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Numerical Simulation of Dynamic Elasto Visco-plastic Fracture Using Moving
Finite Element Method

T. Fujimoto 1 and T. Nishioka 1

Abstract: In the dynamic fracture of metallic mate-
rial, some cracks propagate with the incidence of plas-
tic deformation, and distinct plastic strain remains near
the post-propagation area. In order to elucidate these dy-
namic nonlinear fracture processes, the moving finite el-
ement method is developed for nonlinear crack propaga-
tion. The T* integral is used as the parameter to estimate
crack tip condition. First, the effect of material viscos-
ity and crack propagation velocity have been discussed
based on the numerical results for fracture under pure
mode I high speed loading. Under mixed mode load-
ing, numerical simulations for fracture path prediction
are demonstrated for various crack propagation veloci-
ties. In these numerical simulations, the maximum hoop
stress criterion is used to predict the fracture path.

keyword: Nonlinear fracture, T* integral, Moving fi-
nite element method, Wake zone, Non-straight crack
propagation

1 Introduction

In many crush accidents, earthquakes and etc., permanent
deformation have been caused in the structures. Traces
of fast crack propagation can be observed in some cases
of these accidents. The large deformation occurs near
the crack tip domain and the ductile fracture condition
dominates the near-field of crack tip. However, the crack
propagation velocity reaches a few meters per second or
more than it, the propagation velocity is too fast for duc-
tile fracture mode to prevail. In these phenomena, dis-
tinct plastic deformation (wake zone) remains near the
post-crack propagation area.

For the dynamic crack propagation with large deforma-
tion, the accuracy of conventional experimental measure-
ments, such as image correlation method and etc. For ex-
ample the image correlation method is not enough to esti-
mate the fracture mechanics parameter. Therefore, non-
linear numerical analyses have been used to investigate
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the crack propagation behavior [Fujimoto and Nishioka
(2003, 2004)].

Some numerical techniques have been proposed to es-
timate the crack propagation phenomena. The nodal
release technique [Kobayashi, Mall, Urabe and Emery
(1978)] [Fujimoto, Akashi, and Nishioka (2000)] for fi-
nite element analyses is very popular as the numerical
method to simulate fracture problems. However, be-
cause the fracture path have to be represented by ele-
ment boundaries in the nodal release method, application
of the nodal release method is difficult for the simula-
tion to predict non-straight fracture path. Recently, var-
ious numerical techniques and modeling have been pro-
posed, such as the cell method [Ferretti (2003)], the novel
non-hypersingular time-domain traction boundary ele-
ment method [Zhang and Savaidis (2003)], the symmet-
ric Galerkin boundary element method [Han and Atluri
(2002)] and the material point method [Nairn (2003)].
To simulate non-straight crack propagation and dynamic
crack propagation, Nishioka [Nishioka (1994)] proposed
the moving finite element method. In the moving finite
element method, the boundary condition near the crack
tip is accurately expressed by translation of fine mesh
subdivision. The moving finite element method can be
applied to simulate complex dynamic fracture problem,
such as dynamic crack bifurcation [Nishioka, Furutuka,
Tchouikov and Fujimoto (2002), Tchouikov, Nishioka
and Fujimoto (2004)]. Because main targets of the con-
ventional moving finite element method were dynamic
elastic crack propagation phenomena and the strain near
the post-propagation area were disappeared by unload-
ing effect, measurement of deformation near the post-
propagation area was not treated as important problem.

In this study, the moving finite element method is de-
veloped to simulate non-straight crack propagation with
large deformation. Wake zone can be accurately simu-
lated in the proposed moving finite element method, and
the T* integral values using extending near-field integral
path are calculated to discuss the crack tip condition for
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(1) Pre-crack propagation (2) Post-crack propagation 
(a) Conventional moving finite element technique 

 
(1) Pre-crack propagation (2) Post-crack propagation 

(b) Moving finite element technique to estimate wake zone 

Figure 1 : Fine mesh subdivision near propagating crack tip

dynamic elasto visco-plastic fracture. This developed
moving finite element method is also applied to predict
fracture path under mixed mode loading. In the path pre-
diction mode simulations, the crack propagation velocity
is systematically changed, and the dependence of crack
propagation direction is discussed.

