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Richardson Extrapolation Method for Singularly
Perturbed Coupled System of Convection-Diffusion
Boundary-Value Problems

Briti Sundar Deb' and Srinivasan Natesan?

Abstract:  This paper presents an almost second—order uniformly convergent
Richardson extrapolation method for convection- dominated coupled system of
boundary value problems. First, we solve the system by using the classical finite
difference scheme on the layer resolving Shishkin mesh, and then we construct the
Richardson approximation solution using the solutions obtained on N and 2N mesh
intervals. Second-order parameter—uniform error estimate is derived. The proposed
method is applied to a test example for verification of the theoretical results for the
case e <N~ 1.

Keywords:  Singularly perturbed coupled system of equations, Boundary layer,
Piecewise-uniform Shishkin mesh, Richardson extrapolation, Uniform convergence.

1 Introduction

Singular perturbation problems (SPPs) are of common occurrence in many applied
areas which include fluid dynamics, chemical reaction theory, gas porous electrodes
theory, control theory and so on. The well-known examples of SPPs are the lin-
earized Navier-Stokes equations at high Reynolds number, heat transport problems
with large Peclet numbers, magneto-hydrodynamic duct problems at Hartman num-
bers, etc. The principal characteristic of SPPs is that its solution has a multi-scale
character. That is, there are thin layers, known as boundary layers, where the so-
lutions have steep gradients. SPPs can be solved analytically through asymptotic
expansion, for details one can see the books of Eckhaus (1979), Lagerstrom (1988)
and O’Malley (1991).

I Department of Mathematics, Indian Institute of Technology, Guwahati - 781 039, India. Present
address: Department of Applied Mathematics (NACM - Group), University of Twente, 7500AE
Enschede, The Netherlands. (b.s.deb@utwente.nl)

2 Department of Mathematics, Indian Institute of Technology, Guwahati - 781 039, India. (nate-
san@iitg.ernet.in)



180 Copyright © 2008 Tech Science Press  CMES, vol.38, no.2, pp.179-199, 2008

Because of the presence of boundary layers, the classical numerical methods fail to
yield satisfactory numerical approximate solution on uniform grids. To overcome
these numerical difficulties, one has to seek some special schemes on uniform or
nonuniform meshes. One can refer the following books for more details about
the numerical treatments of SPPs: Doolan, Miller, and Schildres (1980), Farrell,
Hegarty, Miller, O’Riordan, and Shishkin (2000) and Roos, Stynes, and Tobiska
(1996). The numerical methods for SPPs are classified into two categories: one
is the fitted operator method, i.e., exponentially fitted finite difference schemes on
uniform mesh (Doolan, Miller, and Schildres (1980)); and the second approach is
fitted mesh method, i.e., classical finite difference schemes will be used on nonuni-
form grids (Farrell, Hegarty, Miller, O’Riordan, and Shishkin (2000), Roos, Stynes,
and Tobiska (1996)).

There are several articles deal with the solution technique for singularly perturbed
two-point boundary-value problems (SPTPBVP). For example, Liu (2006a) pro-
posed shooting methods for second-order ordinary differential equations, and also
he developed Lie-group shooting technique for SPPs in (Liu (2006b)). Natesan
et. al. developed higher-order numerical methods by incorporating the asymp-
totic expansion for self-adjoint SPPs in (Natesan and Ramanujam (1999a)), and
for nonself-adjoint SPPs in (Natesan and Ramanujam (1999b)). Bawa and Natesan
(2005) proposed a domain decomposition method using quintic spline for singu-
larly perturbed reaction-diffusion problems.

In this article, we consider the following coupled system of convection-dominated
boundary-value problem (BVP):

Lii = —euf (x) — ay (x)u (x) + by1 (x)ur (x) + br2(x)uz(x) = f1(x), x € Q= (0,1),
Loii = —ufj(x) — ax (x)uy (x) + bay (x)u1 (x) + boa (x)uz (x) = fa(x),

ul(O) = uz(()) = ul(l) = uz(l) = 0,

)
where 0 < € < 1, and i = (u;,uz)”. We assume that B = [bij]%jzl is an Ly-matrix
(i.e., whose diagonal entries are positive and off-diagonal entries are nonnegative)
with

xlen[(i)nl] [b11(x) +b12(x), b1 (x) +b22(x) | > B > 0.

Also, we assume that
aj(x) >2a >0, ay(x)>2a>0VxeQ=10,1].

Under these assumptions, the system of BVPs (1) admits a unique solution, which
exhibits a boundary layer of width O(elng) at x = 0.
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Richardson extrapolation is a well-known classical postprocessing procedure where
two computed solutions approximating a particular quantity are averaged to pro-
vide higher-order approximation. Keller (1969) used this technique to improve
the accuracy of computed solution to non-singularly perturbed BVP. Vulanovi¢,
Herceg, and Petrovi¢ (1986) applied this technique to singularly perturbed reaction-
diffusion BVPs on the Bakhvalov mesh. Natividad and Stynes (2003) used the
Richardson extrapolation technique on a layer resolving Shishkin mesh for solving
singularly perturbed convection-diffusion equation.

