
Copyright c© 2007 Tech Science Press CMES, vol.20, no.2, pp.123-145, 2007

Mechanical Properties of Carbon Nanotubes Using Molecular Dynamics
Simulations with the Inlayer van der Waals Interactions

W.H. Chen1, H.C. Cheng2 and Y.C. Hsu3

Abstract: The evaluation of the fundamental
mechanical properties of single/multi-walled car-
bon nanotubes(S/MWCNTs) is of great impor-
tance for their industrial applications. The present
work is thus devoted to the determination of var-
ious mechanical properties of S/MWCNTs us-
ing molecular dynamics (MD) simulations. The
study first focuses on the exploration of the effect
of the weak inlayer van der Waals (vdW) atom-
istic interactions on the mechanical properties of
S/MWCNTs. Secondly, in addition to the zig-zag
and armchair types of CNTs, the hybrid type of
MWCNTs that comprise a zig-zag outer tube and
an inner armchair tube is also analyzed. Thirdly,
the investigation is extended to deal with the in-
fluence of the axial orientation mismatch between
the inner and outer layers of MWCNTs on the as-
sociated mechanical properties. Lastly, the be-
haviors of the interlayer shear force/strength of
MWCNTs are discussed in detail.
In the MD simulations, the force field be-
tween two carbon atoms is modeled with the
Tersoff-Brenner (TB) potential while the in-
layer/interlayer vdW atomistic interactions are
simulated with the Lennard-Jones (L-J) poten-
tial. The effectiveness of the MD simulations is
demonstrated by comparing the computed results
with the theoretical/experimental data available in
literature.
Some interesting and essential results are pre-
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sented. With different dimensions and geome-
tries of CNTs, the inlayer vdW atomistic inter-
actions can have up to about 9% increase of the
elastic moduli, 27% decrease of the Poisson’s ra-
tios, 12% growth of the shear moduli, and 13%
enhancement of the interlayer shear strength. The
mechanical properties of the hybrid MWCNTs are
found to be midway between the zig-zag and arm-
chair MWCNTs. It is also detected that the axial
orientation mismatch between the inner and outer
layers of a double-walled CNT has a trivial im-
pact on the mechanical properties of CNTs. To
separate the inner layer of a double-walled CNT
from its outer layer, it requires a minimum exter-
nal force of 0.889nN for the zig-zag type, 0.550
nN for hybrid type and 0.493nN for the armchair
type.
In summary, the effect of the inlayer vdW atom-
istic interactions can not be neglected and should
receive attention in the MD simulations of the me-
chanical properties of CNTs.

Keyword: Molecular Dynamics Simulation,
Carbon Nanotubes, Inlayer van der Waals Force,
Mechanical Properties.

1 Introduction

Ever since the exciting discovery of carbon
nanotubes (CNTs) (Iijima, 1991), an explosive
growth in finding novel nano-structured materials
with advanced material properties has been stim-
ulated in material science. Mainly due to their
exceptionally remarkable mechanical, electrical
and thermal properties and presumed minor de-
fects, which have never been seen before, CNTs
present a great potential for a wide range of ap-
plications from such as fiber-reinforcement com-
posites, nanoelectronics, drug delivery to field
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emission panel display or electromechanical sen-
sors(Maiti, 2002) etc. Moreover, their nano-
dimensions have made them particularly ideal for
serving as a link between continuum behaviors
and atomistic responses.

If tiny CNTs are to be further used in indus-
trial applications, such as nanocomposites, their
basic mechanical properties must be identified.
Presently, a great deal of research work is un-
derway. However, researches in processing,
characterization and modeling of CNTs remain
challenging due to that they retain diversified
electrical, thermal, and structural properties that
change with their diameter, length, and chiral-
ity. Wei et al. (2002) discussed the temperature-
dependent, plastic collapse of SWCNTs under
axial compression by MD simulation; Ling and
Atluri (2006) investigated the thermal capacity
and expansion of SWCNTs using lattice-based
cell model. Over the past few years, many new
measurement tools and nano-manipulation tech-
niques have been developed, including some in-
dispensable, high-resolution microscopes, such
as transmission electron microscope (TEM) and
scanning probe microscope (SPM). The develop-
ment has resulted in an extensive study on experi-
mental characterization of the mechanical proper-
ties of CNTs. For example, Treacy et al. (1996)
assessed the Young’s modulus of a set of can-
tilevered MWCNTs subjected to thermal vibra-
tion based on the free-end amplitude measured by
TEM and Wong et al. (1997) measured the de-
flection of CNTs through an atomistic force mi-
croscope (AFM)-based technique to predict the
bending modulus. Others can be seen also in
Falvo et al. (1997), Lourie and Wagner (1998),
Krishnan et al (1998), Poncharal et al. (1999) and
Yu et al. (2000). However, there are some lim-
itations of the experimental approaches. For in-
stance, there is no assurance of the structural per-
fection of the CNT specimens used in the exper-
imental measurements, leading to the uncertainty
of the results. In addition, they become more and
more cost-ineffective and technically challenging
as the dimension of the nano-structures to be mea-
sured gets smaller and smaller. Most importantly,
they could not provide a detailed insight of the

physical behaviors of nano-materials.

