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Performance Computations and Design Criterion of Airfoils in Unsteady Viscous
Flows
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Abstract: An approach based on Lighthill’s transpira-
tion velocity is explored and proposed for a new design
criterion for airfoils in unsteady and viscous flows. This
criterion confines its methodologies to the close proxim-
ity of the laminar and turbulent boundary layer and it
shows good efficiency in predicting and calculating the
wake evolution regions in a wide range of operating un-
steady parameters. Also, the criterion is capable of pre-
dicting low Mach number, attached flow-fields as accu-
rately as the full Navier-Stokes solutions when the mas-
sive flow separation is avoided. The agreement of the
present results with those empirically and theoretically
determined is very accurate for attached flows and well
within the general range of the boundary layer correla-
tions and the angles of attack of the airfoils. Finally, the
proposed computational recursive scheme is unusually
not sensitive to the order of discretization and the dis-
tribution of the nodes and, under the hypotheses of work,
it makes possible a complete and quite well description
of the vortical regions of the wake past the airfoil under
several unsteady starting conditions which may be iter-
ated to give accurate results reliability.
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1 Introduction

Present day computational fluid dynamic methods are
suitable of investigating and predicting the details of sep-
arated flows and the necessity for detachment criteria and
information is diminishing correspondingly. It is im-
portant to emphasize that CFD prediction of separated
flows still requires highly sophisticated codes and pow-
erful (sometimes dedicated) computational machines.

Flow separation is the single most important factor that
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limits the efficiency and operating range of fluid dynamic
devices and their design. For many decades, this prob-
lem occupied a large share of fluid mechanics research.
Although much progress has been made, the prediction
of the occurrence of separation in all circumstances still
has not been reached and the investigation of the physics
and the mechanisms of the laminar and turbulent sepa-
ration processes goes on [Sajben and Liao (1995)]. A
comprehensive review of the state of the art of this field,
for the computational applications of the Boundary In-
tegral Equations (BIE), was given by Morino [Morino
(1993)]. While integral theories give fast, and, in many
cases, quite well adequate solutions with the use of min-
imal human and computational resources, the method of
their choice remains a crucial step in many industrial sit-
uations dominated by cost-time constraints. The original
motivation for this paper was aimed at giving a physi-
cally plausible and fast-computationally design criterion
for evaluating the airfoils performance in unsteady and
viscous flows with reasonable fast computational time of
convergence. The reasonable success of the proposed
methodology grew out of the intuitive expectation that
boundary layer exposed to adverse pressure gradients
will detach if the momentum carried out by the boundary
layer becomes less than some fraction of the free-stream
momentum. The ideas offered in the present work are
related with design methodologies and criteria regarding
(and treating) this expectation as a guideline, cast it into
a quantitative form with convenient parameters and com-
pare the calculations to establish theoretical and experi-
mental results. Before focusing on the aim of the present
work, let us review briefly the methodologies and criteria
used in incompressible viscous flows. Generally, the ob-
jective is a suitable (and appropriate) combination of the
Helmholtz and the Poincar´e decomposition. These are
particular cases of the general potential-vorticity decom-
position of the velocity field into a superposition of a po-
tential velocity and a vortical velocity which is a partic-
ular solution of the equation involving the vorticity dis-
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tribution. The previous formulation is similar to those
for compressible flows. In order to extend the potential-
flow formulation, it is necessary an extension to viscous
flows of the Bernoulli’s theorem for compressible flows,
rewriting the Navier-Stokes (N-S in the following) equa-
tions in terms of the viscous stress tensor. In the N-
S/potential flow interactive scheme [Tuncer, Ekaterinaris
and Platzer (1995)], the computational domain is split-
ted into two zones, a near field and a far field zone so as
to reduce to one-fifth of a chord length around the air-
foil surface the computational domain (in comparison to
the full N-S solvers in which the processed domain is
required to extend approximately 15 chord lengths from
the airfoil surface). If this method is applied to unsteady
flows, it is essential to model the vortex shedding and the
viscous wake, whereas, for steady flow-fields, no vortex
shedding investigation is required. This paper focuses on
the case of two-dimensional flow and approaches the un-
steady and viscous problem with the methods of “flow
reduction” of Lighthill [Lighthill (1958)]. Taking into
account the aerodynamic performance parameters of the
airfoils, the displacement-thickness theory, mentioned
above, seems a real advantage for design purpose when
the considerations are limited only to the response of air-
foils in unsteady and viscous flow. Here, the investiga-
tion of the evolution of the boundary layer has been made
in terms of suitable parameters that qualitatively describe
the occurrence of detachment. Accordingly with this
method, the considerations of this paper are limited to
the wall/displacement thickness zones but provide use-
ful and well-checked results for the viscous wake and
vortex shedding. It must be noted that, although some
generality is lost by this, much is gained in return, since
the computational (and design) criteria then may be ap-
plied both in steady and unsteady flow, and, also, both
in laminar and turbulent flow. The same considerations
are applicable in the wake (and its evolution), so that the
airfoil drag and pressure coefficients are easily obtained.
The wake geometries and evolutions follow accurately
from the proposed procedure. Many other different ap-
proaches and numerical techniques are applied for the
analysis of unsteady potential aerodynamic flow around
a lifting body [Katz and Weihs (1978); Moran, Cole and
Wahl (1980); Ardonceau (1986); Yon, Katz and Plotkin
(1992); Bassanini, Casciola, Lancia and Piva (1992);
Morino (1993); Hsin, Kerwin and Newman (1993); Das
and Ahmed (1995)] in which the potential-based direct
approach relates the unknown potential on the body sur-

