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Transient Thermal Response of a Partially Insulated
Crack in an Orthotropic Functionally Graded Strip under

Convective Heat Supply

Yueting Zhou1, Xing Li2 and Dehao Yu1

Abstract: The transient response of an orthotropic functionally graded strip with
a partially insulated crack under convective heat transfer supply is considered. It
is modeled there exists thermal resistant in the heat conduction through the crack
region. The mixed boundary value problems of the temperature field and displace-
ment field are reduced to a system of singular integral equations in Laplace do-
main. The expressions with high order asymptotic terms for the singular integral
kernel are considered to improve the accuracy and efficiency. The numerical results
present the effect of the material nonhomogeneous parameters, the orthotropic pa-
rameters and dimensionless thermal resistant on the temperature distribution and
the transient thermal stress intensity factors with different dimensionless time τ .

Keywords: orthotropic functionally graded materials (FGMs), convective heat
transfer, thermal resistant, high order asymptotic term, transient thermal stress in-
tensity factors.

1 Introduction

Functionally graded materials (FGMs) are multiple phase materials with spatially
and continuously varying thermo-mechanical properties, which posses advantages
such as maintaining the structural rigidity, reducing the thermal stress and resisting
the severe thermal loading from the high temperature environment [Nino, Hirai,
and Watanabe (1987); Suresh and Mortensen (1998); Miyamoto, Kaysser, Rabin,
Kawasaki, and Ford (1999); Noda (1999); Yang, Qin, Zhuang, and You (2008)].
Through optimizing both material and component structures, functional grada-
tion applies new opportunities to achieve high performance and material efficiency
[Walters, Paulino, and Dodds Jr (2004)].
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Considerable investigations [Sladek, Sladek, V. and Krivacek (2005); Han, Pan,
Roy, and Yue (2006); Sladek, Sladek, V. and Zhang (2003, 2007) ; Liu, Long, and
Li (2008); Wen, Aliabadi, and Liu (2008); Oyekoya, Mba, and El-Zafrany (2008)]
have been made in understanding the behavior of isotropic FGMs subjected to me-
chanical loading conditions. In studying the problems of FGMs, the anisotropic
characters [Kaysser and Ilschner (1995); Gu and Asaro (1997)] should be consid-
ered due to the nature of processing techniques. Assuming an exponentially spa-
tial variation of material properties, Ozturk and Erdogan (1997, 1999) investigated
mode I and mixed-mode static crack problems in an infinite non-homogeneous or-
thotropic medium with integral equation method. Kim and Paulino (2002) investi-
gated the mixed-mode static fracture problem of non-homogeneous orthotropic ma-
terials using finite element method [Liu and Yu (2008); Yu and Huang (2008); Liu,
Zheng, and Liu (2009); Minutolo, Ruocco, and Ciaramella (2009); Sethuraman
and Rajesh (2009); Shin, Huang, and Shiah (2009)] and the modified crack clo-
sure method, and compared the numerical results (FEM) for stress intensity factors
(SIFs) with the semi-analytical solutions obtained by Ozturk and Erdogan (1997,
1999). For an orthotropic graded strip with a crack perpendicular to the boundary,
the dynamic Mode I problem of an embedded crack [Chen, Liu, and Zou (2002)],
the static Mode I problem of an edge crack [Guo, Wu, Zeng, and Ma (2004)], and
the anti-plane impact problem[Chen and Liu (2005)] have been analyzed, respec-
tively. Interface crack problems in an orthotropic graded coating-substrate system
were solved by analytical and computational approaches [Dag, Yildirim, and Er-
dogan (2004)]. Sladek, Sladek, V. and Zhang (2005) conducted crack analysis in
two-dimensional anisotropic FGMs with meshless local Petrov-Galerkin (MLPG)
method.

