the
velocity and the acceleration compatibility. Lee (1994)
proposed an iterative scheme to satisfy the velocity and
acceleration compatibility on the contact surface for the
constant average acceleration method, which is a special
case of the Newmark time integration method.

Recently, for the analysis of the dynamic-contact/ impact
problems, the discontinuoustime integration method was
proposed by Cho and Kim (1999). In respect to the
fact that discontinuous function is utilized to approxi-
mate the dynamic filed variables, the discontinuoustime
integration method is similar to the time discontinuous
Galerkin method [Hulbert and Hughes (1990); Chien
and Wu (2001)] or time discontinuous approximation
of weak Hamilton principle [Borri, Mello and Atluri
(1990); Borri and Bottaso (1993)], while the starting
point of the discontinuoustime integration method is not
awesak statement of dynamic equilibrium but an approx-
imation of the relation between a function and its deriva-
tive like in conventional direct time integration. The dis-
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continuous time integration method shows several desir-
able characteristics for simulations of impact problems.
Since the agorithm allows jump discontinuity in field
variables, it is suitable to depict abrupt changes of dy-
namic field variables according to shock loading pro-
duced in impact problems. The discontinuous time in-
tegration method does not produce undesirable oscilla
tion, although undesirable oscillationisinvoked when the
constant average acceleration method or the central dif-
ference method is used as a time integration algorithm
[Hughes, Taylor, Sackman, Curnier, Kanoknukulchai
(1976); Taylor and Papadopoul os (1993); Zhong (1993);
Lee (1994)]. Moreover it has a third order accuracy,
while both the trapezoidal rule and the central differ-
ence method have only a second order accuracy [Hughes
(1987)]. However, since the discontinuoustime integra-
tion method is an implicit algorithm, its computational
cost is more expensive than that of an explicit time inte-
gration method, such asthe central difference method.

Thus, in this paper, an explicit solution procedure of
the discontinuoustime integration method is proposed in
order to reduce the computational cost as well as pre-
serve the desirable numerical features of the discontinu-
ous time integration method. To avoid matrix factoriza-
tionin this explicit solution algorithm, two-stage correc-
tion procedure is designed through the modification of
the discontinuous time integration method. To observe
the algorithmic features of the proposed explicit solution
procedure, accuracy and stability analysesare carried out
and several numerical simulations of impact problems
are performed along with the exterior penalty method.

2 Discontinuous Time I ntegration Method

In this section, the recently proposed discontinuoustime
integration method [Cho and Kim (1999)] is briefly re-
viewed. In dynamic-contact/impact phenomena, the dy-
namic field variables are suddenly changed due to shock
typeloading. Thereforeitisnatural and reasonabletoin-
corporate discontinuity inthe timeintegration method. In
the discontinuous time integration method, the concept
of generalized derivative in distribution theory [Reddy
(1986)] and jump assumption are considered together in
order to depict the sudden change of dynamic field vari-
ables caused by the impact. The definition of a gener-
alized derivative can provide the meaning of a deriva-
tive even for adiscontinuousdistributionlike Dirac delta.
The definition of a generalized derivative of distribution
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[Reddy (1986)] is constructed through integration-by-
parts. By this procedure, the difficulty of differentiation
of adistribution is transferred to the differentiation of a
test function. Using the concept with jump assumption
a the initia time, the generalized relation between the
displacement vector u(t) and velocity vector v(t) is con-
structed by integration-by-parts, as shown below.

te Lt t
wivdt = — [ wludt+wTu|  foralw) (1)
to to to

wherew denotesthetest function. To describethe sudden
changes of dynamic field variables naturally, the jump
conditions at the initial timetq are assumed:

u(to) # u(ty ) and v(to) # v(ty) )

where superscript (+) denotesthe right limit of timetg as
showninFig. 1.
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Figurel: Description of timedomain and jumps of vari-
ables.