face to the known boundary conditions. Usually, in this
case, numerical solutions are obtained by using constant
elements of discretization, and the discontinuity in po-
tential at the trailing edge is approximated by the differ-
ence between the potentials evaluated at the centroidal
control points of the contiguous elements at the trailing
edge [Morino and Kuo (1974); Maskew (1982)]. Once
this step is completed, these methods lead to the violation
of the pressure continuity condition at the airfoil trailing
edge. In order to overcome these problems, an explicit
Kutta condition which should be applied, at least for un-
steady large-amplitude motion of low reduced frequency,
where the angle of attack is such that flow separation
does not occur, has been applied successfully [Dav`ı, Mar-
retta and Milazzo (1997)]. A method based on a Newton-
Raphson scheme has been used by Kinnas and Hsin [Kin-
nas and Hsin (1992)] to iterate an explicit equal pressure
condition at the trailing edge. The implementation of this
technique shows a slow convergence, and, more recently,
a development based on the linearization of the pressure
coefficient was employed by Bose [Bose (1994)]. When
a more computational efficiency is required in computing
the viscous flow-fields around airfoils, fundamental cri-
teria are stated both in terms of wall shear stress (and/or
intermittency) and the zones of viscous-inviscid flow in-
teraction [Tuncer, Ekaterinaris and Platzer (1995); Oku-
mura and Kawahara (2000); Simonetti and Ardito Mar-
retta (2000); Levin and Shyy (2001)]. When a Reynolds-
averaged Navier-Stokes solver is coupled with a poten-
tial flow panel code, an attempt to split the flow-field
into viscous and inviscid flow zones leads to the objec-
tive to reduce the computational domain in which N-S
equations are solved. This technique being typically con-
nected with unsteady and low-speed airfoil flows.

