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Exact Large Deflection Solutions for Timoshenko Beams
with Nonlinear Boundary Conditions

Sen Yung Lee!, Shin Yi Lu?, Yen Tse Liu? and Hui Chen Huang?

Abstract: A new analytic solution method is developed to find the exact static
deflection of a Timoshenko beam with nonlinear elastic boundary conditions for
the first time. The associated mathematic system is shifted and decomposed into six
linear differential equations and at most four algebra equations. After finding the
roots of the algebra equations, the exact solution of the nonlinear beam system can
be reconstructed. It is shown that the proposed method is valid for the problem with
strong nonlinearity. Examples, limiting studies and numerical analysis are given
to illustrate the analysis. The exact solutions are compared with the perturbation
solutions. The influence of the nonlinear spring constant and the slenderness ration
on the errors of the perturbation solutions is evaluated.

Keyword: Timoshenko beams, static deflection, nonlinear boundary conditions,
shifting function method, perturbation solution.

1 Introduction

Beams are one of the most commonly used structures in the world. It can be
widely found in all the engineering fields. Based on the linear theory, including
the Bernoulli-Euler and the Timoshenko beam theories, the studies on the static
and dynamic response of beam structures are tremendous [Timoshenko (1955);
Meirovitch (1967); Lee and Kuo (1992, 1993); Lee and Lin (1992, 1996, 1998);
Iura, Suetake, and Atluri (2003); Beda (2003); Zupan and Saje (2003); Andreaus,
Batra and Porfiri (2005); Vinod, Gopalakrishnan and Ganguli (2006); Lee and Hsu
(2007); Huang and Shih (2007); Lin, Lee and Lin (2008)]. When the physical
properties of a beam structure are uniform, the exact solution for the beam struc-
tures can be found in many standard text books [Timoshenko (1955); Meirovitch
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(1967)]. When the physic properties of non-uniform beams are in arbitrary polyno-
mial forms, the exact solutions for various kinds of beam can be found in the works
done by Lee and Kuo (1992,1993), Lee and Lin (1992, 1996, 1998); Lee and Hsu
(2007), Lin, Lee and Lin (2008). In addition, many different kinds of numerical
methods were employed to study the problems.

In the non-linear analysis, Emam and Nayfeh (2004), and Saffari, Rahgozar and
Tabatabaei (2007) studied the beam problems with geometry nonlinearity. Monasa
and Lewis (1983) studied the beam problems with material nonlinearity. Lee and
Kuo (1994) and Co°kun (2000) examined the problems for a beam resting on non-
linear elastic foundation. Ma and Silva (2004), Turner (2004), Wolf and Gottlieb
(2001), Fung and Huang (2001) and Kuang and Chen (2005), Lee, Lin, Lee, Lu
and Liu (2008) investigated the response of a beam with nonlinear elastic boundary
conditions.

It is well known that, in general, the exact solutions for the nonlinear beam prob-
lems are not available. The problems were mainly solved by approximated meth-
ods such as: the perturbation method [Monasa and Lewis (1983); Lee and Kuo
(1994); Wolf and Gottlieb (2001)], the iterative method [Ma and Silva (2004)], the
Galerkin’s method [Emam and Nayfeh (2004); Cao and Zhang (2005); Lee and Soh
(1994)], the finite element method [Saffari, Rahgozar and Tabatabaei (2007); Fung
and Huang (2001)] and the Adomian decomposition method [Kuang and Chen
(2005)]. One exact static deflection solution for a Bernoulli-Euler beam with par-
ticularly designed nonlinear boundary conditions was found in the paper by Ma and
Silva (2004). Recently, Lee, Lin, Lee, Lu and Liu (2008) developed a new solution
method to find the exact large deflection of a Bernoulli-Euler beam with nonlinear
boundary conditions.

