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A New Application of the Panel Clustering Method for 3D SGBEM
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Abstract: This paper is devoted to the study of a new
application of the Panel Clustering Method [Hackbusch
and Sauter (1993); Hackbusch and Nowak (1989)]. By
considering a classical 3D Neumann screen problem in
its boundary integral formulation discretized with the
Galerkin BEM, which requires the evaluation of dou-
ble integralswith hypersingular kernel, we recall and use
some recent results of analytical evaluation of the inner
hypersingular integrals. Then we apply the Panel Clus-
tering Method (PCM) for the evaluation of the outer in-
tegral. For this approach error estimate is shown. Nu-
merical examples and comparisons with classical PCM
technique are presented.
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1 Introduction

The Boundary Element Methods (BEM) have become
an important technique for solving linear elliptic par-
tia differential equations appearing in many relevant en-
gineering applications (e.g. acustics, elastostatic, plas-
ticity, elastodynamics, etc.) [Bonnet, Maier and Poliz-
zotto (1998); Bonnet (1995); Ervin and Stefan (1990);
Maier, Miccoli, Novati and Perego (1995); Maier, Dili-
genti and Carini (1991); Sirtori, Maier, Novati and Mic-
coli (1992)]. By means of the foundamental solution of
the considered differential equation a large class of both
exterior and interior elliptic boundary value problemscan
be formulated as alinear integral equation on the bound-
ary of the given domain.

The BEM can offer substantial computational advantages

over other numerical techniques. However, in order to
achieve an efficient numerical implementation of general
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validity, a number of issues have to be dealt with specia
attention. One of the most significant and important issue
of the practical application of the Symmetric Galerkin
BEM is the evaluation of weakly singular, Cauchy sin-
gular and even hypersingular integrals over boundary el-
ements.

Moreover, difficulties increase from 1D to 2D bound-
aries, but while literature is nowadayswide for 2D prob-
lems (see for instance [Aimi, Diligenti and Monegato
(1999); Balakrishna, Gray and Kane (1994); Carini, Dili-
genti, Maranesi and Zanella (1999)]) few methods have
been proposed for 3D problems (see [Andra and Schnak
(1997); Sauter and Lage (2001)]). In recent works,
to overcome the difficulties of singular double integra-
tions, regularization of singular and hypersingular BIES
to weakly singular integral equations was proposed. In
[Kieser, Schwab and Wendland (1992)] for hypersin-
gular kernels a regularization that depends on the ex-
plicit knowledge of a kernel expansion in local polar-
coordinatesisintroduced; the coefficient functionsin this
expansion are computed automatically by using Maple
symbolic manipulation procedures. In [Sauter and Lage
(2001)] a direct approach for evaluating hypersingular
integralsis presented and a development of transforma:
tion techniques is introduced. After these regularizing
transformations Gauss-Legendre cubature rules are ap-
plied for the approximation of the derived weskly sin-
gular integrals. In [Aimi and Diligenti (2002)] we have
performed analytically the inner integration without any
sort of regularization procedure, giving the explicit result
with a significant simplification. Then, we studied the
type of singularity of thisresult as afunction of the outer
variable of integration, in order to give some indications
about the numerical quadrature schemes needed for the
remaining outer integral. To compute these integrals we
proposed in [Aimi and Diligenti (2002)] efficient formu-
las which only require to define a regular quasi uniform
triangulation of the boundary of the problem, and specify
the local degrees of the approximant.



32 Copyright (© 2003 Tech Science Press

At any rate, the numerical solution of boundary integral
equations by the SGBEM leads to a dense linear system
which becomes very large when dealing with boundaries
in3D: inthiscase computational costsbecome very high,
especially for the evaluation of the extra-diagonal terms
of the system matrix.

Many different techniques have been recently proposed
to reduce the computational cost of the Galerkin ma-
trix evaluation and of the linear system solution. We re-
call for instance the wavel ets-based methods [ Dorobantu
(1984); Dahmen, Prossdorf and Schneider (1994)]
that yield impressive compression rates. nevertheless
waveletsare in general only applicablefor structured sur-
face triangulation and for simple geometries. An alge-
braic approach to the data-sparse realization of non-local
operators is constituted by the class of algebraic meth-
ods like H -matrices [Hackbusch (1999)]: the ideais to
approximate blocks of the discrete operator by low-rank
matrices. The choice of the approximation method can
be based on a singular value decomposition or a conve-
nient expansion of the integral kernel.

The Panel Clustering Method was introduced firstly in
[Hackbusch and Nowak (1989)] and further devel oped by
various authors[Giebermann (to appear); Sauter (2000)].
It is based on a fast evaluation of the extra diagonal €l-
ements of the matrix and it makes use of two basic in-
gredients: a hierarchical structuring of the surface trian-
gulation called cluster tree and a convenient truncated
expansion of the kernel functions.

In this paper we introduce the use of PCM for the eval-
uation of the outer Galerkin integrals after the analytical
inner integration. In particular our attention is focused
on a classical 3D Neumann screen problem. The use of
results of analytical integration alows the exact calcu-
lation of the inner integrals and the introduction of the
truncated expansion (and of therelated error) only for the
evaluation of the outer integral. For this approach error
estimate isshown. Numerical examplesand comparisons
with classical PCM technique are presented.

2 Themode problem

Let I be a polygonal surface piece in IR3, with a piece-
wise analytic boundary v, referred to a Cartesian orthog-
onal coordinate system X = (X1,X2,%3). As model prob-
lem we consider the Neumann screen problem: given
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f € H=2(I"), find u(x) in R3\T" such that

Au=0 inR3\T (1)
du
an f onl (2

u=O(||x|| %) as [[x] — o (©)
where S—ﬁ denotes the derivative with respect to the outer
normal n tol", which exists outdsi dethe common sides of
polygonsnot lying on asame plane. Let [~ be apiecewise
smooth, closed surface containing I'.  The definition of
Sobolev spacesis as usua [Lions and Magenes (1972)]:
forreal s

{u. tue HSY2(R®)} s> 0,
L*(F)
(H=S(T"))’ (dual space)

H(T) = ,s=0,

,$< 0.

These spaces are used to define the corresponding spaces
of distributionson I', namely

HS(M) = {ue HS(T) : suppuc T}

H3(M) = {u, : ue H(T)}.