2 Moving finite element method

In the moving finite element method [Nishioka (1994)],
since the fine mesh subdivision (moving elements) is
moved with crack tip movement, accurate boundary con-
dition near a propagating crack tip is expressed for non-
straight and/or dynamic crack propagation, as shown in
Fig. 1(a). The Delaunay automatic triangulation tech-
nique [Taniguchi (1992)] is used for the mesh regen-
eration around the moving elements in the moving fi-
nite element method using triangular elements [Nishioka,
Tokudome and Kinoshita (2001)]. The moving elements
achieve the precise calculation of stress and strain singu-
lar distributions in the near-field of crack tip. For nonlin-
ear fracture based on the infinitesimal deformation the-
ory, the modified variational principle has been proposed
to formulate the nonlinear moving finite element method
[Nishioka and Wang (1999)].

In some cases of nonlinear fracture with dynamic large
deformation, distinct plastic deformation remains in
post-crack propagation area. Accurate estimation of ir-
reversible deformation energy is required to compute
path integral parameter for the propagating crack tip. In

the conventional moving element technique, the plastic
wakes have been numerically vanished by the param-
eter mapping and the coarse mesh allocation. In this
study, fine mesh subdivision is allocated near the crack-
propagation area to accurately estimate plastic strain dis-
tribution [Fujimoto and Nishioka (2004)], as shown in
Fig. 1(b).

Here, fine nodal layers are created based on the fracture
path. This procedure can be applied to non-straight frac-
ture path. Based on these nodal layers, the fine mesh
subdivision is automatically generated in whole post-
propagation area.

After mesh translation, the numerical method requires
the information for dynamic elasto visco-plastic defor-
mation (displacements, velocities, accelerations, plastic
strain, equivalent stress, yield surfaces and stress work
densities) at newly created nodes and integration points.
The field variables on the new mesh subdivision are ob-
tained through the finite element interpolation from the
parameters at old nodes or elements. Here, field variables
at time step t0 on new mesh subdivision are expressed by
superscript (t0). Solution at next time step t0 +∆t on new
mesh subdivision is calculated based on the mapped field
variables (t0).

The variational principle has been derived to formulate
the finite element equations based on the foregoing field
variables (t0) [Nishioka and Wang (1999)]. Because
large deformation occurs in the material, the variational
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Figure 2 : Equivalent stress-strain relation for the
Malvern constitutive equation

Table 1 : Material parameters

principle is formulated by rate-form:
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where, σi j , πi j , ui and ti denote components of the
Cauchy stress, the Lagrange stress, displacement and

traction force, respectively.
.

() means the time derivative
of ( ). Displacement rate u̇i is independent variable in this
equation. In the material, geometric boundary condition
is changed by the crack propagation. Equation 1 satis-
fies the equilibrium condition and boundary condition at
generic time step t0 +∆t. The Newmark β method is used
for the time integration of the finite element equations of
motion. In this study, the Newmark’s parameters are set
to be β=1/4 and δ=1/2 to satisfy the unconditionally sta-

ble condition [Bathe and Wilson (1976)].

The Malvern type constitutive equation [Malvern (1951)]
is used to express visco-plastic response of material. The
formula shows a visco-plastic strain rate based on the
quasi-static flow stress. The constitutive equation is writ-
ten as:
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, (2)

where σ, ε, E and D denote the equivalent stress, the
equivalent strain, the Young’s modulus and the visco-
plastic coefficient, respectively. σ f is the quasi-static
flow stress, which is expressed by following equation:
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) 1
n
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where n and F denote the strain hardening exponent and
the referential stress, respectively. The values of each
parameter are shown in Tab. 1. For various equivalent
visco-plastic strain rates, the relations between the equiv-
alent stress and equivalent visco-plastic strain are shown
in Fig. 2.