Asaresult, the above relationsincorporatesthe jump due
to shock loading condition. By the same method, the
acceleration-velocity relations are written as follows:

tf tf tt
whadt = — [ w'vdt+wTv| forall w(t)
to to to

3)

V(to) # V(tg ) and a(to) # a(ty ) @
The acceleration vector is denoted by a. In contrast with
dynamic field variables (i.e. u, v, and a), test function w
is assumed to be continuous at tg to ensure the smooth-
ness of the test function.

For the temporal approximation, the time domain of the
investigation is restricted to [t, = to, thy1 = tf] and the
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linear Lagrange interpolation functions are used to ap-
proximate displacement u, velocity v, acceleration a, and
test functionw. The approximation vectors defined on an
interval t, <t <tp.1 =t+At arewrittenin thefollowing
forms.

1 _ 1 _
U = S v VO = 3w,
I?O | I:10 | (5)
at) = Z(,)\Ifi (Han, w(t) = Z(,)\Ifi (tHwh
Wo(t) = (thr1—1) /(thr1—tn)
v (t) t_tn)/(tn+1—tn)

where (e)%and (o)} denote field values at time t;7 and
thr1, respectively. They are shown in Fig. 1. For a
higher order approximation, higher order interpolation
functions can be used. [Kim, Cho, and Kim (1997), Kim
and Cho (1997)]. By substituting interpolating functions
(5) into equations (1) and (3), approximated relationsfor
thetime derivative are obtained. Therelationsare written
as follows through reordering:

= (
= (

For all w!,(i=0,1),

1 tn-%—l T
2/ Wivwh uldt —wu
j=07t

thet

1 tn-%—l T
:—2/ \Ifi\lfjwln V%dt—WTU
j=07t

tn

1 tn-*—l . .
> [ iy vidt—wv ©
j=0 th thet
1 tn-*—l . .
j=0 th th
where
u(tn) = u%—lv V(tn) = V%—lv a(tn) = af%—lv w(tn) = Wg
U(tn1) = UL, V(thi1) = V3, A(the1) = a%, W(thi1) = W3

In eguation (6), the dynamic field variables u, v, and
a contain the discontinuities at the initial time tg ( =
tn). Ut ,,vi | andal ; arethegiveninitial vectorsob-
tained from the previoustime step. The effect of theini-
tial conditionisweakly imposedviaul ,vi , andal ..
Since equation (6) must hold for al wi, it can be written
in simplified matrix form as

(I’\)Un_;'_l - (I)Vn+1 + @Un

- 7
®Vpy1=PAR 1 +0OV), ()

where,
T T
OT 1T OT 1T
Un+1:{un , Un } aVn-s-l:{Vn » Vi } )
T
or 17
Ania={al o'}

The aternative forms for displacement-velocity and
velocity-acceleration relations are obtained by multiply-
ing the inverse matrix of .

Unt1=YVni1+¥oVn+JIUy

xr xr 8
Vi1 = PAn.q + FoAg+ IV, ®)

where ¥ = &~1®, ¥y = 0, J = ®1©. Using the dis-
crete operators of equation (8), the numerical time inte-
gration algorithm is constructed along with the dynamic
equilibrium equation. The equilibrium equation of dy-
namic systems discretized in space domain is generally
given asfollows:

ma+cv+ku=f

(9)

where m, ¢, and k are the mass, damping, and stiffness
matrices, respectively. The external force vector is de-
noted by f. With the obtained discrete operator (8), the
dynamic equilibrium equations at the inner time steps
(i.e. t7 andt, 1) are considered to obtain a time inte-
gration algorithm:

mal, +cvi +kul =f. (i=0,1) (10)
Using the matrix notation, it can be denoted as
MAp 1+ CVipy1 +KUpp1r =Fnpg (11)

whereM, C, andK are block diagona matricesfor mass,
damping, and stiffness, respectively, and F denotes the
forcing vector. To obtain the dynamic field variables
Ani1, Va1, and Up g, it is sufficient to solve the equa-
tions (8) and (11), simultaneoudly.