From the existing literature, it can be found that a systematic analytical method to
find the exact solutions for the deflection of a Timoshenko beam with various non-
linear elastic boundary conditions still is not available. In this paper, a systematic
analytical method which is an extension of the method developed by Lee and Lin
(1998) and Lee, Lin, Lee, Lu and Liu (2008) is developed to find the exact large de-
flection solutions for Timoshenko beams with nonlinear elastically restrained end
supports. The associated nonlinear mathematic system is changed and decomposed
into six linear differential equations and at most four algebra equations. After find-
ing the roots of the algebra equations, the exact solution of the nonlinear beam
system can be reconstructed. The proposed method is valid for the problem with
strong nonlinearity. Examples, limiting studies and numerical analysis are given to
illustrate the analysis. Exact solution is compared with perturbation solution which
is also a kind of analytic solution and widely used in the existing literature. The
influence of the nonlinear spring constant and the slenderness ration on the errors
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of the perturbation solutions is evaluated.

2 Mathematical Modeling of the Beam System

Consider the static deflection of a uniform Timoshenko beam with nonlinear elas-
tic boundary conditions, as shown in Figure 1. In terms of the following non-
dimensional quantities:
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the two couple governing differential equations of the system are
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Figure 1: Geometry and coordinate system of a uniform beam with non-linear elas-
tic boundary conditions
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The nonlinear elastic boundary conditions are

at & =0:
T pee) - ¥ (@) o @
L (@) _

(@) @ @) o ®
atE =1:

M) pywe) - w(e) =0, ©
1 [dw(&) B

2 (@) +Bovt) + @) = )

Here, W (&) is the flexural displacement, ¥'(&) is the angle of rotation due to bend-
ing and & is the space variable along the beam. E, G, k, I, A, L and s are the
Young’s modulus, the shear modulus, the shear correction factor, the area moment
of inertia, the cross section area, the length and the slenderness ratio of the beam,
respectively. P(&) is the applied distributed transverse force per unit length. K7y,
Kor, Krg and Kgg are the linear translational spring constants and the linear rota-
tional spring constants at the left end and the right end of the beam, respectively.
Kntr, Knor, KyTr and Kygg are the nonlinear translational spring constants and the
nonlinear rotational spring constants at the left end and the right end of the beam,
respectively. K is the spring constant of elastic foundation.

3 Shifting Function Method
3.1 Change of variable

To find the solution for the two couple differential equation with nonlinear elastic
boundary conditions, one extends the method developed by Lee and Lin (1998) and
Lee, Lin, Lee, Lu and Liu (2008) by taking

4 4
w(&) ZV(€)+;ﬁgi(€), ¥(&) :(P(é)"i';figi(é)v ®)
where
fi=0, fi=-n¢’(0) 9)

fr=upw(0), £=0 (10)
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£=0, fi=-1e(1) (1D
fa=upw’ (1), fa=0 (12)
Here v(&) and ¢ (&) are the transformed functions. g;(§) and g;(&),i=1,2, 3,4 are
the shifting functions to be specified. It should be mentioned that among the eight

shifting functions, only four of them, g2(&), g4(&), g1(&) and g3(&), are required
in this analysis.

Substituting equations (8-12) into equations (2-7), one has the differential equations

forv(€) and ¢ (&)
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3.2 Shifting Functions

If the shifting functions g;(&) and g;(&), i =1, 2, 3, 4 in equation (8) are chosen to
satisfy the differential equations

d’gi(&) 1 d*gi(&)

déz _07 ﬁgl(é)_ déz _07 (19)
and the following boundary conditions
dg_dl(éé) _Blgl(é) ljv .]: 17 (20)
dgi .
B )=y =2 @y
dgi(;) Bai(E) =5, =3 (22)
) i) =85 =4, @3

where §;; is a Kronecker symbol, then the differential equations (13-14), the asso-
ciated boundary conditions (15-18) can be reduced to

_l[dZV(é) 9<P(€)] i (dgz )

4
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Once the transformed functionsv(&) and ¢(&) and the shifting functions g(&),
24(&), §1(&) and g3(&) are determined, one substitutes these functions into equa-
tion (8). It leads to

w(&) = v(&) + 1w (0)g2(&) +yaw’ (1)g4 (&), (30)

¥(E) =0(&) -1 (0)z1(8) — ¥ (1)&s(5), (31
where, w(0), w(1), ¥(0), ¥(1) are four constants to be determined.