2 Physical arguments and proposed criterion

When the N-S/potential flow interactive scheme (and so-
lution) is adopted, the computational domain is parti-
tioned into two zones, a near field and a far field zone. It
is obviously recognized that a full comprehensive model
of the physics of the flow field is quite far to reach, with-
out considering and taking into account the viscous ef-
fects. In many applications, one could usefully con-
sider the method proposed by Morino [Morino (1993)]
in which the Helmholtz decomposition is capable to give
both a scalar and a vector potential function. Computa-
tional time reduction may be produced through a differ-
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ent recursive scheme when applied for airfoils, consisting
of:

1. Potential flow-field solved to find the surface veloc-
ity distribution.

2. Boundary layer equations solution in terms of the
above mentioned velocities.

3. Updating the boundary conditions for a recursive
computational scheme.

Once the parameters linked to the boundary layer are de-
fined (displacement, momentum and energy dissipation
thicknesses in Eqs. 1(a-c), respectively), these quantities
will be useful to compute the friction drag and energy
losses (here mass and heat transfers are absent) [Young
(1989)]. Assuming the flow as incompressible and two-
dimensional:

∂1 =
∫ ∞

0

(
1− ρu

ρeUe

)
dz �

∫ δ

0

(
1− u

Ue

)
dz, (1a)

∂2 =
1

U2

∫ ∞

0
u(U −u)dz, (1b)

∂3 =
1

U3

∫ ∞

0
u(U2−u2)dz. (1c)

A reasonable point of departure is to consider the new air-
foil section (and the wake geometry), once the displace-
ment thickness distribution is now obtained. Although
this procedure is widely applied and gives consistent re-
sults, it is strongly affected, from computational point of
view, by cost and time constraints. Indeed, it will be nec-
essary re-computing the new versors to the airfoil surface
at each recursive computational step, giving as effect, a
substantial alteration of the actual flow variables.

Alternatively, as it will be shown in this paper, a different
approach, under the above mentioned hypotheses, is suit-
able to provide useful results very close to those theoreti-
cally and experimentally obtained. Following Lighthill’s
method, we leave unchanged the airfoil surface and col-
lect the effects of displacement thickness through a “nor-
mal velocity field” to the airfoil surface. Outside the
boundary layer, the velocity normal component is:

w =
∫ z

0

∂w
∂z

dz = −
∫ z

0

∂u
∂x

dz,

= −dUe

dx
z+

∂
∂x

∫ z

0
(Ue−u)dz,

= −dUe

dx
z+

∂
∂x

∫ ∞

0
(Ue−u)dz, (2)

sincez is large enough forU − u to vanish, and hence
for z to be replaced by∞ in the last integral in accor-
dance with the conventions of boundary layer theory. As
Lighthill wrote, . . .this additional outflow (linked to the
presence of the boundary layer, n.o.w.)is exactly “as if”
the irrotational flow around the body were supplemented
by the effect of a surface distribution of sources. . . . The
strength,σ, per unit area, of that distribution is:

σ =
d
dx

∫ ∞

0
(Ue −u)dz =

d
dx

(Ueδ1). (3)

The actual boundary conditions will be rearranged as:

∂(Φ+Φ∞)
∂n

= Vn (4)

beingVn equal to∂(Ueδ1)/∂s. Note that the Lighthill’s
transpiration velocity does not violate the Helmholtz de-
composition.

2.1 Boundary-layer model

Here, the recursive computational procedure for the vis-
cous enhancement of the potential flow-field follows the
scheme:

Many factors may considerably affect the transition pro-
cess: the surface pressure gradient, the airfoil surface
roughness and bending, heat transfer, flow compress-
ibility. Taking into account Rayleigh flexus point crite-
rion [Rayleigh (1913)] and the statements of Sommerfeld
[Sommerfeld (1908)], the Prandtl’s equation [Prandtl
(1933)], written at the surface, becomes (with obvious
meaning of symbols):

µ

(
∂2u
∂z2

)
=

∂p
∂x

. (5)