In [Ervin and Stefan (1990)] the above problem, which
appearsin linear elasticity when an interior crack opens
under normal loading and whose corresponding problem
for the Helmholtz equation describes the scattering of
acoustic fields by a hard screen, is converted into the in-
tegral equation

Dv(x) ::]é SX,y —x)v(y)dry = f(x), xerl, (4

r

where Sis the hypersingular fundamental solution of the
L aplace operator

S(x,y—X) i=

1{nX'ny_3nx-rny-r} )

C4ml o3 rs
withr =y —xandr = ||y —x[|,andv=[u] |, =u_, —u__
givesthejump of u acrossthe screen I, with ™ ™ (I ) de-
noting the upper (lower) side of I according to the nor-
mal vector n. The operator D is defined by a hypersin-
gular finite part integral in the sense of Hadamard (see
[Kieser, ScHwab and Wendland (1992))).
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It is shown in [Costabel (1988)] that even for Lipschitz
surfaces I the operator D in (4) is positive definite on
H %(F), that is there existsa constant o > 0 such that for
alve Az (I)

<Dv,v>i2r)> O(HVHZ%(F)- (6)

T

Equation (4) will be solved in a wesk sense. If we set
Vi 1= Hz(I") the weak formulation of our integral prob-
lem is. given f € H—%(F), find a boundary function
v e Vy satisfying
<DVU>pom=< f,u> 2 YueVr. (7
Under the assumptions made, problem (7) has a unique
solution [Costabel (1988)].

In order to perform the Galerkin method for the equa-
tion (7), we need a family of finite-dimensional sub-
spaces {Vi} defined on . Let Ty = {Ti}™ be a reg-
ular quasi-uniform triangulation of ', where T; is a tri-
angle (also called panel), T = UM T, TNT,i # |, is
empty, a side or a vertex and each T; belongs to one
and only one face of the polygonal boundary TI'; fur-
ther, diam(T;) < h,i =1,...,Mn. All boundary elements
Ti,i=1,...,Mp, can be obtained by alinear mapping A;
applied to areference element

T= {(El,Eg) ER?:0<& <1,0<&< 1—21}. (8)

ThenT; = A (T) definesatriangular element of T,

If {¢k}{f§1 denotes the standard local finite element basis
of degree p > 0 defined on T, the corresponding local
basison T; is defined by "lifting” finite element functions
ok fromT to T, i.e

¢|((i)(x) :¢k°Ai_1(X)7 k=1,...,Kp, XeT,.

Piecewise polynomials shape functions of degree p > 0
are defined through the standard assembling of the local
basis functions defined on each T;. More precisely, if Nr
is the total number of nodes of T, fixed in I, then with
the above procedure we will define N shape functions
W1, ..., Py, Of degree p for the approximation of vonT,

i.e. we define Vi, = span{tpl, e l]JNr}. In particular, for

our problem, as approximating subspace Vy, of V¢ we can
take the space of piecewise linear functions.

The Galerkin boundary element scheme for (7) isthefol-
lowing: find vy € W, such that

< DVh, Up >2(r)=< f,uUn >L2(ry,s Y Uh € Vh.

9)
Problem (9) admits a unique solution.

Next, wewrite down the Galerkin scheme (9) intheform
of alinear symmetric system of algebraic equations for
the unknown coefficients X in the boundary element ba

SIS
AX =F (10)

The matrix elements are double integrals with hypersin-
gular kernel of the following type

Am= [ W10 S0y =X)in(y) Ty =

= [ w00 £ Sy = X)gm(y)drydry,
supp(y) supp(Ym)

(11)
3 Analytical evaluation of hypersingular inner inte-
grals

Let usconsider integral (11), wherewe have fixed Yy, Ym
linear shape functions. We can write (11) in the form

N N
(L) —x)o™mi)

(12)

where we have denoted with Tl(m>, " Tifl':) the triangles

of T forming the support of Ym(y), having common ver-

tex inanode of T, let ussay Pém>, andwith ¢ (™) (y) the
local basis function on Tj(m> such that

6™(y) = Um(y), foryeT™.

A similar notation holds for the outer integral.

We will perform the analytical evaluation of each
# Sty =000 y)dry, j=L..Ny (19
]

where, to simplify the notation, we have omitted the up-
per index m; we will do the same for the upper index |
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in (12), and consider this simplified notation through the

paper.
Single results (13), where, to fix the ideas, we can think
x € T;, will be summed up to form the result of the inner
integrationin (11).

The source point x will be given by integration knots
of outer integration and we recall that, owing to the
Galerkin discretization approach we are using, the outer
variable of integrationx hasto be considered either in the
interior of T; (when T; = T;) or outside T;.

Let us start with the critical situation x € -Fj (where -Fj is
the interior of T;): only in this case in fact we have to
deal effectively with the hypersingularity of the kernel
S(x,y —x). We write integral (13) in local coordinates,
i.e. onthereferencetriangle T (see (8)), with the follow-
ing changes of variables: y = A;(n), x = Aj(§).

Let us denote with §(&,n—&)&()(n) the integrand in
(13) rewritten in local coordinates, with Pg, P}, Pj1 the
vertices of Tj (we suppose from now on that Py = O; oth-
erwise we substitute each vector v € R® with v — Py),
with v+ the clockwise T—rotated of v in the plane of Tj,
and x(&) = Aj(&). Thefollowing result holds.

Theorem 1 [Aimi and Diligenti (2002)] . When x G'Fj
there holds

880 -8 (n)don =~ (1) + 15 (x(8))]

(14
where
(i) P PLx@)
b = B P
X =1IPi =x@)Il | IP+2—=x@I = Xl
PxEL T PLax@r 1)
and
1 (x(8)) =
Clln[(x(i) —Pi+1) - (P = Pjta) + [P — Pisall[[X(&) — Pj+all]
[(X(&) = Pj) - (Pj — Pj11) +[|Pj — Pj1al[[X(&) — P[]
+oln [X(&) - P+ [Pl X))
[(X(&) = Pj+1) - Pia+ [Pyl IX(E) — Pjall]
—csln (x(&) - P+ [Pl IX(E)II] (16)

[(x(&) = Py) - P+ [IPy [ [[x(&) — P[]’
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; [P —Pjal] Pi+1:(Pi—Pj+1)
with ¢, = , C = and c3 =
! Pi-Pii1 2 7 (PrPLYIP Al 3
P-(Pi—Pj+1)
(P-Pi )Pyl

Remark 1 This result is made of two parts. one con-
taining logarithmic functions in & with at most bound-
ary log-singularities, the other, the first one, containing
functions which give rise, in the outer variable of inte-
gration &, again to hypersingularities when x(§) tends
to the sides P; and Pj;1 of triangle T;. In fact, since
X(§) = &1P; + &2Pj11, it iseasy to see that when &1 — 0
(i.e. when x tends to the side P;.1) the hypersingularity
of (15) is, up to the coefficient —%[, and remembering

that in thiscase T; = Tj, of the form

2
——(1-&)[|P+1];

E (17)

analogously, when &, — 0, we have a singularity of the
form

—§<l—zl>up.u.

