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A Dual BEM Genetic Algorithm Scheme for the Identification of Polarization
Curves of Buried Slender Structures
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Abstract: A two-dimensional boundary element for-
mulation is presented and coupled to a genetic algo-
rithm to identify polarization curves of buried slender
structures. The dual boundary element method is imple-
mented to model the cathodic protection of the metal-
lic body and the genetic algorithm is employed to deal
with the inverse problem of determining the non-linear
polarization curve, which describes the relation between
current density and electrochemical potential at the soil
metal interface. In this work, this non-linear relation re-
sulting from anodic and cathodic reactions is represented
by a classical seven parameters expression. Stratified
soil resistivity is modeled with a piece-wise homoge-
neous domain. The inverse analysis is guided by poten-
tial measurements at the soil free surface. The identifi-
cation method is analysed under different measurement
conditions.

keyword: Dual boundary element method, Cathodic
protection, Genetic algorithm, Inverse analysis.

1 Introduction

Corrosion in soil is a complex topic and the development
of effective techniques for the protection of buried metal-
lic structures is one of the main concerns of corrosion
engineers.

Cathodic Protection (CP) is a technique, which uses the
electrochemical properties of the metal to protect it. In
order to have effective CP systems, it is necessary to have
the metallic structure working as the cathode of an elec-
trolytic cell. In high resistivity soils, impressed current
systems are necessary to reduce the metal electric poten-
tial to values lower than a critical one, guaranteeing the
cathodic behavior of the structure.

The boundary element method has been used to simu-
late cathodic protection of pipelines and offshore struc-
tures for more than a decade [Telles et al (1990); Yan
et al (1992); Brichau and Deconinck (1994); Aoki et
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al (2004)]. The method is quite attractive for this
type of analyses, since they involve unbounded half-
space domains. Despite the medium heterogeneity, non-
linearities are normally restricted to the soil – metal in-
terfaces characterized by the polarization curves.

Recently, Lacerda et al. (2004) developed a two-
dimensional boundary element formulation for the anal-
ysis of buried slender structures. This type of structure
is normally found in foundations of electric transmission
line towers. In many cases, frequently due to economical
reasons, these metallic foundations are directly buried in
the ground, which can be an aggressive environment de-
pending on its properties.

Normally, the foundations are composed by a series of
connected slender pieces forming a truss structure. The
slenderness of the bodies brings some difficulties into the
classical boundary element method, such as near singu-
lar integration and ill-conditioned systems, and to avoid
this problem the dual boundary element method was
implemented. The implementation included a Newton-
Raphson solution algorithm for the non-linear boundary
conditions and a piece-wise homogeneous layered half-
space to model soil resistivity. They carried out a field
experiment where a galvanized metallic sheet was buried
alongside two Copper anodes, in parallel.

To design a CP system it is necessary to know the non-
linear boundary condition or polarization curve of the
structure. However, one of the main difficulties during
field tests is to retrieve this condition. The usual pro-
cess for obtaining it is slow and not very accurate since
it is heavily dependent on the reader skills and patience.
With this problem in mind an inverse analysis procedure
is proposed using Genetic Algorithm. This type of ap-
proach has been successfully performed with the bound-
ary element method [Mustata et al (2000); Miltiadou and
Wrobel (2002)]. In this work, its performance is evalu-
ated when the Dual formulation is used and random er-
rors are introduced.
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2 Half-space Dual Boundary Element Method

In the absence of volume forces, potential and current
density boundary integral equations are given by [Wrobel
(2002)],

c(ξ)φ(ξ) =
Z

Γ

φ∗(ξ,x)i(x)dΓ(x)−
Z

Γ

i∗(ξ,x)φ(x)dΓ(x)

(1)

d(ξ)i(ξ) =
Z

Γ
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∂n(ξ)
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(2)

where φ∗(ξ,x) and i∗(ξ,x) are the potential and current
density fundamental solutions at the field point x due to a
unit source applied in ξ, the coefficients c(ξ) and d(ξ) are
dependent on the geometry at ξ, n(ξ) is the normal direc-
tion at ξ and φ(x) and i(x) are the potential and current
density at the boundary Γ . In Eq.2, a free term depen-
dent on the continuity of the curvature at the collocation
point is being omitted for simplicity. The fundamental
solution expressions and its normal derivatives are given
by,
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where r is the distance between the points x and ξ.