Setting £ = 0 and £ = 1 into equations (30-31), one has the following algebra
equations

w(0) = v(0) + 1w’ (0)g2(0) + 74w’ (1)g4(0), (32)
w(1) =v(1) + 1w (0)g2(1) + 7w’ (1)ga(1), (33)
¥(0) = 9(0) — 11'¥*(0)21(0) — 15¥°(1)g3(0), (34)
(1) =o(1) =¥ (0)g:1(1) — ¥ (1)gs(1). (35)

As a result, the mathematic system of the nonlinear problem is shifted and decom-
posed into six linear differential equations, in terms of the transformed functions
v(€) and ¢ (&) and the shifting functions g2 (&), g4(€), §1(&)and g3(&), and at most
four algebra equations. After finding the roots of the four algebra equations (32 -
35), the exact solution of the nonlinear beam system can be reconstructed from
equations (30-31).

From equations (8-12, 24-29, 30-31), it can be observed that total solution is the
superposition of the linear and the nonlinear parts of the solution. The transformed
function v(&) and ¢(&) is corresponding to the solution of the associated linear
system. The rest of terms in equation (8) are contributed from the nonlinear parts
of the boundary conditions.

4 Verification and Examples

To illustrate the previous analysis, the following examples, limiting cases and nu-
merical analysis are studied.

4.1 Clamped-nonlinear translational spring supported Timoshenko beam sub-
Jected to uniform distributed load
4.1.1 Timoshenko beam

Consider the deflection of a beam subjected to uniform distributed load P. The
beam is clamped at the left end and is nonlinear translational spring supported at
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the other end. The governing differential equation and the boundary conditions are:

1dw(§)  1d¥(E) _

Tuodgr Tupoag TP .
di\zz(zé)%(dv:z(f) _\p(g)) o, (37)
at& =0:

¥ =0,w=0, 38)
at & = 1:

T o0, 4 (T - w()) +Bonl) + 1 ) =0, (39)
One lets

w(E) = v(E) + fuga(£). =%
where

fa=pyw’(1). “h)

Here g4(&) is the shifting function to be specified. v(&) is the transformed function
which satisfies the differential equation

Ldv(E) | 1a¥(E)

— =p, 42
woagr Tpag 7 2
¥ 1 [dV(é) ] i
+—= -¥ =— 43
@ Tulae YY) T uham @)
and the homogeneous boundary conditions

at & =0:
Y(E)=0, v(&)=0,
1 (%—i'”a—v—i'ﬁz‘/)—fz—ﬁ[;<%+n%+ﬁzé’>] @

FEN IE 1+B el
at & = 1:
—d‘z(f) —0, (dz(f) —‘P(€)> +uBav(&) =0. (45)
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It can be easily found that the function y(&) and the transformed function v(&) are

P 3
W(E) == +mE+n&?, (46)
W(E) = EQauyw’ (1) + (PE> — 12PEp + 12Em + 8E2n — 48un) (1 + uPy))
24(1+ups) ’
(47)
where
I —12P + 24w (1) — PB4 . 24P —24y,w’ (1) +5PPs + 12Pu B,

8 (3+Pa+3upPs) 16 (3+ B4 +3ups)

The shifting function g4(&) satisfies the following differential equation and the
homogeneous boundary conditions:

d?g4(&)
482

at & =0:
24(0) =0, 49)
atE =1:

dga(1)
dé

The shifting function g4(&) is determined as

_ ¢
1+ups

=0, (48)

+1Paga(l) =—1. (50)

84(8) (S

Substituting the transformed function v(&) and the shifting function g4(&) back
into equation (40), one has

W(E) =m§ +nE? + pE, (52

EQapyand (1) + (pE3 — 12pEp + 12Em + 8820 — 48un) (1 1 ufy))

w(&) =

-
1+ ups’

+uyw (1)
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where

C12p 424w (1) —pBs 24p— 243w’ (1) +5pPu+12pufs
8(B3+Ba+3uBs) 16 (3+ B4 +3ups) '

Setting £ = 1 in the equations (52-53), and using the Cardano’s formula, one obtains
w(l).