Computational approaches are, on the other hand,
more cost-effective and efficient, and hence, be-
come a significant and powerful tool in the de-
sign and analysis of nano-materials nowadays, in
which the classical molecular dynamics simula-
tions, and multi-temporal and spatial scale sim-
ulations are extremely applied in the analysis of
nanomechanics. (see, e.g. Shen and Atluri,
2004a). In literature, several empirical poten-
tial functions have been introduced for carbon
or silicon atoms with covalent bonds, and have
achieved great success in many aspects. By the
approach, many previous works can be found
in the context of characterization of mechanical
properties of CNTs. For example, Lu (1997) esti-
mated the Young’s modulus and Poisson’s ratio of
S/MWCNTs based on an empirical force-constant
model; Hernandez et al. (1998) calculated the
Young’s modulus of single-walled carbon and Bx-
CyNz nanotubes based on nonorthogonal tight-
binding formalism; Gao et al. (1998) investi-
gated the mechanical and vibrational properties
of SWCNTs based on MD simulation; Lier et al.
(2000) applied the ab initio method to calculate
the Young’s modulus and Poisson’s ratio of SWC-
NTs; Nasdala et al. (2005) presented that the fail-
ure mechanism of SWCNTs depends on the loca-
tion and number of defects by finite element anal-
ysis; and Xie and Long (2006) investigated the
fundamental frequencies for the cantilever single-
walled and double-walled carbon nanotube by mi-
cropolar mechanics etc. Among the existing com-
putational techniques, despite that more accurate
solutions can be provided by the ab initio meth-
ods, the MD approaches are generally preferred in
nanotechnology due to their less intensive compu-
tational effort. In addition, MD simulation is par-
ticularly suitable for use in the characterization of
the mechanical properties of CNTs because of the
neglect of the motion of electrons in the modeling.

In recent years, several studies were carried out
on the interlayer vdW atomistic interactions in
MWCNTs. For example, Li and Chou (2003a)
discussed their influence on the mechanical prop-
erties of MWCNTs; and Guo and Gao (2005) in-
vestigated the interlayer shear strength due to in-
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terlayer vdW atomistic interactions of MWCNTs
through relative, interlayer motion between two
neighboring layers. However, these studies by
no means took into account the effect of the in-
layer vdW interactions of pair atoms. Accord-
ing to the classical molecular mechanics (Burkert
and Allinger, 1982), simple molecular mechanics
force fields include bond stretching, angle bend-
ing, torsion, and non-bonding interactions in their
make-up. As a result, except the bonding inter-
actions, the non-bonding forces shall also con-
tribute to the vdW atomistic interactions in prin-
ciple. Based on the usual convention of molec-
ular mechanics (Wiberg, 1965; Rappe and Case-
wit, 1997), the weak non-bonding vdW interac-
tions between two atoms that are apart less than
or equal to two bonds should be excluded due to
that they have been implicitly included in any em-
pirical interatomistic potential energy. This also
implies that those other than that shall be consid-
ered. Thus, the underlying objective of the study
attempts to explore the dependence of the in-
layer vdW atomistic interactions on the mechan-
ical properties of various S/MWCNTs through
MD simulations. To describe the covalent bonds
in CNTs, the Tersoff-Brenner potential (Brenner,
1990) is applied in this study. It should be how-
ever noted that the non-bonding interactions, such
as van der Waals forces, were not considered in
the potential function (see, Brenner, 1990). In
the investigation, the MWCNTs with a hybrid he-
licity across different layers are also addressed,
in addition to the zig-zag and armchair types
of S/MWCNTs. The mechanical properties of
S/MWCNTs under investigation include the elas-
tic modulus, Poisson’s ratio, shear modulus and
the interlayer shear strength of MWCNTs. The
effects of sizes, such as the radius and length of
MWCNTs, and the interlayer spacing on the in-
terlayer shear strength are evaluated. The model-
ing results are extensively compared against the
published data in literature through either MD
simulations or experimental studies. In princi-
pal, the new contribution of the present study in-
cludes the investigation of the effects of the weak
inlayer vdW atomistic interactions and the ori-
entation variation between the inner and outer
layers of MWCNTs on the associated mechan-

ical behaviors, the exploration of the interlayer
shear strength of MWCNTs, and the investigation
of the mechanical properties of various types of
MWCNTs. In addition, some new findings of the
thermal-mechanical behaviors of CNTs are pre-
sented.

2 Molecular Structures of CNTs

A CNT structure can be considered as a result
of a number of rolled-up graphene sheets. Ac-
cordingly, the bonding structure between carbon
atoms in a CNT system is similar to that of
graphite. CNTs can be either metallic or semi-
conducting depending on their chirality. The chi-
rality mainly determines the density, lattice struc-
ture, material strength, and conductance of CNTs.
The atomistic bonds basically establish the me-
chanical properties of CNTs. In a graphene, sp2

hybridization takes place, in which one s-orbital
and two p-orbitals are combined to form three
hybrid, in-plane sp2 bonds, termed as σ -bonds.
Each of which is separated by an angle of 120◦.
The σ -bond is a very strong covalent bond, result-
ing in high strength and stiffness along the axis of
CNTs. On the other hand, π-bonds resulting from
the remaining p-orbital that is in-plane perpendic-
ular to those σ -bonds are relatively weak as com-
pared to σ -bonds. Accordingly, the π-bonds have
nothing to do with the out-of-plane interlayer at-
moistic interaction, in which it is described by the
vdW interaction.

CNTs can be fabricated by way of several syn-
thesis methods, including laser ablation, chemical
vapor deposition, and carbon evaporation by arc
current discharge etc. The ways of synthesis can
significantly influence the mechanical properties
of CNTs. In addition, it is worth emphasizing that
at the nano-scale, defects are presumably less in
CNTs; hence, the strength of CNTs can attain a
theoretical limit. In the study, a layered thickness
of 3.4 Å and an interlayer spacing of 3.4 Å, which
is close to the interlayer separation of graphite,
i.e., 3.35 Å, are assumed for the nanotubes ap-
plied. However, it was pointed out by Kiang et
al. (1998) that the increased repulsive force re-
sulting from high curvature in consequence of the
varied diameter and number of nested layers in
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MWCNTs could alter the interlayer spacing. Ba-
sically, it increases slightly with the decrease of
the CNTs’ diameter. It should be noted that the
definition of the thickness, the interlayer spacing
and the mechanical properties of CNTs, such as
elastic modulus and Poisson ratio, would be fun-
damentally sound only under the continuum as-
sumption.