FGMs have been developed initially to work in a super-high-temperature environ-
ment [Ootao and Tanigawa (2006)], the investigations of thermal properties [Ching
and Chen (2006); Sladek, Sladek, V. Solek, Wen, and Atluri (2008)] for FGMs
become more important. Assuming exponentially spatial variations in both elastic
and thermal properties, Noda and Jin (1993) and Jin and Noda (1994) obtained so-
lutions of thermal stress intensity factors (TSIFs) of internal crack and edge crack
for isotropic infinite inhomogeneous materials subjected to steady thermal load-
ing. Transient thermal stress intensity factors were also obtained for isotropic infi-
nite inhomogeneous materials subjected to transient thermal loading [Jin and Noda
(1994); Noda and Jin (1994); Jin and Batra (1996)]. Jin and Paulino (2001) stud-
ied an edge crack of an isotropic functionally graded strip under transient thermal
loading conditions. Walters, Paulino, and Dodds Jr (2004) used a general domain
integral method to obtain J-values along crack fronts in three-dimensional configu-
rations of isotropic functionally graded materials. Jin and Feng (2008) investigated
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the thermal fracture behavior of a functionally graded coating with periodic edge
cracks. Guo, Noda, and Wu (2008) developed a piecewise-exponential model (PE
model) to investigate a functionally graded plate with arbitrary thermo-mechanical
properties and a crack normal to the surfaces. Few researchers investigated the ther-
mal fracture problems of orthotropic functionally graded materials under thermal
loading due the complexity. Wang, Han, and Du (2000) investigated the fracture
behavior of a laminated orthotropic strip subjected to unsteady thermal loads. Itou
(2004) solved thermal stresses for a crack in an interfacial laminated orthotropic
nonhomogeneous layer between two dissimilar elastic half planes. Assuming ex-
ponentially spatial variations in both elastic and thermal properties, Chen, Soh, Liu,
and Liu (2004) conducted static thermal fracture analysis of an orthotropic func-
tionally graded strip and Chen (2005) obtained thermal static stress intensity factors
for an interface crack in a graded orthotropic coating-substrate structure using sin-
gular equation method. Dag (2006) used a new computational method based on the
equivalent domain integral (EDI) to conduct mode I fracture analysis of orthotropic
functionally graded materials subjected to static thermal stresses. Recently, tran-
sient thermal stress intensity factors of orthotropic functionally graded materials
with a crack were obtained [Zhou, Li, and Qin (2007)]. Sladek, Sladek, V. Tan,
and Atluri (2008) solved transient heat conduction problems in three-dimensional
anisotropic FGMs with meshless local Petrov-Galerkin (MLPG) method. In all
above-mentioned papers about thermal fracture problem, it was assumed under
constant temperature distribution and the crack surfaces were insulated, which is
physically less realistic.

In this paper, the transient response of an orthotropic functionally graded strip with
a crack under convective heat transfer supply is investigated. It is assumed that
the crack is partially insulated [El-Borgi, Erdogan, and Hatira (2003); El-Borgi,
Erdogan, and Hidri (2004)], the temperature drop across the crack surfaces is the
result of the thermal resistant due to the heat conduction through the crack region.

Laplace transform and Fourier transform are applied to reduce the mixed boundary
value problems of the temperature field and displacement field to a system of sin-
gular integral equations [Yu (1993, 2002); Li (2008); Zhou, Li, and Yu (2008)] in
Laplace domain. In the numerical computation process, the asymptotic expressions
with high order terms for the singular integral kernels are considered. By using the
numerical Laplace inversion method, the variations of the temperature distribution
along the crack surfaces and extended line and transient thermal stress intensity
factors with different time are presented. The influence of the material nonhomoge-
neous parameters, the orthotropic parameters and dimensionless thermal resistant
on the temperature distribution and the transient thermal stress intensity factors is
analyzed.
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Figure 1: Geometry of the crack problem of orthotropic FGM strip with convective
heat transfer supply.

2 Problem description and formulation

As shown in Figure 1, a through crack with its length being 2c exists in an or-
thotropic functionally graded strip. The strip is initially at the uniform temperature
zero, and its surfaces x =−a and x = b are suddenly heated from the environment
media with relative surface heat transfer coefficients ha and . The environment tem-
peratures are Ta(t) fa(x) and Tb(t) fb(x), respectively. We assume that Ta(t) fa(x) and
Tb(t) fb(x) can be Fourier and Laplace transformed.