In this article, to obtain second-order €-uniform convergence results of the BVP (1),
we apply the Richardson extrapolation on the piecewise-uniform Shishkin mesh.
First, we solve the system (1) on Shishkin mesh using the classical finite difference
scheme and then we construct the Richardson extrapolation solution by using the
numerical solutions obtained on N and 2N mesh intervals. To estimate the error, we
determine the error of the smooth and singular components separately, and obtain
the €-uniform error estimate.

Recently, Natesan and Deb (2007) developed a numerical method consists of cu-
bic spline and classical finite difference scheme for reaction-diffusion systems and
obtained &-uniform second-order error estimates. The classical finite difference
scheme is applied to system of convection-diffusion equations on Shishkin mesh
by Cen (2005).

The paper is organized in the following way: Section 2 presents bounds on the
solution and its derivatives of the continuous problem (1). The difference scheme,
Shishkin mesh, the Richardson extrapolation method, and error estimates are ob-
tained in Section 3. A test problem is experimented numerically in Section 4. The
paper ends with conclusions.

Throughout the paper, C will denote a generic positive constant that is independent
of € and of the mesh. Note that C does not necessarily assume the same value
everywhere. We define the maximum norm by

lw )} = max|y(x)], VIl = max ([yi(x)ll), ¥ (x) = (y1(x), ya(x).
Further, we assume that € < N~!, as is generally the case.

2 The Continuous Problem

In this section, we obtain bounds for the solution and its smooth and singular com-
ponents of the continuous problem (1), which will be used in the subsequent sec-
tions to obtain €—uniform error estimate.
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Lemma 1 Let ii be the solution of the system of BVPs (1). Then, we have the

following bound:
@0 ()| <ce™®, for k=1,2,3.

Proof. This lemma can be proved by following the technique used by Cen in (Cen
(2005)). [
The solution i of the problem (1) is decomposed in the following manner:

i(x) =v(x)+w(x), xe€Q.

The functions ¥(x) and w(x) are respectively called the smooth and singular com-
ponents of i. Here v(x) is the solution of the following problem:

Liv(x) = fi(x), x€Q,

Lovi(x) = f2(x),

v1(0) = v10(0) + €vy1(0) + €2v12(0),

v2(0) = v20(0) + €v2,1 (0) + €2v2,(0), (1) = ii(1),
where, vy ;,v2; fori=0,1,2 satisfies

—a1 (X)) o(x) +b11(x)v1,0(x) +Db12(x)v20(x) = fi(x),
—aa (X)v) o(x) + b1 (x)v1,0(x) + b (x)v2,0(x) = fo(x),
vio(l) =ui(1), vao(1) =ux(1),

and
—ev g —ai(x)(vio+evin) +bii(x)(vio+evin) +bia(x)(vao+evar) = fi(x),
—£v’2”0 —ay(x)(va0+€va1) + b2 (x)(vio+evin) +ban(x)(vao+evar) = fo(x),
vi,1(1) =v21(1) =0.

Also w(x) satisfies the BVP:
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Theorem 2 The following bounds hold for the derivatives of the smooth compo-
nent v,
O <c, k=1,2,3. )

And the bounds for the singular component w is given by

[0 < Cetexp (=), k=0,1.23 3)

Proof. Using the asymptotic expansion ¥ = vy + €v] + €2V5 the theorem easily
follows from Cen (2005). ]

3 The Discrete Problem

In this section, we present the finite difference scheme, Shishkin mesh for singu-
larly perturbed convection-diffusion system of BVPs (1). We also provide the nec-
essary error estimates for the smooth and singular components of the Richardson
extrapolated solution.

Let Q= [0,1] = {x;}¥, be an arbitrary mesh with 0 =xp < x; <x, < ... <xy = L.
Set h; = x; — x;_1 for each i. We use an upwind difference scheme for the problem
(1) on the mesh Q which is given by

le\’ﬁlN = —852Uin —a1’iD+Uin+b11Uin —l—bleé\’Ii =fi;, 1<i<N-1
LYON = —852U§’,~ — a2, DUy + b Uy + baUs = fo,

N _y/N _g/N _ /N _
Uly=Uin=Uyy=U,y =0,

“
where
Zit1 — 3% - Zi —Zi—1 2 (Dt —D7)z hi +hit
DYzi=""—= D z= d &6%zi=——"" hi=—1"T
“ hi-l—] ¢ hi an ¢ Fl,’ 2
The transition parameter 7 is defined as
1 2¢
T=min< =,—InN ;. 5
min { e } 5)