By substituting equation (8) into equation (11), equation
(12) can be rewritten in terms of acceleration asfollows:

(M+CP+KP)A,,, =F-CV —KOP, (12
where,

0, = $WoAq+ (PI+Po)V, + Uy

V@, = WA, +IV,
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where 0%, and V', are predictors for displacement
and velocity, respectively. The predictor-corrector algo-
rithm that is based on the acceleration form can be writ-
ten as follows. The detail derivation procedure for the
algorithmis similar to that in the paper of [Kim, Cho and
Kim (1997)].

i) Calculate ag suchthat mag + cvg + kug = fg
SetAg={0",a)}T,Vo={0",v§}T,Uo= {0,

ug}’
i) CaculateMEf — M +CF +KP2 and M e

i) Don=0

0, =FFoAn+ (FI+Fo)Vn+ U,

Predict ¢ it
Vn+l :\POAn +JVn

(13)
R, = Fpy1—CVLY, —KOW
Cal CUI ate n+1 n+l ( n+1 n+1
Ani1=M# 'RE,
(14)
Uni1= U(a) +¢2An+1
Correct B e (15)
V1=V +WAn
Setn=n+1
Continue

After the initialization and predictor stages, the acceler-
ations are obtained through equation (14). The displace-
ment and velocity are corrected by the correction equa
tion (15).

3 Explicit Solution Procedure

In the discontinuous time integration method, equilib-
rium conditions are considered at the next time step to
obtain a solution at the next time step as described in
equation (11). The tiffness matrix K and the damping
matrix C induce the coupling between the solutions at
time ty, 1 even if a mass lumping technique is chosen in
the equation (12). The coupling can be eliminated only
when the second and the third terms on the | eft-hand side
of the equation (12) are evaluated by the given dynamic
field variables. Although it isimpossibleto evaluate the
terms exactly by only the given values at previous time
th, we can approximate the terms by using the informa-
tion obtained at the previoustime step. Towards the end,
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the following procedure is devised to eliminate the cou-
pling between the unknown variables at time t 1. At
first, the following intermediate equilibrium equation is
considered to find an approximated value A, , ; for accel-
eration Ap 1.

* ~(a ~(a)
MAZ, 1 = Frpg— (CV, + KO,

(16)
Because M is a diagona matrix, A}, ; in equation (16)
can be readily obtained. Secondly, the term (C¥ +
KTZ)AnH in implicit equation (12) is replaced by
(CY + KV¥ )A§+1’ and the following equation (17) is
solved for Ap 1.

(@) (@)

MAn1=Fnp1— (C\7n+1+KUn+l) (Cl}l+ K'Y ) n+1

(17)

And finally, the predicted displacement and velocity are
corrected by using equation (15).

It is noted again that the al gorithm does not need any ma-
trix factorization process when a lumped mass matrix is
adopted. The explicit solution procedure of the discon-
tinuous time integration method can be summarized as
follows:

i) Calculate ag such that mag + cvg + kug = fo;

{ao}i = {fo —cvo —kuo}i/[m]ii
SetAg={0",al}T.Vo={0",vJ}T,Ug={0",ul}"
i) Don=0
Predict l:Jn+l =YWoAn+ (PI+W¥o)Vn+JU,
Vn+l —_ \POAn +JVn
(18)
RE™ — Fpyq — (CVE, +KOW))
Calculate {RE™}
{ rH—l}l -
[MIi
(19
R(expl|0|t) C? K?Z A* .
COI'I'eCt {An+l}| n+1 ( + ) n+l}|
[Mii
(20)
Correct Uni1= ”+1+\P An+l (21)
Vil = n+1 +\PAn+1
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Setn=n+1
Continue

where { e }; means components of vector and [e];; denotes
the diagonal elements of matrix.

The proposed agorithm is a two-stage correction
scheme. Through the first correction stage, the accelera-
tion is updated and the corrected acceleration is used in
the correction of displacement and velocity.

4 Stability

The stability analysis is carried out to identify whether
the proposed explicit solution procedure is stable or not.
In the stability analysis, al of the acceleration, velocity,
and displacements are used as a system state vector .

The equilibrium condition, which isused in the proposed
explicit algorithm, is represented by equations (16) and
(17). Substituting equation (16) into equation (17) yields
the following equilibrium condition.

