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Finite Element Analysis of Particle Assembly-water Coupled Frictional
Contact Problem

S. Ozaki1, K. Hashiguchi2, T. Okayasu2 and D.H. Chen1

Abstract: In order to analyze precisely not only
the elastoplastic deformation phenomenon of sat-
urated particle assembly such as soils, grains,
powdered and tablet medicines or three dimen-
sional cellular materials, but also the frictional
sliding phenomenon between saturated particle
assembly and other bodies, a particle assembly-
water coupled finite element program, that in-
corporates both the subloading surface and the
subloading-friction models, is developed. Subse-
quently, simulations of the compaction behavior
of saturated particle assembly under strain rate
control are performed. It is revealed by the nu-
merical experiment adopting the finite element
program that the frictional sliding behavior of the
contact boundary influences both the deformation
behavior and the pore water flow behavior in the
saturated particle assembly.

Keyword: Frictional contact, particle
assembly-water coupled problem, FEM, subload-
ing surface, unconventional elastoplasticity,
compaction phenomenon.

1 Introduction

For the analysis of the deformation of saturated
particle assembly, we would have to consider the
following mechanical phenomena.

1) The deformation of the particle assembly satu-
rated by the pore water must be analyzed as the
coupled phenomenon of the deformation of
the skeleton of particle assembly and the flow
of the pore water [e.g., Cristian, 1968; Cris-
tian and Boehrner, 1970; Akai and Tamura,
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1978; Asaoka et al., 1994, 1995, 1997; Asaoka
et al., 1998; Asaoka et al., 2000; Ferguson
and Palananthakumar, 2005; Liu and Scarpas,
2005].

2) Particle assembly exposed to atmospheric
pressure on the free surface is in a heavily
over-consolidated state and thus exhibits soft-
ening behavior. Besides, they are frequently
subjected to the cyclic loading due to earth-
quake and vibration treatment, etc. There-
fore, an elastoplastic constitutive equation ca-
pable of appropriately describing the softening
and cyclic behavior has to be incorporated. It
has to fall within the framework of unconven-
tional elastoplasticity [Drucker, 1988], which
excludes the postulate that the interior of a
yield surface is an elastic domain, and thus it
is capable of describing the plastic strain rate
due to the rate of stress inside the yield surface.
Among various unconventional elastoplastic
constitutive models, the subloading surface
model [Hashiguchi, 1978, 1980, 1989] has a
high rationality fulfilling the continuity and
smoothness conditions [Hashiguchi, 1993a, b,
1994, 2000]. Further, it possesses the con-
trolling function for the stress to approach the
yield surface in the plastic loading process and
thus it is not required to incorporate an oper-
ation pulling back the stress to the yield sur-
face such as the return-mapping, mean-normal
methods in numerical analyses. The subload-
ing surface model has been widely applied to
the prediction of the deformation behavior of
metals and soils.

3) A rational treatment for the contact boundaries
between analyzed bodies is required, while
friction force and/or sliding are induced in al-
most all engineering problems. Moreover, it
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is observed in experiments that the tangential
traction (contact stress) gradually increases
with the relative displacement between con-
tact bodies [e.g., Courtney-Pratt and Eisner,
1957; Desai et al., 1985; Uesugi and Kishida,
1986; Olofsson, 1995; Olofsson and Hagman,
1997; Hagman and Olofsson, 1998]. This
phenomenon cannot be described by the con-
ventional friction model [e.g., Curnier, 1984;
Cheng and Kikuchi, 1985; Kikuchi and Oden,
1988; Wriggers et al., 1990; Peric and Owen,
1992; Wriggers, 2003], including the classi-
cal Coulomb friction model. In the conven-
tional friction models, the variation of traction
inside the sliding-yield surface (frictional cri-
terion) does not induce sliding displacement.
Needless to say, the accumulation of sliding
displacement by the cyclic loading of traction
inside the sliding-yield surface cannot be pre-
dicted. In order to overcome these defects in
the conventional friction model, an unconven-
tional friction model, called the subloading-
friction model [Hashiguchi et al., 2005], has
been proposed based on the concept of the
subloading surface, which enables us to de-
scribe the sliding velocity due to the rate of
traction inside the sliding-yield surface.

In this study, particle assembly-water coupled fi-
nite element programming is implemented by in-
corporating the subloading surface model and the
subloading-friction model. The program is then
applied to the analysis of the compaction behav-
ior of the saturated particle assembly subjected to
a constant strain rate under drainage condition in
order to reveal the influence of frictional property
in the contact surface with the steel ring. Then, it
is verified that the frictional sliding behavior of
the contact boundary as well as the pore water
flow influences the deformation behavior of sat-
urated particle assembly.

2 Finite element implementation for particle
assembly-water coupled contact problem

The finite element implementation for the parti-
cle assembly-water coupled problem based on the
principle of effective stress is explained below.

Further, the penalty method and the Lagrange
multiplier method are adopted for treatments of
the frictional contact and particle assembly-water
coupling, respectively, while these methods are
useful and easy to incorporate constrained condi-
tions into the finite element program. Here, the
analysis is limited to the infinitesimal deformation
and it is assumed that the spin of material is neg-
ligible and thus only the material-time derivative
of stress ( • ) is adopted for simplicity.

2.1 Governing equations

The rate form of the equilibrium equation is given
by∫

V

(
div

•
σσσT +ρw(trD)b

)
dV = 000, (1)

where σσσ is the true (Cauchy) stress; D the strain
rate; b the body force vector; and ρw the mass den-
sity of the pore water. The symbols div( ), tr( ),
( )T and

∫
V

dV denote the divergence, trace, trans-
pose and volume-integration, respectively. On the
other hand, the equations of continuity for the par-
ticle assembly and the pore water are given as fol-
lows:

L = ∂v/∂x, D =
(
L+LT

)
/2, (2)

(∫
V

dV

)•
=

∫
V

trDdV = −
∫

S
vw · n̄dS , (3)

where L is the velocity gradient; v the velocity of
material point x; vw the discharge velocity of pore
water; and n̄ the unit outward-normal vector on
the objective body.