Anyway, these critical functions (15) in the variable §
will disappear in the final inner sum over the support of

Wm (see (12)).

(18)

When x belongs to the same plane of T; but it is exte-
rior, the hypersingularity of the kernel does not rise ef-
fectively; in fact the distance r between x and y cannot
vanish and the inner integration (13) can be classically
performed. Anyway, the result is the same as (14): we
only have to consider x(&) = Ai(&) with mapping A; ob-
vioudly different from A;.

When x and T; don’t lye on the same plane evidently,
x is aways outside T;. Having set x(§) = Ai(§), ny =

%, Ny = Ny(g), the following result holds:

Theorem 2 [Aimi and Diligenti (2002)]. There holds

£ 8&n-2)8) (n)doy -

~ LoV (x(®) + 0 x(®) + 0 (x(8))]

4an (19)
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where

o

(x(§))
Ny - (Pj+1 xX(§)) ((F’m—
P11 x x(§)]?

e (P xx(E)) ((P,- -
[P x x(&)]2

@)

EQ] ‘X‘E)”>’

—Pj+1) (P = Pisa) +[IPj — Pl IX(§) —
[(X( )= Pp)-(Pj = Pja) +[[Pj — Pital|[[X(&) —
[X(&) - Piza+ [Pyl X))
[(X(&) = Pj+1) - Pijsa+[[Pjalll[x(&) —
(X&) - Pj + [Pyl [IX(E) ]
[(X(&) —Pj) - Py + [Py [[[[%(&) —

Pj+all]
P

+coln
Pi+ll]

csln

Al @

and

o) (x(8)) = —ca{
(P x (Pi1 = X(8)))-(Pia—Py) x (x(&) = Pp)) [Py
(P Pre2) x (P x x(®)) [[Py-2 — X (@)l

—X(&)) x (P = Pi+2))[IPl
x (P x x(&)1IP; —x(&)l

(P12 x X(8)) - (P x (x(§) — Pi+2))lIPill
[ (P x Pj11) x (Pj x X(&))[[[|Pj+1 —X(&) |

(Pi+1 xx(&)) - (P x x (&) IPj]l }
[[(Py x Py1) x (P x x(&))[[[[x(&) ]

- neny) [P —Pyal| (nx-Ny)P1-(Pj—Pj11)
\N|thC — ( Xy ] ] Yyt ] ]
( )Pl(P ; H)ijF’mH Py <Py alllPall
NNy )Py (P —Pj 41 —
n =
TPxPaTe - @ndca
Pj(Pi—Pj+1) Nx-Pj41—Pji1-(Pj—Pj1) Ny
TP xPy-a]?

Arctan

+ Arctan

— Arctan

(22)

, G2 =

C3 =

P sign(ny - x(&)).

Thisresult generalizeswhat we have givenin (14) for the
case x and T; belonging to the same plane and, in particu-

lar containsalso the case x € -Fj . Evidently, (19), asfunc-
tion of the outer variable of integration &, is made up of
three parts: one containing regular trigonometric func-
tions, one containing logarithmic functions which pro-
duce at most boundary log-singularitiesand one, the first

part, of functionswhich could give rise to hypersingular-
ities (as it isthe case when the outer triangle T; coincides
with the inner one Tj).

Nevertheless, it has been shown in [Aimi and Diligenti
(2002)] that for afixed outer triangle T;, the whole inner
integral in (12), rewritten using local coordinates on the
reference triangle T, as function of the outer variable of

(20) integration &, is made up only by logarithmic functions

with at most boundary singularities and smooth trigono-
metric terms, since the terms of type (20) cancel each
other inthe whole inner sum.

Remark 2 When the external triangle T; coincides with
one of the inner triangles, T;, we have aready seen the
exact singularities which come out, after the inner inte-
gration over Tj, in the variables &; and &, (see Remark
1). Inthefinal inner sumin (12), these singularities, to
be more exact, cancel only with the contribute of the re-
sults of the inner integrationsover T;_; and Tj;4. It can
be shown from (20) that, as function of &, the integral
£#S&n-8)807Y(n)do, presents a singularity of the
form (up to the coefficient — ;%) 2(1—&1)||R|| when

& — 0, and # S(E, r] &) J+1( )don, presents a sin-
gularity of theform 2 (1 &2)||P+1|| when&; — 0.

These singularities are exactly opposite to those found
after theintegration over T; = T; (see (17), (18)).

4 The panel clustering technique for the outer inte-
gration

The aim of the present paper isto couplethe Panel Clus-
tering Method (PCM) [Hackbusch and Nowak (1989)]
with the inner analytical integration for the Galerkin
BEM. The PCM makes use of two basic ingredients. a
hierarchical structuring of the surface triangulation T,
called cluster tree and a convenient truncated expansion
of the integrand. The definition of cluster tree and of n-
admissibility for our approach are the following.

Definition 1 A cluster t isa non empty union of panels
T;, equipped with a center x; and aradius p such that the
ball By, (Xr) = {X € R¥sit.||x — x| < pr} isthe smallest
ball containing T.

Definition 2 A cluster tree C is a hierarchy of clusters
ordered with respect to the relation of inclusion. Any two
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clusterst, T’ € C satisfy the following

T#T’é{

providedthat T, € C and T; € C for all i (fig. 1).

TCt or
vCctor
Nt =0,

Figure 1 : Example of cluster tree constructed on a
square domain equipped with a uniform triangulation
(only thefirst three levels are represented).

Different algorithms for the construction of cluster tree
have been proposed, leading to a balanced binary tree
[Giebermann (to appear)] or to an oct-tree [Sauter
(2000)].

Definition 3 Let n € (0,1) be; a panel T; and a cluster
T are said n-admissibleif
Pr < Ndist(Tj, %q). (23)

Here, dist(Tj,x;) denotes the distance of the center X;
from the panel T;.

Definition 4 The far field of a panel T; is the set of all
clustersn-admissibleto it. The near field isthe far field
complementary part of the triangulation T .