N _2 ~ ~
MAq1+(CP +KF )M ~L(Fpy1— (CVE,+KOP)))

=Fny1— (Cvﬁl + Koﬁ)l))

(22)

Consider a system with no damping and no external l1oad-
ing for the stability analysis. Then equation (22) is re-
duced to

MAn1 = —(K — KFM~K)0®

n+1 (23)

If the predictor for displacement Uﬁfﬁl in equation (23)
is expressed in terms of the variables U, Vi, and A at
time t, by using equation (18), equation (23) resultsin
the form of

MAn 1= —YP¥A,— Y (PI+W¥o)Vh—YIU, (24)
whereY = (K — K¥*M ~1K). In order to construct asys-
tem evolution equation, the equilibrium condition (24)
is used together with the velocity-displacement and the
acceleration-vel ocity relations shown in equation (8). (It
is noted that equation (8) is an alternative form of correc-
tion equation (21).) The system evolution equation can
be written as the following matrix form.

M 0 O An+1
—W I 0 Vn+1
0 —¥I Uni1
~Y¥¥ Y (VI +¥) —YJ A, (25)
0 Yo J Un
It is denoted in simplified form as
fX(thrl) = fOX(tn) (26)

where the system state vector y consists of the accelera-
tion, velocity, and displacement. To observe the stability
characteristics of the proposed method, a singledegree of
freedom system is adopted and the corresponding gener-
alized eigenval ue problem is solved to find the amplifica-
tion factor [Cho and Kim (1999)]. Stability is guaranteed
when the amplification factor (magnitude of eigenvalue
of the system evolution equation) is less than or equal
tol.

The cal culated amplification factors for the proposed ex-
plicit solution procedure are shown in Fig. 2. From the
resultsof Fig. 2, it isobserved that the amplification fac-
torsare lessthan or equal to unity in the region of

At < 0.353T. Thescissorsin Fig. 2 denotes the bound-
ary between the stable and unstable regions. Therefore,
stability isensured for that region of At. It meansthat the
conditional stability isguaranteed for the present explicit
method.

Explicit Version

Moo N
o N b
[

|
!
—&—  Using Discontinuous Linear Approx. ,
< Critical Time Step |

{

|

O 4 4o 4 a4
© o r O ®
Lo

e o
> o

Spectral radius (Amplification factor)

0.2

0.0
1E-2

1E-1
Normalized time step (dt/T)

1E+0

Figure 2 : Amplification factor of the present explicit
method (using linear approximation in time domain)
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The critical time step for the present explicit method is
about 0.353 times that of the period (i.e. Atg ~ 0.353T).
To ensure the stability for a system having multi-degrees
of freedom, the stability condition should be satisfied for
all dynamic modes of the system. Therefore, the critical
time step should satisfy the following condition.

The present explicit method (Linear Approximationin
Time)

2
Aty < 0.353Tpin = 0.353 x 27)
®max
The central difference method
2n
®max

where Trin and ®max Mean the minimum period and the
maximum frequency of the considered dynamic system,
respectively.

The result shows that the critical time step of the pro-
posed method is relatively large compared with critical
timestep T /m &~ 0.318Tof the central difference method
[Bathe (1996)]. Therefore, a time step larger than the
central difference method can be adopted in the present
method without loss of stability.

To observe the accuracy of the present explicit algorithm,
afree-oscillation problem having unit mass and unit stiff-
ness is solved using the present explicit solution proce-
dure. Two cases of initial conditionsare imposed. Oneis
u(0) = 1,v(0) = 0, the other isu(0) = 0,v(0) = 1. The
displacement convergence rate of the present explicit al-
gorithm is shown in Fig. 3 for each case. The slope of
the curve denotes the order of convergence. The dis-
placement error eyisp is calculated by the difference of
numerically calculated displacement upym(2rt) and exact
solutionu(2r) att =2n as

€disp = ||Unum(2m) — u(2m)|| (29)
The resultsin Fig. 3 show that the present explicit time
integration algorithm (linear approximation in time do-
main) has a third order convergence in thefirst case (im-
position of the initial displacement) and a fourth order
convergence in the second case (imposition of the initial

CMES, vol.3, no.6, pp.687-698, 2002

Explicit Version
(Discont. Method - Linear Approx.)