Based on the continuum assumption, the axial
elastic modulus of CNTs can be derived through
an axial tension method. When a structure is sub-
jected to an axial deformation, the variation of to-
tal potential energy (E) due to the tensile strain
(ε) can be represented as the strain energy. As a
result, the axial elastic modulus (Y) of the struc-
ture can be calculated from the second derivatives
of the strain energy density with respect to various
strains (Huntington, 1958):

Y = − 1
V0

∂ 2E
∂ε2 . (1)

The total volume of the structure can be defined as
the product of the cross-sectional area (A) and the
length (L) of the structure. The cross-sectional
area of MWCNTs is defined as (Li and Chou,
2003a),

A = π
[
(Router +0.17)2 − (Rinner −0.17)2

]
, (2)

where Router stands for the radius of the outermost
tube, Rinner the radius of the innermost tube, and
0.17 (nm) a half layered thickness of CNTs. For
SWCNTs, Router is equal to Rinner and the cross-
sectional area A is defined as,

A = 2πR×0.34(nm)2.

Similarly, the shear modulus of CNTs can be
found by a torsion method. While a small an-
gle of twist is applied on one side of CNTs, the
variation of total potential energy (E) due to the
shear strain (γ) could be observed. According to
those results, the shear modulus of CNTs can be
presented similarly as (Huntington, 1958):

G = − 1
V0

∂ 2E
∂γ2 , (3)

The other concerned “continuum” mechanical
property for CNTs is the Poisson’s ratio. The ra-
tio defines the absolute value of the ratio of the

lateral strain (εl) over the axial strain (εa), which
is defined as:

υ =
∣∣∣∣ εl

εa

∣∣∣∣ . (4)

Note that the strain is defined as the deformation
per unit length. The Poisson’s ratio can be esti-
mated by minimizing the strain energy with re-
spect to both the radial compression and the axial
extension.

3 Classical Molecular Dynamics

In principle, molecular dynamics (MD) deals with
particle dynamics based on the Newton’s second
law, and is thus termed as a particle method. The
atomistic interactions or bonding mechanisms are
described based on certain analytical or empirical
potential functions (see, e.g., Stillinger and We-
ber, 1985; Abell, 1985; Tersoff, 1988; Brenner,
1990; Nordlund et al., 1996), and the formulation
of MD is then defined by assessing the spatial gra-
dient of the specified potential function. Exten-
sive reviews on the subject of classical MD sim-
ulation are available (Khor and Das Sarma, 1988;
Heggie, 1991; Chelikowsky, 1992).

In the investigation, to describe the covalent
bonds, i.e., σ -bonds, of carbon atoms, the Tersoff-
Brenner potential (Brenner, 1990; Maruyama,
2000) is adopted, which is widely used for study-
ing fullerene and CNTs. In the analysis of
MWCNT systems, surface interactions due to π
bonds could not be neglected at the scale even
though it is relatively weak in comparison with
the covalent bonds, σ bonds. An adequate defini-
tion of interactions among nested individual lay-
ers remains an important challenge for the mod-
eling. In literature, two main empirical mod-
els are available for describing interlayer atom-
istic interactions: (1) the inverse power model
and (2) the Morse function model. For instance,
Lennard-Jones (1924) proposed a well-known in-
verse power model, termed as the L-J potential,
and Wang et al. (1991) introduced a Morse-type
potential for carbon atom systems based on local
density approximation. There are pros and cons
on these two models. As indicated by Qian et al.
(2001), the local density approximation yields a
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considerably lower binding energy in the attrac-
tive zone while the L-J potential presents a con-
siderably higher atomistic force in the repulsive
zone. The deduction is also supported by exper-
imental data. It was thus suggested by Qian et
al. (2001) that the local density approximation
is preferred as the inter-atomistic distance is less
than 3.4 Å, and the L-J potential as it is greater
than 3.4 Å. The interlayer spacing within MWC-
NTs is roughly 3.4 Å, implying that the distance
between any two carbon atoms located at two dif-
ferent layers of MWCNTs is equal to or greater
than 3.4 Å. As a result, the L-J potential is used
in the investigation to model the interlayer vdW
atomistic interactions. In addition to the interlayer
ones, the vdW atomistic interactions between any
two atoms that are within the same layer but apart
beyond two bonds (Rappe and Casewit, 1997) are
taken into account. Their effect on the mechani-
cal properties of CNTs is accordingly addressed.
Correspondingly, they are also modeled with the
L-J potential for the vdW atomistic interactions.

The uniqueness of the current MD simulation can
be observed in its integration of two types of po-
tentials, the Tersoff-Brenner and L-J potentials,
for simultaneously modeling the covalent bonds
between any two adjacent carbon atoms and the
vdW atomistic interactions between two atoms
that are across layers or in a layer but apart beyond
two covalent bonds, respectively. With those two
types of interactions, the summarized potential is
expressed as:

E = ∑
i

∑
j>i

(Ecov +Evdw), (5)

where Ecov is the covalent bonding energy mod-
eled with Tersoff-Brenner potential (Brenner,
1990; Maruyama, 2000) and Evdw the L-J poten-
tial. The total covalent potential of a system is
denoted as the sum of individual covalent bond
energy:

Ecov = fc(ri j)
{

VR(ri j)−bi jVA(ri j)
}

, (6)

where ri j is the distance between two joining
atoms, i and j as shown in Fig.1. In order to facil-
itate the computation of equilibrium of atoms in a
CNT system, a specific cutoff function fc(ri j) is

embedded in the Tersoff-Brenner potential (Bren-
ner, 1990). Basically, the cutoff function is a sim-
ple decaying function that shows the weighting
of covalent bonds under some distance and varies
from 0 to 1. In Eq. (6), VR(ri j) and VA(ri j) rep-
resent the repulsive and attractive interactions, re-
spectively, and bi j denotes the modification of the
covalent bonding energy depending on θ jik repre-
senting the bonding angle between bonds i− j and
bonds i− k, as shown in Fig. 1. The detail form
of the Tersoff-Brenner potential function and the
associated parameters could be found in the refer-
ence (Brenner, 1990). The Tersoff-Brenner poten-
tial versus distance ri j with different bonding an-
gle θ jik is illustrated in Fig. 2. According to Bren-
ner (1990), the non-bonding interactions such as
van der Waals forces were not considered in the
potential form.