In the restricted range of Reynolds numbers between 106

and 107, it is reasonable to admit the transition limit be
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Figure 1 : Recursive computational scheme

coincident with the minimum pressure point [Schlicht-
ing (1968)]. Starting with these considerations, laminar
and turbulent distributions, fore and aft this point, are
supposed respectively, for the boundary layer distribu-
tion. Thwaites suggests [Thwaites (1949), (1952)], for
the laminar distribution, to take into account for the two
parameters,l andm given below, the following relation-
ships:

l =
δ2

U

(
∂u
∂z

)
w

=
δ2τw

Uµ
, (6a)

m =
δ2

2

U

(
∂2u
∂z2

)
w
. (6b)

Whereτw indicates the wall shear stress. The two pa-
rametersl andm are strictly connected with the friction
stress and the pressure gradient, respectively. One easily
obtains (fromν∂2u/∂z2 = −U∂U/∂x):

m = −δ2
2

ν

(
∂U
∂x

)
. (6c)

By doing so, the only hypothesis carried out is that the
velocity contours of the boundary layer distribution ad-
mit the same parameter, beingm the chosen one (single-
parameter family description). The momentum integral
equation becomes:

∂δ2

∂x
+

δ2

U
dU
dx

(H12+2) =
τw

U2ρ
(7)

whereH12 represents the displacement/momentum thick-
nesses ratio; the Eq. 6, in terms ofl andm, is now at-
tained:

U
dδ2

2

dx
+2ν[m(H12+2)+ l] = νL(m) (8)

It is found for a wide range of solutions, both theoreti-
cal and nearly exact ones, the valuesL(m) are those pos-
sessed by the following simple relationship:

L(m) = 0.45+6m. (9)

Through the Eqs. 8 and 9, we easily find:

U
d
dx

(
U6δ2

2

)
= 0.45νU5νL(m). (10)

By integrating the Eq. 10 from the stagnation point
(x = 0) up to the generic coordinate,x1, the equation for
δ2

2(x1) is finally obtained:

δ2
2(x1) = 0.45

ν
U6

∫ x1

0
U5 dx. (11)

Once the value ofδ2
2(x1) is computed, the parameter

value ofm is attained and the recursive scheme, shown
in Fig. 1, providesL, H12, τw andδ1, consequently (see
Appendix).

The method proposed by Truckenbrodt [Truckenbrodt
(1952)] for the turbulent boundary layer has been
adopted in this paper and considered with the presence of
adverse gradient pressure. Differently from other nearly
exact methods, such as those of Buri [Buri (1931)],
von Doenhoff and Tetervin [von Doenhoff and Teter-
vin (1943)] and Garner [Garner (1944)], in the adopted
method, the starting point is not the momentum integral
equation but the energy integral equation, i.e.:

1
2

ρ
d
dx

∫ ∞

0
u(U2−u2)dz = µ

∫ ∞

0

(
∂u
∂z

)2

dz. (12)
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which can be expressed in terms of the correspondent
thickness,δ3, as:

1
U3

d
dx

(U3δ3) = 2
d1+ t1
ρU3 . (13)

The quantity on the right-hand term is equivalent to the
dimensionless friction energy due to the boundary layer
shear stress. More in detail,d1 and t1 (t1 � d1) denote
heat losses and turbulent energy, respectively. Following
Rotta [Rotta (1956)], the Reynolds number,Uδ2/ν may
be introduced:

d1

ρU3 =
0.56·10−2

(Uδ2/ν)
, (14a)

τ0

ρU2 = 0.123·10−0.678H12

(
Uδ2

ν

)−0.268

. (14b)

Finally, combining the Eqs. 13 and 14, the integration in
closed form yields:

δ2(x)
l

=
(

U
U∞

)−3

[
C∗

1 +
(c f

2

)7/6∫ x/l

xt/l

(
U
U∞

)10/3

d
(x

l

)]6/7

. (15)

In the Eq. 15, once the transition point is located on the
coordinatex = xt , c f is the turbulent friction coefficient,
while the constant,C∗

1, takes into account the laminar
zone of the boundary layer (see Appendix). A simple
gaussian quadrature is suitable to resolve the Eq. 15 and
we easily find the momentum thickness and the displace-
ment one as well:

dδ2

dx
+(H12+2)

δ2

U
dU
dx

=
τ0

ρU2 . (16)

Subtracting this from Eq. 13, with simple rearrange-
ments, one obtains:

δ2
dH32

dx
= (H12−1)H32

δ2

U
dU
dx

+2
d1 + t1
ρU3 −H32

τ0

ρU2 .