A piecewise-uniform mesh Sy ; = {x,-}l(;’ is constructed by dividing Q into two
subdomains [0, 7] and [7, 1]. Then we subdivide each of these two subdomains into
N/2 mesh intervals. Also the step sizes of the mesh Sy ; satisfy

2t 4elnN . _N
h=—= , for 1<i<—,
L N oN 2
hi == (6)
H 2(1_T) for N<'<N
= y _ l_
N 2
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Lemma 3 (Discrete Maximum Principle) Let {Z}}ﬁvz o be any discrete vector func-
tion such that 7y > 0 and N > 0. Suppose that LJIVZ,- >0 and LJZVZ’,- >0for1<i<
N—1.Then7; > 0forall 0 <i<N.

Proof. Following the method of proof given by Cen (2005), one can prove this
lemma. u

Lemmad4 Fori=0,...,N define the mesh function
i OChj -
Ser=11 (1 * g>

with the usual convention that for i = 0, S¢o = 1. Then, there exist a positive
constant C, such that fori=1,...,N — 1, we have

- CSe.; - CSe;
LySe;> ————, and LySe;> ——"—
"7 max{¢&, hi} "7 max{¢&, hi1}
where S:g’l' = (Se.i, Se.)! with the assumption that
min [a;(x), ax(x)] > 20 > 0.
x€[0,1]
Proof. We have
i+1 -1 i -1
oh; oh; ohit
Seir1 —Sei= 1+’) — <1+’> e
£,i+1 €, jlj1< € i € €+ ahi €,
Therefore,
o o
DSei=———— Se; d D Sei=— Se.i1-
£, 8—|—Olhi+1 e, an €, 8+(Xhl‘ €,i—1
Now,
2 2a Sei Sei_1
8Sei = ———— (D" —D")Se; = ———f 4 5
& hi+hi+1( ) & hi +hiq < E+0ahiy1 e+ ah;
— 22 hit Se.i

hi+hiy1 €4 othipy
Applying the difference operator LIIV to §87,~, we obtain

hit1 Se.i ar(x;)

LYS,; = — 2a?
=8t hi+hiy1 €+0hiy €+ ahiy

Sei+ (bi1(xi) +b12(xi) )Se i



Richardson Extrapolation for System of SPPs 185

Using the fact that min [a;(x), az(x)] > 2a > 0, we get

x€[0,1]
< 202 h; Se.i
levsgi > = Se,i B 2062 i+1 E,i
’ €+ othiyy hi+hiy1 €+ ahi
hi 202
> |:1 . i+1 :| Sg .
hi+hiv1] €+ ahip

Thus, we can always find a positive constant C; such that

C a? CSe.i

LS, > > CSei
1€ — el — .

e+ othiy max{€&,h;y1}
In a similar manner, one can prove the required estimate for LQ’ Se.i- |

Lemma 5 Ler Sy ; = {xi}g with h; = x; — x;_1, for all i. Then, we have the follow-
ing inequalities:

N/2 ah; ~1
2 < H<1+> < CN~2. (7
Proof. Using the inequality In(1 +x) <x —x /4 for 0 < x <1, one can express

N/2 - N/2
oN o
1 14+ — = — 1 1+— ) >——h>—— =InN"2.

Thus the first part of the inequality is proved.
For the second part, we use the inequality x — x* /2 <In(1+x), and obtain

_ 22 2
i(-2) - o(o2)- B2

Jj=1

i.e., we have

Z — 2InN.

The second inequality follows from the above result. ]

5
s
[\)
N
p—
+
‘sz
>
~
N———
‘sz
l\)
\

The following theorem provides the €—uniform first-order convergence result for
the classical finite difference scheme (4) applied on the Shishkin mesh for the sys-
tem of BVPs (1).
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Theorem 6 Let ii be the solution of the system of BVPs (1) and UV be the solution
of the discrete problem (4) on the piecewise-uniform Shishkin mesh. Then, we have

the error estimate
|ii —U"|| <CN~'InN.

Proof. Following the similar lines of proof given in Cen (2005), one can prove this
theorem. ]

3.1 Extrapolation of the Discrete Solution U

The important goal of this article is to use the Richardson extrapolation technique
to increase the order of convergence of the solution UV which is already computed
on the mesh Sy ;. For this we solve the BVP again on the mesh Syy 7, which has 2N
number of subintervals by keeping the transition parameter 7 fixed as in the case of
N mesh intervals. The solution in the later case is denoted by U2V . Since 7 is fixed
and N is doubled so step sizes h; in Sy 7 is twice as that of the step size in Soy ¢.

