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Variational formulation and Nonsmooth Optimization
Algorithms in Elastostatic Contact Problems for Cracked

Body

V.V. Zozulya1

Abstract: The mathematical statement for contact problem with unilateral re-
strictions and friction is done in classical and weak forms. Different variational for-
mulation of unilateral contact problems with friction based on principles of virtual
displacements and virtual stresses are considered. Especially boundary variational
functionals that are used with boundary integral equations have been established.
Nonsmooth optimization algorithms of Udzawa type for solution of unilateral con-
tact problem with friction have been developed. Some theoretical results of ex-
istence and uniqueness in elastostatic unilateral contact problem with friction are
outlined.
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ciples of virtual virtual stresses, boundary variational functional, nonsmooth opti-
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1 Introduction

It is well known that the classical approach to the crack problem is characterized by
the equality type boundary conditions considered at the crack faces; in particular,
the crack faces are assumed to be stress-free (Anderson 1995). This means that dis-
placements found as solutions of these boundary value problems do not provide a
nonpenetration condition between crack faces. There are many practical examples
showing that interpenetration of crack faces may occur and affect fracture mechan-
ics criterions. Many examples of the crack faces contact interaction and friction
influence on the fracture mechanics criterions have been considered in the book
Guz and Zozulya 1993 and review papers Guz and Zozulya 2001, 2002, Zozulya
and Gonzalez-Chi 2000 and also in the papers Guz and Zozulya 2007; Guz, at all
(2007). In these cases the contact area is "a priori" unknown and the unilateral
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conditions have to be imposed on the relative displacements and the mutual trac-
tions. The unilateral contact restriction with friction can be written as an inequality
for the displacement and traction vectors. As a result a complete set of boundary
conditions at crack faces is written as a system of equations and inequalities. The
presence of inequality type boundary conditions implies the boundary problems
to be nonlinear, which requires the investigation of corresponding boundary value
problems.

In recent years a lot of interest has been devoted to the mathematical formula-
tion of elastostatic contact problems involving unilateral constraints and their nu-
merical solutions (Antes and Panagiotopoulos1992; Eck, Jarusek and Krbec 2005;
Kikuchi and Oden 1987; Kravchuk and Neittaanmaki 2007; Panagiotopoulos 1985;
Shillor, Sofonea and Telega 2004; Wriggers 2006). Mathematical formulation of
the problem of crack faces contact interaction in the static case has been considered
in Khludnev and Kovtunenko1999, and in the dynamic case in Guz and Zozulya
1993, 2001, 2002. It is worth noting that all the problems with unilateral constrains
and friction can be naturally expressed in terms of variational inequalities stating
nothing but the principle of virtual or complementary virtual work in its inequality
form. As it is well known, these statements are fully equivalent to minimizing on a
convex set the potential or the complementary energy respectively. Such approach
imply formulation of the problem in whole domain and for numerical solution fi-
nite elememt methods (FEM) is usually been used. For details of such approach
see Kikuchi and Oden 1987; Wriggers 2006; etc.

Since the constraints concern boundary variables only, it is natural to look for a nu-
merical solution by means of boundary element method (BEM). A lot of papers on
this subject have recently appeared in the technical literature (see for instance Antes
and Panagiotopoulos1992 and references there). The first variational formulations
defined on the contact area only, rather than on the whole domain, is based on
the use of Green’s functions (Antes and Panagiotopoulos1992; Kikuchi and Oden
1987; Theocaris and Panagiotopoulos 1992; etc.). More specifically, Theocaris and
Panagiotopoulos 1992 derived the two dual boundary variational statements from
the classical minimum potential and complementary energy principles by means of
saddle point formulations using appropriate Lagrangian functions. The extremum
formulations of the discretized problem are derived from the corresponding contin-
uum problem by approximating Green’s function or its inverse by means of stan-
dard collocations BEM procedures. Another approach is based on use of funda-
mental solutions (Polizzotto1991, 1993). In Polizzotto1991 BEM formulations via
energy methods is based on boundary min-max principle, i.e. a principle expressed
in terms of the boundary unknowns. Then in Polizzotto1993 developed boundary
min-max principle was applied to unilateral frictionless problem in elastostatics.
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First time boundary variational formulation of elastodynamic contact a problem
with frication was proposed in Zozulya 1992 and then was extended and applied
to elastodynamic problems for bodies with cracks with considering unilateral fric-
tional contact of the crack faces.

There are many algorithms for unilateral contact problems with friction. Because
of nonlinearity of the problem most of them include discretization and iterative
procedure to satisfy unilateral constrains. In the case if varational formulation is
based on principles formulated for whole domain the FEM is usually used. De-
tailed description of such approach and algorithms based in FEM discretization
can be find in Kikuchi and Oden 1987; Wriggers 2006. In the case if varational
formulation is based on principles formulated only for boundary the BEM is usu-
ally used. In this case several BEM based discretization methods can be used.
For example: standard (i.e. based on collocations) direct boundary element proce-
dures (Balas; Sladek; Sladek 1989; Karlis, Tsinopoulos, Polyzos, Beskos 2008;
Sanz, Solis, Dominguez 2007; Zhou, Li, Dehao 2008; Zozulya 1992; Yueting
Zhou, Xing Li, Dehao Yu (2008)); symmetric based on Galerkin method procedure
(Polizzotto1991, 1993; Han and Atluri 2007). Also recently developed meshless
local Petrov-Galerkin methods can be used for domain and boundary discretiza-
tion (see Atluri, Liu, Han 2006a, 2006b; Sladek, Sladek, Zhang 2007, Shu, Atluri
(2008a); Shu, Atluri (2008b); Zhang, Chen (2008); Tan, Shiah, Lin, (2009)). When
BEM is applied for boundary discretization divergent integrals of various type ap-
pear. Methods of such integrals calculation are developed in (Balas; Sladek; Sladek
1989; Han and Atluri 2007; Sanz, Solis, Dominguez 2007; Zozulya 2006a, 2006b;
Young, Chen, Liu, Shen, and Wu (2009)).