Consider the coefficient matrix entries Ajm (see (11)):
given a panel T; in the support of the shape function
Wm(Y), panels T; in the support of the test function Y (x)
may belong to the near field or to the far field of T;. The
matrix A istherefore decomposed in the sum of two ma-
tricess A= A™ 1 AT thefirst due to the contribution
of al near-fields and the second due to the contribution
of al far-fields. The near field matrix elements

o — [ W0 £ 8%y = X)(y)ery s
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are evaluated analytically for the inner integration and by
using recent quadrature rules for the outer weakly sin-
gular integral [Aimi and Diligenti (2002); Monegato and
Scuderi (1999)]. The matrix A" will be approximated.

The PCM acts on the far field matrix AT inits original
form for Galerkin BEM [Hackbusch and Nowak (1989)],
it considers an expansion of the kernel in both variables.

In the present work the panel clustering techniqueis ap-
plied after the inner analytical integration process, per-
forming alocal approximation in x of the function (14)
(or (19) in the case that T; and T; don’t lye on the same
plane).

Owing to Remark 1, in the far-field we consider the par-
tial result (16) of the inner analytical integration. Then,
in each cluster T belonging to the far-field of T, we make
alocal approximation of f{!) (see (16)) if T and T; are
on the same plane using a truncated Taylor expansion

£ (x) =

> Ga(x—x) (24)

laj<n

andin order to evaluate Alfr?,r we compute integrals of the
form

‘g /T Ga (x — X)) (x)dIy

Analogously we proceed on the function g (21) + géj) of the
result (19) in the case that T; and T; are not on the same
plane.

The difference betweeen the original PCM and (25) is
that the use of analytical integration results allows the
exact calculation of the inner integrals and the introduc-
tion of the truncated expansion (and of the related error)
only for the evaluation of the outer integral.

T et (25)

5 Error estimate

In this section we consider the case of T; and T; lying on
the same plane. In the Appendix the general case (T; and
T; not on the same plane) is presented too. Our aimisto
analyze the error due to the substitution of fz(‘) with its
truncated Taylor expansion. Let usconsider afixed trian-
gleT; with vertices P;, Pj.1, O where we have performed
the inner analytical integration. For the outer integral,
now we have to consider the function fz(‘), that in this
section we simply indicate with f. We observe that the
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function f is constituted by sum of functions of the same
kind, thatis

3

f(x) = _Zlci hi(x) (26)
where, for instance
hy(x) = (27)
in [ = Pix1) - (P —Pjs1) +[|P — Pjya |} [X — Py
[(x=Pj) - (Pj = Pj11) + [|P; — Piga|[[x = Pjl]

Now we will work on h; and we will finally extend the
resultsto h, and hs. If we consider a Taylor expansion
of order n—1 (n > 1) of hy, the remainder R, (X, X; — X)
has the form

Ro(Xe X —X) = (%)”qalm

where
Py(t) 1= (X X)),

If we use the Cauchy integral formula, we can rewrite
Rn(X¢, Xt — X) inthe form:

1 ®4(2)
21 Jig=r (z—t)"*

—t(X¢ — € (0,1).

Rn(Xg,Xg —X) = dz forjtf<r<R
where ®;(z) is the analytical continuation of @ in the
complex plane and |z] < R is a region where ®4(2) is
holomorphic. In the following Theorem 3 we solve the
problem of finding aradius R such that ®;(z) isholomor-

phicfor |zl < R. We observe that, having set

E::XT_Pj-l-la g::XT_Pjv
BimP—Pli, HimX—X 29)
we have
ot 1n G110 [BIIE 1l
(€=t -B+[BII[1E —tw[]
(E—tw-B
I [‘E—WH‘ Hgﬂ } (29)

[‘E —ty+ EHELII\ B}

37
The analytical continuationin C of (29) is:
. 12 -
& —zu)>
(Zf | > DR
®1(z) =In—- ; 7 4
& —zu)?
(Zf | > +Z e
' " (30)

The following fundamental result holds.

Theorem 3 The function ®1(z), z€ G defined in (30),
is holomor phic for

|zl < min @”i” .
I el

Proof. We are looking for a circle with center in the ori-
gin of the complex plane in which the function ®4(2) is
analytical. Let usstart considering z= 0. In thiscase the
logarithmic function in (30) iswell defined if

o VEIIBI+E-B _
HIERE:

that is for & # —op and & # —aB, with ay, 0z € R*
(note that, from definitions (28), & = & — B). But even if
thishappens, we observethat &, & and B have al the same
direction and Jy € R™, such that & = y& With alimiting
processwe obtain

9

®1(0) = In(y),

and the logarithm is well defined in z= 0 also in this
geometrical case.

Now our aim isto determine the radius of the circle cen-
tered in z= 0 where ®4(2) is holomorphic. Hence we
must find the pointsin the complex plane where the nu-
merator, the denominator, the arguments of the square
rootsin (30) vanish. Considering the numerator, we have

2 N @iy
(QE' Z“”) =0 forz="E
el
(U

with |2] = (31)
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Ki@ ) DR }0

(&-BH)
(H-BH)
Observe that 2* # 0 if and only if &- B+ # 0, that im-
plies p- B+ # 0 (in fact if p- B+ = 0, then from the defi-
nitions (28), & - B+ = 0 too). Analogous results hold for
the denominator of (30): Z — Guidat) I8l and

e 1A=
= gigg with (u-Bt) #0. Since 2 = =: 7, the nu-

merator and the denominator in (30) vanish for the same
value of the variable z, hence we have an indeterminate
form. Using L' Hospital theorem iteratively, we have

€|
&L
The result in (33) is finite and different from zero if p-
&L £ 0and p- &L #£ 0, respectively. Inthesecases 2* = 7
gives no problem. Otherwiseif & -yt =0, then Iy € R

such that g = Y¢&, hence, substituting in E B % we have

that ®;(z) isholomorphicin |z < ﬁ || (analogoudly,
forp-gl 0, we obtain thecircle |z < Hfl\l)

We can conclude that, considering all the possible sit-
uations, the function ®4(z) is holomorphic for |z <

1&l JE] i
mm{l\u\l Tl } and the theorem is proved.

for 2 = with (p-Bt) #0. (32)

lim ®4(2) =

z—Z* ‘

(33)

Observing that analogous results hold starting from
hj, j = 2,3 (see (26)), we can prove the following

Theorem 4 The function ®(z), z< C analytical contin-
uation of f(x; —t(x{ —x)),t € (0,1), defined in (26), is
holomor phic for

dist(X, Tj)

where R:=
[

|7 <R (34)

Proof. Observing that ®(z z) and using the

Z D;(
previously obtained results of Theorem 3, we have that
®(z) isanalytical for

— Pjaa| } ‘

I

Pill IIx

9

%] [|%z —
(15—

|7 < min{
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Since
dist(xr, Tj) < min{|[xc|, [[xc = Py ], [ X — Pj1all}
we have the thesis.