The classical boundary element method is developed
from Eq.1. When slender bodies take part in the prob-
lem some difficulties may arise in the classical formu-
lation, such as near-singular integrations and the assem-
bling of ill-conditioned system of equations. The first
problem becomes more pronounced with the growth of
the ratio between the length of the discretizing boundary
elements of the slender structure and its thickness. These
problems can be avoided by using the dual formulation
of the boundary element method. For this purpose, af-
ter the boundary discretization, it is necessary to apply

the hypersingular boundary integral Eq.2 and the clas-
sical boundary integral Eq.1 to the nodes of the slender
body, one at each side of the body.

The singularity of the current density fundamental solu-
tion derivative behaves like O(1/r2) and the second inte-
gral on the right hand side of Eq.2 must be interpreted in
the Hadamard Principal Value sense.

Many of the cathodic protection problems involve an ex-
terior domain, such as the case of buried structures. In
problems of this type, Eqs.1 and 2 can be seen as,

c(ξ)φ(ξ) =
Z

Γ

(φ∗(ξ,x)i(x)− i∗(ξ,x)φ(x))dΓ(x)

+
Z
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)
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where Γ∞ represents a fictitious boundary at the infi-
nite. The regularity condition at infinity, in this prob-
lem, implies that the potential behaves as ln(r) plus a
constant φ∞, and the potential boundary integral equation
becomes,

c(ξ)φ(ξ)=
Z

Γ

(φ∗(ξ,x)i(x)− i∗(ξ,x)φ(x))dΓ(x)+φ∞ (9)

while the integral over Γ∞ in Eq.8 is equal to zero and
the current density integral equation remains the same.
To include the extra unknown φ∞ in the system of equa-
tions another equation is necessary, the charge conserva-
tion equation,

Z

Γ

i(x)dΓ(x) = 0 (10)

In half-space domains it is interesting to change the fun-
damental solution in order to avoid discretizing the infi-
nite horizontal free surface of the problem. If the cur-
rent density can be considered zero at this surface, the
boundary integral equations for this particular situation
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are written like,

c(ξ)φ(ξ) =
Z

Γ
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with ΓH representing the horizontal free surface. There-
fore, if the fundamental solution φ∗(ξ,x) can be chosen in
such a way that i∗(ξ,x) and ∂i∗(ξ,x)/∂n(ξ) are zero for any
point x in this boundary, the integral in ΓH disappears and
the analysis involves only the discretization of the finite
boundary Γ.

It is easy to see that a function represented by the sum of
two unit sources located at opposite sides and the same
distance from the boundary ΓH is the sought Green’s
function for the potential boundary integral equation.
This function is represented by,

φ∗(ξ,x) = − 1
2kπ

ln(r)− 1
2kπ

ln(ri) (13)

where ri is the distance between the field point x and the
image ξi of the collocation point ξ with respect to the
boundary ΓH . The normal derivative of this function is
as follows,

i∗(ξ,x) = − 1
2πr

∂r
∂n(x)

− 1
2πri

∂ri

∂n(x)
(14)

This procedure is commonly called method of images.

It is interesting to notice that for the hypersingular equa-
tion the normal derivatives must be taken with respect to
both the collocation point and its image. In fact, Eq.12
is not adequate for the method of images as it has been
obtained from the differentiation of Eq.1 with respect to
the direction n(ξ), only. The hypersingular equation must
be derived from the classical one through the application
of the differential operator, ∂

∂n(ξ) ()+ ∂
∂n(ξi) () plus a limit-

ing process. After some algebraic manipulation, the hy-
persingular boundary integral equation for the method of

images is written like,
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It can be verified that if the field point x is over the bound-
ary ΓH ,

i∗(ξ,x) = H(ξ,x) = 0 (18)

3 Direct Analysis

3.1 Experiment data

A field experiment was performed to assess the devel-
oped numerical formulation. Fig. 1 sketches the exper-
iment, were a galvanized metallic sheet 64 cm long, 45
cm wide with a thickness of 1 mm, was buried 15 cm
from the free-surface of the ground, in parallel between
two Copper anodes with the same length and diameter of
2 cm. The central positioning of the sheet between the
anodes can be observed in Fig. 1.

Soil resistivity was evaluated with Wenner method
[ASTM, 1984)]. After a series of measurements the av-
erage resistivity for each depth is listed in Tab. 1.

A graphical scheme was employed to characterize soil
resistivity in a two-layer model [Kindermann and Cam-
pagnolo (1995)]. Resistivities of 121 and 8.13 Ωm were
obtained for the top layer with thickness of 1.9 m and
infinite bottom one, respectively.