There are many iterative procedures to satisfy unilateral constrains. In this paper
will be used iterative procedures that are based on projection on the set of unilat-
eral restrictions and friction. Iterative algorithms of such type are named in Cea
1971; Ekeland, Temam 1975 Uzawa’s type algorithms. For the first time Uzawa’s
type algorithm was proposed in Zozulya 1990 for solution elastodynamic frictional
contact problem for body with crack. Then the approach was developed in Zozulya
1992; Zozulya Menshykov 2003. In Zozulya 2001a, 2001d were proposed more
algorithms based on saddle point finding and projection on the set of unilateral re-
strictions and friction respectively. In Zozulya and Menshykova 2002 it was shown
that algorithms are convergent and studies peed of convergence. Some mathemati-
cal problems related existence and uniqueness of the problem of unilateral contact
problem with friction were studied in Zozulya 2002, 2003; Zozulua and Rivera
2000.

The aim of this paper is to present various variational formulation of elastostatic
problem for body with crack with considering possibility for unilateral crack faces
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contact interaction and friction in the for that permit easy extension to elastody-
namic problems. Variational formutations based on principles of virtual displace-
ments and virtual stresses and also boundary variational principle based on funda-
mental solutions are presented. Nonsmooth functionals that correspond to unilar-
eral frictional contact conditions are constructed. The case of the crack in infinite
elastic media is considered in more details.

2 Classical formulation of the problem

Let us consider a homogeneous, lineally elastic body, which contain arbitrarily
oriented crack. The crack is described by a corresponding oriented middle surface
Ω since we suppose that only small deformations occur. The body occupies an
open bounded region V with C0,1 Lipschitzian regular boundary ∂V . The boundary
contain two parts ∂Vu and ∂Vp such that ∂Vu∩ ∂Vp = /0 and ∂Vu∪ ∂Vp = ∂V . On
the part ∂Vu displacements u(x) = ui(x)ei of the body points and on the part ∂Vp

tractions p(x) = pi(x)ei are prescribed respectively. The body may by affected
by volume forcesbi(x). We assume that displacements of body points and their
gradients are small.

In this case in V\Ω the differential equations of equilibrium in displacement may
be presented in the form

Ai ju j +bi = 0, Ai j = µδi j∂k∂k +(λ + µ)∂i∂ j. ∀x ∈V\Ω (2.1)

where λ and µ are Lame constants, µ > 0 and λ >−µ , δi j is a Kronecker‘s symbol,
∂i = ∂/∂xi denotes the partial derivatives with respect to space. Throughout this
paper we use the Einstein summation convention.

If the body occupy a finite region V , it is necessary to establish boundary conditions.
Mixed boundary conditions are

ui(x) = ϕi(x), ∀x ∈ ∂Vu, (2.2a)

pi(x) = σi j(x)n j(x) = Pi j[u j(x)] = ψi(x), ∀x ∈ ∂Vp (2.2b)

The differential operator Pi j : u j → pi is called stress operator. It transforms the
displacements into the tractions. For homogeneous isotropic elastic medium it has
the forms

Pi j = λni∂k + µ (δi j∂n +nk∂i) (2.3)

Here ni are components of the outward unit normal vector, ∂n = ni∂i is a derivative
in direction of the vector n(x) normal to the surface ∂V .
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If the equation (2.1) is defined in an infinite region, then its solution must satisfy
additional conditions at the infinity

ui(x) = O(r−1), σi j(x) = O(r−2) for r→ ∞ (2.4)

Here r =
√

x2
1 + x2

2 + x2
3is the distance in the 3-D Euclidian space.

The contact forces q(x) = qi(x)ei which arise on the cracks edges during the inter-
action are denoted by

q(x) =−σσσ(x) ·n(x) (2.5)

where σσσ(x) = σi j(x)ei⊗ e j is the strain tensor; n(x) = ni(x)ei, ni(x) = n+
i (x) =

−n−i (x); n+
i (x) and n−i (x) are the normal unit vectors directed to the positive side

of the opposite cracks edges.

The displacement discontinuity vector characterizes mutual displacements of the
cracks edges

∆ui(x) = u+
i (x)−u−i (x), (2.6)

where u+
i (x) and u−i (x) are displacements of opposite cracks edges.

Furthermore, we impose the following Signorini constraints

∆un ≥ ho, qn ≥ 0, (∆un−ho)qn = 0, ∀x ∈Ω (2.7)

and Coulomb’s friction law:

|qτ | ≤ kτqn→ ∆uτ = 0, |qτ |= kτqn→ ∆uτ =−λtq, ∀x ∈Ω (2.8)

with λτ = |∆uτ(x)|/|qτ | for x ∈Ω; the Coulomb’s friction coefficient kτ > 0 is here
assumed to be constant.

Here the normal and tangential components of the displacement discontinuity on Ω

are denoted by

un(x) = ui(x)ni(x),

∆uτ(x) = ∆u(x)−∆un(x)n(x), (2.9)

and the normal and tangential components of the contact forces are denoted by

qn(x) = qi(x)ni(x),

qτ(x) = q(x)−qn(x)n(x). (2.10)
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Classical formulation of the elastostatic problem for body with crack with consid-
ering opposite crack sides interaction consists in solution of the boundary value
problem (2.1), (2.2) with considering Signorini contact conditions (2.7) with fric-
tion (2.8).

In classical elastostatics the equations of motion (2.1) must be satisfied exactly (see
Antes and Panagiotopoulos 1992; Kikuchi and Oden 1987; Panagiotopoulos 1985).
This means that the components of the displacement vector should be functions of
the class C2(V ). Here Ck(V ) is a functional space of functions, with k smooth
derivatives with respect to the space coordinates. In order to satisfy all the equa-
tions of elastostatics in the classical sense, the components of the stress-strain state
should belong to the following functional spaces

ui ∈ C2(V )∩C0(∂V ), σi j, εi j ∈ C1(V ), pi ∈ C0(∂V ). (2.11)

These requirements of classical elastostatics are very stringent. Therefore many
important physics and engineering problems, in particular problems with unilateral
restrictions and friction, have no classical solution. For this reason it is necessary
to consider "weakened" formulations to elastostatics problems. With such an ap-
proach it is not necessary to fulfill all the elastostatics equations in the classical
sense.