Theorem 5 The remainder of the Taylor expansion of
order n— 1 of the function f defined in (26) satisfiesthe
inequality

|Ra(Xe, Xe —X)| < M2 "

where M := max |®P(2)|,

r<R
|z<r

(35
where Risdefined in (34).

”“H
— = < 1
dl (XTaTj) N <no<1,weuse

the Cauchy integral formula

Proof. Having set a :

1 d(2)

Rn(XnXT—X) = ﬁ ‘Z‘:I’ (Z_t)n+1

1
dz for|t|<r< —.
a

If weconsider 0 <t <1<r,then|z—t|>r— 1. Hence
. 1

if we choose ng = > r=1+, €(11
n-admissibility (23), we can conclude

) and using the

IRa(Xt, Xt —X)| < rM(r—1)""1 < 2" Ima"

"

<2MIM T
- dist(Xe, Tj)"

< 2n+1Mr]n'

(36)

6 Numerical results

In this section, we show the effectiveness of the method
proposed in Section 4 with three exampl es.

6.1 A planesquaredomain

Consider a square domain Q = [—2,2]?, equipped with
a uniform triangulation (256 triangles) and we choose a
triangle Tp and a cluster 19 n-admissible to it. In fig. 2
the black triangle represents To, and the circle By, deter-
mines the cluster 1o (painted in gray) withn = 0.2.

As a test-problem we considered the evaluation of the
integral
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To

Figure2: The domain considered for the numerical test:
thetriangle To (black) and acircle By, that definesaclus-
ter (in gray) n-admissible to To (N=0.2). Inside of the
cluster there are Ty, Ty, T3 (in black).

|_/¢

where Tj € 1g are three triangles ordered with respect to
thedistanced; := ||bt, — Xy, || with by, the baricenter of T,
o®.$© arelinear shapefunctions. Infig.2 Ty, T», Tz € To
are painted in black. In fig. 3 the behavior of the rel-
ative error for different orders of Taylor expansion for
the outer integral after the inner analytical integration
(with respect to a reference value obtained with a dou-
ble Gaussian numerical quadrature with 16 digits preci-
sion) isshown. Aswe expected, the error grows asfar as
di (i = 1,2,3) grows. On the other hand the relative er-
ror decreases when we increase the order n— 1 of Taylor
expansion (n=1,2,3,4). In table 1 we show a compari-
son between results obtained with our technique (PCMa)
for integral (37) and the Panel Clustering Method (here
indicated as PCM) for triangles Ty, T, and T3. In the
first case (triangle T;) the center of expansion X, € Ty
and we can observe that the relative error decreases more
rapidly with PCMa approach. If we consider T3 the be-
havior of PCMa and PCM method are similar (in fact the

/T”X yH3¢ (y)drydry, i=12,3
0
(37

1E+000
1E-001
1E-002 IENEN
1E-003 - BN \

1E-004 : AN

Relative error in /n-scale

1E-005 N

1E-006

1E-007

f T T : | T 1
0 1
Order of Taylor expansion for the outer integral

Figure 3 : Convergence of the PCMa method for differ-
ent trianglesin the cluster (n = 0.2).

1E+002:

o i

8 1E+001 e

? E 777 Pom

£ ] /

[0} i 7

£ .

= 1E+000+

.8 E ,

g ] ,

© s

o 1 - g

g 1E-001-X ~ 7~ R
] * PCMa

1E-002 . , . ,
0 1 2 3
Order of Taylor expansion

Figure 4 : Comparison between CPU-evaluation times
for PCM and PCMa methods calculated for the triangle
T3 (I’] = 02)

speed of convergence of the two methods is substantially
the same). Neverthel essa comparison between employed
CPU-times shows immediately that the PCMa approach
hasavery smaller computational cost (fig. 4). Thisistrue
for al the situations described. The calculations were
made by using the software MATHEMATICA 4.0 [Wol-
fram (1999)]. Note that the symbol “—" introduced in
thetables meansthat the CPU-evaluationtimeislessthan
the time unit measurable by MATHEMATICA. We used
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\ T;, d; = 0.1318 | | T,, d; = 0.1318 \
Relative error CPU —time(sec) Relative error CPU —time(sec)
PCM PCMa PCM | PCMa PCM PCMa PCM | PCMa
n=1|958E—-2 |5752E—-2 | 0.11 — n=1)|1130E—-1 | 6.7/5E—2 | 0.16 —
n=2|7345E—-3 | 2513E—-3 | 0.16 - n=2| 1013E—-2 | 3445E—-3 | 0.22 -
n=3|397E—-4 | 3.767TE—5 | 8.90 0.05 n=3| 6.266E—4 | 5489E—-5 | 9.89 0.05
n=4| 1252E—-5 | 4494E—-7 | 17.75 0.06 n=4|2077/E-5 | 8958E—7 | 21.59 0.17
\ Ty, dp = 0.2430 | | Ts, d3 = 0.5560 \
Relative error CPU —time(sec) Relative error CPU —time(sec)
PCM PCMa PCM | PCMa PCM PCMa PCM | PCMa
n=1|3.666E—2 | 8.066E—2 | 0.11 - n=1|2329E—-1|2958E—-1 | 0.11 -
n=2|378E-3 | 5081E—3 | 0.16 - n=2| 1003E—2 | 3.137E—2 | 0.11 -
n=3 | 2508E—4 | 3.744E—4 | 9.23 0.06 n=3| 3.400E-3 | 1.594E—-3 | 13.18 | 0.06
n=4| 1305e—5 | 1.934E -5 | 21.97 0.11 n=4 | 5068E—4 | 9.684E—4 | 21.70 0.17
\ Ts, d3 = 0.5560 | | Ts, ds = 1.0491 \
Relative error CPU —time(sec) Relative error CPU —time(sec)
PCM PCMa PCM | PCMa PCM PCMa PCM | PCMa
n=1| 180E—1|2362E—1 | 0.11 - n=1|6.831E-1|769E—-1 | 0.05 -
n=2|5440E—-3 | 1.928E—2 | 0.16 — n=2| 1755E—-1 | 2464E—1 | 0.10 —
n=3|2036E—-3 | 1.187TE—3 | 8.84 0.06 n=3|222E-2 | 2759E—-2 | 1450 | 0.05
n=4| 22/0E—4 | 4611E—-4 | 13.24 0.11 nN=4|1454E—-2 | 1.248E—-2 | 23.62 0.17
Table 1 : Comparison between the resultsfor Ty, T, and Table 2 : Comparison between the resultsfor Ty, Tz and
T3 (I’] = 02) T5 (I’] = 05)
1E+000 1E+000:
E
lE—OOl—§ 1E-001
2 1E-0024 § 1E-002 NN
z 3 é *+ R ~
= 1E-003+ £ 1E-003 . e PCM
5 3 s 2 s
5 ] 0 1E-004 N ’
9 1E-0044 S ] k
'402: ; \Q N N % +\ ~ ~ o
e . . ¥o) : S
& lE-005—§ 1 @ 15005 PCMa . }
1E-00 6_ R 1E-006 +
] 1E-007—