∫
S

dS denotes the integration
over the surface.

The state of contact between the two bodies is
shown in Fig. 1. The equilibrium between the
contact traction f acting on the analyzed body and
the contact traction F acting on the external body
is given by

F = −f. (4)

Based on the principle of effective stress, the ef-
fective stress σσσ′ and the effective contact traction
f′ are given as follows:

σσσ = σσσ′ − pwI, (5)

f = f′ − pwn, (6)



Finite Element Analysis of Particle Assembly-water Coupled Frictional Contact Problem 103

�

�
�Γ

��

�

��

����

�������	
���

���	���
���

��

��

= −� �

��	�

�����

�

�
�Γ

��

�

��

����

�������	
���

���	���
���

��

��

= −� �

��	�

�����

Figure 1: Two bodies in contact

where pw, I and n are the pore water pressure
(positive for compression), the identity tensor,
and the unit outward-normal vector on the ana-
lyzed body, respectively. In this study, we assume
that there is no frictional resistance between the
particle assembly and the pore water.

From Eqs. (4)-(6), the generalized equilibrium of
the contact traction can be described as

F′ −BPwne = −(f′ −βpwn), (7)

where Pw and ne are the pore water pressure
and the unit outward-normal vector of the exter-
nal body, respectively. It should be noted that B
(0 ≤ B ≤ 1) and β (0 ≤ β ≤ 1) are the parameters
that denote the permeability of the external and
analyzed bodies, respectively. For instance, as-
suming the rigid plate (e.g., metal and concrete)
and the saturated particle assembly to be the ex-
ternal body and the analyzed body, respectively,
Eq. (7) can be rewritten as

F = F′ = −(f′ − pwn) for B = 0 and β = 1. (8)

On the other hand, if we assume that the external
body has a high permeability as seen in porous
stones or cellular solids, Eq.(7) can be rewritten
as

F′ −PwN = −(f′ − pwn) for B = 1 and β = 1.

(9)

In the following analysis, we investigate the me-
chanical behavior induced in the compaction test
of saturated soil under the condition given in Eq.
(8) for the contact boundary (periphery of satu-
rated particle assembly).

2.2 Boundary conditions

We adopt the boundary condition based on the
master-slave concept for the frictional contact
[e.g., Curnier, 1984: Cheng and Kikuchi, 1985;
Wriggers et al., 1990; Peric and Owen, 1992;
Wriggers, 2003] in the formulation of the bound-
ary value problem. Here, the master body implies
the external one and the slave body the analyzed
one.

Let the boundary surfaces of bodies be denoted
by Γ, which consist of the traction rate boundary
Γt, the displacement rate boundary Γv, the contact
boundary Γc, the total water head boundary Γh,
and the flux boundaryΓq as shown in Fig. 2. Here,
the superscripts (e) and (a) denote the boundaries
of the external (master) and analyzed (slave) bod-
ies, respectively. Since, in general, Γc varies dur-
ing the deformation, the variation should always
be judged by using the contact condition men-
tioned below.
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Figure 2: Boundary condition of particle
assembly-water coupled contact problems

The gap (i.e. the minimum distance gn from the
boundary surface of the analyzed body to the sur-
face of the external body) should be zero, and the
normal component of the total traction vector fn
applied to the analyzed body should become posi-
tive when the two bodies come into contact. Thus,
the contact condition is given by

gn ≥ 0, fn ≥ 0, fngn = 0 (10)
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or

gn ≥ 0, f ′n − pwn ≥ 0, ( f ′n − pwn)gn = 0, (11)

where

gn ≡ (xe−x) ·n, fn = f ·n, pwn = pwn ·n, (12)

xe and x are the position vectors of the material
points on the boundary surfaces of the external
body (rigid plate) and analyzed body (particle as-
sembly), respectively.

Therefore, the boundary conditions of the particle
assembly-water coupled problem that include the
frictional contact of the analyzed body are given
by

Γc = Γ
a∩Γe,

Γa = Γa
v ∪Γa

t ∪Γa
c = Γ

a
h ∪Γa

q,

Γc ∈ Γa
h ∪Γa

q,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (13)

v = v on Γa
v ,•

σσσ ·n = •t on Γa
t ,

h = h on Γa
h,

vw = vw on Γa
q,•

σσσ ·n = 000 if gn > 0 and fn = 0
•
σσσ ·n = −•f if gn = 0 and fn > 0

}
on Γa

c ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(14)

where h and
•
t are the total water head and the trac-

tion rate, respectively, and ( ) denotes the known
value.

The relative velocity v̄ at the contact surface is
given by

v̄ = ve−v, (15)

where v and ve are the velocities of the material
points x and xe, respectively.

2.3 Constitutive equations

The constitutive equations for deformation and
friction are expressed as

•
σσσ′ = CepD, (16)

•
f′ = C f v̄, (17)

where Cep and C f are the elastoplastic stiffness
and the frictional stiffness moduli, respectively,
and their explicit forms will be given in the next
section.

In this article, we assume that the velocity of pore
water obeys the Darcy’s law described by

vw = −k
∂h
∂x
= −k

∂

∂x

(
z+

pw

γw

)
, (18)

where k, z, and γw are the coefficient of perme-
ability, the potential head, and the weight per unit
volume of pore water, respectively. Here, the co-
efficient of permeability is a scalar constant value.

2.4 Principle of virtual work

Let us consider two admissible displacement
fields that satisfy the equilibrium and boundary
conditions. The difference between the quantities
of these fields is denoted by δ( ), which is some-
times also referred to as the test function. Thus,
Eq. (1) is rewritten as follows:
∫

V

(
div

•
σσσT +ρw(trD)b

)
·δvdV = 000. (19)

Applying the Gauss’s divergence theorem and the
boundary condition (14) into Eq. (19), one has

∫
V

•
σσσ′:::δDdV+

∫
V
ρw (trD)b ·δvdV−

∫
V

•pwI:::δDdV

=

∫
S

•
t · δvdS , (20)

where (:::) denotes second-order scalar products.