We know that InN = a1 /2¢, and from Theorem 6, we have

—

UM (x;) —ii(x;) = CN"'InN 4+ Ry(x;) = CN" ! (at/2¢) + Ry(x;), Vx; € Snr,

Ry is of o(N~'InN). Since we have computed U by keeping 7 fixed, so we can
write
UZN(XI') — ﬁ(x,-) = C(ZN)_I (067/28) +R2N(xi), Vx; € SN,‘L’;

where R,y is also of o(N~!'InN).

We can eliminate the O(N~!) terms from the above two expressions to obtain
i(x;) — QUM (x;)) —UN(x;)) = o(N"'InN), Vx; €Sy
Therefore, we look for the extrapolation formula in the following way:
2(72N(x,') — UN(xi), Vx; € Sn.z,

which will provide an approximation to i with better accuracy than U and U2V,

As like in the continuous case, here also we decompose the solution U into smooth
and singular components as U = V¥ + W/, such that

LYVN = £, LYVN = f5, VN (0) = #(0), V(1) = #V(1),

LYWN = 0, LYWN = 0, WN(0) = wV (0), WV (1) = wh(1).

A similar decomposition holds true for U2V,
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3.2 Extrapolation of the Discrete Smooth Component VN
Lemma 7 Assume that € < N~'. Then for all x; € (0, 1), we have

1

L11v(‘7N —V)(xi) = O(Hz) + ial (xi) (i1 —Xz')V'f(Xi),
LYV ) () = O(H?) + Sas(x) (st — )4 ).

Proof. By modifying the proof given in page 21 of Miller, O’Riordan, and Shishkin
(1996) and using the fact that ||7¥)(x)||, k = 1,2,3 is bounded by a constant, one
can obtain the required estimate on the truncation error. ]

Let us assume that E = (E1,E>)T be the solution of the following system of BVPs
LiE(x) =&i(x), LE(x)=&(x), Vxe(0,1),
E(0)=E(1)=0,

where & (x) and &;(x) are given by

&) = @ (), )= Ja (),

We decompose E into smooth and layer parts by E = F + G such that
LiF(x) =& (x), LoF(x) =&(x),
L,G(x) =0, L,G(x) =0, (8)
F(0)=—G(0), F(1)=G(1)=0.
One can easily prove that
|F®|<c, k=123 )
and
| G® || < ce*exp (—%) k=0,1,2,3. (10)
Lemma 8 For all x; € (0,1), we have
(LY —L1)F(x;)) =O0(H) and (LY —Ly)F(x;))=O(H).
Proof. We know from the truncation error estimate that

aj (x,')
2

(LY —L)F(x)| < < (xip1 —xi-1)|Fi |3 + (Xiv1 —xi)|F1l2.

W[ m
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Now it follows from equation (9) that

aj (x;)
2

C(xit1 —xi—1) +C(xip1 —x;)

. €
(LY —=L)F(x)| < §C(Xi+1 —xi-1)+C (xip1 —xi)

IN

IN

CH.

Hence, we obtain
(LY —L)F(x;) = O(H).

Proceeding in the same way, one can prove for (L12V — Lz)ﬁ . ]

Theorem 9 For all x; € [t,1) one has the following

=

VN(xL-) —V(x;) = HE(x,-) + O(N_2).
Proof. From Lemma 8, we have
levﬁ(x,-) = Llﬁ(x,-) -I-Lllvﬁ(xi) — Llﬁ(x,-) = Llﬁ(x,-) + O(H)

Now, from (8) that
HLYF (x;) = HE (x;) + O(H?).

Similarly, for LY, one can obtain
HLIZ\]ﬁ(X,) = ng(xi) + 0<H2)

From Lemma 7, it follows that

LY (VN —9)(x;) —HLYF (x;) = O(H*)+ %al (xi) (i1 —xi)V] (x7) —HE (x;) — O(H?),

therefore,
LY{(VN =) (x;) — HF (x;)} = O(H?) +{(xi1 —xi) — H}& (7).

And for x; € [1,1), we have

LY{(VY —9)(x) — HF(x)} = O(H?) in [z.1),

-

LY{(VY —9)(x) — HE(x)} = O(H?) i [z,1).
Proceeding in the same way for x; € (0, 7), we obtain

LY (VY =) (x)) — HLYF (xi) = O(H?) +{h— H}&1 (x).
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Therefore, we have
LY (VN —%)(x)) —HLYF (x;) = O(H) in

and
LY(VN —9)(x;,) —HLYF(x;,) = O(H) in

Now consider the discrete function

Z=CN*(1,1)T +8¢;, for i=0,...

189

where §87l~ = (S87,~,Se‘,,-)T. Then applying the difference operators on 7;, we obtain

that S
LYz >CN24+C—2 —— fori=1,...
max (&, hi)
S .
LYZ >CN24+C———— fori=1,...
max(€&,hiy)
Hence, for N/2 <i <N —1,
LYZ > CN2,
LYZ > CN 2.