3 Variational formulation of the problem without contact conditions

In order to formulate an elastostatic contact problem for body with crack in week
form we will consider the principles of virtual displacements and of virtual stresses,
and boundary variational principle.

3.1 Principles of Virtual Displacements

Consider the functional of Lagrange

ΦL(u) = E(u)+ 〈ui,bi〉V −〈ui,ψi〉∂Vp
, (3.1)

〈ui,bi〉V =
∫
V

biuidV , 〈ui,ψi〉∂V =
∫

∂V

ψiuidS, (3.2)

where E(u) is the total potential energy of a deformed body,

E(u) =
∫
V

1/2ci jklεi j(u)εkl(u)dV =
∫
V

[1/2λε
2
ii(u)+ µεi j(u)εi j(u)]dV , (3.3)

and εi j and ci jkl are the strain and elasticity modules tensors, respectively.
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Functional (3.1) is considered on a set of admissible displacements:

KL(u) = {u ∈H1(V )∩H1/2(∂V ); εi j = 1/2(∂iu j +∂ jui); σi j = ci jklεkl;

ui(x) = ϕi(x) , ∀x ∈ ∂Vu}. (3.4)

Here Hl(V ) is the Sobolev space with norm

‖ f‖H l =

√√√√ ∑
|α|≤l

∫
V

|∂ α f (x)|2dx+ ∑
|α|≤[l]

∫
V

∫
V

|∂ α f (x)−∂ α f (y)|
|x−y|n+2l−2[l]

2

dxdy, (3.5)

where n is a dimension of the Euclidean space, [l] - the integer part of l.

The variational formulation of an elastostatic problem for cracked body without
unilateral constraints (2.7) and friction (2.8) is as follows:

Find u ∈KL(u) such that
ΦL(u) = min

u∗∈KL(u)
{ΦL[u∗]−〈pi,∆ui〉Ω} (3.6)

3.2 Principles of Virtual Stresses

Consider the functional of Kastiliano

ΦK(σσσ) = E∗(σi j)−
〈
σi jn j,ϕi

〉
∂Vu

, (3.7)

〈
σi jn j,ϕi

〉
∂Vu

=
∫

∂Vu

σi jn jϕidS (3.8)

where E∗(σσσ) is the total complementary potential energy of a deformed body,

E∗(σσσ) =
∫
V

1
2

Ci jklσi jσkldV =
∫
V

1
µ

[σi jσi j−
λ

3µ +2λ
σ

2
ii ]dV , (3.9)

On the set of admissible stresses

KK(σσσ) = {σσσ ∈H0(V )∩H−1/2(∂V ); ∂ jσi j = bi; εi j = Ci jklσkl;

σi j(x)ni(x) = ψi(x) , ∀x ∈ ∂Vp}. (3.10)

Here H−l(V ) is the functional space of linear functionals on Hl(V ) with norm

‖v‖H−l = sup
f∈Hl

|〈v, f 〉|
‖ f‖Hl

, (3.11)
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where 〈v, f 〉=
∫
V

f (x)v(x)dV is a duality pairing between functional spaces H−l(V )

and H l(V ).
The variational formulation of an elastostatic problem without constraints is as fol-
lows:

Find σσσ ∈KK(σσσ)such that
ΦK(σσσ) = maxσσσ∗∈KK(σσσ){ΦK [σσσ∗]−〈pi,∆ui〉Ω}

(3.12)

3.3 Boundary Variational Principle

Let us consider a variational formulation of the elastostatic contact problem in the
form of boundary variational principles. Consider the functional of Lagrange in the
form

ΦL(u) =
∫
V

1/2σi j(u)εi j(u)dV −
∫
V

biuidV −
∫

∂Vp

ψiuidV −
∫
Ω

pi∆uidS (3.13)

on the set of permissible displacements KL(u).
In order to eliminate from KL(u) boundary condition on ∂Vu, methods of Lagrange
multipliers will be used. As result we obtain the following functional

ΦL(u,λλλ ) =
∫
V

1/2σi j(u)εi j(u)dV −
∫
V

biuidV −
∫

∂Vp

ψiuidV

−
∫

∂Vu

λi(ui−ϕi)dV −
∫
Ω

pi∆uidS (3.14)

will be considered on the set of permissible displacements

KB(u) = {ui ∈ C2(V ), σi j(u) = ci jklεkl(u), εi j(u) = 1/2(∂iu j +∂ jui),
∂ jσi j + bi = 0} (3.15)

Let us consider variation of the functional (3.13) on the set of permissible displace-
ments (3.15)

δΦL(u,λλλ ) =
∫
V

σi j(u)δεi j(u)dV −
∫
V

biδuidV −
∫

∂Vp

ψiδuidV −
∫

∂Vu

δλi(ui−ϕi)dV

−
∫

∂Vu

λiδuidV−
∫
Ω

piδ∆uidS (3.16)
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Taking into account that

∫
V

σi j(u)δεi j(u)dV =
∫

∂V

piδuidS−
∫
V

∂ jσi j(u)δui(u)dV (3.17)

we obtain

δΦL(u,λλλ ) =
∫

∂V

piδuidS−
∫
V

(∂ jσi j +bi)δuidV−
∫

∂Vp

ψiδuidV−
∫

∂Vu

δλi(ui−ϕi)dV

−
∫

∂Vu

λiδuidV −
∫
Ω

piδ∆uidS (3.18)

In Guz and Zozulya 2002 have been shown that under such assumption the bound-
ary variational functional may be presented in the form

ΦB(u,p) =
∫

∂Vu

(1/2pi−ψi)uidS−
∫

∂Vu

(1/2ui−ϕi)pidS−
∫
Ω

pi∆uidS (3.19)