On the other hand, the virtual work rate with re-
spect to the contact traction is described by Eq.
(8) as

δ
•

Wc =

∫
S

•
F ·δvedS +

∫
S

•
f ·δvdS

=

∫
S
−•f ·δv̄dS

= −
∫

S

(•
f′ − •

pwn
)
·δv̄dS ,

(21)

where

δv̄ = δve−δv. (22)
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Considering the frictional contact as a constrained
condition based on the penalty method, the rate
form of the principle of virtual work for the par-
ticle assembly-water coupled problem can be ob-
tained from Eqs. (20) and (21) as follows:

∫
V

•
σσσ′:::δDdV+

∫
V
ρw (trD)b ·δvdV−

∫
V

•
pwI:::δDdV

=

∫
S

•
t ·δvdS −

∫
S

(•
f′ − •pwn

)
·δv̄dS , (23)

2.5 Finite element discretization

The volume-integration of Eq. (23) is performed
over whole finite elements included in a continu-
ous media. Hereafter, the symbols { } and [ ] are
used below to denote a vector and matrix, respec-
tively. In what follows, we assume the two dimen-
sional coupled contact problem.

The velocity field inside the element can be de-
scribed continuously from the shape functions [N]
and [N̄], i.e.

{v} = [N]{vn},
{v̄} = [N̄]{v̄n},

}
(24)

where {vn} and {v̄n} are the velocity and relative
velocity vectors of the nodes, respectively. The
strain rate vector {D} can be expressed by the ve-
locity vector {vn} as follows:

{D} = [B]{vn}. (25)

The strain rate-nodal velocity matrix [B] is ob-
tained by substituting the velocity fields in Eq.
(24) into the strain rate-velocity relation. The
variation in the quantities in Eqs. (24) and (25)
are similarly given as follows:

{δv} = [N]{δvn},
{δv̄} = [N̄]{δv̄n},
{δD} = [B]{δvn},
tr{δD} = [Bv]{δvn},

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(26)

where the matrix [Bv] denotes the relationship be-
tween the variations of the volumetric strain in el-
ement and of the nodal velocity.

The finite element discretization of Eq. (23) by

using Eqs. (24)–(26) is expressed as

∑
e

Ve

{(
[B]T

e [Cep]e[B]e+ρw[N]T
e {b}e[Bv]e

)
{dun}e

− [Bv]
T
e {dpw}e

}

=
∑

e

S t
e[N]T

e {dtn}e

−
∑

e

S c
e

{
[N̄]T

e [T ]T
e [C f ]e[T ]e[N̄]e{dūn}e

−dpw[T ]T
e {n}e

}
, (27)

where
∑
e

( )e is the sum over all elements. Ve de-

notes the volumes of the elements. S t
e and S c

e
are the areas of the surfaces on the traction rate
boundary and the contact boundary, respectively.
[T ] denotes the transformation matrix between
the global coordinate system (x1, x2) and the local
coordinate system (t,n), as shown in Fig. 1. The
increments of variables are given by their rates as
follows:

{dt} = { •t}dt,
{du} = {v}dt,
{dū} = {v̄}dt,
{dpw} = { •pw}dt,
{dz} = {•z}dt,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(28)

where dt is the time-increment.

Thus, the global stiffness equation is given from
Eq. (27) as follows:

[
[K]− [K f ]

]
{du}−

[
[L]T − [Tn]

]
{dpw}

= {dF} − [K f ]{due}, (29)

where

[K f ] =
∑

e

S c
e[N̄]T

e [T ]T
e [C f ]e[T ]e[N̄]e, (30)

[L] =
∑

e

Ve[Bv]e, (31)

[Tn] =
∑

e

S c
e[T ]T

e {n}e, (32)

{du} =
∑

e

{dun}e, (33)

{d f } =
∑

e

S t
e[N]T

e {dtn}e, (34)
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Next, we discretize the equation of continuity for
pore water (3). Here, the coupling equations (Eqs.
(3) and (18)) are discretized based on the two di-
mensional physical model proposed by Christian
and Boehmer (1970), Akai and Tamura (1978),
and Asaoka et al. (1994), i.e.

Ve[Bv]{du} =
4∑

i=1

qi {pwi − pw +γw(zi − z)} , (35)

where

qi = k

(
bx1lx1 +bx2lx2

(l2x1
+ l2x2

)γw

)
i

dt, (36)

lx1 and lx2 are the distance between the centers of
adjacent elements along directions x1 and x2 , re-
spectively. bx1 and bx2 are the length of the edges
of the adjacent elements along directions x1 and
x2, respectively, as shown in Fig. 3. The four node
quadrilateral isoparametric element (i.e. i= 1 ∼ 4)
is adopted in the present calculation.
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Figure 3: Physical model for pore water flow

The constraint condition with respect to the pore
water flow and the deformation of skeleton of par-
ticle assembly is given from Eqs. (3), (18), (28),
(31), and (35) as

[L]{du} = [q] ({dpw}+ {dz}) . (37)

The incremental form of the total stiffness equa-
tion of the particle assembly-water coupled sys-
tem based on the Lagrange multiplier method

with constraint conditions (29) and (37) imposed
on the nodal displacements of a skeleton of parti-
cle assembly can be summarized by the following
simultaneous equation:

[
K −K f −(LT −Tn)
−L q

]{
du

dpw

}

=

{
d f
0

}
−

{
0
Z

}
−

[
K f 0
0 0

]{
due

0

}
, (38)

where the matrix [q] is calculated by dividing the
coefficient qi of the term on the right-hand term
in Eq. (35) by γw and assigning to each config-
urations. In this study, the differential method is
adopted for the time integration of the pore water
pressure and potential head, i.e.

pw = θpw|t+dt + (1− θ)pw|t,
z = θz|t+dt+ (1− θ)z|t,

}
(39)

where 0 ≤ θ ≤ 1.