For a MWCNT, the atomistic interactions across
layers are modeled with the vdW potential. The
inlayer vdW atomistic interactions are accounted
for only when those two atoms are separated
beyond two bonds, based on the convention of
molecular mechanics (Rappe and Casewit, 1997).
Since atom J, K, M and N are less than two bonds
apart from atom I, as shown in Fig. 3, they are not
modeled with the inlayer vdW interactions. On
the other hand, since atom L, O, P and Q consist of
a separate distance of more than two bonds from
atom I, they are modeled with the vdW atomistic
interactions. In the study, the vdW atomistic inter-
actions are characterized by the L-J 12-6 potential
(Lennard-Jones, 1924; Battezzatti et al., 1975),

Evdw(ri j) = 4ε

[(
r0

ri j

)12

−
(

r0

ri j

)6
]

, (7)

where ε is the energy at the minimum in Evdw and
r0 is the distance between two atoms at which
Evdw is zero. For carbon atoms, ε = 0.0556
kcal/mol, r0 = 3.4 Å. The first derivative of Evdw

can result in the vdW atomistic force function.
The relationship of the L-J pair potential and the
pair force with the inter-atomistic distance is il-
lustrated in Fig. 4.

Since the calculated responses from the MD sim-
ulation are all discrete, the definition of stress
under the continuum assumption would not be
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Figure 1: The geometric relation of covalent bonds
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Figure 2: Tersoff-Brenner potential versus distance with different bonding angle

quite adequate for use in this study. Based on
the smoothed particle hydrodynamics (SPH) tech-
nique, Shen and Atluri (2004b) addressed the con-
cept that smoothes the discrete atomistic force
field and transfers it to an equivalent continuum
system. In their model, the force density g(r) at
point r can be derived from the discrete atomistic
force field by SPH method:

g(r) = ∑
i

fiw(r−ri,h), (8)

where fi is the force on atom i, w(x,h) the smooth
kernel function, and ri the position of atom i.

The following Gaussian function is chosen as the
smooth kernel function in the study,

w(x,h) =
1

(
√

πh)d
exp(−x2

h2 ), (9)

where h is the smoothing length and d the number
of spatial dimensions. As h approaches to zero,
the kernel function becomes a delta function. For
an appropriate h, the Gaussian kernel function
falls off rapidly such that only a small number of
particles would contribute to the force density. At
last, the relationship between the atomistic force
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Figure 4: Lennard-Jones potential versus distance between two atoms
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Figure 3: The valid range of vdW atomistic inter-
actions

and stress fields is obtained by analyzing the force
state of the infinitesimal parallelepiped at point r.
With an appropriately defined smoothing length
h, the Cauchy stress of the atomic level at point r
falls into the following simple form:

σ(r) =
1
2 ∑

i
∑
j �=i

ri j ⊗ fi j

∫ 1

0
w[r+(ri jc−r j)]dc.

(10)

4 Results and Discussions

In the current investigation, three types of CNTs
are performed, including the zig-zag and arm-
chair types of S/MWCNTs, as well as the hybrid
type that consists of a different chirality in the in-
ner and outer tubes. The latter has never been
addressed in literature. The mechanical proper-
ties considered include the elastic modulus, Pois-
son’s ratio, shear modulus, and interlayer shear
strengths of MWCNTs. The emphasis of the in-
vestigations is mainly placed on discussing the ef-
fect of the inlayer vdW atomistic interactions on
these mechanical properties. The computed re-
sults are extensively compared against the pub-
lished data obtained from numerical and experi-
mental approaches. It should be however noted
that there is a slight difference in the diameter
of the zig-zag and armchair types of MWCNTs.
For a zig-zag MWCNT with four layers, the as-
sociated radii from the innermost (1st layer) to
the outermost (4th layer) are 0.19, 0.54, 0.89 and
1.24 (nm), while for the armchair type, the corre-
sponding radii are 0.34, 0.68, 1.02 and 1.36 (nm).
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Moreover, the radii of the two-layered or three-
layered CNTs are exactly identical to those of the
first two or three layers, respectively, of the four-
layered CNTs.

In the calculations, strain energies are minimized
for fixed strain value. The unstrained configura-
tion is first calculated. An example of the relaxed,
deformed shape of a SWCNT simply because of
the surface effect and vdW interaction is shown in
Fig. 5. As seen in the figure, it gives a concave
configuration, in which the radius at both ends of
the SWCNT is larger than that at the middle. The
stress of the CNTs is further calculated generally
based on the atomistic-level stress definition in
Eq. (10), and the result is presented in Fig. 5.
The stress distribution throughout the CNT is by
no means uniform. In addition, the CNT is sub-
jected to a compressive load, where the maximum
compressive stress takes place in the middle of the
CNT and the minimum at the both ends.

-
-
-
-
-

Unit:GPa

Figure 5: The relaxation of an unstrained
SWCNT and the associated compressive stress
distribution

The compressive load is considered as a preload
for subsequent MD simulations, in which the
strain is applied to the CNTs in small time steps.
The starting configuration for each energy mini-
mization is derived from the minimized value ex-
tracted from the previous strain.

4.1 The Elastic Moduli of S/MWCNTs

The elastic moduli of the SWCNTs are first ex-
plored as a function of their radius, and the results

are shown in Fig. 6. The CNTs under the inves-
tigation are on the order of 4.06 nm long. The
dependence of the inlayer vdW atomistic interac-
tions is also presented in the same figure. It shows
that the axial elastic modulus of both the zig-zag
and armchair tubes increases with an increasing
tube’s radius, and eventually approaches a con-
verged limit as the tube’s radius becomes larger
than 1.2nm. In the calculation, the armchair type
of the SWCNTs turns out to be stiffer than the
zig-zag type, with at most about 21% higher.