Using the fact that N “1<H<2N _1, we obtain
L7, >CN2>CH? in [1,1)
LYz >CN"2>CH? in [1,1).
From Lemma 5, fori =1,...,(N/2—1), we have

Se,i

LYz L N
L max(&,hit1)

> CS*lSs,i
> Ce 'Senp>Ce 'N?>CH.

In a similar fashion one can show that LY7; > CH.

At x; =0, we have

1 VY(0) —#(0) — HF(0) ||< CH <7,

and at x; = 1,
| VN(1) = ¥(1) —HF(1) |= 0 < Z.
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Now using the discrete maximum principle (Lemma 3), we can show that 7; is a
barrier function for (V" — % — HF)(x;). Thus, we have for all i

Hence, for N/2 <i < N, we have

—

I (VN =¥ —HE)(x) || < [|(VN=¥—HF)(x) || +H || G(x) |

< CN72+CHCXP(—OZQ>
< CN2

Here we have used the fact that E = F + G. Thus,

VN (xi) — 7(x;) = HE (x;) + O(N~2). -

Theorem 10 For all x; € [t,1), we have the second-order convergent result for the
smooth component

| ¥(x) — 272V () = PV ()] || < CN 2.
Proof. Let x; € [7,1). Then from Theorem 9 on the mesh Sy ; we have
VN(x;) —¥(x;)) = HE(x;) + O(N2).
Similarly, by keeping 7 fixed on the mesh Soy ¢, it follows that
V2 (x) — () = 5 () +O(N 2),
From the above two expressions, we can obtain that
P(x;) — 2V (x) = VY (x)) = O(N72). n
Theorem 11 For all x; € (0,7), we have the following estimate

15(x:) — 2V () — VY (x)] || < CN 2 InN.
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Proof. Define the function ¥ on [0, 7] such that ¥ (0) = 0, ¥(t) = 1 and
LY(x)=0, IL)Yx)=0 in 0<x<T.
Define the discrete approximation YV of ¥ by ¥YV(0) = 0, ¥V(1) = 1, and
LYYY(x) =0, LYYY(x)=0, 1<i<N/2.
Then it can be easy to prove that
| YV () =Y (x) |[< CN~'InN, 0<i<N/2.

Again we set for 0 <i < N/2

Then, C_Iso =0, and

Now from Theorem 9, we have
o N . 1
LY®(x;) = LY (VN —¥)(x) = O(H?) + 2 a1(x) (et —xi)vy (),
i N . 1
LY®(x;) = LY (VN —¥)(x;) = O(H?) + 5a2(xi) (xi1 —xi)va (x:).
Using these truncation errors in (0, 7) and the relation € < N~!, we have

| LY®(x;) |< Ch+CH? < Ce(N"'InN)+CN~%2 < CN~2InN.
Similarly, one can show that | LY ®(x;) | < CN~2InN.
Consequently, we can use the barrier function ¥, =CN 2InN (1,1)7 to obtain
| ®(x;) [<KCN2InN, for 0<i<N/2.
Now bounding E(7) by a constant and using the fact that ¥V (x;) =¥ (x;) = O(N ' InN).
We have, for 0 <i < N/2
VN¥(x;) —¥(x;)) = HE(t)Y (x;) + O(N"*InN).
Now by making N double and keeping 7 fixed, we obtain
“E

\72N(x,~)—\7(x,-) = 3

(7)Y (x;) + O(N2InN).
Hence, we have the following result

) — 2V () — VY (1)) = O(N"2InN).
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3.3 Extrapolation of the Discrete Singular Component WV

Theorem 12 For all x; € [t,1], we have
19 () — [2W2N () = W™ ()] || < N2

Proof. From [Theorem 1 of Cen (2005)], we have

ox;
€

5= WA <1 0+ | WX )< Cexp (=22 ) +CSew
Now using Lemma 5, one can easily prove that for N/2 <i <N,

| =W < CN2.

The statement of this theorem is an immediate consequence of the above result. m

Let M = (M;,M,)" be the solution of the following BVP:

Ly (x) = %gal(x)w’l’(x), (0,7)

_ 2
Lot (x) = = a (0wl (), b

—

M(0) =M(t)=0.

Then, M depends upon T and is independent of N. Now using the fact that
| M'(0) ||< Ce™!, we have for 0 < x < 1

| MOx) < CeFexp (<27 ) fork=1,2.3. (12)

Theorem 13 For all x; € [0, 1], we have the estimate

| w(x:) — 2WN () = WV (x;)] || < CN~2In®N.