The main objective of this study is to reveal the
basic characteristics of the influence of frictional
sliding on the deformation of saturated particle
assembly. We adopted the traditional simple ex-
plicit finite element method, although the implicit
method would be far more robust and efficient
in the numerical calculation [e.g., Borja and Lee,
1990; Borja, 1991; Peric and Owen 1992; Simo
and Hughes, 1997; Borja and Tamagnini, 1998;
Wriggers, 2003; Larsson et al., 2004].

3 On the constitutive equations

3.1 Outline of subloading surface model

The formulation of unconventional elastoplastic
constitutive equation [Drucker, 1988], which ex-
cludes the premise that the interior of a yield sur-
face is a purely elastic domain and thus describes
the plastic strain rate due to the rate of stress
inside the yield surface have been attained by
the subloading surface model [Hashiguchi, 1978,
1980, 1989]. This model introduces the subload-
ing surface, which always passes through the cur-
rent stress point and keeps the similarity to the
yield surface. Then, the plastic strain rate is for-
mulated to progress as the ratio of the size of
the subloading surface to that of the yield sur-
face increases. It fulfills the smoothness condition



Finite Element Analysis of Particle Assembly-water Coupled Frictional Contact Problem 107

[Hashiguchi, 1993a, b, 1994, 2000] and thus ex-
hibits the smooth elastic-plastic transition. In this
section the subloading surface model is reviewed
briefly, which will be later applied to the analysis
of the deformation behavior of saturated particle
assembly.

3.1.1 Formulation

Let the strain rate D (a symmetric part of veloc-
ity gradient L) be additively decomposed into an
elastic rate De and a plastic strain rate Dp, i.e.

D = De+Dp. (40)

The elastic strain rate De is given by

De = E−1 •σσσ′, (41)

where the forth-order tensor E is the elastic mod-
ulus.

Let the following yield condition be assumed.

f (σσσ′) = F(H), (42)

where the scalar H is the isotropic harden-
ing/softening variable. In what follows, let it be
assumed that a plastic deformation is induced by
the rate of stress inside the yield surface. Then, let
the yield surface described by Eq. (42) be called
the normal-yield surface.
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Figure 4: Normal-yield and subloading surfaces.

Now, we introduce the subloading surface, which
always passes through the current stress point σσσ′

and keeps a similar shape and orientation to the
normal-yield surface with respect to the reference
point 0 as shown in Fig. 4. The ratio of the size of
subloading surface to that of normal-yield surface
is called the normal-yield ratio, denoted by R,
where R = 0 corresponds to the most elastic state
in which the stress coincides with the similarity-
center ( f = 0), 0 < R < 1 to the sub-yield state
(0 < f < F), and R = 1 to the normal-yield state
in which the stress lies on the normal-yield sur-
face ( f = F). Therefore, the normal-yield ratio
R plays the role of three-dimensional measure of
the degree of approach to the normal-yield state.
Then, the subloading surface is described by

f (σσσ′) = RF(H). (43)

The material-time derivative of Eq. (43) leads to

tr(
∂ f (σσσ)
∂σσσ

•
σσσ′) =

•
RF +RF′

•
H, (44)

where

F′ ≡ dF/dH. (45)

It is assumed that the normal-yield ratio always
increases with the plastic deformation, i.e.

•
R = U(R)

∥∥∥Dp
∥∥∥ for Dp � 000, (46)

where || || is the magnitude, and U is a monoton-
ically decreasing function of R fulfilling the fol-
lowing conditions (see Fig.5).

U = +∞ for R = 0,
U = 0 for R = 1,
(U < 0 for R > 1).

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (47)

The function U fulfilling conditions (47) is simply
given by

U = −u lnR, (48)

where u is a material constant.

The substitution of Eq. (46) into Eq. (44) gives
rise to the consistency condition for the subload-
ing surface:

tr

(
∂ f (σσσ)
∂σσσ

•
σσσ′

)
= U

∥∥∥Dp
∥∥∥F +RF′

•
H. (49)
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Figure 5: The function U for the evolution of
normal-yield ratio R.

Assume the associated flow rule

Dp = λN, (50)

where λ is the positive proportionality factor,
and the second-order tensor N is the normalized
outward-normal of the subloading surface, i.e.

N ≡ ∂ f (σσσ′)
∂σσσ′

/∥∥∥∥∥∂ f (σσσ′)
∂σσσ′

∥∥∥∥∥. (51)

The substitution Eq. (50) into the consistency
condition (49) leads to

λ =
tr(N

•
σσσ′)

Mp , (52)

where the plastic modulus Mp is given by

Mp ≡
(

F′

F
h+

U
R

)
tr(Nσσσ′), (53)

h ≡ •
H/λ. (54)

The stiffness modulus of analyzed body in Eq.
(16) is given from Eqs. (40), (41), (50) and (52)
as

Cep ≡ E− EN⊗NE
Mp+ tr(NEN)

, (55)

where ⊗ stands for the tensor product.

The loading criterion is given as follows:

Dp � 0 : tr(NED) > 0,
Dp = 0 : tr(NED) ≤ 0,

}
(56)

which is applicable not only to a hardening state
but also to a perfectly-plastic and a softening
state. The mechanical background of the load-
ing criterion (56) has been examined in detail by
Hashiguchi (1994, 2000).