H
m
o
o
T

0

T T
1

Order of Taylor expansion for the outer integral

Figure5: Convergence of the PCMa method for differ-

ent triangles (n=0.5)

0

I
1

Order of Taylor expansion

Figure 6 : Comparison: speed of convergence of PCM
and PCMa methods for the triangle T,, that includes the
center of expansion (n=0.5)
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a personal computer with a Pentium Il processor and in
this case the time unit is 1/1000 sec.

In table 2 and in figures 5-6 analogous results are pre-
sented using N = 0.5. In this case the cluster becomes
greater and for the numerical tests we chose three tri-
angles (Ty, Tz, Ts) with distances form the center of the

cluster respectively d; = 0.131762,d3 = 0.555903,ds = T1
1.04914.
TE
R T
6.2 A polygonal surfacein R 4
In this case we considered a surface piece I’ lyingonthe . o

boundary of a cube Q = [—2,2]3, equipped with a uni-
form triangulation. Asin the previous case, we choose a
triangle Tp and acluster T n-admissibleto it and, asa test-
problem, we considered the evaluation of the integral Tl'.l

= [ o0x [nx'ny —3r'”xr'”y] O (y)drydry,

700 f [y~ ey e | # 7 0rs

i=1,2..5 (38)
Figure 7 : Second example: the triangle Tg (black) and a

cluster T n-admissibleto Tp (n=0.2).
where T; € T are trianglesin the cluster. In fig.7 the tri- L o(n )

angle Tp and the cluster n-admissibleto it (withn = 0.2)
considered in the numerical tests are shown. In table 3
and in figures 8-11 the relative errors and the CPU-times
calculated for different trianglesin the n-admissible clus-

ter and for different orders of expansion are presented, in 1E-+001
the case of PCM and PCMa methods. One can observe T
.. 4
that the speed of convergence of the two methodsissim- N
ilar but the CPU-time used for PCMa is much smaller o 1E+00 N
than that of PCM method. g S
@ T o - — . — . o
£ 1E-0014 .| -
£ .. X
. e . , 5 BN ~
6.3 A sguareplanecrackin an infinite elastic medium & * SN ) S e
. _ . 2 160025 N w
We consider a pressurized square crack I lying in the 5 E AN
plane e, x e3, embedded in an infinite isotropic elastic & - X s
medium with negligible volume forces and subject to re- 1E-0034 = %
mote uniform loading 0. € (fig. 12a). The two crack ]
faces I_‘+, I'_— are geometrically identical surfaces having 1E-004 1 . ‘ . | .
opposite unit normal vectorsn*,n—. 0 1 2 3
The formulation of the problem reads Order of Taylor expansion for the outer integral

Figure 8 : Second example: convergence of the PCMa
method for different triangles (n=0.2).
#Gpp(x —y;—e;—e)w(y)dy = —Ow€,  xel

(39)
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\ Ti, dp = 0.5651 \
Relative error CPU —time(sec)
PCM PCMa PCM | PCMa 1E-001
n=1|1579e—-1 | 1667E—-1 | 0.16 — )
nNn=2| 279%E—2 | 1LOIOE—2 | 0.17 - i/*\
n=3| 1.072E—2 | 7.735E—3 | 19.45 | 0.06 x
N=4| 6.552E 4 | 5.217E—4 | 62.18 | 0.11 § . .
ES 3 AN
| T,, dq = 0.5894 | = ] N\
Relative error CPU — time(sex) £ ] ¥\ PCM
PCM PCMa | PCM | PCMa | ek
n=1|3253E—0 | 2952E—0 | 0.06 - g =03 PCMa * X
n=2|2682E—-1|1830E-1| 0.11 — ]
n=3| 2010E—-1 | 1.494E—-1 | 16.69 0.05 i
n=4| 2827E—-2 | 1.603E -2 | 106.89 0.17 |
1E-004 : : : | :
‘ Ts, ds = 0.6346 ‘ ° Orderl of Taylor expanzsion ’
Relative error CPU —time(%eC) | Figure 10 : Second example: speed of convergence of
PCM PCMa PCM | PCMa | pcMaand PCM methods for the triangle Ts (n=0.2).
n=1|4578eE—-2 | 2576E—-2 | 0.16 —
n=2|572E-2 | 4820E-2 | 0.11 —
n=3| 1.678E—-3 | 2.009E —3 | 35.37 0.11
n=4| 1.584E -3 | 8.747TE—4 | 73.93 0.21

Table 3 : Second example: comparison between the re-
sults of PCM and PCMa methods. Relative errors for

different trianglesin the n-admissiblecluster (n=0.2) and 1E+002—
different orders n — 1 of expansion (Ty, T4, Ts lye on dif- ¥
ferent faces - seefig. 7). ] +
% T /,
1E+000— 2 ’
3 = 1E+001 '
1 £ = /)
1 g ] PCM /
4 = ] '
o 1E-001- S i /
g E g !
ES ] S 1E+000 /
£ 7] 7 /l
6 1E-002 @ ] h
o 3 | J PCMa o
% ] S /!
) 1 1E-001 —%F . .
1E-003 0 1 ) 3
] Order of Taylor expansion

1E-004 T

Figure 9 : Second example: speed of convergence of

T T
1

2

Order of Taylor expansion

3

PCMa and PCM methods for the triangle T, (n=0.2).

Figure 11 : Second example: comparison between CPU-
evaluationtimes for PCM and PCMa methods cal cul ated
for the triangle Ts (n=0.2).
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T o

€

(b)
Figure 12 : Scheme of the problem of a square plane
crack in an infinite elastic medium (a). Illustration of
the numerical solution with 0., = E = 108 (stress unit),
v =0.2(b).

where kernel G, yields

Gpp(r;—€1;,—€1) =

Ev
8m(1—v2)

rer
r2 +

<1—2v>,}

1
ﬁ{aa®aﬂe 5

andw isthecrack openingatx € I',r =x—Y, E Young's
modulus for the material and v Poisson’s coefficient.