Here, the large deformation theory, which has been pro-
posed by Tomita et.al. [Tomita, Shindou, Asada and
Goto (1988)], is used to formulate the finite element
equations for elasto visco-plastic deformation. Only out-
line is explained here. The formulation is based on the
relation between the stress rate and the strain rate. Here,
the J2 deformation theory [Budiansky (1959)] is used to
express the visco-plastic strain rate. In this theory, the ef-
fects of non-coaxiality of the deviatoric stress tensor σ′

i j
and the visco-plastic strain rate tensor ε̇vp

i j are considered.
By using the deformation theory, the stress rate σ̇i j is ob-
tained as:
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where, De
i jkl, ε̇kl, σ′

kl and σ denote the elastic stiffness
tensor, the strain rate tensor, the deviatoric stress tensor
and the equivalent stress, respectively. ω is the parameter
that shows the non-coaxiality of the deviatoric stress ten-
sor and the visco-plastic strain rate tensor. In this study,
ω=1 is used to assume that the coaxiality between the
deviatoric stress tensor and the visco-plastic strain rate
tensor is perfectly preserved.



94 Copyright c© 2006 Tech Science Press CMES, vol.11, no.2, pp.91-101, 2006

Here, the stress rate σ̇i j and the strain rate ε̇kl are re-
placed with the Jaumann rate of the Kirchhoff stress Si j

and the deformation rate dkl, respectively [Tomita, Shin-
dou, Asada and Goto (1988)]. In this reference, to im-
prove the stability of calculation for nonlinear deforma-
tion, following constitutive equation has been introduced
by using the tangent modulus method:
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where, ε̇vp
n means the equivalent visco-plastic strain rate

at current time step. Each term for the Malvern type
equation are expressed by:
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where, G denotes the shearing modulus.

3 T* integral

The T* integral [Atluri, Nishioka and Nakagaki (1984)]
has excellent far-field path independence for any ma-
terial constitutive relation under quasi-static as well as
dynamic conditions. The T* integral is defined for the
dynamic nonlinear fracture in an elastic plastic mate-
rial under arbitrary loading history. In some literatures
[Nishioka, Kobashi and Atluri (1988)][Nishioka Yagami
(1988)], the T* integral has been applied to dynamic non-
linear fracture problems. And, it have been demonstrated
that the T* integral can be used as valid fracture mechan-
ics parameter.

The T* integral is evaluated by following integration:
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where, W and K mean the stress working density and the
kinetic energy density, respectively. nk, ti and ρ are the
components of unit outward normal vector on the inte-
gral path, the traction and the mass density, respectively.
Γε, Γ and Γc denote a near-field path, far-field path and
crack surface path, respectively. Each integral path set-
ting in a nonlinear deformation solid is shown in Fig. 3.
The T* integral was originally defined on the near field
integral path Γε, which surrounds crack tip. The far-field
measurement form of the T* integral can be derived us-
ing the divergence theory.

 

Figure 3 : Definition of integral paths

The T* integral is equivalent to the energy flow rate to the
near-field domain Vε. For the non-straight crack prop-
agation, the crack-axis components of the T* integral,
T*0

i can be evaluated by the coordinate transformation,
as shown by the following formula:

T ∗0
� = α�k (θ0)T ∗

k , (10)

where α�k is the coordinate transformation tensor and θ0

is the angle between the global axis X1 and the crack axis
x0

1.
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(a) Moving near-field path 

 (b) Extending near-field path 

Figure 4 : Integral path models of T* for crack propaga-
tion problem

In general case of nonlinear fracture, the T* values de-
pend on the size and the shape of the near-field inte-
gral path Γε. Therefore, some researchers proposed some
types of near-field integral path [Nishioka, Fujimoto and
Atluri (1989)][Okada and Atluri (1999)]. Figure 4 shows
the near-field integral paths to estimate the T* integral
for propagating crack tip. In this figure, Γ means con-
stant far-field integral path.

In steady state crack propagation, the T* value, which is
integrated using the moving near field path, is too small
compared with the T*1C (crack initiation criterion). On
the other hand, the T* value based on the extending near-
field path remains in the same order of the T*1C. Okada
reported that the T* values depend on the amount of de-
formation energy in near-field domain Γε [Okada and
Atluri (1999)]. For the nonlinear fracture with large de-
formation, permanent deformation remains inside near-
field path. In the case using the extending near-field path,
the effect of plastic deformation have to be accurately es-
timated on overall integral domain.