3.1.2 Material functions for particle assembly

Let the stress function in the subloading surface
be given as

f (σσσ′) = p′
(
1+χ2

)
, (57)

where

p′ ≡ −1
3

trσσσ′, χ ≡
∥∥∥ηηη∥∥∥
m
, ηηη ≡ σσσ

′∗

p
, (58)

( )∗ stands for the deviatoric component, m is the
stress ratio

∥∥∥ηηη∥∥∥ in the critical state, which is gen-
erally a function fm of

cos3θη ≡
√

6tr

⎛⎜⎜⎜⎜⎜⎝ ηηη∥∥∥ηηη∥∥∥
⎞⎟⎟⎟⎟⎟⎠

3

, (59)

including the material constant φ referred to the
frictional angle φ in the critical state for the ax-
isymmetric compression , i.e.

m = fm(cos3θη; φ). (60)

The fulfillment of the convexity in the yield sur-
face is desirable for the formulation of variational
principles as represented by the principle of max-
imum plastic work [cf. e.g., Hill, 1950]. Yield
surface of soils are usually formulated in the form
involving an equation of the critical state surface.
Therefore, the convexity of the yield surface re-
quires that of the critical state surface, which ex-
hibits a conical shape described approximately
by the Mohr-Coulomb criterion in the principal
stress space. The following equation proposed by
Hashiguchi (2002) is adopted as the function m
fulfilling the aforementioned requirements.

m ≡ 14
√

6sinφ
(3− sinφ)(8+ cos 3θη)

. (61)

The normal-yield surface for Eq. (57) is exhibited
by the ellipsoid in the (p′,

∥∥∥σσσ′∗∥∥∥) plane (Fig. 6),
i.e.
(

p′ −F/2
F/2

)2

+

⎛⎜⎜⎜⎜⎜⎝
∥∥∥σσσ′∗∥∥∥
mF/2

⎞⎟⎟⎟⎟⎟⎠
2

= 1. (62)
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x i

Figure 6: Normal-yield surface for the isotropic
particle assembly.

The isotropic hardening/softening of soils is sub-
stantially induced by the decrease/increase of
plastic volumetric strain εp

v . The isotropic harden-
ing/softening function F is given from the lnv−
ln p′ linear relation (v: volume) for the isotropic
consolidation [Hashiguchi, 1995] as follows:

F = (F0 + pe)exp

(
H
ρ−γ

)
− pe, H = −εp

v , (63)

where F0 is the initial value of F. ρ and γ are
the material constants describing the slopes of the
normal-consolidation and swelling lines, respec-
tively, in the (lnv, ln p′) plane. pe is the material
constant leading to v→∞ for p′ → −pe.

The elastic modulus E in Eq. (41) is given in the
Hook’s type as follows:

Ei jkl =

(
K − 2

3
G

)
δi jδkl+G

(
δikδ jl +δilδ jk

)
, (64)

where δi j is Kronecker’s delta with δi j = 1 (i = j)
and δi j = 0 (i � j). The elastic bulk modulus K
and the elastic shear modulus G are given as

K =
p′+ pe

γ
, (65)

G =
3(1−2ν)
2(1+ν)

K, (66)

where ν is Poisson’s ratio.

3.2 Outline of the subloading-friction model

The subloading-friction model [Hashiguchi et al.,
2005] is formulated by incorporating the con-
cept of the subloading surface to the conventional
friction model, while the friction phenomenon
is similar to the deformation behavior of fric-
tional material described in 3.1. In this section
the subloading-friction model is reviewed briefly,
which will be later applied to the analysis of the
frictional contact phenomenon.

3.2.1 Formulation

The relative velocity v̄ between contact surfaces
is additively decomposed into the normal compo-
nent v̄n and the tangential component v̄t as fol-
lows:

v̄ = v̄n+ v̄t (67)

with

v̄n = (v̄ ·n)n = (n⊗n)v̄,
v̄t = v̄− v̄n = (I−n⊗n)v̄.

}
(68)

Furthermore, it is assumed that v̄ is additively de-
composed into the elastic part v̄e and the plastic
part, i.e. sliding velocity v̄p:

v̄ = v̄e+ v̄p. (69)

First, let the elastic part be given by

•
f′ =

•
f′n +

•
f′t = −Cev̄e, (70)

where

Ce = Ce
n+Ce

t , (71)

f′n and f′t are the normal and the tangential com-
ponents of the effective traction vector f′. The
second-order tensor Ce is the elastic modulus be-
tween contact surfaces, i.e.

Ce
n = αnn⊗n,

Ce
t = αt(I−n⊗n),

}
(72)

where αn and αt are penalty parameters represent-
ing elastic fictitious moduli in the normal and the
tangential directions to the contact surface.
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Let the following sliding-yield surface with
isotropic hardening/softening, which describes
the sliding condition be assumed.

f̄
(∥∥∥f′n

∥∥∥ ,∥∥∥f′t
∥∥∥) = F̄

(
H̄

)
, (73)

where the H̄ is the isotropic harden-
ing/softening variable, which prescribes the
expansion/contraction of the sliding surface.

In what follows, we assume that the interior of
the sliding-yield surface is not a purely elastic do-
main but the sliding velocity is induced by the rate
of traction inside that surface. Therefore, let the
surface described by Eq. (73) be renamed as the
normal-sliding surface. Then, we introduce the
sliding-subloading surface, which always passes
through the current traction point f′ and keeps
a similar shape and orientation to the normal-
sliding surface with respect to the null traction
point f′ = 000. Let the ratio of the size of sliding-
subloading surface to that of the normal-sliding
surface be called the normal-sliding ratio, and let
it be denoted by R̄. Thus, the sliding-subloading
surface is described by

f̄
(∥∥∥f′n

∥∥∥ ,∥∥∥f′t
∥∥∥) = R̄F̄

(
H̄

)
, (74)

where R̄ = 0 corresponds to the null traction state
( f̄ = 0) as the most elastic state, 0 < R̄ < 1 to the
sub-sliding state (0 < f̄ < F̄), and R̄ = 1 to the
normal-sliding state in which the traction lies on
the normal-sliding surface ( f̄ = F̄). Therefore, the
normal-sliding ratio R̄ plays the role of a three-
dimensional measure of the degree of approach to
the normal-sliding state.