213834+ Bu+3ups) A
B A 21324y +3uy)

w(l) 54)

where

1/3
A= <A—|— \/28311552(3+ﬁ4—|—3,ﬂﬁ4)3 (}’4—1—3#}/4)3—1—1\2) ,

A= py; (5184 +51840u + 1710722 + 1866241% 1) .

After substituting w(1) back to equation (53), one obtains the exact dimensionless
deflection of the problem.

When the nonlinear spring constant is zero, ¥4 = 0, the system turns to be a linear
one. The exact solution is reduced to

E(pE> — 12pEu +12Em + 8&%n — 48un) (1 + )
24(1+ 1)

w(&) = . (55)

When both linear and nonlinear spring constants are zeros, ¥4 =0 and 84 = 0, it is
further reduced to

&t 448 —6(1—2u) & —24u8
- 24 p-

w(S) (56)

It is the exact dimensionless deflection of a cantilevered Timoshenko beam sub-
jected to uniformly dimensionless distributed load p.

4.1.2 Bernoulli-Euler beam

In the Bernoulli-Euler beam theory, the shear deformation is not considered. By
setting 4 = 0 in equations (53-54), they are reduced to

Bs+12 5B4+24 1
w(e) = <I6B4+48> P&~ (48B4+ 144) PE+5ypt!

() (-5 e )

(57)
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where

—2138 (34 B4) H'/3
1) = 58
w(1) HE 274+ 3um) (%)

H =5184py; + \/2831 1552 (3+B4)’ 72 +26873856py4.

The nonlinear deflection of the Bernoulli-Euler beam is the same as that given by
Lee, Lin, Lee, Lu and Liu (2008).

4.1.3 Perturbation solutions

To compare the derived exact solution with the perturbation solution which is a
kind of approximated analytic solution commonly used in the literature, one lets

w(E) =wo(E) +yaw1 (&) + 1wa(E) +.....

:Wo(é)—l—ewl(é)—l—SZWz(é)—l— ..... , (59)

W(E) =Yo(§) +e¥i(§) +&7¥a(E) +o.mny (60)

Substituting the two equations above into the governing differential equations, equa-
tions (2-3), and the associated boundary conditions, equations (4-7), and collecting
terms with like power of €, one obtains the governing differential equations and
the associated boundary conditions for wy(&), Wo(&), wi(§), ¥1(€), wa(&) and

The governing differential equations for wy(&) and W (&) are

1 dPwo(&)  1d¥o()

T dE? uae P (61)
2

S (M @) o (©2)

The associated boundary conditions are

\P()(O) = 0, Wo(O) = 0, (63)

d¥o, . 1 (dwo(1) _

T =0, (22— wy)) + piwo(t) =o. (64

The solution for wy(&) is

Wo(é)zé(péu(éz—lw)%mo (=82 +6u+noé)) 65)

241 ’
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where

_pH24+BGH120) - 3(12+4p)
T 8(3+Ps+3Bul) 0T 2445, + 128

The governing differential equations for wy (&) and Wy (&) are

Pwi(8)  d¥i(E)

dE? dE? =0,
PY 1 /dw
0 ()

and the associated boundary conditions are
¥ (0) = 07 w1 (0) = 07

d¥ - 1 dW](l) 1 .
755—(1)_-0, PRE —-E“P1(1)4-ﬁ4ww(1)4‘wﬁ(1)—-0-

The solution for wy (£) is

E(&*—3&—6p) Slu(p+4acu)’
6u 512(3+4 By +3Bap)*

wi(§) =

The governing differential equations for w, (&) and W, (&) are

dwa(E)  d¥a(E)

dE? dE? =0,
Y 1 /dw
3 ()

The associated boundary conditions are
¥ (0) = 07 w1 (0) = 07

d¥,

1 sz(l) 1
E _

wodé

The solution for w, (&) is

§ (62 —36 —6u) 2187p (143p) (p+4Cp)”

wa(f) = —=—¢ 32768 (3+ B4 +3Bau)’

(1):0 ——\Pz(l)—|—B4W2(1)+3W%(1)W1(1):0.

(66)

(67)

(68)

(69)

(70)

(1)

(72)

(73)

(74)

(75)

(76)
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After substituting wo(&), wyi(&), and wy(&) back to equation (59), one has the
perturbation solution of the nonlinear system in term of w(&).