Proof. It is easy to prove from Taylor’s series expansion in (0, 7) that

NN =iy a(xi), , ) ay(xi) o m ) ) hj g
LY (WY —w)(x) = 5 hwi (x;) + 3l h™w, (x,)+{28+a1(x,)h}4!wl (&),
LY(WN —#)(x) = az(xi)hw”(x<)+az(xi)hzw///(x~)+{2£+a (x-)h}h—zwiv(é')

2 i ) 2 \Ai 3 2 \Ai 2\Ai 41 2\6i)»



Richardson Extrapolation for System of SPPs 193

where &; € [x;_1,x;11]. Now using equation (3) and on simple calculation, we obtain
that

LY (WY — ) (x;) — ‘”gx") hw!/(x;) | < Ce'exp (—O‘%) (N21n?N).

Thus, we have

LY (WY — %) (x;) = %8 ar(x) w! () (N~ InN) +0 <e—1 exp (— 0‘8"") (N‘zanN)> .

Proceeding in the same way, we can have

LY (WY — ) (x;) = %g ar () Wi () (N~ InN) +0 (8*1 exp (— “gx") (N"21n? N)) .

Again, for all x; € (0,7)
| (LY —L)M(x) | < Ce'exp (—%) (N"'InN).
So, we have
(N"'InN)LYM(x;) =

%al (xi)w{ (x;)(N"'InN) + 0O (8*1 exp (— a;i) (NlenzN)> .

Similarly, for LY

(N"'InN)LYM (x;) =

%‘Saz ()W () (N InN) + 0 (e*l exp (— O‘ex") (Nlenzzv)) .

Therefore,
LYY — % — (N InN) Y ()] < Ce'exp (—O‘?") (N"21n2N),

O‘;" ) V20PN,

ILY (WY — % — (N InN)M Y ()| < Ce'exp (—
Now, for i =0,...,N/2 we define the discrete function
I;=CN2(1,1)T + CN 2S¢, In>N.

Then, foralli=1,...,N/2—1

o o olX;
LT} > CN 2 N(LYS,,) > CN 267 'S, In? N > CN~2e ' exp (%) In?N.
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Similarly, we can prove that

- oX;
LT, > CN e exp (%) In®N.

Again at x; =0,
WY —#)(x;) — (N~ InN)M(x;) [|= 0 < T,

atx; =7,
I (WY =) (xi) = (N InN)M (x;) [ CN™2 < Ty .

Therefore, for i = 0,...,N/2, we can use f“; as a barrier function for
| (WN =) (x;) — (N~'InN)M(x;) ||. But, we know that

|y ||< CN"2I®N  for i=0,...,N/2.
Hence, we have fori =0,...,N/2
| (WY —%)(x;)) — (N"'InN)M(x;) ||< CN~2In®N.
It follows that for all x; € [0, 7]

(WY —w)(x;)) = (N "' InN)M(x;) + O(N~2In®N),

that is,
(WN —%)(x;) = N~ (at/2e)M(x;) + O(N~2In®N). (13)
Now W2V is computed on the mesh Sy ; keeping 7 fixed. Then, we have

— —

(W — ) (x;) = (2N) (a1 /2€)M(x;) + O(N21n>N). (14)
From equations (13) and (14), we obtain the following:
| w(x:) — 2WN () =WV (x;)] || < CN 2 In®N. S

The following theorem is the main result of this paper, which proves the e—uniform
second-order error estimate for the Richardson extrapolation solution.

Theorem 14 For all x; € Sy ¢, we have the following second-order €-uniform error
estimate

| @(x;) — 20N (x;) — O (x))] || < CN 2 In> N.
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Proof. For all x; € Sy ¢, we have

i) = 0% () = 0¥ @) || < |1 90x) = 2V () = VY ()] || +

19 () — [2W2N (xi) = W ()] |

Using Theorems 10, 11 and 12, 13 respectively for the first and second terms on the
RHS of the above inequality, one can obtain the required é—uniform second-order
error estimate. u

4 Numerical Example

In this section, to validate the theoretical results, we apply the Richardson extrap-
olation method to a test problem which was studied by many researchers. The
results are presented in the form of tables with maximum point-wise errors and
rates of convergence before and after extrapolation. Also, the maximum errors are

plotted in loglog scale.