—@— Error at t=T (Initial Disp.)
—&A—  Error at t=T (Initial Vel.)

Error Norm
m

1E-12
1E-4

1E-3
Normalized Time Step (dt/T)

1E-2 1E-1 1E+0

Figure 3: Log-scale plot of error norm vs. normalized
time step (The present explicit time intergration method
—using linear approximation in time domain)

Central Difference Method

—@— Error at t=T (Initial Disp.)
—A—  Error at t=T (Initial Vel.)

Error Norm

1E-3
Normalized Time Step (dt/T)

1E-2 1E-1 1E+0

Figure 4 : Log-scale plot of error norm vs. normalized
time step (The central difference method)

velocity). Therefore the present method has the third or-
der convergence at least in combined cases.

From the results, it is confirmed that the proposed ex-
plicit time integration algorithm with linear approxima-
tionin timedomain preservesthethird order convergence
of the discontinuous time integration method [Cho and



An explicit discontinuous time integration method for dynamic-contact/impact problems

693

Kim (1999)], and it is more accurate than the central dif-
ference method which has a second order convergence as
showninFig. 4.

5 Dynamic-Contact/Impact Problems

In this section, the way to implement the proposed
explicit procedure in analyzing dynamic-contact/impact
problemsisbriefly described, and numerical testsare car-
ried out to identify the validity of the proposed explicit
solution procedure.

Algorithm

Through the finite el ement approximation along with the
exterior penalty method, dynamic-contact/ impact prob-
lems result in the following dynamic equilibrium equa-
tion (30) at the inner time steps. Detailed derivation can
be found in a Cho and Kim (1999).

n))uh="fn

- Sin(uy), (1=0,1) (30

i 1
may,+(kK+—Kkn(u
€p p

where g, denotes the penalty parameter, and subscript N
means that the term comes from the contact effect. Using
the matrix notation, it can be rewritten as follows.

IVlAn—s—lz Fn+1+FN(Un+l) - (K + KN (Un+l))un+l (31)

As described before, the intermediate acceleration A}, ;
can be obtained from the following equation.

MAZ, 1 =Fni1+Fn(0@ ) — (K +Kn (0810, (32)

After the intermediate acceleration A, ; is obtained by
solving equation (32), it is used for the correction of ac-
celeration. The correction equation (35) for acceleration
is constructed by the same procedure described in the
previous section. The algorithm is summarized below.

i) Calculateag such that
mag+ (k + -k (Uo))uo = fo — c-fn(uo)

St Ag = {OT,ag}T,Vo = {OT,VE}T,
Uo={0", ug}T

i) Don=0
Predict

{ 0@, = $WoAn -+ (FI+ Po)Vn + U, -

V@, = WA, +IV,

Calculate
RCH=Fn g+ Fn(0F) — (K+Kn(0F)) 0

epr|C|t
n+1 Ul fy

{A +l} = ]
(34)

Correct

lici *
{RIZZ — (K +Kn (O PG }
{Ania}i=

[Mii
(35)
Correct
_m@ | g2

Un+l - Un+l +\P An+1 (36)

V= V,(fi)l +YAni1
Setn=n+1
Continue

If a lumped mass matrix is chosen, the above proce-
dure producesthe next time solution directly without any
factorization and iteration. It is noted that the nonlin-
ear stiffness matrix Ky in (35) may also be evaluated at
ni(= U§,+)1+‘P A}, 1), butit needsadditional compu-
tational efforts. Therefore, the nonlinear stiffness matrix
Kn evaluated at Uﬁ)l isused in the current examples.

Bar Impact Problem

By using the proposed explicit algorithm, the bar impact
problem in Fig. 5 was analyzed. The predicted results
were compared with the results obtained by the central
difference method because the central difference method
iswidely used in explicit dynamic analysis. The mate-
rial properties and the dimensions of model are shownin
table 1.