(17)

whereH32 denotes the ratioδ3/δ2; a further expression of
the Eq. 17 may be found whereas the Reynolds number,
Uδ2/ν, and the shape function,H12 are introduced:

(
Uδ2

ν

)1/6

δ2
dL
dx

=
(

Uδ2

ν

)1/6 δ2

U
dU
dx

−K(L). (18)

where the expression ofL is given in Appendix.

In order to accomplish the vanishing pressure gradient
(limit case of flat plate), the suggested value for(H32)0

has to be taken≈ 1.73. Now, it will suffice to take back
the (well-approximated) linear function ofK(L) (for its
coefficients, see Appendix) from specific milestone liter-
ature to find easily:

ξ =

[
C∗

1 +
(c f

2

)7/6∫ x/l

xt/l

(
U
U∞

)10/3

d
(x

l

)]4

. (19)

where ξ is a convenient current coordinate. The fol-
lowing last equation relatesL to the velocity distribution
along the current coordinate:

L =
ξ1

ξ
L1 + ln

U(ξ)
U1

+
1
ξ

∫ ξ

ξ1

[
b(ξ)− ln

U(ξ)
U1(ξ1)

]
dξ. (20)

In the Eq. 20, the subscript 1 is connected to scalar
quantities computed at the transition pointx t . OnceL
is known, the previous equations give the values ofH 12

(moreover, because of in the present discussion, both of
them are shape functions). In order to accomplish the
first objective of this paper, onceH12 andδ2 are known,
the displacement thickness is found to give the response
for the detachment of the vein for a range ofH12 between
1.8 and 2.4.

3 Results validation and discussions

The described criterion has been applied, in the present
paper, to analyze the flow-field around a wing section
NACA 0012. The choice is fallen on this wing family
for many reasons. First, their large employment in spe-
cific aeronautical industries, their wide application in lit-
erature (both theoretically and experimentally) and, last
but not least, because of this family of wing sections is
very far from massive separation when attacked by flows



78 Copyright c© 2003 Tech Science Press CMES, vol.4, no.1, pp.73-83, 2003

under confined range of angles of incidence. Here, we
want to address the numerical results of the present for-
mulation for the viscous unsteady motion. As previ-
ously underlined, the distinguishing difference between
the present criterion and those found in literature is re-
lated to the choice of the model to develop and enhance
the potential velocity formulation. Differently from Ce-
beci et al. [Cebeci, Platzer, Jang and Chen (1993)] and
Tuncer and Ekaterinaris [Tuncer and Ekaterinaris (1995)]
(their methods remain valid but, unfortunately, the lo-
cal and inner solution is needed to predict the transition
point even though without constraints about the nature
of the boundary layer itself), the procedure suggested in
this work is to adopt, for the boundary layer solution, an
approximated solution based on the integral equations of
momentum (MIE) and kinetic energy (KIE). We want to
point out that, although this criterion looses information
about the inner and local behavior of the boundary layer,
nevertheless, at the same time, it is suitable to diminish
greatly the computational effort and, however, compute
accurately the airfoil performance parameters. Much is
gained in return; to demonstrate this, 34 elements of dis-
cretization for the airfoil are enough to a fast and well-
checked convergence (the recursive process settled out
by the authors is capable to collect, as input, shape func-
tions of higher order). As regards the wake (both in-
viscid and viscous), the panelization used deals with a
linear distribution of vortices while the viscous imple-
mentation has been carried out for a plausible range of
Reynolds number [3×106÷9×106] in agreement with
the chosen model of the friction coefficient. For the sake
of simplicity (and to give accurate comparison of the re-
sults), the range of the angle of attack was confined up to
11◦. To calculate the airfoil responses, the recursive com-
putational process runs until the non-dimensional time,
t ∗U/chord, reaches 200 units along a non-dimensional
time interval∆τ = 1. This seems fast enough for the
flow leaving the airfoil to reach a distance equal to a 4
chords length from the trailing edge. The method pro-
posed seems robust and its high portability are proved
through very few potential-viscous iterations needed to
reach the transpiration velocity convergence (See Figs.
2-4). Note that Figs. 2-4 show the velocity transpiration
versus the viscous iterations considered at three differ-
ent (and particular) zones of the airfoil, such as the trail-
ing and leading edges and the maximum thick. Fig. 5
displays the NACA 0012 airfoil polar forRe=3*106; the
comparison shows a good agreement with experimental