Table 1: Maximum point-wise errors and rates of convergence for u; before and
after extrapolation.
€ Number of intervals N
64 128 256 512 1024 2048
1073 | before | 3.1679%-1 | 2.0338e-1 | 1.3183e-1 | 8.0379-2 | 4.6604e-2 | 2.6318e-2
rate 0.63937 0.62546 0.71379 0.78638 0.82437 0.85143
after | 5.3699¢-2 | 2.8312e-2 | 1.1183e-2 | 4.1536e-3 | 1.4178e-3 | 4.7184e-4
rate 0.92350 1.3401 1.4288 1.5507 1.5873 1.4983
10~% | before | 3.1728e-1 | 2.0367e-1 | 1.3199e-1 | 8.0453¢-2 | 4.6631e-2 | 2.6318e-2
rate 0.63956 0.62580 0.71418 0.78687 0.82525 0.85299
after | 5.3711e-2 | 2.8314e-2 | 1.1165e-2 | 4.1300e-3 | 1.3922e-3 | 4.4527e-4
rate 0.92372 1.3426 1.4347 1.5688 1.6446 1.6844
107> | before | 3.1734e-1 | 2.0370e-1 | 1.3201e-1 | 8.0462¢-2 | 4.6634e-2 | 2.6318e-2
rate 0.63957 0.62583 0.71423 0.78692 0.82533 0.85315
after | 5.3712e-2 | 2.8314e-2 | 1.1163e-2 | 4.1277e-3 | 1.3897e-3 | 4.4262¢e-4
rate 0.92374 1.3428 1.4353 1.5706 1.6506 1.7047
107® | before | 3.1734e-1 | 2.0370e-1 | 1.3201e-1 | 8.0463e-2 | 4.6635e-2 | 2.6318e-2
rate 0.63958 0.62584 0.71423 0.78692 0.82534 0.85317
after | 5.3713e-2 | 2.8314e-2 | 1.1163e-2 | 4.1275e-3 | 1.3894e-3 | 4.4235e-4
rate 0.92374 1.3428 1.4353 1.5708 1.6512 1.7068
10~7 | before | 3.1734e-1 | 2.0370e-1 | 1.3201e-1 | 8.0463e-2 | 4.6635¢-2 | 2.6318e-2
to rate 0.63958 0.62584 0.71423 0.78692 0.82534 0.85317
10714 | after | 5.3713e-2 | 2.8314e-2 | 1.1163e-2 | 4.1274e-3 | 1.3894e-3 | 4.4233¢-4
rate 0.92375 1.3428 1.4354 1.5708 1.6513 1.7070
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Loglog Plot of ||u 1 U1||
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Figure 1: Loglog plot of the error before and after extrapolation for € = 1074,
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Table 2: Maximum point-wise errors and rates of convergence for uy before and
after extrapolation.

€ Number of intervals N
64 128 256 512 1024 2048
1073 | before | 1.8427e-1 | 1.3152¢-1 | 8.6982e-2 | 5.3404e-2 | 3.1356e-2 | 1.7935¢e-2
rate 0.48655 0.59644 0.70377 0.76820 0.80594 0.84092
after | 3.6322e-2 | 2.4384e-2 | 1.0983e-2 | 4.2806e-3 | 1.5349¢-3 | 5.4714e-4
rate 0.57494 1.1507 1.3594 1.4797 1.4882 1.3392
10~% | before | 1.8486e-1 | 1.3181e-1 | 8.7148e-2 | 5.3469¢-2 | 3.1361e-2 | 1.7905¢-2
rate 0.48793 0.59694 0.70477 0.76973 0.80856 0.84571
after | 3.6316e-2 | 2.4358e-2 | 1.0948e-2 | 4.2286e-3 | 1.4838e-3 | 4.9068¢-4
rate 0.57618 1.1537 1.3725 1.5109 1.5964 1.6429
1075 | before | 1.8492e-1 | 1.3184e-1 | 8.7166e-2 | 5.3476e-2 | 3.1362¢-2 | 1.7903e-2
rate 0.48807 0.59698 0.70487 0.76988 0.80882 0.84618
after | 3.6316e-2 | 2.4356e-2 | 1.0945e-2 | 4.2234e-3 | 1.4787¢e-3 | 4.8505¢e-4
rate 0.57631 1.1540 1.3738 1.5141 1.6081 1.6765
107° | before | 1.8492e-1 | 1.3185e-1 | 8.7168e-2 | 5.3477e-2 | 3.1362¢-2 | 1.7903e-2
rate 0.48808 0.59699 0.70488 0.76990 0.80885 0.84623
after | 3.6316e-2 | 2.4356e-2 | 1.0945e-2 | 4.2229e-3 | 1.4782¢e-3 | 4.8448¢-4
rate 0.57632 1.1541 1.3739 1.5144 1.6093 1.6799
107 | before | 1.8492e-1 | 1.3185¢e-1 | 8.7168e-2 | 5.3477e-2 | 3.1362¢-2 | 1.7903e-2
to rate 0.48808 0.59699 0.70488 0.76990 0.80885 0.84624
10714 | after | 3.6316e-2 | 2.4356e-2 | 1.0944e-2 | 4.2228e-3 | 1.4781e-3 | 4.8443e-4
rate 0.57632 1.1541 1.3739 1.5145 1.6094 1.6803

Example 15 Consider the following system of convection-diffusion BVPs:
—eu(x) —uy (x) +2u1 (x) —uz (x) = /1 (x),
—&uy (x) = 25 (x) — w1 (x) +4uz (x) = fa(x),
u1(0) = ui (1) = uz(0) = ua(1) = 0,

xe(0,1)

where fi(x), f2(x) are chosen such that the exact solution is given by

_ 2—2exp(—x/g) . [ TX
u(x) = 1 —exp(—1/¢€) —2sin (7)’

ua(x) = 1 —exp(—x/g)
g 1 —exp(—1/¢€)

The maximum point-wise error is calculated as

—xexp(x—1).