It can be assumed that R̄ increases with the sliding
velocity, i.e.
•
R̄ = Ū

(
R̄
) ∣∣∣∣∣∣v̄p

∣∣∣∣∣∣ for v̄p � 000, (75)

where Ū is the monotonically decreasing function
of R̄ fulfilling the following conditions.

Ū = +∞ for R̄ = 0,
Ū = 0 for R̄ = 1,
(Ū < 0 for R̄ > 1).

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (76)

The function Ū fulfilling conditions (76) is simply
given by

Ū = −ū ln R̄, (77)

where ū is a material constant.

The substitution of Eq. (75) into the material-time
derivative of Eq. (74) gives rise to the consistency
condition for the sliding-subloading surface:

∂ f̄

∂
∥∥∥f′n

∥∥∥n · •f′n+
∂ f̄

∂
∥∥∥f′t

∥∥∥ t · •f′t = Ū
∥∥∥v̄p

∥∥∥ F̄ + R̄
•

F̄, (78)

where

n =
f′n∥∥∥f′n
∥∥∥ , t =

f′t∥∥∥f′t
∥∥∥ . (79)

Assume the following sliding flow rule.

v̄p = −λ̄t (λ̄ > 0), (80)

where λ̄ is the positive proportionality factor. In
this study, we assumed no dilatancy with respect
to plastic sliding, although the generalized slid-
ing flow rule was discussed by several researchers
[e.g., Michalowski and Mroz, 1978; Curnier,
1984; Hashiguchi et al., 2005].

By substituting of Eqs. (67), (69), (72) and (80)
into Eq. (78), the proportionality factor λ̄ ex-
pressed in terms of the relative velocity, rewriting
it as Λ̄, is given by

Λ̄ =

−
⎛⎜⎜⎜⎜⎜⎝αn

∂ f̄

∂
∥∥∥f′n

∥∥∥n+αt
∂ f̄

∂
∥∥∥f′t

∥∥∥ t

⎞⎟⎟⎟⎟⎟⎠ · v̄

R̄F̄′h̄+ ŪF̄ +αt
∂ f̄

∂
∥∥∥f′t

∥∥∥
, (81)

where h̄ is the homogeneous degree-one function

of H̄ and t, which is related to
•

H̄ as

F̄′ =
dF̄

dH̄
, h̄ =

•
H̄

λ̄
. (82)

The frictional stiffness modulus in Eq. (17) is
given from Eqs. (67)-(72), (80) and (81) as

C f ≡ Ce+

αtt⊗
⎛⎜⎜⎜⎜⎜⎝αn

∂ f̄

∂
∥∥∥f′n

∥∥∥n+αt
∂ f̄

∂
∥∥∥f′t

∥∥∥ t

⎞⎟⎟⎟⎟⎟⎠
R̄F̄′h̄+ ŪF̄ +αt

∂ f̄

∂
∥∥∥f′t

∥∥∥
. (83)

For the case of F̄=const., Eq. (83) becomes

C f ≡ Ce+

αtt⊗
⎛⎜⎜⎜⎜⎜⎝αn

∂ f̄

∂
∥∥∥f′n

∥∥∥n+αt
∂ f̄

∂
∥∥∥f′t

∥∥∥ t

⎞⎟⎟⎟⎟⎟⎠
ŪF̄ +αt

∂ f̄

∂
∥∥∥f′t

∥∥∥
. (84)
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The loading criterion for the sliding velocity is
given as follows:

v̄p � 000 : Λ̄ > 0,
v̄p = 000 : Λ̄ ≤ 0

}
(85)

due to the requirement of positiveness for the pro-
portionality factor Λ̄ [Hashiguchi et al., 2005].

The sliding velocity is obtained by substituting
the sliding flow rule (80) into the consistency con-
dition (78), which is obtained by incorporating
the evolution rule (75) of the normal-sliding ra-
tio R̄ into the material-time derivative of Eq. (74)
for the sliding-subloading surface. Then, the slid-
ing velocity progresses gradually as the traction
approaches the normal-sliding surface, exhibiting
a smooth elastic-plastic transition. Thus, it ful-
fills the smoothness condition. Therefore, the
subloading-friction model has the following no-
table advantages: In the numerical calculation,
the traction is automatically drawn back to the
normal-sliding surface even if it goes out from

that surface since it is formulated such that
•
R̄ > 0

for R̄ < 1 and
•
R̄ < 0 for R̄ > 1 in Eq. (75) with

condition (76) as illustrated in Fig. 7. Thus, the
subloading-friction model allows a rough numer-
ical calculation with large loading steps even in
numerical calculation.
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Figure 7: Automatic controlling function causes
the traction to approach the normal-sliding sur-
face in the plastic frictional loading process.

In conventional models, on the other hand, a spe-
cial algorithm has to be incorporated for pulling
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Figure 8: Tear-shaped normal-sliding and sliding-
subloading surfaces of Eq. (86).

the traction back to the sliding-yield surface so as
not to go out from the surface in numerical calcu-
lation.

3.2.2 Material function for sliding-yield surface

Let the following tear-shaped surface be assumed
to the normal-sliding and sliding-subloading sur-
faces (Fig. 8), which was proposed by Hashiguchi
et al. (2005):

f̄
(∥∥∥f′n

∥∥∥ , ∥∥∥f′t
∥∥∥) = ∥∥∥f′n

∥∥∥exp

(
χ̄2

2

)
, (86)

where

η̄ ≡
∥∥∥f′t

∥∥∥∥∥∥f′n
∥∥∥ , χ̄ ≡

η̄

M̄
. (87)

M̄ is a material constant depending on the fric-
tional property.

4 Conditions of numerical experiments

The one-dimensional consolidation test referred
to as oedometer at a constant strain rate is one
of the popular laboratory tests for measurement
of properties of saturated particle assembly. The
results of the consolidation tests, however, are af-
fected by the frictional sliding characteristics be-
tween soil specimen and steel ring through the
skin packing the soil specimen even if friction re-
duction treatments are performed. The influence
of the friction will be examined below by numer-
ical experiments.