If one writes equation (39) by components (x € I')

1-—V2
E

wi(y)

= (41)

Oc.

wi(y) st ]é

It is worth stressing here that even if er—gy) > 0 when
X,y € I itsfinite part of Hadamard can be negative, as
it is expected in egquation (41-b). For a larger compre-
hension, see [Carini and Salvadori (2002)]. Further, in
the context of amore general 3D non-planar crack analy-
sis, werecall here the efficient method recently proposed
in [Nikishkov, Park and Atluri (2001)].

Figure 13: decomposition of the square plane crack with
256 triangles (uniform triangul ation).

(40)
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64 Triangles 256 Triangles 1024 Triangles
N El.time(sec) | % | El.time(sec) | % | El.time(sec) [ %
Oupto0.1 28 100% 602 100% 11059 100%
0.2 28 100% 352 68% 2247 20%
0.3 25 86% 209 35% 1202 11%
0.4 20 69% 140 23% 768 7%
0.5 155 54%

Table 4 : Square plane crack: resultsof theimplementation of the method in terms of elapsed time for three uniform

grids.

Figure 14 : decomposition of the square plane crack with
a geometrical mesh (281 triangles).

In table 4 are presented the elapsed times for the evalu-
ation, by using PCMa method, of the approximate solu-
tion of the problem using various uniform grids (fig. 13)
and various valuesfor n.

Table5illustratesthe behavior of the method proposedin
thisnote: for each triangulation, all the valuesand the the
elapsed times are calculated with respect to the reference
value calculated with n = 0 (that means no PCM); in the
last column we show results obtained with the geometri-
cal mesh presented in fig. 14. This type of decomposi-
tion has been used for the particul ar nature of the problem
and can be used for a comparison with the uniform mesh
with 256 triangles. Table 5 shows that, for each grid, if
we increase ) the error grows but, correspondingly, the

elapsed time becomes smaller and smaller.

Appendix

In this appendix we want to study the error estimate in
the general case in which T; and T; are not on the same
plane (see Theorem 2). Let us consider afixed triangle
T; with vertices Pj, Pj. 1, O where we have performed the
inner analytical integration. For the outer integral now
we have to consider the sum of the functions (21) and
(22), that in this appendix we simply indicate with g2
and g3, and we define g := g2+ gs.

Thefunction gz

We observe that the function g is constituted by sum of
functions of the same kind, that is

3

G2(X) = -;Ci hi (x) (42)

where, for instance

[(X=Pj41) - (Pj = Pj+1) +[|Pj — Pisall[[X = Pj+1|H.
[(X=Pj) - (Pj = Pj1) + [Py — Pyall[[x = Pyl]
(43)

hi(x)=In

If we consider a Taylor expansion of order n— 1 of hy,
the remainder R (X, X; — X) has the expression

= n—l, (%)nq’l(t)

where ®1(t) := hy(x; —t(x; — X)), t € (0,1).
If we use the Cauchy integral formula, we have to con-

sider ®4(2z) (the analytical continuation of ®4(t) in the
complex plane) and where it is holomorphic. We observe

Rn(X'h Xt — X)
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64 triangles 256 triangles 1024 triangles geom. mesh
n | rel. ecror El time | rel. error  El. time | rel. error  El. time | rel. error  El. time
0 100% 100% 100% 100%
0.2 0% 100% 0.31% 58% 1.48% 20% 0.45% 45%
03| 08% 86% 1.95% 35% 6.01% 11% 2.75% 28%
04| 0.68% 96% 5.45% 23% 14.03% 7% 8.50% 19%
05| 2.66% 54%

Table 5 : Square plane crack: relative errors and the Elapsed times calculated with respect to the reference value

calculated withn = 0, that means no PCM.

that, having set
& =Xt —Pj11, £ x—P,
B:=P—Pjt1,  Hi=X—X "
oo(t) — In LE10 B+ IBIIIE — tul]
[E—th) B+ [1BI[IE —ty]
3 E-ty)p
=1In [‘~ : EIJ)'B} ' s
-+ Fpe]

The following fundamental result holds.

Theorem 6 The function ®1(z), analytical continuation
of (45) in C isholomorphicfor

|7 < min{

Proof. The analytical continuationin C of (45) is

(iQ_'ﬁl+Z o

®1(z2) =In—<

ﬁi@'ﬁl+2 o

gl JEll
T aiiny

"~ (46)

We arelooking for acirclewith center inthe origin of the
complex plane in which the function @1 isanalytical.

Let us start considering z= 0. In this case the logarithm
in (46) iswell defined if

_ IENBI+E-B _
NEIEEEN

that is for & # —op and & # —aB, with ay, 0z € RT
(note that, from the definitions (44) & = & — ). But even
if this happens, we observe that &, & and B have all the
same direction in the complex plane and 3y € R™, such
that & = y& With alimit process we obtain

7

®1(0) = In(y).

Sincey > 0 the logarithm is well defined also in this ge-
ometrical case.

Now our aim isto determine the radius of the circle cen-
tered in z= 0 where ®4(2) is holomorphic. Hence we
must find the points where the numerator, the denomi-
nator, the arguments of the square roots in (46) vanish.
Considering the numerator, we have to solve two equa-
tions

<§1(Ei - ZM‘)2> "
Ki@ Jy-+2 5l ]“ @

The solutions of the first equation in (47) are z1, =
CWAIEU] pence |z1,2| = 1=t. The solutions of the sec-

IR
ond equation in (47) are 2172 — () (Exﬁ&fg“ﬁ”((“xz) 23

hence ‘212 = Hf&g” Observe that z; , # 0 if and only
if | xB| #0, that implies ||ux B|| # O (in fact if
|lLx B|| = O, then from the definition (44), || x B|| =0

too).

0,
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Analogous results  hold for the  denomina-
o + g o g
7, , = W (EXE&X'H\BH(( W8 B) and ‘Ziz‘ HiiEH

Itiseasy to provethat z] , =Z; ,, thereforethe numerator
and the denominator in (46) vanish for the same valuesof
the variable z, hence we have an indeterminateform. Us-
ing L' Hospital theorem, we calculate the following limit

&=z M (B )+ Bl (- (&~ 70|

1€~ 24 oMl [ (B-1) + 1B (- (B~ 7)) |
(48)

The result in (48) is finite and different from zero (and
therefore z; , = Z , give no problem), except in the fol-
lowing four cases:

Jos e Rs t.B=0ai(ux§), (49)
Joz e Rs. t. B=0p(ux E), (50)
1 eR s t. u=vié, (51)
Iy, €R s. t. P= Vak. (52)
Inthe hypotheses(49) or (50) wehavethat z; =z, =Z; =
=7 = Tﬁ% and this means that the result in (48) is

an indeterminate form again. Using L' Hospital theorem
iteratively, in the hypothesis(49), we obtain

1207 = (- &2
€PN = (1-8)?