Plane of symmetry

N 4 g

L Iglg L !

—_

Figure5: Impact of two identical bars

The contact force obtained by the analytical method is
2x 108N in 0 usec <t < 60 usec and zero int > G0pSeC.
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Table 1: Material properties and dimensions of bar
E=100GPa | A=2cm g=0cm
p =1000kg/m3 | L =30cm | vo= 10 m/sec

For a finite element discretization of bar, two hundred
linear bar elements were used. The row-sum technigque
[Hughes (1987)] was used to construct a lumped mass
matrix.

Central Difference Method
(dt=0.13e-6 sec)

Central Difference Method
(dt=0.13e-6 sec)

Penalty # = (7.5e-12)/12 Penalty # = (7.5¢-12)/9

N)
IS
m

Contact Force (

0E+0 L 0E+0
0E+0 265 4E5 6E-5 8E5 0E+0 265 4E5 6E-5 8E-5

Time (sec)

(@) &, =(7.5x10")/12

Time (sec)

(b) &, =(7.5x10")/9

Central Difference Method P
sec)

(dt=0.13¢-6 thod

entral Difference Met
(dt=0.13e-6 sec)

Penalty # = (7.5e-12)6

Penalty # = (7.5¢-12)

Contact Force (N)

0E+0 L L I 0E+0 L L L L
0E+0 25 4E5 6E5 8E5 0E+0 265 4E5 6E5 8E5

Time (sec)

(d) &, =(7.5x10™)

Time (sec)

(c) €, =(7.5x10™)/6

Figure 6 : Contact force histories according to penaty
parameters (by the central difference method)

The results shown in Fig. 6 and Fig. 7 were computed
with several penalty parameters by the central difference
method and the proposed algorithm, respectively. In al
the ssimulations presented in Fig. 6 and 7, time step size
of 0.13 psec was used. The selected penalty parame-
ters are 7.5x1071?, (7.5x107%?)/6, (7.5x10~12)/9, and
(7.5x10713)/12. Asthe penalty parameter is decreased,
the central difference method produces an undesirable
oscillation; however, the proposed explicit algorithm
givesarelatively stable solution for small penalty param-
eters compared to the central difference method. More-
over, by comparing the contact force histories, which
have no undesirable oscillation, it is observed that the
proposed method gives more accurate contact durations
than the central difference method.

InFig. 8, the displacement of contact nodeis plotted. For
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Figure 7 : Contact force histories according to penaty
parameters (by the present explicit method)

the central difference method, the result of penalty pa-
rameter 7.5x10~12 is presented, since the contact force
of that is not oscillatory. For the proposed explicit al-
gorithm, the result of penalty parameter (7.5x10-12)/6
is presented due to the same reason. From the results,
it is observed that the result of the proposed algorithm
has less penetration than that of the central difference
method.

The contact force history in Fig. 9 is predicted with
time step 0.15 pusec and penalty parameter (7.5x10-12)/3
through the proposed method. The contact force history,
predicted by the central difference method with the same
time step and the same penalty parameter, is shown in
Fig. 10. Thefigure showsthat the solution from the cen-
tral difference method isincreased without bound, while
the solution obtained by the proposed explicit method is
stable and accurate as shown in Fig. 9. The results show
that alarger time step size can be adopted in the proposed
explicit algorithm than in the central difference method
without loss of stability.

From the simulation results, it was confirmed that the
proposed explicit algorithm gives more reliable solutions
than the central difference method. Moreover, a larger
time step size can be used in the proposed algorithm than
inthe central difference method.
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Figure 8 : Displacement history of contact node

Impact between I sotropic Solid and Rigid Cylinder

To confirm the validity of the proposed explicit method,
two-dimensional impact behaviors between isotropic
solid and rigid cylinders were visited. Since the analyt-
ical solutionis not available, the computed results were
compared with those obtained by theimplicit discontinu-
oustimeintegration method. The material propertiesand
the dimensions for the model problem are presented in
Table 2.