Taking into account that displacements and traction may be represented in the form

ui(y) =
∫

∂Vu

pi(x)U ji(x−y)dS−
∫

∂Vp

u j(x)Wji(x,y)−
∫
Ω

∆u j(x)Wji(x,y)

+
∫

∂Vp

ψi(x)U ji(x−y)dS−
∫

∂Vu

ϕ j(x)Wji(x,y)+
∫
V

bi(x)U ji(x−y)dV

pi(y) =
∫

∂Vu

pi(x)K ji(x,y)dS−
∫

∂Vp

u j(x)Fji(x,y)dS−
∫
Ω

∆u j(x)Fji(x,y)dS

+
∫

∂Vp

ψi(x)K ji(x,y)dS−
∫

∂Vu

ϕ j(x)Fji(x,y)dS +
∫
V

bi(x)K ji(x,y)dV (3.20)

the boundary variational functional (3.16) may be represented in the form

ΦB(u,p) = a(pi,ui)+ 〈(p∗i −ψi)ui〉∂Vp
−〈(u∗i −ϕi)pi〉∂Vu

−〈p∗i ∆ui〉Ω (3.21)



196 Copyright © 2009 Tech Science Press CMES, vol.42, no.3, pp.187-215, 2009

where

1/2a(u,p) =−
∫

∂Vu

p j(y)
∫

∂Vu

pi(x)U ji(x−y)dSdS+
∫

∂Vu

p j(y)
∫

∂Vp

u j(x)Wji(x,y)dSdS

+
∫

∂Vu

p j(y)
∫
Ω

∆u j(x)Wji(x,y)dSdS +
∫

∂Vp

u j(y)
∫

∂Vu

pi(x)K ji(x,y)dSdS

+
∫
Ω

∆u j(y)
∫

∂Vu

pi(x)K ji(x,y)dSdS−
∫

∂Vp

u j(y)
∫

∂Vp

u j(x)Fji(x,y)dSdS

−
∫
Ω

∆u j(y)
∫
Ω

∆u j(x)Fji(x,y)dSdS (3.22)

and

u∗i (x) =
∫

∂Vp

ψi(x)U ji(x−y)dS−
∫

∂Vu

ϕ j(x)Wji(x,y)+
∫
V

bi(x)U ji(x−y)dV (3.23)

p∗i (x) =
∫

∂Vp

ψi(x)K ji(x,y)dS−
∫

∂Vu

ϕ j(x)Fji(x,y)dS +
∫
V

bi(x)K ji(x,y)dV

The variational formulation of an elastostatic problem for cracked body without
unilateral constraints (2.7) and friction (2.8) is as follows:

Find u,p ∈KB(u,p) such that
ΦB(u,p) = max

p∗∈KB(u,p)
min

u∗∈KB(u,p)
{ΦB(u∗,p∗)} (3.24)

where

KB(u,p) = {u ∈H1/2(∂V ), p ∈H−1/2(∂V )}. (3.25)

4 Nonsmooth functionals for unilateral contact conditions with friction

In order to formulate boundary conditions in form of inequalities (2.7) and (2.8)
in week form let us consider a maximal monotone operators βi : ui → pi. For
each maximal monotone operator βi may be defined with accuracy up to a constant
component convex semi-continuous from below functional ji such, that βi = ∂ ji.
Here ∂ is denoted the subdifferential of the nonsmooth functional (see. Antes and
Panagiotopoulos1992; Panagiotopoulos1985 for details).
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Boundary condition for the displacements (2.2a) using subdifferential or superpo-
tential may be written in the form

pi ∈ βi(ui) or pi ∈ ∂ ji(ui) (4.1)

where

βi(ui) =

{
(−∞,∞) if ui = ϕi

/0 othervise
, ji(ui) =

{
0 if ui = ϕi

∞ othervise
(4.2)

Boundary condition for the traction (2.2b) using subdifferentials and superpoten-
tials may be written in the form

ui ∈ β
c
i (pi) or ui ∈ ∂ jc

i (pi) (4.3)

where

β
c
i (pi) =

{
(−∞,∞) if pi = ψi

/0 othervise
, jc

i (pi) =

{
0 if pi = ψi

∞ othervise
(4.4)

Subdifferential boundary conditions (4.1) and (4.3) should be considered point by
point. The functionals ji(ui) and jc

i (pi) are referred as superpotentials. They ex-
press potential and complementary energy of the local constraint.

Let us consider the maximal monotonic operators and the superpotentials for bound-
ary conditions, which are used in the formulation of contact problems with the
unilateral constrains in elastostatics.

4.1 Signorini boundary conditions

Usually Signorini boundary conditions are presented in the form (2.7). They are
equivalent to the following conditions (fig. 1.)

if ∆un ≥ h0 then qn = 0 (4.5)

if ∆un = h0 then qn > 0

The maximal monotone operator in this case has the form

βn(∆un) =


0, if ∆un > h0

[0,∞), if ∆un = h0

/0, if ∆un < h0

(4.6)
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and the corresponding superpotential

jn(∆un) =

{
0, if ∆un ≥ h0

∞, otherwise
(4.7)

The conjugate maximal monotone operator has the form

β
c
n (qn) =


[h0,∞), if qn = 0

h0, if qn < 0

/0, if qn > 0

(4.8)

and the corresponding superpotential

jc
n(qn) =

{
0, if qn > 0

∞, if qn ≤ 0
(4.9)

    
 Fig. 1

4.2 Boundary conditions with Coulomb friction

Usually boundary conditions with Coulomb friction are presented in the form (2.8).
They are equivalent to the following conditions (fig. 2.)

if |qτ |< kτ pn then ∆uτ = 0 (4.10)

if |qτ |= kτ pn then ∆uτ =−λτqτ

The maximal monotone operator in this case has the form

βτ(∆uτ) =


[−kτ |qn|+ kτ |qn|], if ∆uτ = 0

kτ |qn| , if ∆uτ > 0

−kτ |qn| , if ∆uτ < 0

(4.11)
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and the corresponding superpotential

jτ(∆uτ) = kτ |qn| |∆uτ | (4.12)

The conjugate maximal monotone operator has the form

β
c
τ (qτ) =



/0, if |qτ |<−kτ |qn|
(−∞,0], if |qτ |=−kτ |qn|
0, if [−kτ |qn| , +kτ |qn|]
[0,∞), if |qτ |= kτ |qn|
/0, if |qτ |> kτ |qn|

(4.13)

and the corresponding superpotential

jc
τ(qτ) =

{
/0, if |qτ | ≤ −kτ |qn|
∞, if |qτ |> kτ |qn|

(4.14)

    
 Fig. 2

In the maximal monotone operators and the superpotentials defined in (4.10) –
(4.14) the normal traction qn can be considered as known before function of un-
known before one. In last case we have Signorini contact problem with friction.