In this paper, plane stress state is considered. The thermal flux and stresses in
dimensionless form can be expressed as follows

qx =−kx
∂T
∂x

, qy =−ky
∂T
∂y

σ xx = C11
∂u
∂x

+C12
∂v
∂y
−θ 1T , σ yy = C12

∂u
∂x

+C22
∂v
∂y
−θ 2T

σ xy = C66

(
∂u
∂y

+
∂v
∂x

) (1)

with

θ 1 = C11αxx +C12αyy, θ 2 = C12αxx +C22αyy, C66 = Gxy (2)

where q j and σ i j are thermal flux and stresses in dimensionless form, respectively;
k j, Ci j, Gxy and α ii are dimensionless form of the thermal conductivity coefficients,
the elastic stiffness coefficients, the shear modulus and the linear thermal expansion
coefficients, respectively.
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The dimensionless form of the elastic stiffness coefficients, the linear thermal ex-
pansion coefficients and the thermal conductivity coefficients are modeled as fol-
lows

(C11,C12,C22,C66) = (C0
11,C

0
12,C

0
22,C

0
66)exp(βy)

(αxx,αyy) = (α0
xx,α

0
yy)exp(γy), (kx,ky) = (kx1,ky1)exp(δy)

(3)

where β , γ and δ are graded parameters to describe the nonhomogeneous material
distribution. The elastic stiffness coefficients can be represented by the Young’s
modules and Poisson’s ratios as

C
0
11 =

E
0
xx

1−νyxνxy
, C

0
22 =

E
0
yy

1−νyxνxy
, C

0
12 =

E
0
yyνxy

1−νyxνxy
(4)

where Poisson’s ratios νi j are assumed to be constant. Substituting Eq. (3) into Eq.
(2), following can be obtained

θ 1 = θ
0
1 exp[(β + γ)y], θ 2 = θ

0
2 exp[(β + γ)y] (5)

where

θ
0
1 = C

0
11α

0
xx +C

0
12α

0
yy, θ

0
2 = C

0
12α

0
xx +C

0
22α

0
yy (6)

In expressions (1)-(6), following dimensionless values are introduced

T = T/T0, (kx,ky,kx1,ky1) = (kx,ky,kx1,ky1)/k0, (x,y) = (x,y)/c

(qx,qy) = (qx,qy)c/(T0k0), σ i j =
σi j

α0E0T0
(i, j = x,y), (u,v) =

(u,v)
α0T0c

(Ci j,Gxy,C
0
i j,G

0
xy) =

(Ci j,Gxy,C0
i j,G

0
xy)

E0
, (i, j = 1,2), (E0

xx,E
0
yy) =

(E0
xx,E

0
yy)

E0

(α i j,α
0
i j) =

(αi j,α
0
i j)

α0
, (i, j = x,y)

(7)

where T0 is the reference temperature, k0, α0 and E0 are the typical values of the
thermal conductivity coefficient, the linear thermal expansion coefficient and the
Young’s module of elasticity, respectively.

Substituting Eqs. (1), (3) and (5) into the equilibrium equations, we can obtain fol-
lowing dimensionless governing equations for temperature and displacement field

k10
∂ 2T

∂x2 +δ
∂T
∂y

+
∂ 2T

∂y2 =
∂T
∂τ

(8)
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C
0
11

∂ 2u

∂x2 +C
0
66

∂ 2u

∂y2 +(C0
12 +C

0
66)

∂ 2v
∂x∂y

+βC
0
66(

∂u
∂y

+
∂v
∂x

) = θ
0
1eγy ∂T

∂x
(9)

C
0
22

∂ 2v

∂y2 +C
0
66

∂ 2v

∂x2 +(C0
12 +C

0
66)