3.2 Equations and mathematical expressions

Six months after the metallic sheet was buried, corro-
sion potential measurements were taken using a Copper–
Copper Sulfate (Cu-CuSO4) reference electrode. During
the measurements, the reference electrode was placed ev-
ery 50cm between the sheet and each anode. The mea-
suring points can be seen in Fig. 1, along three parallel
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Figure 1 : Sketch of the field experiment: metallic sheet,
anodes and measuring points.

Table 1 : Average soil resistivity in several depths.

Depth (m) Resistivity (Ωm)
1.0 142.5
2.0 107.1
4.0 33.3
8.0 6.9
16.0 4.3

lines named a1, a3 and a5 on the left side and a2, a4 and
a6 on the right side.

After a series of field measurements, the polarization
curve data describing the relation between the current
density (µA) and the electrochemical potential (mV) at
the metallic sheet – soil interface were fitted by the equa-
tion [Yan et al (1992)],

i = e
φ−φ

Fe2+
β

Fe2+ −
(

1
iO2

+e
φ−φO2

βO2

)−1

−e
−(φ−φH2

)

βH2 (19)

where the equilibrium potentials, Tafel slopes and the
current limit for oxygen reaction were, respectively,

given by

φFe2+ = −571mV ;φO2 = −580mV ;φH2 = −796mV ;

βFe2+ = 20;βO2 = 60;βH2 = 80;

iO2 = 19µA (20)

It is well known that the sheet boundary condition
changes slowly in time. However, for the objectives of
the present study conditions are considered static since
the whole experiment is conducted in a short period of
time.

3.3 Experimental and numerical results

Potential measurements on the ground surface between
the metallic sheet and the anodes were taken when the
current was injected into the ground through both anodes.

In the numerical analysis the soil was modeled in two
layers accordingly to the soil characterization method.
The bottom layer is a half-space domain with constant
resistivity of 8.13 Ωm and bounded on the top by a 1.9
m layer of soil with higher resistivity. Since the method
of images was employed only the interface between the
two layers and the interface soil – metallic sheet were
discretized. Fig. 2 shows a sketch of the analyzed model
with the slender body, the current point sources and the
layers interface.

The boundary condition at the metallic sheet (cathode)
is represented by Eq.19. At the layers interface, potential
continuity and current density equilibrium were imposed.
At the top layer, different values of soil resistivity were
tested and 100 Ωm provided a good fit between numeri-
cal and experimental results.

Fig. 3 shows a comparison between experimental and
numerical results for three different current injections.
Results are generally good and, as expected, differences
tend to increase at points closer to the metallic sheet.
These can be explained by two main reasons: the two-
dimensional model is not perfectly representative for the
dimensions of the experiment, and the capacitive be-
haviour of the metal-soil interface during current injec-
tions introduces undesired charges in the system in sub-
sequent readings. Also, another source of errors is the
adopted two-layer model.
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Figure 2 : Sketch of the analyzed boundary element model.

Injected currents: 0.92, 8.45 e 41.38 mA/m
2
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Figure 3 : Comparisons between experimental and nu-
merical results.

4 Inverse Analysis

An inverse formulation is developed employing the ge-
netic algorithm (GA) to identify the polarization curve
in a test based on the previous experiment, via surface
potential measurements. This type of analysis has been
successfully performed by Miltiadou and Wrobel (2002).
In this work, its performance is evaluated along with the
Dual formulation.

In the numerical procedure, surface potential values are
simple internal points computations, which involve only
regular integral evaluations.

4.1 Genetic Algorithm

GA is a search technique, which emulates the process of
evolution via survival of the fittest. Compared to other
techniques, it presents interesting features such as no
need for derivative evaluations and a higher likelihood

of finding the global minimum [Goldberg (1989)].

The algorithm starts with an initial population formed by
a random sample of individuals. Each individual in the
population is formed by a group of parameters, which
compose a problem solution. In this work, these param-
eters are listed in Eq.20. Each parameter is seen as chro-
mosome or a bit string, and is bounded by limiting esti-
mated values. The individual or group of chromosomes
represents a possible solution to the problem, and its bi-
nary length is defined by the required precision for each
parameter.

The implemented algorithm includes: tournament selec-
tion with a shuffling technique for choosing random pairs
of individuals for mating, uniform crossover, jump muta-
tion and elitism [Miltiadou and Wrobel (2002)].

4.2 Polarization curve parameters and GA control
data

The inverse formulation was verified using potential sur-
face results from a direct analysis with the polarization
curve defined in Eqs.19 and 20. The group of surface
values represents the “measurements” which are used
to drive the GA. Each individual of the population pro-
vides a group of surface results, which is compared to
the known “measurements”. The minimization of this
difference is the aim of the algorithm and the value of the
difference is an indication of the individual’s fitness.