In fact the maximal monotone operators and the superpotentials define relations
between qn and ∆un and also between qτ and ∆uτ at the points of the close contact
area. The unilateral constrains (2.7) and (2.8) may be written using subdifferential
boundary conditions (4.7), (4.9 and (4.12, (4.14) in the form

qn ∈ ∂ jn(∆un), qτ ∈ ∂ jτ(∆uτ) (4.15)
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or in the form

∆un ∈ ∂ jc
n(qn), ∆uτ ∈ ∂ jc

τ(qτ) (4.16)

We have now considered subdifferential boundary conditions in the pointwice sense.
This means that maximal monotone operators and the superpotentials in (4.7) –
(4.9) and (4.11)-(4.14) define unilateral contact conditions with friction point by
point. But for variational formulation of the problem however it is necessary to
extend these boundary conditions to the functional spaces. It means that we have
to consider functionals of the form

Φ(∆u) =
∫
Ω

j(∆u(x))dS and Φ
c(q) =

∫
Ω

j(q(x))dS (4.17)

In Antes and Panagiotopoulos1992; Panagiotopoulos1985 it was shown that the
corresponding functionals have the following form.

4.3 Signorini boundary conditions in functional space

Lets ∆un ∈ H1/2(Ω) and qn ∈ H−1/2(Ω) satisfy following conditions ∆un ≥ h0 ,
qn ≥ 0. 〈qn,(∆un−h0)〉Ω = 0, Here 〈·, ·〉 denotes the duality pairing between the
functional spaces H1/2(Ω) and H−1/2(∂Ω). Then corresponding functional has the
form

Φn(∆un) =

{
0, if ∆un ≥ h0

∞, otherwise
(4.18)

The conjugate functional has the form

Φ
c
n(qn) =

{
0, if qn ≥ 0

∞, otherwise
(4.19)

4.4 Boundary conditions with Coulomb friction

Lets ∆uτ ∈ (H1/2(Ω))2 and qτ ∈ (H−1/2,0(Ω))2 satisfy following conditions if
|qτ | ≤ kqn then ∆uτ = 0, if |qτ |= kqn then ∆uτ =−λτqτ and also 〈(kqn−|qτ |),∆uτ〉Ω =
0. Here 〈·, ·〉 denotes the duality pairing between the functional spaces (H1/2(Ω))2

and (H−1/2(Ω))2. Then corresponding functional has the form

Φτ(∆uτ) = 〈qτ ,∆uτ〉Ω (4.20)

The conjugate functional has the form

Φ
c
τ(qτ) =

{
0, if |qτ |= kqn

∞, otherwise
(4.21)
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4.5 Signorini boundary conditions with friction

These boundary conditions may be considered as combination of the previously
considered boundary conditions. Really lets ∆un ∈ H1/2(Ω) and qn ∈ H−1/2(Ω)
satisfy following conditions ∆un≥ h0, qn≥ 0, 〈qn,(∆un−h0)〉Ω = 0 and also ∆uτ ∈
(H1/2(Ω))2 and qτ ∈ (H−1/2(Ω))2 satisfy following conditions if |qτ | ≤ kqn then
∆uτ = 0 , if |qτ | = kqn then ∆uτ = −λτqτ and also 〈(kqn−|qτ |)∆uτ〉Ω = 0. We
consider functionals such that

Φn,τ(∆u) = Φn(∆un)+Φτ(∆uτ) and Φ
c
n,τ(q) = Φ

c
n(qn)+Φ

c
τ(qτ) (4.22)

These functionals have the form

Φn,τ(∆u) =

{
〈qτ ,∆uτ〉 , if ∆un ≥ h0

∞, otherwise
(4.23)

Φ
c
n,τ(q) =

{
0, if qn ≥ 0, |qτ |= kqn

∞, otherwise
(4.24)

5 Variational formulation of the problem with contact and friction

In order to formulate an elastostatic contact problem for body with crack in week
form we will consider the principles of virtual displacements and of virtual stresses
and boundary variational principle.

5.1 Principles of Virtual Displacements

Consider the functional of Lagrange (3.1) on a set of admissible displacements

KL,n,τ(u) = KL(u)∩Kn(u)∩Kτ(u),

Kn(u) = {u ∈H1/2(Ω) , ∆un−h0 ≥ 0}, ∀x ∈Ω}, (5.1)

Kτ(u) = {u ∈H1/2(Ω), ∆uτ = 0 for |qτ | ≤ kτqn and ∆uτ =−λtqτ

for |qτ | = kτqn, ∀x ∈ Ω}

The variational formulation of an elastostatic problem for cracked body with uni-
lateral constraints (2.7) and (2.8) is as follows:

Find u ∈KL,n,τ (u) such that
ΦL[u] = inf

u∗∈KL,n,τ (u)
{ΦL[u∗]} (5.2)
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Let’s exclude unilateral restrictions (2.7) and (2.8) from the set (5.1). Using La-
grange multiplier functional of Lagrange (3.1) may be presented in the form

ΦL,n,τ [u] = ΦL[u]+Φn,τ(∆u), (5.3)

Now the variational formulation of an elastostatic problem for cracked body with
unilateral constraints (2.7) and (2.8) is as follows:

Find u ∈KL(u) such that
ΦL,n,τ [u] = inf

u∗∈KL(u)
{ΦL,n,τ [u∗]} (5.4)

Functional in (5.2) has a simple form, but the set of restrictions (5.1) is complicate,
it contains unilateral constraints (2.7) and (2.8). Functional (5.3) is more compli-
cate and nonsmooth, but the set of restrictions (3.4) is simple, it does not contain
unilateral constraints (2.7) and (2.8). Sometime it is convenient for numerical so-
lution of the problem to present it in form (5.2) or (5.4).