∂ 2u
∂x∂y

+β (C0
12

∂u
∂x

+C
0
22

∂v
∂y

) =

θ
0
2eγy

[
(β + γ)T +

∂T
∂y

]
(10)

where τ = D2 · t/c2 is dimensionless time, D2 = k2/cν is the principal thermal
diffusivity along principal axis y with ρ and cv referring mass density and specific
heat, respectively. is given as follows

k10 = kx1
/

ky1 (11)

For the stated problem, the dimensionless thermal initial and thermal boundary
conditions are

T = 0, τ = 0 (12)

∂T (x,−a,τ)
∂y

−Ha ·T (x,−a,τ) =−Ha ·Ta(τ) · fa(x), τ > 0 (13)

∂T (x,b,τ)
∂y

+Hb ·T (x,b,τ) = Hb ·Tb(τ) · fb(x), τ > 0 (14)

∂T (x,0+,τ)
∂y

=−Bi ·
(
T (x,0+,τ)−T (x,0−,τ)

)
, |x| ≤ 1 (15)

T (x,0+,τ) = T (x,0−,τ), |x|> 1 (16)

∂T (x,0+,τ)/∂y = ∂T (x,0−,τ)/∂y, |x|< +∞ (17)

and the mechanical boundary conditions are

σ xy(x,−a,τ) = σ yy(x,−a,τ) = 0, |x|< ∞ (18)

σ xy(x,b,τ) = σ yy(x,b,τ) = 0, |x|< ∞ (19)

σ xy(x,0,τ) = σ yy(x,0,τ) = 0, |x| ≤ 1 (20)

σ xy(x,0+,τ) = σ xy(x,0−,τ),σ yy(x,0+,τ) = σ yy(x,0−,τ), |x|< ∞ (21)

u(x,0+,τ) = u(x,0−,τ), v(x,0+,τ) = v(x,0−,τ), |x|> 1 (22)

where

(Ta,Tb) = (Ta,Tb)/T0, (a,b) = (a,b)/c, (Ha,Hb) = (ha,hb)c (23)
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Equation (15) indicates the temperature drop across the crack surfaces is the result
of the thermal resistant contributed by the heat conduction through the crack region.
In this equation, the quantity Bi = c/ky1/Rc is the dimensionless thermal resistant
and Rc is the thermal resistant through the crack region. It is the ratio of the resistant

c
ky1

due to FGM thermal conduction at y = 0 to crack region thermal resistant Rc.

Introduce following Laplace transform pair:

f ∗(p) =
∫ ∞

0
f (τ)e−pτdτ, f (τ) =

1
2πi

∫
Br

f ∗(p)epτd p (24)

where Br represents the Bromwich path of integration.

Employing the Laplace transform to Eqs. (8)-(10), we can obtain

k10
∂ 2T

∗

∂x2 +δ
∂T
∗

∂y
+

∂ 2T
∗

∂y2 = pT
∗

(25)

C
0
11

∂ 2u∗

∂x2 +C
0
66

∂ 2u∗

∂y2 +(C0
12 +C

0
66)

∂ 2v∗

∂x∂y
+βC

0
66(

∂u∗

∂y
+

∂v∗

∂x
) = θ

0
1eγy ∂T

∗

∂x
(26)

C
0
22

∂ 2v∗

∂y2 +C
0
66

∂ 2v∗

∂x2 +(C0
12 +C

0
66)

∂ 2u∗

∂x∂y
+β (C0

12
∂u∗

∂x
+C

0
22

∂v∗

∂y
) =

θ
0
2eγy

[
(β + γ)T ∗+

∂T
∗

∂y

]
(27)

where T
∗(x,y, p), u∗ and v∗ are the Laplace transforms of T (x,y,τ), u and v, re-

spectively.