In this study, wake zone is accurately simulated by the

developed moving element technique, as shown in the
foregoing section. The extending near field path is de-
fined based on the fracture path, and it is independent on
the mesh subdivision.

In the authors’ group, the local symmetry criterion
[Goldstein and Salganik (1974)] and maximum hoop
stress criterion [Erdogan and Sih (1963)] have been
mainly used for numerical prediction of fracture path.
For nonlinear crack propagation, the local symmetry near
the crack tip can be evaluated based on the T*0

2 value. If
the local symmetry criterion is applied in the moving fi-
nite element method, T*2 = 0 condition have to be always
satisfied during crack propagation. In this case, itera-
tive operations are required in each time step calculation
[Nishioka, Tokudome, and Kinoshita (2001)].

4 Crack propagation under mode I loading

4.1 Numerical model

 
Figure 5 : Numerical specimen for straight crack propa-
gation under mode I loading
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Figure 6 : Mesh subdivisions and equivalent visco-plastic strain distributions for straight crack propagation C/Cs =
0.01

Figure 7 : Visco-plastic strain distributions for each crack propagation velocity

In this section, elasto visco-plastic deformations are
treated with straight crack propagation under pure mode
I loading. Figure 5 shows the numerical conditions and
the shape of specimen. Mode I loading is caused by
the constrained displacement rate u̇2 at the upper and
lower ends of the specimen. The plane stress condition
is assumed in these deformations. When the T*1 value
reaches 100kN/m ( which is assumed as the initial frac-
ture toughness T*1C), crack propagation starts in the nu-
merical model. To discuss the dependence of fracture be-
havior, the crack propagation velocity C is systematically

changed as:

C/Cs = 0.01, 0.02, 0.05. (11)

where, Cs means the shear wave velocity. In each numer-
ical analysis, the fracture with constant crack propagation
velocity is assumed.

4.2 Numerical results and discussions

Figure 6 shows the mesh subdivisions and the equiva-
lent visco-plastic strain distributions in the case of C/Cs
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= 0.01. The distinct plastic deformations have been simu-
lated by the fine mesh subdivision near post-propagation
area. The residual plastic deformations are not vanished
by the mesh translation and the parameter mapping of the
moving finite element method.

Figure 7 shows the equivalent visco-plastic strain distri-
butions for each crack propagation velocity. The enlarge-
ment of distinct plastic zone does not depend on the crack
propagation velocity. On the other hand, the difference of
strain intensity can be observed in Fig. 7. In the faster
crack propagation problem C/Cs =0.05, strain rate at the
vicinity of crack tip increases and therefore the strain gra-
dients become larger than the case of the slower crack
propagation velocity.

Here, the extending near-field path model is applied to
estimate the T* integral value. The length between the
front of near-field path and crack tip is 0.5mm. The near-
field domain includes the 4 layers of fine elements. The
shape of near-field path Γε has to be changed along the
crack propagation path. The shape of Γε is monitored in
the numerical program. One of the monitored results is
shown in Fig. 8. The integral path Γε is perfectly closed,
and accurate T* value can be calculated by the numer-
ical integration. Five far-field integral paths have been
prepared to evaluate the T* integral. The T* values for
each far-field path are shown in Fig. 9. Excellent path
independence of the T* can be confirmed and the path
independence is maintained during fast crack propaga-
tion.

The T* integral histories during crack propagation are
shown in Fig. 10. The T* values range from 30 to
250 kN/m, and their orders are not small compared with
the initial fracture toughness T*1C. These T* values
from the extending near-field path includes the effects
of wake zone. For the moving near-field path model
to estimate the T*, many researchers [Okada and Atluri
(1999)][Fujimoto and Nishioka (2001)] reported that T*
values rapidly decreased after the crack initiation.