In Table 2, L islength, A is thickness, m is the mass of
impactor, Vg isthe initial velocity of impactor, and R is
the radius of impactor. Due to the symmetric nature of
model problem, half of the model isdiscretized as shown
inFig. 11. A four-node plane strain element was adopted
for discretization, and the row-sum techniquewas used to
obtain a lumped mass matrix. The total number of ele-

Table 2 : Material properties and dimensions of a solid
block and rigid cylinder
E=70Gpa| v=0.3
A=1lcm | R=1cm

p = 2710 kg/m®
m=65.89g

L=2cm
Vo= 10 m/s

ments used in thefinite element model was 1600, and the
total number of nodes was 1681. For time integration,
0.035 psec of time step was chosen. As boundary con-
ditions, it was assumed that the bottom is fixed in the
y-direction and both sides are fixed in the x-direction.
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Figure 9 : Contact force history by the proposed algo-
rithm with the time step At = 0.15usec

3E+7
Central Difference Method
(dt=0.15e-6 sec)
[ Penalty parameter = (7.5e-12)
Penalty parameter = (7.5e-12)/3
= 2E+7 —
2
=
o
[ L
8
c
8 1E+7
““M” | WWW’W “ N
ogo T
OE+0 1E-5 2E-5 3E-5
Time (sec)

Figure 10 : Contact force history by the central differ-
ence method with the time step At = 0.15usec
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Figure 11 : Finite Element Model

To impose the contact condition, a penalty parameter of
0.15x 10~ 1* was selected, based on the penalty param-
eter study. Solution convergence according to penalty
parameter isshownin Fig. 12.

Explicit Ver.
(Discontinuous Method)

penalty # = 0.15e-14
penalty # = 0.5e-14

penalty # = 0.1e-13

th

penalty # = 0.1e-12

Contact Force (N)

0E+0 2E-6 4E-6 6E-6 8E-6 1E-5
Time (sec)
Figure 12 : Solution convergence according to penalty
parameter

Fig. 13 shows contact force histories obtained by the
present explicit solution procedure and the implicit
discontinuous time integration method [Cho and Kim
(1999)]. Comparing the results, it was found that the
present explicit solution procedure which is a modifica-
tion of the discontinuous method, gives a reasonabl e so-
lution while saving of computational costs.

In Fig. 14, the displacement histories of the contact node
and impactor are presented. The results show that aslight
penetration occurs in the explicit method. It is a short-
coming of explicit method that should be paid for lower
computing cost than the implicit method. Fig. 15 shows
the velocity histories of the contact node and impactor.
If the explicit method is used, thereis alittle undesirable
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Figure 13 : Comparison of contact force histories from
implicit method and explicit method
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Figure 14 : Displacement histories of contact node and
impactor
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Figure 15 : Velocity histories of contact node and im-
pactor

oscillation at the initial impact stage. However, the spu-
rious oscillation decays rapidly and a stable solution is
obtained.

From the numerical tests, it is confirmed that the pro-
posed explicit solution procedure of the discontinuous
time integration method is enough to simulate dynamic-
contact/impact problems.

6 Conclusions

By modifying the recently developed discontinuoustime
integration method, a new explicit solution procedure is
proposed. In the present explicit discontinuoustime in-
tegration method, a two-stage correction algorithm was
used to avoid any matrix factorization. In this correction
routine, an intermediate acceleration is obtained by us-
ing an intermediate equilibrium equation, and it is also
utilized for obtaining further modified equilibrium con-
dition. After the correction routine, dynamic field vari-
ables at the next time step are obtained without any ma-
trix factorization. To observe the stability and accuracy
of the proposed explicit solution procedure, stability and
accuracy analyseswere carried out. The analysis results

show that the proposed method gives a larger critical
time step and higher order accuracy than the central dif-
ference method. During the several numerical tests for
dynamic-contact/impact problems, it was observed that
the proposed explicit time integration method gives more
stable and accurate solutions than the central difference
method, which is widely adopted in explicit computa-
tions of impact analysis.