—

EN = d(x) - 0"(x) |,
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and the rate of convergence by

EN
r= 10g2 (E‘21V> .

Tables 1 and 2 respectively show the maximum errors and rates of convergence
before, after Richardson extrapolation for u; and u,.

The maximum error obtained before and after extrapolation is plotted in Figure 1
for e = 1074,

The numerical results shown in the tables and in the figures reveal the theoretical
claim of the €-uniform second-order convergence.

5 Conclusions

In this paper, the Richardson extrapolation method is applied to the coupled system
of convection—dominated boundary-value problems of the form (1). First, we dis-
cretize the domain by the piecewise-uniform Shishkin mesh and then we apply the
classical finite difference scheme to solve the system. Finally, we combine the so-
lutions obtained on N and 2N-mesh intervals to have the Richardson extrapolation
solution, which provides the second-order e—uniform convergent approximation.
e—uniform error estimate is derived, and the present method is applied to a test
problem for verification of the theoretical results.

Acknowledgement: This work is supported by the Department of Science and
Technology, Government of India under research grant SR/S4/MS:318/06.

References

Bawa, R.K.; Natesan, S. (2005): A computational method for self-adjoint singu-
lar pertrubation problems using quintic spline. Comput. Math. Appl., vol. 50, pp.
1371-1382.

Cen, Z. (2005): Parameter-uniform finite difference scheme for a system of cou-
pled singularly perturbed convection-diffusion equations. J. Syst. Sci. Complex.,
vol. 18 , pp. 498-510.

Doolan, E.; Miller, J.; Schildres, W. (1980):  Uniform Numerical Methods for
Problems with Initial and Boundary Layers. Boole Press, Dublin.

Eckhaus, W. (1979): Asymptotic Analysis of Singular Perturbations. Noth-
Holland, Amsterdam.



Richardson Extrapolation for System of SPPs 199

Farrell, P.; Hegarty, A.; Miller, J.; O’Riordan, E.; Shishkin, G. (2000): Robust
Computational Techniques for Boundary Layers. Chapman & Hall/CRC Press.

Keller, H. (1969):  Accurate difference methods for linear ordinary differential
systems subject to linear constraints. SIAM J. Numer. Anal., vol. 6 , pp. 8-30.

Lagerstrom, P. (1988): Matched Asymptotic Expansions. Springer, New York.

Liu, C.-S. (2006a):  Efficient shooting methods for the second-order ordinary
differential equations. CMES: Computer Modeling in Engineering & Sciences,
vol. 15, pp. 69-86.

Liu, C.-S. (2006b): The Lie-group shooting method for singularly perturbed two-
point boundary-value problems. CMES: Computer Modeling in Engineering &
Sciences, vol. 15, pp. 179-196.

Miller, J.; O’Riordan, E.; Shishkin, G. (1996):  Fitted Numerical Methods for
Singular Perturbation Problems. World Scientific, Singapore.

Natesan, S.; Deb, B.S. (1999a): A robust computational method for singularly
perturbed coupled system of reaction—diffusion boundary-value problems. Appl.
Math. Comput., vol. 188, pp. 353-364.

Natesan, S.; Ramanujam, N. (1999a): Improvement of numerical solution of
self-adjoint singular perturbation problems by incorporation of asymptotic approx-
imations. Appl. Math. Comput., vol. 98, pp. 199-137.

Natesan, S.; Ramanujam, N. (1999b): A “Booster method” for singular pertur-
bation problems arising in chemical reactor theory. Appl. Math. Comput., vol. 100,
pp. 27-48.

Natividad, M.; Stynes, M. (2003): Richardson extrapolation for a convection-
diffusion problem using a Shishkin mesh. Appl. Numer. Math., vol. 45, pp. 315—
329.

O’Malley, R. (1991):  Singular Perturbation Methods for Ordinary Differential
Equations. Springer, New York.

Roos, H.-G.; Stynes, M.; Tobiska, L. (1996): Numerical Methods for Singularly
Perturbed Differential Equations. Springer, Berlin.

Vulanovié, R.; Herceg, D.; Petrovié, N. (1986): On the extrapolation of a singu-
larly perturbed boundary value problem. Computing, vol. 36 , pp. 69-79.