The crack propagation velocity affects the T* values con-
siderably. In the case of faster crack propagation, the
material viscosity increases the deformation resistance in
near-field domain Vε. This trend can be also observed
in stress and strain distributions near the crack tip (see
Fig.7). By the increase of the stress work density in the
near-field of the faster crack propagation, the T* integral
values increase.

Figure 8 : Extending near-field integral path in numeri-
cal simulation

Figure 9 : Far field path independence of T* integral for
C/Cs = 0.01

 

Figure 10 : Histories of T* integral values for straight
crack propagations

5 Crack propagation under mixed mode loading

5.1 Numerical model

Under mixed mode loading, the moving finite element
method has been applied to predict dynamic nonlinear
crack propagation path. The plane stress condition is also
assumed in this section. The shape of the specimen un-
der mixed mode loading is shown in Fig. 11. The crack
initiation is assumed to occur at T*1C = 100 kN/m. To
cause mixed mode fracture condition, constrained dis-
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Figure 11 : Numerical specimen to predict crack propa-
gation path under mixed mode loading

placements are imposed on the edges of the specimen.
The constrained displacement angle φ is 45 degrees. In
these numerical simulations, the crack propagation direc-
tion is numerically predicted using the maximum hoop
stress criterion [Erdogan and Sih (1963)]. In each time
step, the hoop stress distribution has been evaluated on
the circular line Γn. The length between Γn and the cur-
rent crack tip is 0.24mm. Constant crack propagation ve-
locity is assumed, and numerical simulations have been
performed for:

C/Cs = 0.01, 0.02, 0.03 (12)

5.2 Numerical results and discussions

Figure 12 shows the mesh subdivisions and the equiva-
lent visco-plastic strain distributions for each crack prop-
agation velocity. Details of non-straight fracture paths
have been expressed by the fine mesh subdivision near
the post-propagation area. By these fine mesh subdi-

visions, the residual plastic strain distributions near the
crack propagation area is accurately simulated, as shown
in Fig. 12 (b). Crack propagation angle depends on the
crack propagation velocity. Faster crack propagation rate
restrains the fracture path from curving. In Fig. 12, the
local symmetries near the propagating crack tip can be
observed from these distributions, though the maximum
hoop stress criterion is used as fracture path prediction
theory. At the early stage of crack propagation, unsteady
fracture condition occurs by the crack kinking and dy-
namic crack initiation. Therefore, the plastic strain in-
tensities near the initial crack tip are rapidly changed by
the crack initiation.

Based on these numerical deformation fields, the T* val-
ues for the propagating crack tip have been integrated.
The far-field path independence of the T* integral is also
kept in the non-straight crack propagation, as shown in
Fig. 13. The variations of the T*0

1 values are shown in
Fig. 14. In these numerical analyses, the dependence
of the T* integrals on crack propagation velocity can not
be observed, because the propagating crack tip condition
do not reaches steady state. After the crack initiation,
T*0

1 have been decreased and negative T*0
1 values have

been calculated though crack does not close. In order to
clarify the crack initiation behavior under mixed loading,
further investigation will be required for the criterion of
crack initiation, the appropriate size of Γε to estimate the
T*, the fracture path prediction theory for dynamic elasto
visco-plastic fracture and etc.

6 Conclusion

In this study, the moving finite element method has been
developed for crack propagation with distinct perma-
nent strain near post-propagation area. The proposed
numerical simulation correctly works to simulate not
only straight crack propagation phenomena but also non-
straight propagation phenomena. Based on the numeri-
cal deformation fields, the T* integrals have been calcu-
lated using the extending near-filed integral path. For the
straight crack propagation, the dependence of the T* in-
tegral on crack propagation velocity has been observed.
For the numerical fracture path prediction under mixed
mode loading fracture, the T* integration has kept the
far-field path independence. The T* values and fracture
path depend on the crack propagation velocity.
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Figure 12 : Mesh subdivisions and visco-plastic strain distributions under mixed mode loading

 
 (1) C/Cs = 0.01 (2) C/Cs = 0.03 

 

Figure 13 : Far field path independence of T* integral for non-straight crack propagations
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