Most importantly, when the inlayer vdW atom-
istic interactions are not considered in the mod-
eling, the elastic modulus of the SWCNT is al-
tered from 704 to 1010 (GPa) for the zig-zag type
and from 853 to 1021 (GPa) for the armchair type
as the radius is increased from about 0.12 to 1.51
and 1.44 (nm), respectively. The limit value in the
elastic moduli of these two types of SWCNTs, in
which it is 1010GPa for the zig-zag type and 1021
GPa for the armchair type, are also very consis-
tent with Li and Chou (2003a) using a molecular
structural mechanics approach, Hernandez et al.
(1998) using a non-orthogonal tight-binding MD
simulation scheme, and Lu (1997) using an em-
pirical model in MD simulation, in which none of
them take into account of the inlayer vdW atom-
istic interactions either. However, the results are
slightly different from those experimental results
(Treacy et al., 1996; Wong et al., 1997; Krish-
nan et al., 1998; Salvetat et al., 1999) where the
measured axial elastic modulus is in the range of
1200∼1300 GPa. This might imply that there is
certain insufficiency in the modeling or the empir-
ical potential function. It is believed in the study
that part of the insufficiency may be resulted from
the lack of comprising the vdW atomistic inter-
actions in the empirical potential function. Fig.
6 shows that when the inlayer vdW atomistic in-
teractions are included, the elastic moduli of the
SWCNTs correspondingly increase from 768 to
1097 (GPa) for the zig-zag tubes and from 891 to
1113 (GPa) for the armchair. The limit value is
about 1097 GPa for the zig-zag tubes and 1113
GPa for the armchair, with about 9% increase as
compared with those not accounting for the in-
layer vdW interactions. Those results agree bet-
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Figure 6: The elastic moduli of the SWCNTs versus nanotube’s radius

ter with the existing published data (Treacy et al.,
1996; Wong et al., 1997; Krishnan et al., 1998;
Salvetat et al., 1999), demonstrating that the ef-
fect of the weak vdW atomistic interactions is not
trivial.

As for the influences of the inlayer vdW atom-
istic interactions as well as the number of layers
in MWCNTs on the associated modulus, Fig. 7
demonstrates that the predicted elastic moduli of
the zig-zag type of the MWCNTs having 1∼4 lay-
ers range from 1007 to 1019 (GPa) when the weak
vdW interactions are not included, and from 1092
to1094 (GPa) when considered. Furthermore,
the estimated elastic moduli of the armchair type
of the MWCNTs having 1∼4 layers range from
1019 to 1049 (GPa) when the weak vdW inter-
actions are not included, and 1111∼1114 (GPa)
when included. In principal, the trend of the
results when not accounting for the weak vdW
atomistic interactions is in good agreement with
Li and Chou(2003b) using a molecular structural
mechanics approach and Lu et al. (1997) using
MD simulation.

Few remarks can be summarized from the above
results. First, when the inlayer vdW interactions
are taken into account, the elastic moduli tend
to be independent of the number of layers in the
MWCNTs while they almost increase with an in-
creasing number of layers when the vdW inter-
actions are not considered. Second, the armchair
type tends to be stiffer than the zig-zag one, which
also agrees well with the published data (Natsuki
and Endo, 2004; Meo and Rossi, 2006; Wu et al.,
2006). Last, the effect of the inlayer vdW inter-
actions could contribute up to 9% of the elastic
modulus of the MWCNTs.

Fig. 8 shows the elastic moduli of the double-
walled CNTs versus nanotube’s radius. In addi-
tion to the zig-zag and armchair tubes, the inves-
tigation also covers the hybrid tubes. It should
be noted that for the hybrid type, its outer layer
is zig-zag and its inner layer armchair. Besides,
the radius of these double-walled CNTs is equiv-
alent, in which it varies from 0.19 to 1.24 (nm) for
the inner layer and from 0.54 to 1.51 (nm) for the
outer layer. Again, the results when considering
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Figure 7: The elastic moduli of the MWCNTs containing a different number of layers
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Figure 8: The elastic moduli of the double-walled CNTs versus nanotube’s outer radius
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the inlayer vdW interactions surpass those when
not, in spite of the chirality of the tubes. The dif-
ference can be up to 8%, implying that the inlayer
vdW interactions can play a certain part in the me-
chanical properties, and should not be neglected
in the modeling. For the double-walled CNTs, the
elastic moduli converge with an increasing radius
to different limits for these cases. The tendency
of the results is somewhat similar to that of the
SWCNTs, as shown in Fig. 6. Furthermore, it is
interesting to note that the elastic moduli of the
hybrid tubes are in between those of the zig-zag
and armchair tubes. This might be mainly due to
the specific configuration of the hybrid tubes that
consist of a zig-zag outer layer and an armchair
inner layer.

To examine why the inlayer vdW interactions can
upgrade the elastic moduli of CNTs, the resultant
forces of the S/MWCNTs when subjected to an
enforced, axial elongation 0.1 Å at one side and
a fixed boundary condition at the other side are
presented in Table 1. It shows that the resultant
forces for the cases with the inlayer vdW interac-
tions are larger than those without. This clearly
explains why the weak inlayer vdW interactions
can raise the material strength of CNTs.

Subsequently, the effect of the orientation vari-
ation between the inner and outer layers in a
doubled-walled CNT on its elastic modulus is
investigated, in which the inner layer is rotated
against the outer layer in a counterclockwise di-
rection. Note that the chirality of these two layers
is identical. Based on the specific configuration
of the MWCNT shown in Fig. 9, in which the in-
ner layer comprises 23 atoms and the outer layer
32 atoms, a cyclic, orientation mismatch of 11.25
degree can be recognized. The dependence of the
orientation mismatch angle on the elastic moduli
is shown in Fig. 10. It turns out that irrespective
of whether there are the inlayer vdW atomistic in-
teractions or not, the elastic moduli seem to be
independent of the orientation variation between
them.