results.

Figure 2 : Recursive convergence at the trailing edge

It must be noted a small discrepancy of the present
method to fit the experimental results around the vanish-
ing value of the lift coefficient. This is to be tied to the
chosen Reynolds number; whenRe is approaching the
value mentioned above,

Figure 3 : Recursive convergence at the leading edge

the method of Truckembrodt [Truckenbrodt (1952)], for
the friction coefficient, is very close to its limit of avail-
ability. The same features are shown in Fig. 6 for a
Reynolds number of 9*106.

We may view the calculations sequence is stopped when
the lift coefficient is equal to 1.2. Note, on the other hand,
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Figure 4 : Recursive convergence at 12% thick

Figure 5 : Airfoil polar (Re=3*106)

Figure 6 : Airfoil polar (Re=9*106)

that this implies two important factors: first, an angle of
attack equal to 11◦, for which the detachment may be in
progress near the trailing edge and, secondly, the shape
drag contribution is growing up more quickly than the
friction drag coefficient. As regards the viscous effects
on the lift (attached flow), the pressure coefficient (angle
of attack,α = 7◦) is shown in Fig. 7: results obtained
with this procedure give a viscous lift coefficient of 0.798
against a potential one of 0.8.

Figure 7 : Airfoil pressure distribution

Here, the slight deviation is linked to the presence of
boundary layer; in fact, for the airfoil considered and
with α = 7◦, this guarantees a smaller reduction of the
pressure differences between the upper and lower regions
of the airfoil than those computed by a full-potential
code. The accuracy of the computed aerodynamic perfor-
mance of the airfoil does not deteriorate when the vorti-
cal wake field is described, but similarly, the present cri-
terion computations were found to be insensitive for its
(very good) quality of response to the range of unsteady
parameters of motion. It is clearly seen that the proposed
method is highly accurate and stable when the compari-
son of the present results is made with those of Katz and
Weihs [Katz and Weihs (1978)] and Tuncer and Ekateri-
naris [Tuncer and Ekaterinaris (1995)]. Different wake
geometries, computed for this airfoil, are presented in the
following figures/images. Experimental data support this
criterion in the range of values including the same free-
stream velocity, reduced frequency,ω, and time compu-
tational step,∆τ = U∞∆t/chord. Here, the analysis is in-
tended to describe the unsteady and viscous correlation
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between the range of the angle of attack (linear range
of the slopeCL-α curve) with the evolution (in time and
space) of the wake past the airfoil. Although the model of
Tuncer and Ekaterinaris takes also into account the com-
pressibility effect, a comparison with the present results
is done when the Mach number is put equal to 0.3. More
in detail, Fig. 8 presents, fort = 200, ∆τ = 1, ω = .2,
h/c = .16 andRe=9*106, the wake geometries for po-
tential and viscous solutions which are, not surprisingly,
about merging because of the relatively slow reduced fre-
quency used.