Conseguently, it is confirmed that the proposed explicit
discontinuoustime integration method can be efficiently
utilized without matrix factorization and iteration in an-
alyzing transient dynamic problems which have shock-
type loading conditions such as dynamic-contact/impact
problems.

Acknowledgement: The authors would like to ac-
knowledgethefinancia supportfrom the Ministry of Sci-
ence and Technol ogy through the National Research Lab-
oratory Programs under the contract number 00-N-NL-
01-C-026.

References

Abrate, S. (1991): Impact on Laminated Composite Ma-
terials. Applied Mechanics Reviews, Vol. 44, No.4, pp.
155-190.

Bathe, K. J. (1996): Finite Element Procedures. Interna-
tional Ed., Prentice-Hall, Englewood Cliffs, NJ, Chapter
0.

Borri, M.; Mdlo, F.; Atluri, S. N. (1990): Variationa
approaches for dynamics and time-finite-elements. nu-
merical studies, Computational Mechanics, Vol. 7, pp
49-76.

Borri, M.; Bottasso, C. (1993): A genera framework
for interpreting time finite element formulations. Com-
putational Mechanics, Vol. 13, pp. 133-142.

Chien, C-C.; Wu, T-Y. (2001): An Advanced Time Dis-
continuous Galerkin Finite Element Method for Struc-
tural Dynamics. CMES Computer Modeling in Engi-
neering & Sciences, Vol. 2, No. 2, pp. 213-226.

Cho, J. Y.; Kim, S. J. (1999): A New Discontinuous
Time Integration Method for Dynamic-Contact/| mpact
Problems. AIAA Journal, Vol. 37, No. 7, pp. 874-880.
Goo, N. S;; Kim, S. J. (1997): Dynamic Contact Analy-
sisof Laminated Composite Plates Under L ow-Velocity
Impact. AIAA Journal, Vol. 35, No. 9, pp.1518-1521.



698 Copyright (© 2002 Tech Science Press

Hughes, T.J.R.; Taylor, R.L.; Sackman, J. L.
Curnier, A.; Kanoknukulchai, W. (1976): A Finite El-
ement Method for a Class of Contact-Impact Problems.
Computer Method in Applied Mechanics and Engineer-
ing, Vol. 8, No. 3, pp.249-276.

Hughes, T. J. R. (1987): The Finite Element Method
- Linear Satic and Dynamic Finite Element Analysis.
Prentice Hall, Englewood Cliffs, NJ, , Chap. 9.

Hulbert, G. M.; Hughes, T. J. R. (1990): Space-Time
Finite Element Methods for Second-Order Hyperbolic
Equations. Computer Methodsin Applied Mechanicsand
Engineering, Vol. 84, No. 3, pp.327-348.

Kim, S. J.; Cho, J. Y.; Kim, W. D. (1997): From the
Trapezoidal rule to Higher Order Accurate and Uncon-
ditionally Stable Time Integration Method for Structural

Dynamics. Computer Method in Applied Mechanics and

Engineering, Vol.149, pp. 73-88.

Kim, S. J.; Cho, J. Y. (1997): Penalized Weighted
Residual Method for the Initial Value Problems. AIAA
Journal, Vol. 35, No.1, pp.172-177.

Lee, K. (1994): A Numerical solutionfor Dynamic Con-
tact Problems satisfying the Velocity and Acceleration
Compatibilities on the Contact Surface. Computational
Mechanics, Vol. 15, No. 3, pp. 189-200.

Reddy, B. D. (1986): Functional Analysis and
Boundary-Value Problems: an Introductory Treatment.
John Wiley and Sons, New York, Chap. 7.

Taylor, R. L.; Papadopoulos, P. (1993): OnaFiniteEle-
ment Method for Dynamic Contact/Impact Problems. In-
ternational Journal for Numerical Methodsin Engineer-
ing, Vol. 36, No. 12, pp. 2123-2140.

Zhong, Z. H. (1993): Finite element Procedures for
Contact-Impact Problems. Oxford University Press,
New York, Chap. 4.

CMES, vol.3, no.6, pp.687-698, 2002