The result in (53) isfinite and different from zero except
when dc; € IR such that p= ¢;& or Jc; € IR such that

U= Cpé, that implies |z* \f ”‘E” or|zf| = Hi” respectively.
The same result is obtained |T}1 we consider the hypothesis
(50).

Now we must consider (51). Inthiscase z;, =7}, =
1/y1. Thismeans that the result in (48) is an indetermi-
nate form again. Asbefore, using L' Hospital theorem, in

the hypothesis(51), we obtain

lim ®4(2) =

z7—Z*

(53)

lim ®1(z) =0. (54)
z—1/y1
In this situation we have that VI — L&l Correspond-

\ — il
mgly, if we consider hypothess (52), we obtain that

1 5= zj > =1/y» and using the same procedureasbefore

we obtain that the limit isinfinite. In thiscase \v\ = H‘E—H

CMES, vol.4, no.1, pp.31-49, 2003

We can conclude that, considering all the possible sit-
uations, the function ®4(z) is holomorphic for |z] <

L€l L&l
m'”{ Tl HuH}
Analogous results hold starting from hj, j = 2,3 (see

(42)).

Theorem 7 The function ®g,(z), z< G analytical con-
tinuation of g2 (x; —t(X; — X)), t € (0,1), of (42), isholo-

mor phic for
_dist(Xq, Tj)
BlloogQ A naY\égousl?o that of||iieorem 4. (%)

Thefunction g3

Now we consider the function (22). Following the same
procedure as in the previous subsection, in order to study
the remainder of the Taylor expansion, we introduce the
function

Py, (1) 1= g3(Xt — (X — X)), €(0,1).
If we use the Cauchy integral formula
1/d\"
Rn(Xg, Xt —X) = nl (a) Dy, (1)
= L(z)dz for|tf<r<R

~ 2 Jiger (z- "2

where ®g,(2) is the analytical continuation of ®,(t) in
the complex plane and |z| < Ris aregion where ®y,(z)
is holomorphic. Using the definitions (44) the function
®y,(2) has the expression

CDg3(Z) = _C4{

(P x (—8))- BxE-a)|Pl
1Py > 1) < (P x (% =) [l |21 =&
2) - (&) xB)[IPil|

(P x (% —2w))[[[zn— ¢
) (P x (E—z0) [Pl
(P x (xc —2w))[[[zn ¢
) - (P x (e —2)[[Pj]| }

(P > (xx = 200)) [« — 2z
(56)

Arctan

(P < (X —
[ (P X Pj11) x

Arctan

Pjy1 X (X —

(
(
[[(Pj x Pj11) %
(
(Pj

Arctan

Pji1 X (X —
x Pj11) x

Arctan
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‘ 212, |712 ‘ Z34, |24 |
(1) _ (uxPy)-(€xPy)il| Py | [Pj- (€ x )| (D _ (xB)-(ExB)Fil[BllIB-(ExH)]
Arcan | 42 0, _ oty o 0, loee)
X X
1212 = 15T 1Z.4] = TEu
() _ (uxPy)-(ExP)Fi|[Py [Py Exw) an _ m
l-Arctan | 22 " ‘TJPX”!T\ fﬁ;‘ = 23£|4>
X
271 = |\Pj><p\| Z34| = |Z34]
L) _ ) L) _ (<P (P FilPy P o ()
HH1-Arctan iy _ o) RN e
i X
‘21.,2 | = ‘21.,2‘ ‘23.,4 | = I\P}ixu\l
\Y 1 \Y 11
IV-Arctan ZZ(L,Z) = Z(L,Z) Z:.(’;.A) = Z:.(’;.A)
\Y 1 \Y 11
2Y1=12) EEE

Table 6 : Pointsin the complex plane where each Arctan in (56) is not defined.

In order to verify where the function ®,(2) is holomor-
phic, we can consider each of the four Arctan(-) in the
sum (56) and study where they are not defined. In table
6 one can find the points in the complex plane in which
each Arctan in (56) is not defined and the expression of
their modulus.

In order to deeper analyze these critical points in the
complex plane, we rewrite @y, (z) in the following form

4 £
q’ga(z)_%lnj_ (ij((zz)) (57)
where

F1(2) = V(2)||zu—&|| +ias(2) || Py

F2(2) = V(2| 21—&|| —i02(2) |7y

F3(2) = v(2)||zn— &|| +ias(2) || Py

Fa(2) = V(2)[|xc — 21| —ioa(2) || Py

G1(2) = V(2)[|zn—E|| —iax(2)||Py]

Ga(2) = v(2)||zu— & +iaa(2) | Py

Gs(2) = V(9)[|zn—&|| —ias(2) || Pyl

Ga(2) = V(2)[|xc — 2| +iota(2) || Py]| (58)

and

a1(2) == Py x (21—&)) - (B x (€ — 7))

A(2) = Pj x (X — 7)) - (21— &) x B)

03(2) i=Pjy1 x (Xe =) - (Py x (§— 7))

04(2) 1= (P % (e — ) - (P x (¥ —24)

V(2) = [|(Pj x Pjt1) x (P x (¢ — 24) | (59)

The argument of the logarithmic function in (57) is
an indeterminate form for each of the eight distinct

values included in table 6. In fact for each z(-J) €
(1) ) Sy ()

i
{212, 2 5:2%, } there exists a unique couple of in-
dexes k, m such that Fk(zﬁj)) = Gm(zgj)) = 0. For this
reason we must apply L’ Hospital theorem, and we obtain
that

R(2)
Z'_'E& Gm( )

It can be proved that ¢k, # 0 except in some simple geo-
metric situations.

= € C (60)

Considering al possible cases, we finally proved the fol-
lowing two theorems (the proofs are similar to those of
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theorems 4 and 5)

Theorem 8 The function ®,(z), z< G analytical con-
tinuation of g3(x; —t(X; — X)), t € (0,1) is holomorphic
for

dist(X¢, Tj)

whereR:= —— 12,
[

|7 <R (62)

Theorem 9 The remainder of the Taylor expansion of
order n— 1 of the function g = g, + gz satisfies the in-

equality

[Rn(Xe, % —X)| <M2™ " where

M := max |®g,(2) + Pg,(2)],

7 <r

r<R (62)

where Ris defined in (61).
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