The thermal boundary conditions in the p−plane are

∂T
∗(x,−a, p)

∂y
−Ha ·T

∗(x,−a, p) =−Ha ·Ta
∗(p) · fa(x) (28)

∂T
∗(x,b, p)

∂y
+Hb ·T

∗(x,b, p) = Hb ·Tb
∗(p) · fb(x) (29)

∂T
∗(x,0+, p)

∂y
=−Bi ·

(
T
∗(x,0+, p)−T

∗(x,0−, p)
)
, |x| ≤ 1 (30)

T
∗(x,0+, p) = T

∗(x,0−, p), |x|> 1 (31)

∂T
∗(x,0+, p)/∂y = ∂T

∗(x,0−, p)/∂y, |x|< +∞ (32)
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where Ta
∗(p)and Tb

∗(p) are the Laplace transforms of Ta(τ) and Tb(τ), respec-
tively.

The mechanical boundary conditions in the p-plane are

σ
∗
xy(x,−a, p) = σ

∗
yy(x,−a, p) = 0, |x|< ∞ (33)

σ
∗
xy(x,b, p) = σ

∗
yy(x,b, p) = 0, |x|< ∞ (34)

σ
∗
xy(x,0, p) = σ

∗
yy(x,0, p) = 0, |x| ≤ 1 (35)

σ
∗
xy(x,0

+, p) = σ
∗
xy(x,0

−, p),σ∗yy(x,0
+, p) = σ

∗
yy(x,0

−, p), |x|< ∞ (36)

u∗(x,0+, p) = u∗(x,0−, p), v∗(x,0+, p) = v∗(x,0−, p), |x|> 1 (37)

where σ
∗
i j are Laplace transforms of σ i j.

3 Temperature field

Employing Fourier transforms to Equation (25), we can obtain

T
∗(x,y, p) =

∫ ∞

−∞

2

∑
j=1

A je
n jye−ixωdω, 0 < y≤ b

T
∗(x,y, p) =

∫ ∞

−∞

2

∑
j=1

B je
n jye−ixωdω, −a≤ y≤ 0

(38)

where A j(ω) and B j(ω)( j = 1,2) are unknown functions and n1,n2 are the roots
of the characteristic polynomials associated with the differential equation (25) and
are given by

n2 +δ ·n− (p+ k10ω
2) = 0 (39)

n1 =−δ

2
−
√

δ 2

4
+ p+ k10ω2, n2 =−δ

2
+

√
δ 2

4
+ p+ k10ω2 (40)

Following density function is introduced

ϕ
∗(x, p) =

∂T
∗(x,0+, p)

∂x
− ∂T

∗(x,0−, p)
∂x

(41)

The unknown functions A j(ω) and B j(ω) ( j = 1,2) in Eq. (38) can be expressed
in term of ϕ∗(x, p) with considering the boundary conditions (28), (29), (31) and
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(32), and are given as follows

A1 = Ω(1)
1

i
2πω

∫ 1

−1
ϕ
∗(x, p)eiωxdx+Ω(2)

1 Tb
∗

f̃b(ω)+Ω(3)
1 Ta

∗
f̃a(ω)

A2 = Ω(1)
2

i
2πω

∫ 1

−1
ϕ
∗(x, p)eiωxdx+Ω(2)

2 Tb
∗

f̃b(ω)+Ω(3)
2 Ta

∗
f̃a(ω)

B1 = Ω(1)
3

i
2πω

∫ 1

−1
ϕ
∗(x, p)eiωxdx+Ω(2)

3 Tb
∗

f̃b(ω)+Ω(3)
3 Ta

∗
f̃a(ω)

B2 = Ω(1)
4

i
2πω

∫ 1

−1
ϕ
∗(x, p)eiωxdx+Ω(2)

4 Tb
∗

f̃b(ω)+Ω(3)
4 Ta

∗
f̃a(ω)

(42)

where Ω( j)
i (i = 1, · · · ,4, j = 1,2,3) are given in Appendix A and f̃a(ω), f̃b(ω) are

the Fourier transforms of fa(x), fb(x), respectively.