4.2 The Poisson’s Ratios of S/MWCNTs

The Poisson’s ratios of the zig-zag and armchair
types of the SWCNTs versus nanotube’s radius

are presented in Fig. 11. It clearly shows that
the Poisson’s ratios decrease with the tube’s radii
increasing. In addition, the Possion’s ratios of the
zig-zag type of the SWCNTs tend to be larger than
those of the armchair ones (Shintani and Narita,
2003; Wu et al., 2006). It is also noted that the
Poisson’s ratios converge to a limit as the tube’s
radius reaches 3nm, which are consistent with
those obtained by the previous calculations (Wu
et al., 2006; Xiao and Hou, 2006). Furthermore,
as shown in Fig.11, the Poisson’s ratios become
smaller as the inlayer vdW atomistic interactions
are considered. The decrease can be up to about
27% for the zig-zag type and 25% for the arm-
chair type.

As for the dependence of the orientation mis-
match between the inner and outer layers on the
Poisson’s ratio, the results are shown in Fig. 12.
Note that the configuration of the double-walled
CNT that is performed herein can be referenced
to Fig. 9. Evidently, the Poisson’s ratios are also
independent of the orientation variation between
the inner and outer layers, irrespective of with or
without the inlayer vdW atomistic interactions.

Fig 13 presents the dependence of the number of
layers in MWCNTs on the Poisson’s ratio. Re-
sults show that the Poisson’s ratios converge with
the number of layers in a MWCNT regardless of
the chirality of the tubes or whether the weak in-
layer vdW atomistic interactions are considered
or not. In addition, the weak inlayer vdW atom-
istic interactions considerably reduce the Pois-
son’s ratios. Similar to the results of the SWC-
NTs, the Poisson’s ratios of the zig-zag type of the
MWCNTs are also larger than those of the arm-
chair (Shintani and Narita, 2003; Wu et al., 2006)
and rapidly converge with the number of layers to
different limits, which is 0.25 for the zig-zag type
and 0.23 for the armchair type. The results agree
considerably well with the theoretical data calcu-
lated by molecular mechanics by Xiao and Hou
(2006).

Fig. 14 reveals the Poisson’s ratios of the double-
walled CNTs versus nanotube’s radius. The ge-
ometry of the double-walled CNTs used in the
current investigation is the same as those applied
in Fig. 8. It shows that irrespective of the chi-
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Table 1: The resultant forces for the cases with/without the inlayer vdW interactions

resultant forces SWCNT MWCNT MWCNT
(two layers) (three layers)

without inlayer vdW interactions 2.521E-09 4.257E-09 5.379E-09
with inlayer vdW interactions 3.349E-09 5.762E-09 7.146E-09

unit: Newtons

Figure 9: The orientation variation between the inner/outer layers

0 4 8
Rot

12
ated angle of inner layer (degree)

800

900

1000

1100

1200

E
la

st
ic

 m
od

ul
us

(G
P

a)

zig-zag (no inlayer vdW )
zig-zag (inlayer vdW )

Figure 10: The elastic moduli versus the orientation variation of the inner/outer layers
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Figure 11: The Poisson’s ratios of the SWCNTs versus nanotube’s radius
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Figure 12: The Poisson’s ratios versus the relative orientation angles of the inner/outer layers
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Figure 13: The Poisson’s ratios of the MWCNTs versus the number of layers
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rality of the tubes, the Poisson’s ratios with the
inlayer vdW interactions are much less than those
without. This again confirms that the inlayer vdW
atomistic interactions can increase the material
stiffness and, as a result, upgrade the transverse
bending rigidity of the walls of CNTs and reduce
the Poisson’s ratios. The difference is about 25%
for these three types of tubes, indicating that the
effect of the weak inlayer vdW interactions on the
Poisson’s ratios is by no means “weak”. Without
taking the interactions into account would result
in an overestimated Poisson’s ratio. This explains
why Lu (1997) and Li and Chou (2003a; 2003b)
that did not consider the effect gave a larger Pois-
son’s ratio than the current work. For the double-
walled CNTs, the Poisson’s ratios decrease with
the increase of tube’s radius. It is also not sur-
prising to find that the Poisson’s ratios of the hy-
brid tubes are in between those of the zig-zag and
armchair, and the trend of which is also consis-
tent with that of the elastic moduli of the double-
walled CNTs, as shown in Fig. 8.

An example of the deformation plot of a SWCNT
when subjected to 0.1 Å axial elongation is illus-
trated in Fig. 15. It is found that the radial de-
formation of the tube is less significant when the
inlayer vdW interactions are involved. This might
be owing to that most of the inlayer vdW atom-
istic interactions provide attractive forces among
non-bonding atoms. As mentioned earlier, the at-
tractive forces can shorten the axial length of the
tube and enhance the associated elastic modulus.
Based on the continuum mechanics, an enhanced
elastic modulus would make the wall of the tube
better transverse bending rigidity, thus preventing
them from radial deformations and leading to a
less Poisson’s ratio.

4.3 The Shear Moduli of SWCNTs

The shear moduli of SWCNTs are derived by
virtue of the variation of total potential energy due
to the shear strain (γ). To calculate the associ-
ated total potential energy, one side of SWCNTs
is imposed by a small twisting angle while fixing
the other side. The shear moduli of the SWCNTs
associated with the zig-zag and armchair tubes
are presented in Fig. 16. Their dependence on

the inlayer vdW atomistic interactions is also pre-
sented in the same figure. It shows that the shear
moduli with the inlayer vdW forces are superior
to those without. Similar to the calculations of
the elastic moduli, the inlayer vdW atomistic in-
teractions can also upgrade the shear moduli of
CNTs. The difference can be up to 12% for the
zig-zag type and 9% for the armchair. This again
indicates that the inlayer vdW interactions are not
trivial. In addition, the shear moduli of the SWC-
NTs increase with tube’s radius and approach to a
convergent limit as the tube’s radius exceeds 0.8
nm. Furthermore, the armchair SWCNTs turn out
to be stiffer than the zig-zag when the radius of
tubes exceeds 0.4 nm. Basically, the results are
in agreement with the published data from force-
constant model calculations (Popov et al., 2000)
and molecular mechanics (Xiao et al, 2005).