The finite element mesh and boundary conditions
for the compaction test at a constant strain rate of
soil specimen are shown in Fig. 9. Here, the anal-
ysis is performed on an axisymmetric condition
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Figure 9: FE mesh and boundary condition.

since the test specimen is of the circular shape.
The analytical specimen has 3 cm in radius and of
2 cm in height. The bottom and top of the spec-
imen are set under undrained and drained bound-
ary conditions, respectively, and set under non-
friction condition. In addition, the periphery of
the specimen is under a contact boundary condi-
tion with the steel ring (Here, we neglect the skin
packing). The constant strain rate (0.03%/min) is
applied to the over-consolidated clay (OCR = 10;
i.e. initial R = 0.1) until the pressure on the upper
surface reaches 640 kPa. In order to examine the
influence on the interaction behavior due to the
frictional sliding, we assume the following condi-
tions.

1. The specimen is initially assumed to uniform
over the whole body under the isotropic state
of stress.

2. The initial tangential traction is neglected
and the initial normal traction between the
clay and the steel ring is uniformly dis-
tributed over the boundary, which is equal to
the horizontal normal stress of the clay, and
thus the initial normal-sliding ratio R̄ is uni-
form over the specimen.

On the other hand, the skin covering the clay spec-
imen contributes the reduction of friction between
the clay specimen and the steel ring. Then, we
adopt the following conditions for friction in or-
der to examine the influence of friction reduction
by the lubricated skin.

1. The frictional property is described origi-
nally by the material constant M̄. We then

set the following three values: (a) M̄ = 0.0
without friction (idealized nonfrictional con-
dition), (b) M̄ = 0.01 with reduction treat-
ment of friction and (c) M̄ = 0.1 without re-
duction treatment of friction.

2. To examine the influence of the frictional
sliding behavior induced by the rate of trac-
tion inside the normal-sliding surface, we
adopt the frictional conditions of two pat-
terns: (a) the subloading-friction model (ū =
10) and (b) the conventional friction model
(ū → ∞), fixing the frictional property as
M̄ = 0.1 in order to clarify the influence.

Table 1: Material parameters.

(a) Subloading surface model
F0 (kPa) 1 u 10
ν 0.33 φ (deg .) 36.4
ρ 0.08 k (m/s) 1.0×10−8

γ 0.008 γg (kN/m2) 16
(b) Subloading-friction model

F̄ (kPa) 265 M̄ 0.01, 0.1
αt,αn (MPa) 1000 ū 10, 1000(≈∞)

The material parameters for the elastoplastic de-
formation behavior of clay and the friction on the
boundary surface are shown in Tab. 1, while we
assume that the body force b can be neglected in
the consolidation test.

The five material constants of F̄, M̄, ū, αn and
αt are included in the present friction model.
The mechanical meanings and/or determination
of material parameters is first described briefly as
follows:

1) F̄ is the size of sliding-yield surface and is
realized in the state that the peek traction is
saturated by the conventional friction model
(ū→∞).

2) M̄ is the traction ratio
∥∥∥f′t

∥∥∥/∥∥∥f′n
∥∥∥ at the high-

est point of tangential traction on the normal-
sliding surface.

3) ū characterizes the gentleness of the traction
vs. sliding displacement curve. The curve
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sharply-bent at the sliding-yield point is de-
scribed for an infinite value of ū for which
the behavior of the present model reduces to
the conventional friction model. On the other
hand, a more gentle curve is described by a
smaller value of ū.

4) αn and αt characterize the elastic property in
contact surface in the normal and tangential
direction, respectively, which are determined
by the initial part of the traction vs. sliding
displacement curve before a plastic-sliding is
induced.

5 Results and discussion

5.1 Effects on the reduction treatment of fric-
tion

The contours of the pore water pressure pw and
volumetric strain εεεv in the final stage of loading
are shown in Figs. 10 and 11, respectively for
three cases of friction, i.e. (a) nonfriction; (b)M̄ =
0.01, ū = 10; and (c)M̄ = 0.1, ū = 10. The pore
water pressure is distributed uniformly along the
horizontal direction for (a) with nonfriction. On
the other hand, it becomes to distribute nonuni-
formly as it rapidly increase in the part nearer the
contact boundary and the drained boundary for (b)
and (c) with friction. Especially, these behaviors
are more remarkable for the higher value of M̄.

The distribution of volumetric strain is similar to
that of the pore pressure described above.

The contours of the magnitude of the deviatoric
strain ||εεε∗|| in the final stage of loading are shown
in Fig. 12 for three cases of friction. Although
the deviatoric strain is distributed uniformly un-
der frictional conditions (a) and (b), as it increases
more quickly in the part nearer side-edge at the
drained boundary.

It is understood that the element behavior of the
specimen is drastically improved by the friction
reduction treatments such as greases and lubri-
cants. Moreover, from this analysis, it is expected
that a prediction of the region that satisfies the el-
ement behavior in the consolidation test is possi-
ble.

The distributions of tangential tractions and rela-
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Figure 10: Contours of pore water pressure when
the loading is completed (ū = 10).
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Figure 11: Contours of volumetric strain when the
loading is completed (ū = 10).

tive displacements on the contact boundary in the
final stage of loading are shown in Fig. 13. The
tangential traction increases as M̄ does, and it is
larger in the part nearer the top of the ring.

The relative displacement increases of course lin-
early along the vertical wall of the ring with a low
friction. On the other hand, it is suppressed in the
middle part and thus it is distributed nonlinearly
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Figure 12: Contours of the magnitude of devia-
toric strain when the loading is completed (ū =
10).

for a high friction. Thus, it is confirmed that the
frictional sliding phenomenon induces the non-
uniform pore water pressure and the deformation
of specimen.