Figure 8 : Wake geometries comparison

A closer-view analysis may highlight the differences
between the two vortical shape as shown in Fig. 9.
The present method thus leads to the same behavior
(and the same conclusions) shown in Figs. 10(a-b),
11(a-b) and 12(a-b), for the experimental and com-
puted wake geometries, when the same airfoil and the
same unsteady parameters of Katz and Weihs [Katz and
Weihs (1978)] are employed, respectively (t = 200,∆τ =
.009, U∞/chord=1.56sec−1, ω = 8.5789, h/c = .019,
Re=9*106; t = 200,∆τ = .00225,U∞/chord=6.24sec−1,
ω = 2.15, h/c = .019, Re=9*106 and t = 200, ∆τ =
.00065, U∞/chord=21.3sec−1, ω = 0.65, h/c = .019;
Re=9*106).

However, for mostly attached flows up toα=11◦, the ac-
curacy of the computed wake evolutions and shapes does
not degrade more than very slight percentage. At higher
incidences, the criterion proposed ceases to be efficient
but this limit was never reached and considered at the
beginnings of this paper.

Figure 9 : Closer view of Fig. 8

Figure 10 : (a) Leaving wake evolution (experimentally);
(b) Leaving wake evolution (computationally).
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Figure 11 : (a) Leaving wake evolution (experimentally);
(b) Leaving wake evolution (computationally).

Figure 12 : (a) Leaving wake evolution (experimentally);
(b) Leaving wake evolution (computationally).

4 Conclusions

In this paper, we have developed a useful criterion for the
design of airfoils in unsteady and viscous flows. This cri-
terion confines its methodologies to the close proximity
of the laminar and turbulent boundary layer and it shows
good efficiency in predicting and calculating the wake
evolution regions in a wide range of operating unsteady
parameters. Also, the criterion is capable of predicting
low Mach number, attached flow-fields as accurately as
the full N-S solutions when the massive flow separation
is avoided. The agreement of the present results with
those empirically and theoretically determined is very
accurate for attached flows and well within the general
range of the boundary layer correlations and the angles
of attack of the airfoils. Although this criterion does not
highlight the behavior of the inner zones of the displace-
ment thickness, a plausibility argument was given as to
why this behavior is reasonable even though few solid
theoretical basis can be offered. The satisfying features
of this criterion are that few determined (critical) values
are required for the calculation of the aerodynamic per-
formance parameters of the airfoils and it is about 50%
more efficient in computational output speed than the
Navier-Stokes/potential flow interactive solutions.
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Appendix

In this Appendix we show the explicit expressions for the
above mentioned parameters throughout the text.

Table 1 : Values ofL, m andH12
m l H12

-0.25 0.500 2.00
-0.20 0.463 2.07
-0.14 0.404 2.18
-0.12 0.382 2.23
-0.10 0.359 2.28
-0.080 0.333 2.34
-0.064 0.313 2.39
-0.048 0.291 2.44
-0.032 0.268 2.49
-0.016 0.244 2.55
0 0.220 2.61
0.016 0.195 2.67
0.032 0.168 2.75
0.040 0.153 2.81
0.048 0.138 2.87
0.056 0.122 2.94
0.060 0.113 2.99
0.064 0.104 3.04
0.068 0.095 3.09
0.072 0.085 3.15
0.076 0.072 3.22
0.080 0.056 3.30
0.084 0.038 3.39
0.086 0.027 3.44
0.088 0.015 3.49
0.090 0 3.55

C∗
1 =


1

2
c f l

(∫ xt/l

0

(
U
U∞

)5

d
(x

l

))1/2
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, (a)

L =
∫ H32

(H32)0

dH32

(H12−1)H32
, (b)

K(L) = a(L−b),
a = 0.0304; b = 0.07log(Uδ2/ν)−0.23. (c)
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