5.2 Principles of Virtual Stresses

Consider the functional of Kastiliano (3.7) on a set of admissible displacements

KK,n,τ(σσσ) = KK(σσσ)∩Kc
n(σσσ)∩Kc

τ(σσσ),

Kc
n(σσσ) = {σσσ ∈H−1/2(∂V ∪Ω), qn ≥ 0, ∀x ∈Ω},

Kc
τ(σσσ) = {σσσ ∈H−1/2(∂V ∪Ω) , |qτ | ≤ kτ pn, ∀x ∈Ω} (5.5)

The variational formulation of an elastostatic problem for cracked body with uni-
lateral constraints (2.7) and (2.8) is as follows:

Find σσσ ∈KK,n,τ(σσσ) such that
ΦK [σσσ ] = sup

σσσ∗∈KK,n,τ (σ)
{ΦK [σσσ∗]} (5.6)

Let’s exclude unilateral restrictions (2.7) and (2.8) from the set (5.5). Using La-
grange multiplier functional Kastiliano (3.7) may be presented in the form

ΦK,n[σσσ ] = ΦK [σσσ ]+Φ
c
n,τ(q), (5.7)

Now the variational formulation of an elastostatic problem for cracked body with
unilateral constraints (2.7) and (2.8) is as follows:

Find σσσ ∈KK(σσσ) such that
ΦK,n,τ [σσσ ] = sup

σσσ∗∈KK(σσσ)
{ΦK,n,τ [σσσ∗]} (5.8)
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Functional in (5.6) has a simple form, but the set of restrictions (5.5) is complicate,
it contains unilateral constraints (2.7) and (2.8). Functional (5.7) is more compli-
cate and nonsmooth, but the set of restrictions (3.7) is simple, it does not contain
unilateral constraints (2.7) and (2.8). Sometime it is convenient for numerical so-
lution of the problem to present it in form (5.6) or (5.8).

5.3 Boundary Variational Principles

Consider the boundary variational functional (3.18) on a set of admissible displace-
ments

KB,n,τ(u,p) = KB(u,p)∩Kn(u)∩Kτ(u). (5.9)

The variational formulation of an elastostatic problem for cracked body with uni-
lateral constraints (2.7) and (2.8) is as follows:

Find u and p such that
ΦB(u,p) = sup

p∗∈KB(u,p)
inf

u∗∈KB,n,τ (u,p)
{ΦB(u∗,p∗)} (5.10)

Let’s exclude unilateral restrictions (2.7) and (2.8) from the set (5.9). Using La-
grange multiplier boundary variational functional (3.18) may be presented in the
form

ΦB,n,τ(u,p) = ΦB(u,p)+Φn,τ(∆u), (5.11)

The variational formulation of an elastostatic problem for cracked body with uni-
lateral constraints (2.7) and (2.8) is as follows:

Find u and p such that
ΦB,n,τ(u,p) = infsup

u∗,p∗∈KB(u,p)
{ΦB,n,τ(u∗,p∗)} (5.12)

In the same way we can consider the functional

Φ
c
B,n,τ(u,p) = ΦB(u,p)+Φ

c
n,τ(q), (5.13)

The variational formulation of an elastostatic problem for cracked body with uni-
lateral constraints (2.7) and (2.8) is as follows:

Find u and p such that
Φc

B,n,τ(u,p) = supinf
u∗,p∗∈KB(u,p)

{Φc
B,n,τ(u

∗,p∗)} (5.14)
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Functional in (5.10) has a simple form, but the set of restrictions (5.9) is complicate,
it contains unilateral constraints (2.7) and (2.8). Functionals (5.11) and (5.13) are
more complicate and nonsmooth, but the set of restrictions (3.22) is simple, it does
not contain unilateral constraints (2.7) and (2.8). Sometime it is convenient for
numerical solution of the problem to present it in form (5.10) or (5.12), (5,14).

It is necessary to mention that the principle of virtual displacements and virtual
stress are usually used with FEM and the boundary variational principle with BEM.

6 Dual variational formulation and Uzawa’s optimization algorithm

Variational formulations (5.3) and (5.8) also (5.12) and (5.14) are referred as com-
plementary. We can reformulate above variational problems using duality feature.
On these dual formulations are based Uzawa’s nonsmooth optimization algorithms.
Let us consider dual formulations and corresponding Uzawa’s algorithms for the
problems under consideration.

6.1 Principles of Virtual Displacements

Let us introduce functional

L(u,q) = ΦL[u]+ 〈q,Φ(∆u)〉
Ω

(6.1)

which is considered on the following sets of restrictions

u ∈KL(u), q ∈Kc
n,τ(σσσ) (6.2)

Dual to (5.3) variational formulation of the contact problem with friction for elastic
body with crack has the form

L(u,q) = inf
u∗∈KL(u)

sup
q∗∈Kc

n,τ (σσσ)
{L(u∗,q∗)} (6.3)

The Uzawa’s algorithm includes the following steps:

1. specify an initial value q0 ∈Kc
n,τ(σσσ),

2. solve the minimization problem for known qn
τ and determine the unknown

quantity un ∈KL(u)

L(un,qn) = inf
u∗∈KL(u)

{L(u,qn)}= inf
u∗∈KL(u)

{ΦL[u]+ 〈qn,Φ(∆u)〉
Ω
} (6.4)
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3. correct the quantity qn to satisfy the constraints

qn+1 = PKc
n,τ (σσσ)[q

n +ρΦ(∆un)] (6.5)

where PKc
n,τ (σσσ) is the operator of projection in H−1/2(Ω) on Kc

n,τ(σσσ) and co-
efficient ρ is selected so as to provide the best convergence of the algorithm,

4. proceed to the next step of iteration.