Considering the remaining thermal boundary condition (30), we obtain following
integral equation in which the unknown function is ϕ∗(x, p)

lim
y→0+

∫ +1

−1

∫ ∞

0
K(ω,y, p)sin[ω(η− x)]ϕ∗(η , p)dηdω =

−2π

∫ ∞

−∞

[
Kb ·Tb

∗
f̃b(ω)+Ka ·Ta

∗
f̃a(ω)

]
e−iωxdω

(43)

where the kernel K(ω,y, p) and known functions Ka, Kb are given in Appendix A.

Accounting for the singularity of the stated problem, we perform the asymptotic
analysis of K(ω,y, p). As ω approaches infinity, following asymptotic expansion
of K(ω,0, p) can be obtained

K(∞)(ω,0, p) = a(0) +
a(1)

ω
+

a(2)

ω2 +
a(4)

ω4 + · · ·+ a12

ω12 +
a(14)

ω14 +O(
1

ω15 ) (44)

where the superscript (∞)stands for the asymptotic expansion as ω → ∞, a( j)( j =
0,1,2,4, · · · ,12,14) are longthy expression of Bi,δ ,k10 and p, which are given in
Appendix A.

Separating the singular parts of the kernel in Eq. (43), a singular integral equation
can be obtained

∫ 1

−1

[√
k10

η− x
+h(x,η , p)

]
ϕ
∗(η , p)dη =

−2π

∫ ∞

−∞

[
Kb ·Tb

∗
f̃b(ω)+Ka ·Ta

∗
f̃a(ω)

]
e−iωxdω (45)
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with kernel

h(x,η , p) =
∫ L

0

(
K(ω,0, p)−a(0)− a(1)

ω

)
sin[ω(η− x)]dω+∫ ∞

L

(
K(ω,0, p)−K(∞)(ω,0, p)

)
sin[ω(η− x)]dω

+
∫ ∞

L

(
K(∞)(ω,0, p)−a(0)− a(1)

ω

)
sin[ω(η− x)]dω +

π

2
a(1)sign(η− x) (46)

where sign(·) is signal function, L is an integration cut-off point, which is arbitrary
positive real number and can be determined appropriately in numerical process.
The first integral in the right hand side of Eq. (46) can be computed numerically
using Gauss-Quadrature technique. The second integral in the right hand side of
Eq. (46) tends to zero when L reaches sufficiently large [Dag (2001)]. The third
integral in the right hand side of Eq. (46) can be evaluated in closed form; the
formulae used to compute this type integral are given in Appendix B.

The single-value condition is∫ 1

−1
ϕ
∗(η , p)dη = 0 (47)

Based on the numerical method, ϕ∗(s, p) can be expressed as

ϕ
∗(η , p) =

R(η , p)√
1−η2

, R(η , p) =
N

∑
n=1

anTn(η) (48)

A system of linear algebraic equations can be obtained by using Gauss-Chebyshev
formula

N

∑
l=1

[ √
k10

sl− rm
+K(rm,sl, p)

]
R(sl, p)

N
=

−2π

∫ ∞

−∞

[
Kb ·Tb

∗
f̃b(ω)+Ka ·Ta

∗
f̃a(ω)

]
e−i·ω·rmdω (49)

N

∑
l=1

π ·R(sl, p)
N

= 0 (50)

where

sl = cos(
2l−1

2N
π) (l = 1, · · · ,N), rm = cos(

m
N

π) (m = 1, · · · ,N−1) (51)
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The numerical solution of the temperature in the p-plane can be obtained from
Eq. (38). The numerical solution of the temperature in the time domain can be
obtained employing numerical inversion method of the Laplace transform proposed
by Miller and Guy (1966).