On the search for the fittest individual, limits must be
established for each parameter. Tab. 2 presents the esti-
mated upper and lower limits for each one as well as the
adopted precision.

After testing several sizes for the population, 20 indi-
viduals were found to be an adequate number, consid-
ering speed of convergence and precision. Probability of
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Table 2 : Adopted limits for the polarization curve pa-
rameters.

Parameter Lower
limit

Upper
limit

Precision

φFe2+ -981 mV -346 mV 5 mV
φO2 -980 mV -345 mV 5 mV
φH2 -981 mV -346 mV 5 mV
βFe2+ 18 81 1
βO2 18 81 1
βH2 10 136 2
iO2 10 mA 73 mA 1 mA

crossover and mutation were fixed to 50% and 2%, re-
spectively. A generation cycle is defined to comprehend
individual fitness evaluations, mating and new population
definition. In all analyses, the number of generations was
limited to 100.

4.3 Identification of Polarization Curves

Since the objective of this analysis is to identify an exist-
ing non-linear relation between the electrochemical po-
tential and the current density at the soil-metal interface,
it is necessary to have measurements taken at several im-
pressed current values.

For every impressed current, surface potential values
were obtained at six points between the metallic sheet
and the anode. Fig. 4 shows the influence of the number
of impressed currents on the resulting polarization curve.
The solid line is the relation used to generate the known
“measurements”. This is the relation being sought in this
inverse analysis. The other lines in Fig. 4 are all results
and each one is identified by a couple of numbers: the
first one indicates the number of impressed currents and
the second one, between brackets, indicates the genera-
tion when final convergence was achieved. As it can be
seen, if only two impressed currents are used the non-
linear boundary condition is represented by a straight
line, as expected. The increasing number of impressed
currents improves the final result of the inverse analysis.
Observe that the polarization curve obtained when 10 im-
pressed currents were used is in very close agreement to
the original one. The number of generations when the fi-
nal solution was found in each analysis does not seem to
be correlated by the number of impressed currents.

The next set of results shows the influence of surface
measurement errors on the results of the inverse analy-
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Figure 4 : Influence on the number of impressed cur-
rents: 2, 3, 5, 9 and 10. The impressed values were 0.1,
0.25, 5.25, 10.25, 15.25, 20.25, 25.25, 30.25, 35.25 and
40.25 µA/cm2.
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Figure 5 : Influence of surface measurement random er-
rors: ± 0%, 1%, 5%, 10% and 20%.

sis. Random errors of ± 0%, 1%, 5%, 10% and 20%
were applied to the measurements and the obtained po-
larization curves are shown in Fig. 5.

Each result is indicated between brackets and overall, re-
sults were good in all cases, apart from the 20% error
oscillation condition. The potential differences between
each obtained curve and the reference solid curve must
be seen along a vertical line. For instance, from a vi-
sual inspection it can be seen that the relative error for
the [20%] curve with respect to the reference curve is not
greater than 20% at any point.

Fig. 6 shows a similar type of results for four different
analyses with only± 20% random errors. Notice that the
randomness of the input data produces different sorts of
results, which can be above, below or crossing the sought
polarization curve.
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Figure 6 : Influence of surface measurement random er-
rors – Four analyses with ± 20% random errors.

It is important to point out that no input data regulariza-
tion was applied and there is certainly room for some im-
provements.

5 Conclusions

A dual boundary element method for the analysis of two-
dimensional cathodic protection of buried slender bodies
has been developed and coupled to a genetic algorithm
for the identification of polarization curves.

Details about the derivation of the hypersingular equation
to be used with the method of images were presented.
Its implementation along with the classical equation in-
cluded the following characteristics which were used in
all analyses: the additional equation of charge conserva-
tion for infinite and half-space domains; subregions for
layered domains with different properties and a Newton-
Raphson solution algorithm for the non-linear boundary
conditions representing the polarization curves.

An experimental test was executed to retrieve the polar-
ization curve of a buried slender metallic sheet as well as
surface potential measurements. The Dual BEM model
was verified considering a two-layer soil resistivity strat-
ification.

The inverse analysis tests with the genetic algorithm
showed that the developed method is capable of iden-
tifying the polarization curve from simple surface mea-
surements. Different measurement conditions were in-
troduced in the input data and the whole procedure was
always convergent, providing results with errors, which
were comparable to the inserted ones.
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