6.2 Principles of Virtual Stresses

Let us introduce functional

L(σσσ ,∆u) = ΦK [σσσ∗]+ 〈∆u∗,Φc(q∗)〉
Ω

(6.6)

which is considered on the following sets of restrictions

σσσ ∈KK(σσσ), ∆u ∈Kn,τ(u) (6.7)

Dual to (5.8) variational formulation of the contact problem with friction for elastic
body with crack has the form

L(σσσ ,∆u) = sup
σσσ∗∈KK(σσσ)

inf
∆u∗∈Kn,τ (u)

{L(σσσ∗,∆u∗)} (6.8)

The Uzawa’s algorithm includes the following steps:

1. specify an initial value ∆u0 ∈K(
n,τu),

2. solve the minimization problem for known ∆un and determine the unknown
quantity σσσn ∈K2(σσσ)

L(σσσ ,∆un) = sup
σσσ∈KK(σσσ)

{L(σσσ ,∆un)}= sup
σσσ∈KK(σσσ)

{ΦK [σσσ ]+ 〈∆un,Φc(q)〉
Ω
}

(6.9)

3. correct the quantity ∆un to satisfy the constraints

∆un+1 = PKn,τ (u)[∆un +ρΦ
c(qn)] (6.10)

where PKn,τ (u) is the operator of projection in H1/2(Ω) on K(
n,τu) and coeffi-

cient ρ is selected so as to provide the best convergence of the algorithm,

4. proceed to the next step of iteration.
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6.3 Bounadry Variational Principles I

Let us introduce functional

L(u,p,q) = ΦB(u∗,p∗)+ 〈q∗,Φτ(∆u∗)〉
Ω

(6.11)

which is considered on the following sets of restrictions

u,p ∈KB(u), q ∈Kc
n,τ(σσσ) (6.12)

Dual to (5.12) variational formulation of the contact problem with friction for elas-
tic body with crack has the form

L(u,p,q) = infsup
u∗,p∗∈KB(u,p)

sup
q∗∈Kc

n,τ (σσσ)
{L(u∗,p∗,q∗)} (6.13)

The Uzawa’s algorithm includes the following steps:

1. specify an initial value q0 ∈Kc
n,τ(σσσ),

2. solve the minimization problem for known qn
τ and determine the unknown

quantity un,pn ∈KB(u,p)

L(un,pn,qn) = infsup
u,p∈KB(u,p)

{L(u,p,qn)}= infsup
u,p∈KB(u,p)

{ΦB(u,p)+ 〈qn,Φτ(∆u)〉
Ω
}

(6.14)

3. correct the quantity qn to satisfy the constraints

qn+1 = PKc
n,τ (σσσ)[q

n +ρΦ(∆un)] (6.15)

where PKc
n,τ (σσσ) is the operator of projection in H−1/2(Ω) on Kc

n,τ(σσσ) and co-
efficient ρ is selected so as to provide the best convergence of the algorithm,

4. proceed to the next step of iteration.

6.4 Bounadry Variational Principles II

Let us introduce functional

L(u,p,∆u) = ΦB(u∗,p∗)+ 〈∆u∗,Φc
τ(q
∗)〉

Ω
(6.16)

which is considered on the following sets of restrictions

u,p ∈KB(u), ∆u ∈Kn,τ(u) (6.17)
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Dual to (5.14) variational formulation of the contact problem with friction for elas-
tic body with crack has the form

L(u,p,∆u) = infsup
u∗,p∗∈KB(u,p)

sup
q∗τ∈Kc

n,τ (σσσ)
{L(u∗,p∗,∆u∗)} (6.18)

The Uzawa’s algorithm includes the following steps:

1. specify an initial value ∆u0 ∈K(
n,τu),

2. solve the minimization problem for known ∆un and determine the unknown
quantity un,pn ∈KB(u,p)

L(un,pn,∆un)= infsup
u,p∈KB(u,p)

{L(u,p,∆un)}= infsup
u,p∈KB(u,p)

{ΦB(u,p)+ 〈∆un,Φc
τ(q)〉

Ω
}

(6.19)

3. correct the quantity ∆un to satisfy the constraints

∆un+1 = PKn,τ (u)[∆un +ρΦ
c(qn)] (6.20)

where P
K(

n,τ u)
is the operator of projection in H1/2(Ω) on K(

n,τu) and coeffi-

cient ρ is selected so as to provide the best convergence of the algorithm,

4. proceed to the next step of iteration.

It is important to mention that in the algorithms based on principle of virtual dis-
placements and virtual stress the FEM and the algorithms based on the boundary
variational principle the BEM are usually used.

7 Formulation of the problem for crack in infinite elastic region

In the case of crack in infinite body situation become simpler. Indeed in this case

a(u,p) =−1/2
∫
Ω

∆u j(y)
∫
Ω

∆u j(x)Fji(x,y)dSdS, u∗i (x) = 0, p∗i (x) = pi(x)

(7.1)

where p(x) = pi(x)ei = p0(x)+q(x), p0(x) is a vector of given loading applied to
the crack edges, q(x) is a vector of contact forces.
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Boundary variational functional become of the form

ΦB(∆u,p) =−1/2
∫
Ω

∆ui(y)
∫
Ω

∆u j(x)Fji(x,y)dSdS−
∫
Ω

p(
i y)∆ui(y)dS (7.2)

In the case of the crack faces contact interaction absence q(x) = 0 and boundary
variational functional has the form

ΦB(∆u) =−1/2
∫
Ω

∆ui(y)
∫
Ω

∆u j(x)Fji(x,y)dSdS−
∫
Ω

p0
i (y)∆ui(y)dS (7.3)

Then variational formulation of an elastostatic problem for cracked body without
unilateral constraints (2.7) and friction (2.8) is as follows:

Find ∆u,p ∈KB(∆u,p) such that
ΦB(∆u,p) = min

u∗,p∗∈KB(∆u,p)
{ΦB[∆u∗,p∗]} (7.4)

where

KB(∆u,p) = {∆u ∈H1/2(Ω) , p ∈H−1/2(Ω), ∀x ∈Ω} (7.5)

The boundary variational functional (7.3) is smooth and Gateaux-differentiable,
therefore from (7.4) follows the following condition of functional minima

δΦB(∆u) = 0 (7.6)

and therefore the problem (7.4) is equivalent to the following integral equation∫
Ω

∆u j(x)Fji(x,y)dS = pi(y) (7.7)

Now we can represent boundary variational functional (7.2) in the form

ΦB(∆u) =−1/2〈F ·∆u,∆u〉−〈p,∆u〉
Ω

(7.8)

where F is matrix integral operator defined in (7.7),

Then boundary variational formulation of the elastostatic contact problem with fric-
tion for cracked body has the form

Find ∆u,p ∈KB,n,τ(∆u,p) such that
ΦB(∆u) = inf

∆u∗∈KB,n,τ (u)
{−〈F ·∆u∗,∆u∗〉−〈p,∆u∗〉}Ω

(7.9)

The Uzawa’s algorithm in this case is simplified. We refer to this algorithm as
Algorithm 1.

Algorithm 1 includes the following steps:
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1. specify an initial value ∆u0 ∈Kn,τ(∆u),

2. calculate qn substituting known ∆un in the internals equation

qn = F ·∆un−p0 (7.10)

3. correct the quantity ∆un to satisfy the constraints

∆un+1 = PKn,τ (∆u)[∆un +ρqn] (7.11)

where PKn,τ (∆u) is the operator of projection in H1/2(Ω) on Kn,τ(∆u) and co-
efficient ρ is selected so as to provide the best convergence of the algorithm,

4. proceed to the next step of iteration.

We can formally introduce complementary boundary variational functional in the
form

Φ
c
B(p) =−1/2

〈
p,F−1 ·p

〉
−〈p,∆u〉

Ω
(7.12)

and F−1 is inverse operator.

Then boundary variational formulation of the elastostatic contact problem with fric-
tion for cracked body has the form

Find ∆u,p ∈Kc
B,n,τ(∆u,p) such that

Φc
B(p) = sup

p∗∈Kc
B,n,τ (u)

{
−1/2

〈
p∗,F−1 ·p∗

〉
−〈p∗,∆u∗〉

Ω

}
(7.13)

The Uzawa’s algorithm in this case is simplified. We refer to this algorithm as
Algorithm 2.

Algorithm 2 includes the following steps:

1. specify an initial value q0 ∈Kc
n,τ(∆q),

2. calculate ∆un substituting known qn in the internals equation

∆un = F−1 ·pn (7.14)

3. correct the quantity qn to satisfy the constraints

qn+1 = PKc
n,τ (q)[q

n +ρ∆un] (7.15)

where PKc
n,τ (q) is the operator of projection in H−1/2(Ω) on Kc

n,τ(q) and co-
efficient ρ is selected so as to provide the best convergence of the algorithm,
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4. proceed to the next step of iteration.

Two slightly modified algorithms were proposed and investigated. We refer to these
algorithms as Algorithm 3 and Algorithm 4.

Algorithm 3 includes the following steps:

1. specify an initial value ∆u0 ∈K(
n,τ∆u),

2. calculate qn substituting known ∆un in the internals equation

qn = F ·∆un−p0 (7.16)

3. correct the quantity qn to satisfy the constraints

qn+1 = PKc
n,τ (q)[q

n] (7.17)

where PKc
n,τ (q) is the operator of projection in H−1/2(Ω) on Kc

n,τ(q) and co-
efficient ρ is selected so as to provide the best convergence of the algorithm,

4. calculate ∆un substituting known qn in the internals equation

∆un = F−1 ·pn (7.18)

5. correct the quantity ∆un to satisfy the constraints

∆un+1 = PKn,τ (∆u)[∆un] (7.19)

where PKn,τ (∆u) is the operator of projection in H1/2(Ω) on Kn,τ(∆u),

6. proceed to the next step of iteration.

Algorithm 4 includes the following steps:

1. specify an initial value q0 ∈K(
n,τq),

2. calculate ∆un substituting known qn in the internals equation

∆un = F−1 ·pn (7.20)

3. correct the quantity ∆un to satisfy the constraints

∆un+1 = PKn,τ (∆u)[∆un] (7.21)

where PKn,τ (∆u) is the operator of projection in H1/2(Ω) on Kn,τ(∆u),
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4. calculate qn substituting known ∆un in the internals equation

qn = F ·∆un−p0 (7.22)

5. correct the quantity qn to satisfy the constraints

qn+1 = PKc
n,τ (q)[q

n] (7.23)

where PKc
n,τ (q) is the operator of projection in H−1/2(Ω) on Kc

n,τ(q),

6. proceed to the next step of iteration.

Our calculations show that all four above algorithms are convergent not only in
elastostatics but also elastodynamics contact problems for infinite cracked body. It
is important to mention that Algorithm 3 and Algorithm 4 have significantly faster
convergence.

8 Conclusions

This paper present various variational formulation of elastostatic problem for body
with crack with considering possibility for unilateral crack faces contact interac-
tion and friction in the for that permit easy extension to elastodynamic problems.
Variational formutations based on principles of virtual displacements and virtual
stresses and also boundary variational principle based on fundamental solutions are
established. Nonsmooth functionals that correspond to unilareral frictional contact
conditions are constructed. Iterative algorithms of the Uzawa’s type that are based
on projection on the set of unilateral restrictions and friction are proposed. It was
shown that in the case if varational formulation is based on principles formulated
for whole domain the FEM have to be used and in the case if varational formulation
is based on principles formulated only for boundary the BEM have to be used. The
case of the crack in infinite elastic media is considered in more details and four new
algorithms are proposed.
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