By setting u = 0, it yields to the perturbation solution for the Bernoulli-Euler beam

_ Bat12 oy S5Bat24 3 1y
W(&) =16p, 1287 " a8p, 1 1aa”° T 2aP°

+e(73” )3(— g2y 53) )
8B4+ 24 2B4+6 2Bs+6

e <8B43i24>5 <3+3ﬁ4>2 (38-48)

4.1.4 Numerical analysis

To compare the developed exact solutions with the perturbation solutions, one de-
fines:

Error(1) = (|Bp — Bg|/Bg) x 100%,
Error(2) = (|Tp — Tg|/Tg) x 100%, 78)
Error(3) = (|Bg — Tg|/Tg) % 100%,
Error(4) = (|Bp — Tg|/Tg) x 100%,

where T is the exact solution based on the Timoshenko beam theory, equations
(53-54). Tp is the perturbation solution based on the Timoshenko beam theory,
equations (59, 65, 71, and 76). Bg is the exact solution based on the Bernoulli-
Euler beam theory, equations (57-58). Bp is the perturbation solution based on the
Bernoulli-Euler beam theory, equation (77).

In the following numerical analysis, one considers a beam of square cross section
with width d and length 10d. The beam structure is constructed by the material
AISI 1020 (E: 210GPa; G: 80GPa, u = 0.0025) and subjected to a dimensionless
uniformly distributed load p = 5.

In Tables 1-2, based on two different beam theories, the deflections of the beam
evaluated via two different approaches are presented. The errors are also evaluated.
It can be observed that the errors of the perturbation solutions increase as the non-
linear spring constant K>is increased. The perturbation solutions are not accurate
enough for a system of high nonlinearity. The conclusions are consistent with those
we are familiar with.

In figures 2-3, the influence of the nonlinear spring constant K>on Errors (1) ~ (4)
at two different positions are shown. It can be observed that

a. The influence of the nonlinear spring constant K;on Error (3) is not significant.
Errors (3) at £ = 1 are less than those at £ =0.1.
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20+
—— Error (1)
---- Error (2)

~~~~~~~ Error (3) 7
- Error (4) /

Error (%)

Figure 2: Influence of the nonlinear spring constant k on Errors (1) ~ (4) at £ =
0.1

20 /
1
0+
N 0
§
§ 10+
i)
—— Error (1)
---- Error (2)
~~~~~~~ Error (3)
-== Error (4)
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0 2 4 6

Figure 3: Influence of the nonlinear spring constant k, on Errors (1) ~ (4) at £ = 1
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Table 1: Exact and perturbation solutions for the nonlinear deflections of the
Bernoulli-Euler beam

Bernoulli-Euler beam (p =5, k1= 1)

ky=1 k=5 ky=10
¢ | Bg Bp |Error (1)| Bg Bp |Error(1)| Bg Bp |Error (1)
(%) (%) (%)
0 0 0 0 0 0 0 0 0 0

0.1[0.009/0.009| 0.00 ]0.008{0.009| 12.50 |0.008|0.012| 50.00
0.5]0.166/0.166| 0.00 [0.149]0.165| 10.74 |0.137|0.225| 64.23
1 {0.447/0.447| 0.00 ]0.393]10.446| 1349 |0.356|0.636| 78.65

Table 2: Exact and perturbation solutions for the nonlinear deflections of the Tim-
oshenko beam

Timoshenko beam (p =5, k1= 1, u=0.0025)

ky=1 k=5 ky=10
E | Tg Tp |Error 2)| Tg Tp |Error 2)| Tg Tp |Error (2)
(%) (%) (%)
0 0 0 0 0 0 0 0 0 0

0.1{0.010/0.010| 0.00 1]0.009{0.010| 11.11 |0.009|0.013| 44.44
0.5(0.169/0.169| 0.00 |0.152]0.170| 11.84 |0.140|0.233| 66.43
1 {0.450(0.450| 0.00 ]0.395]0.452| 14.43 |0.358|0.654| 82.68

b. Independent of the beam theory employed, the errors of the perturbation so-
lutions, Errors (1) and (2), increase as the nonlinear spring constant K is in-
creased. Since the beam considered is a slender beam, the difference between
the two Errors is relatively small.

c. Error (4) will decrease to zero first, then, increase rapidly as the nonlinear spring
constant K is increased. The reflection of the curve at Error (4) = 0 is due to
the definition of the Error which is the absolute value of the difference of two
different solutions.

d. Errors (1,2, 4) at & = 1 are greater than those at £ =0.1.