4.4 The Interlayer Shear Force/Strength of
MWCNTs

The interactions among atoms in neighboring lay-
ers of a MWCNT are usually modeled by the
vdW atomistic forces (Li and Chou, 2003b),
which are generally described by the L-J poten-
tial. As a result of the interlayer interactions,
the individual layers can be connected together
to form a MWCNT. To understand the interlayer
non-bonding shear strength, the interlayer shear
force in a doubled-walled CNT is explored. The
double-walled CNT under the investigation con-
sists of an inner and outer layer of 0.19 nm and
0.54 nm in radius, respectively, and 4.06 nm in
length. Three different types of the double-walled
CNT are investigated herein, including the zig-
zag, armchair and hybrid. In the MD calculations,
the inner layer is pulled out with a length L against
the outer layer, the left end of which is fixed, as
shown in Fig. 17.

The resultant shear forces of those three types
of the double-walled CNTs versus the pull-out
length (L) of the inner layer are presented in
Fig. 18. In the figure, the effect of the inlayer
vdW atomistic interactions on the interlayer shear
forces is also drawn. As can be seen in the fig-
ure, the interlayer vdW atomistic interactions are
mainly attractive forces during the pulling pro-
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Figure 15: The configuration of the SWCNT before/after applying 0.1 Å axial deformation
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Figure 16: The shear moduli of SWCNTs versus nanotube’s radius
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Figure 17: Pullout the inner layer of a double-walled CNT
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Figure 18: The interlayer shear force of the double-walled CNT versus the pull-out length
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cess. It is observed that there is a certain extent
of fluctuation in the interlayer shear forces. The
amplitude of the fluctuation for the zig-zag type
is most distinct, followed by the hybrid type and
the armchair type. Furthermore, the results with
the inlayer vdW interactions tend to hold smaller
amplitudes than those without, which in specific,
would cause a drop of about 13% for the zig-zag
type, 5.5% for the hybrid one and 1% for the arm-
chair one. It should be noted that the maximum
interlayer shear force in the figure can be consid-
ered as the interlayer shear strength of the double-
walled CNTs, which implies that an external force
larger than that is required to separate these two
layers.

Fig. 19 shows the averaged interlayer shear
forces associated with those three types. Es-
sentially, they increase with the pull-out length
before reaching a maximum value. The maxi-
mum limit is basically attained when the pull-out
length of the inner layer is about 0.8 nm. Sub-
sequently, they maintain the value throughout the
most of the rest of the pulling process, and even-
tually decrease to a zero value when both lay-
ers are completely separated. It is clearly shown
that under the same length of the double-walled
CNTs, as seen in Fig. 18, the zig-zag type gives
the largest interlayer shear strength (0.889 nano-
Newton, nN), followed by the hybrid (0.550 nN)
and the armchair (0.493 nN). This again proves
that the mechanical properties of the hybrid type
are likely in between the zig-zag and armchair
types. The results in Fig. 19 can be explained in
the following by means of Fig. 20. The interlayer
shear force of a MWCNT can be mainly attributed
to the vdW interactions of the atoms in the inner
layer beyond the overlapping region of these two
walls with those in the outer layer. As the pulling
process begins, atom A starts to move rightward
away from the atom K, resulting in an attractive
pair interaction. The attractive pair interaction
increases as atom A is further moved rightward
away from atom K and as more atoms in the inner
layer go beyond the end side of the outer layer.
This indicates why the averaged interlayer shear
force would increase with the pull-out length in
the beginning. It can be observed that there ex-

ists a convergent limit in the averaged interlayer
shear force. This is mainly because there is a spe-
cific effective interaction range (0.8 nm) for the
interlayer vdW force, as seen in Fig. 4. The pair
interactions would reduce to zero for atom pairs
that are over the range; as a result, the vdW inter-
actions become ineffective even though more and
more atoms in the inner layer are participating in
the interactions. Fig. 4 and Fig. 20 demonstrate
the effective pair interaction range for the inter-
layer vdW force.

On the other hand, the atomistic configuration of
the CNTs is primarily attributed to the fluctuation
of the interlayer shear forces in Fig. 18. It is clear
that each atom in the inner layer would be sub-
jected to two sources of attractive pair forces, one
from the atoms in the outer layer at its left-hand
side, and the other from those at the right-hand
side. Basically, the pair interactions of the atom
with the closer neighboring atoms in the outer
layer are the main contribution to the net force on
any of these atoms, which would be the sum of
these attractive forces. For those atoms in the in-
ner layer that are within the overlapping region of
the tubes but a certain distance away from those
two end sides of the outer layer, e.g. atom D,
C and B, the net force on any of these atoms is
null when the atoms at the inner and outer lay-
ers are exactly aligned together, i.e., where atom
B is aligned to atom L, atom C to atom M etc.,
as shown in Fig. 20. This is because these two
resultant attractive forces have the same magni-
tude but in opposite direction. At present, the
only forces that keep the inner layer from mov-
ing rightward is the vdW interactions of the pair
atoms in the inner layer beyond the overlapping
zone of these two walls. When the inner layer
is slightly moved rightward, the system becomes
a state of non-equilibrium. These atoms would
experience a larger resultant attractive force from
their left-hand side than that of their right-hand
side, resulting in a net force that operates in the
opposite direction against the initial loading, and
thus preventing the inner layer from moving right-
ward.