In order to examine the abovementioned facts in
a more detail, the variations of pore water pres-
sure pw with an elapsed time in typical reference
elements (i)–(iii) in Fig. 9 are shown in Fig. 14.
For the case (c) of high friction the dissipation of
the pore water pressure is slow in the elements
(ii) and (iii) as compared to that in the element (i)
at the contact boundary. The reason for this be-
havior is considered as follows: the element (i),
as compared to the internal element (ii), is com-
pacted by the frictional resistance on the contact
boundary and the pore water flow horizontally to-
ward the center of the specimen. The variations
of the magnitude of deviatoric strain ||εεε∗|| with an
elapsed time in the three reference elements (i)–
(iii) in Fig. 9 are shown in Fig. 15. The larger
deviatoric strain is induced in the element (i) by
the frictional resistance at the contact boundary.
Thus, the oedometer test cannot be regarded as an
element test but should be regarded a boundary
value problem as seen in the result for condition
(c) of high friction. On the other hand, when M̄ is
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Figure 13: Distributions of tangential tractions
and relative displacements on the contact bound-
ary.

small, the variation in the strain reveals an almost
similar path with the elapsed time. The friction re-
duction treatment would be important for the im-
provement in the accuracy of oedometer test.

5.2 Comparison of the subloading-friction
model with the conventional model

The distributions of tangential tractions and rel-
ative displacements on the contact boundary at
the end of loading process are shown in Fig. 16,
where the calculated results for the subloading-
friction model (ū = 10), and the conventional fric-
tion model (ū → ∞) are shown. The high tan-
gential traction is predicted by the conventional
friction model since the tangential traction for the
sliding-yield condition is predicted even for a null
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Figure 14: Variations of pore water pressure in
the reference elements with an elapsed time dur-
ing loading.

or infinitesimal tangential relative displacement.
On the other hand, a smooth tangential traction is
predicted by the subloading-friction model. Fur-
thermore, the distribution of tangential displace-
ment is larger for smaller values of ū in the evolu-
tion rule of the normal-sliding ratio.
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Figure 15: Variations of magnitude of deviatoric
strain in the reference elements with an elapsed
time during loading.

The relationships between the total normal and
the total tangential forces on the entire contact
boundary vs. the compression of the specimen
are shown in Fig. 17 for the subloading-friction



116 Copyright c© 2007 Tech Science Press CMES, vol.18, no.2, pp.101-119, 2007

��� =
����� =

��� =

����� =

� �& �' �/

�+�

�+(

�+�

�+(

�+�

0��$�����	
��	���1�
��2	������� !��"

3
�
��

��
�

	



�
2

�4
!�

�
"

�+�

�+(

�+�

�+(

�+�
�+� �+( �+� �+(

0��$�����	
�������� !,-�"

3
�
��

��
�

	



�
2

�4
!�

�
"

�+�

��� =
����� =

��� =

����� =

� �& �' �/

�+�

�+(

�+�

�+(

�+�

0��$�����	
��	���1�
��2	������� !��"

3
�
��

��
�

	



�
2

�4
!�

�
"

�+�

�+(

�+�

�+(

�+�
�+� �+( �+� �+(

0��$�����	
�������� !,-�"

3
�
��

��
�

	



�
2

�4
!�

�
"

�+�

��� =
����� =

��� =

����� =

� �& �' �/

�+�

�+(

�+�

�+(

�+�

0��$�����	
��	���1�
��2	������� !��"

3
�
��

��
�

	



�
2

�4
!�

�
"

�+�

�+(

�+�

�+(

�+�
�+� �+( �+� �+(

0��$�����	
�������� !,-�"

3
�
��

��
�

	



�
2

�4
!�

�
"

�+�

Figure 16: Distributions of tangential tractions
and relative displacements on the contact bound-
ary.

model (ū = 10) and for the conventional friction
model (ū → ∞). It is observed that the smaller
total tangential force is predicted for the smaller
value of the material constant ū. On the other
hand, the total normal force is predicted to be al-
most identical independent of the value of ū.

The variations of the magnitude of the deviatoric
strain ||εεε∗|| in the reference elements (i)–(iii) in
Fig. 9 with an elapsed loading time for two lev-
els of the material constant ū are shown in Fig.
18. The variation of the deviatoric strain is influ-
enced by the value of ū such that larger value is
predicted by the conventional friction model than
by the subloading-friction model. It is caused by
the fact that the tangential displacement is not al-
lowed by the conventional friction model until the
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Figure 17: Relationships between the total nor-
mal, the total tangential contract forces and the
compression of the specimen.

tangential traction reaches the sliding-yield sur-
face. Thus, the prediction of sliding displace-
ment below the normal-sliding surface would be
of importance for the accurate analysis of particle
assembly-coupled contact problems.

6 Concluding remarks

In order to analyze accurately the elastoplas-
tic deformation phenomenon of saturated particle
assembly considering the friction phenomenon
at the contact boundary, the particle assembly-
water coupled finite element program is devel-
oped by incorporating both the subloading sur-
face and subloading-friction models in this arti-
cle. It is then applied to the analysis of the com-
paction phenomena of saturated clay at a constant
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Figure 18: Variations of magnitude of deviatoric
strain in the reference elements with an elapsed
time during loading.

strain rate as an example of the typical particle
assembly-water coupled contact problem. The
following facts are revealed from the analysis.

i) The frictional sliding phenomenon at the
contact boundary as well as pore water flow
in the particle assembly influences signifi-
cantly the deformation behavior.

ii) Further the occurrence of sliding displace-
ment below the normal-sliding surface af-
fects the deformation of particle assembly.

iii) Then, strictly speaking, the oedometer test
which is one of the most standard tests for
soil behavior cannot be regarded as the el-
ement test revealing merely constitutive be-
havior but has to be improved to reduce the
friction at the wall of specimen container.

The proposed method and finite element program
could be applied widely to the analyses of general
particle assembly-water coupled contact problem
in the fields of geotechnical and chemical engi-
neering.
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