Figure 4 illustrates the influence of the slenderness ratio on the Errors (2) ~ (4) at
& =1 when kp = 5. It can be observed that

a. The difference between the deflections evaluated via two different beam the-
ories, Error (3), decreases and approaches to zero as the slenderness ratio is
increased.
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30+

— Error (2)
- --- Error (3)

Error (%)

slenderness ratio S

Figure 4: Influence of the slenderness ratio s on Errors (2) ~ (4) at & =1 (kp = 5)

b. As the slenderness ratio is increased, Error (2) decreases and Error (4) increases.
Finally, they will approach to the same value.

4.2 Clamped-nonlinear rotational spring supported Timoshenko beam subjected
to uniform distributed load

Consider the deflection of a beam subjected to uniformly distributed load P with
clamped one end and nonlinear rotational spring support at the other end. The
governing differential equations are the same as equations (61-62) and the boundary
conditions are

at & =0:

¥=0, w=0, (79
atE =1:

d¥(¢)

B 1 (dw(&)
g -wr@ -0, o

—‘P(é)) =0. (80)
One lets

¥(&) = (&) + f323(5), (81)

where

f=-n¥(1), (82)
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Following the procedures revealed in the last section, one has

1
0(§) =m +7&* + 2pk’, (83)
W(E) = E 128y (1) + (=14 B3) (pE° — 12pE p + 128 m + 8E27 — 48 i)
B 24(—1+Bs) ’
(84)
where 1 = — 63(”__1?&), ii=—5 and
A (85)
’ Bi—1
After substituting the equations (83) and (85) above back to equation (81), one has
W(E) = e+ A+ LpE (1) (36)
6 Bs—1

(&) = E(—1281° (1) + (=14 B3) (pE> — 12pEu + 1281 + 827 — 48 i)
- 24(—1+p3) ’
(87)

p(3-2B3)
6(—1+p3)

Setting £ = 1 in the equations (86-87), and Using the Cardano’s formula, one ob-
tains W(1).

Z=_ _D
and 1= —73.

where m = —

0 2B6(-1+4p)
- 21318y 0 ’

¥(1) (88)

where

1/3
0= (—972p}/32—|— \/5038848 (—1+B)’n +944784p27/§‘> -

After substituting (1) back to equations (86-87), one obtains the exact solutions
of the problem.

For a Bernoulli-Euler beam, equations (87) is reduced to the following equation by
setting U being zero

w(&) = p&? [(éﬁj%i) - %é + %éz] +73 (dv;él)f (2—12B3 §2> - (89)
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Setting & = 1 in the equation (89), and Using the Cardano’s formula, one obtains

dw(l) @ 2'P6(-1+p3)
dE 21318y 0

: (90)

The solution form, equation (90), is the same as that of equation (88)

When 73 = 0, the system turns to be a linear problem. Equation (89) is reduced to

w(§) =pé’ [(éﬁj%i) —éé+§éz]. 01)

5 Conclusions

In this paper, an analytic solution method is developed to find the exact static de-
flection of a Timoshenko beam with nonlinear elastic springs supports at ends for
the first time. The associated mathematic system is shifted and decomposed into
six linear differential equations and at most four algebra equations. After finding
the roots of the algebra equations, the exact solution of the nonlinear beam system
can be reconstructed. It is shown that the proposed method is valid for the problem
with strong nonlinearity. Examples and limiting studies are given to illustrate the
analysis. The exact solutions are compared with the perturbation solutions. The
errors of the perturbation solutions are evaluated. In the present study, the load-
ing considered is a distributed force only. However, it can be easily extended to
the problems with various kind of loading. It will be of interesting to extend the
proposed solution method to study different kinds of nonlinear problems.
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