As these atoms, e.g., atom D, attain the position
midway between their counterparts, e.g., atom N
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Figure 20: The atomistic arrangement and the pair interactions in a CNT

and M, its pair interactions with the atoms in the
outer layer at its left- and right-hand sides would
resume equilibrium, and the net force on each of
the atoms becomes null. As the inner layer is fur-
ther pulled out, where, e.g., atom D is approach-
ing to atom M, the resultant attractive force at
their right-hand side would be larger than that of
the left-hand side. This leads to a net force that
operates in the same direction as the initial load-

ing, thus facilitating the rightward movement of
the inner layer. Furthermore, when the atoms at
the inner and outer layers are again aligned to-
gether, i.e., where atom E is aligned to atom N,
atom D to atom M and atom C to atom L etc.,
the net force on these atoms would again resume
null. In other words, it would consist of the same
interlayer shear force as the initial, strained state.
In brief, this completes a cycle of the fluctuation.
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The process continues until there is barely any
overlapping region between the inner and outer
layers. The sum of the net force on each of these
atoms establishes the resultant net force, which
fluctuates with the pull-out length because of the
repeated atomistic arrangement of CNTs. The
amplitude of the fluctuation would be reduced as
the atoms that are located within the overlapping
section of the tubes become less. This can be
clearly observed in Fig. 18(a), where the ampli-
tude of the fluctuation decreases with the pull-out
length. Besides, the magnitude of the amplitude
is also dependent of the atomistic configuration,
as can be also confirmed in Fig. 18 (a)-(c). The
fluctuations together with the averaged interlayer
shear forces shown in Fig. 19 constitute the total
interlayer shear forces.

The influence of the tube’s radius on the inter-
layer shear force and strength is analyzed here.
A zig-zag type of the double-walled CNTs with
three different sets of radius is considered, includ-
ing 0.19/0.54 (nm) (the radius of the inner/outer
layers), 0.54/0.89 (nm) and 0.89/1.24 (nm). It is
clear that the interlayer shear strength increases
with radius, in which it is 0.615 nN for the
case of “0.19/0.54 (nm)”, 0.774 nN for “0.54/
0.89 (nm)” and 0.943 nN for “0.89/1.24(nm)”.
Specifically, the increase of the interlayer shear
strength is about 26% and 53% when the radius
of the double-walled CNTs is correspondingly en-
larged from 0.19/0.54 (nm) to 0.54/ 0.89 (nm) and
0.89/1.24 (nm). In addition, the associated am-
plitude of the fluctuations grows with the radius.
This could be due to that an increasing radius
would accordingly comprise a greater number of
atoms in the cross section of the CNTs, thus re-
sulting in more significant pair interactions at the
neighboring layers. Moreover, the peaks of these
fluctuations remain unshifted even though the cor-
responding radius of the CNTs is different.

The effect of the interlayer spacing on the inter-
layer shear strength is also explored. It is achieved
by way of fixing the innermost radius while in-
creasing the outermost radius. Three sets of inter-
layer spacing are considered in the investigation,
including 0.34, 0.50 and 0.70 (nm). It turns out
that the interlayer shear force and strength and the

associated amplitude of the fluctuations decrease
with the increase of interlayer spacing because
of the growth of the interlayer distance between
neighboring layers. The shear strength for the in-
terlayer spacing of 0.50 nm and 0.70 nm is 0.361
and 0.026 (nN), respectively, and there are about
53% and 97% less in comparison with the case of
0.34 nm. This implies that those MWCNTs with
an interlayer spacing larger than 0.34 nm may not
be detected in the real natural world due to its
weak interlayer shear strength. This may explain
why the interlayer spacing of MWCNTs all main-
tains a value of 0.34 nm.

The dependence of the length of MWCNTs on
the interlayer shear force and strength is also pre-
sented herein. The double-walled CNTs consid-
ered in the investigation are associated with a
different length, including 1.96, 4.06 and 6.16
(nm). Results show that the longer the length of
the MWCNTs, the more the number of atoms in
the CNTs and thus, the larger the amplitude of
the fluctuation and the interlayer shear strength.
However, the averaged interlayer shear forces as-
sociated with these three double-walled CNTs are
considerably comparable due to that there are an
equivalent number of atoms in the cross section of
the CNTs.

5 Conclusions

The effect of the inlayer vdW atomistic interac-
tions on the fundamental mechanical properties
of various S/MWCNTs with different dimensions
and geometry configurations has been success-
fully estimated using MD simulations. The me-
chanical properties of CNTs under investigation
include elastic modulus, shear modulus, Poisson’s
ratio and interlayer shear strength. The axial ori-
entation mismatch between the inner and outer
layers of MWCNTs on the associated mechanical
properties and the interlayer shear force of MWC-
NTs are also analyzed extensively.

Some concluding remarks can be drawn:

1) The computed results that account for the in-
layer vdW atomistic interactions show that the
elastic moduli, shear moduli and interlayer
shear strength of those S/MWCNTs can have
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up to about 9%, 12% and 13% increase, re-
spectively, while the Poisson’s ratios 27% de-
crease. Apparently, the effect of the inlayer
vdW interactions plays a significant role on
the calculation of the mechanical properties
of CNTs. Most importantly, the results with
the inlayer vdW interactions could be in more
agreement with the experimental data.

2) The axial orientation mismatch effect between
the inner and outer layers of MWCNT on
the mechanical properties of CNTs can be ig-
nored.

3) The mechanical properties of the hybrid
MWCNTs are midway between the zig-zag
and armchair MWCNTs.

4) The atomistic arrangement and the number of
atoms in a cross section of MWCNTs would
determine the magnitude of the averaged in-
terlayer shear force while the length of MWC-
NTs would govern the magnitude of the fluc-
tuation of the interlayer shear force. That is,
these three parameters manage the interlayer
shear strength of MWCNTs.

The present MD simulations can be further ex-
tended to investigate the stress-strain relations and
the fracture behaviors of S/MWCNTs. Those will
be presented in a subsequent report.
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