4 Displacement field

Employing Fourier transforms to both sides of Eqs. (26) and (27), it can be shown
that

u∗ =
∫ ∞

−∞

4

∑
j=1

C je
m jye−iωxdω +

∫ ∞

−∞

2

∑
j=1

A1 jA je
(γ+n j)ye−iωxdω

v∗ =
∫ ∞

−∞

4

∑
j=1

C js je
m jye−iωxdω +

∫ ∞

−∞

2

∑
j=1

A2 jA je
(γ+n j)ye−iωxdω 0 < y≤ b

(52)

u∗ =
∫ ∞

−∞

4

∑
j=1

C j+4em jye−iωxdω +
∫ ∞

−∞

2

∑
j=1

A1 jB je
(γ+n j)ye−iωxdω

v∗ =
∫ ∞

−∞

4

∑
j=1

C j+4s je
m jye−iωxdω +

∫ ∞

−∞

2

∑
j=1

A2 jB je
(γ+n j)ye−iωxdω −a≤ y≤ 0

(53)

where C j( j = 1, · · · ,8) are unknown functions determined from the boundary con-
ditions (33), (34), (36) and (37) in the time-plane, and m j( j = 1, · · · ,4) are the
roots of the characteristic polynomial associated with the displacement equations
Eqs. (26) and (27), which are given by

m4 +2βm3 +(β 2 +∆1)m2 +β∆1m+∆2 = 0 (54)

with

∆1 = ω
2

(
(C0

12)
2

C
0
22C

0
66

−C
0
11

C
0
66

+2
C

0
12

C
0
22

)
, ∆2 = ω

4C
0
11

C
0
22

+ω
2
β

2C
0
12

C
0
22

(55)

s j( j = 1, · · · ,4) are given by

s j =
iω[m j(C

0
12 +C

0
66)+βC

0
12]

m j(m j +β )C0
22−ω2C

0
66

(56)
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and Ai j(i, j = 1,2) are given as

A1 j =
iω
{
(γ +n j)(γ +n j +β )(θ 0

2C
0
12−θ

0
1C

0
22)+C

0
66[ω

2θ
0
1 +(γ +n j +β )2θ

0
2]
}

Λ j(ω)

A2 j =
ω2
{
(γ +n j +β )(θ 0

1C
0
12−θ

0
2C

0
11)+(γ +n j)C

0
66[ω

2θ
0
1 +(γ +n j +β )2θ

0
2]
}

Λ j(ω)
(57)

in which

Λ j(ω) =

C
0
66

{
ω

4C
0
11 +ω

2[(γ +n j)2 +(γ +n j +β )2]C0
12 +(γ +n j)2(γ +n j +β )2C

0
22

}
+ω

2(γ +n j)(γ +n j +β )[(C0
12)

2−C
0
11C

0
22],( j = 1,2) (58)

Substituting Eqs. (38), (52) and (53) into Eq. (1), following dimensionless thermal
stresses can be obtained

σ
∗
yy(x,y,τ) =

∫ ∞

−∞

4

∑
j=1

p jC je
m jye−iωxeβydω +

∫ ∞

−∞

2

∑
j=1

q jA je
(γ+n j)ye−iωxeβydω

σ
∗
xy(x,y,τ) =

∫ ∞

−∞

4

∑
j=1

r jC je
m jye−iωxeβydω +

∫ ∞

−∞

2

∑
j=1

t jA je
(γ+n j)ye−iωxeβydω,

0 < y≤ b

(59)

σ
∗
yy(x,y,τ) =

∫ ∞

−∞

4

∑
j=1

p jC j+4em jye−iωxeβydω +
∫ ∞

−∞

2

∑
j=1

q jB je
(γ+n j)ye−iωxeβydω

σ
∗
xy(x,y,τ) =

∫ ∞

−∞

4

∑
j=1

r jC j+4em jye−iωxeβydω +
∫ ∞

−∞

2

∑
j=1

t jB je
(γ+n j)ye−iωxeβydω,

−a≤ y≤ 0

(60)
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where

p j =−iωC
0
12 + s jm jC

0
22, ( j = 1, · · · ,4)

q j =−iωA1 jC
0
12 +A2 j(γ +n j)C

0
22−θ

0
2 ( j = 1,2)

r j = (m j− iωs j)C
0
66, ( j = 1, · · · ,4)

t j = [A1 j(γ +n j)− iωA2 j]C
0
66, ( j = 1,2)

(61)

We now introduce two density functions

ϕ
∗
1 (x, p) =

∂

∂x
[u∗(x,0+, p)−u∗(x,0−, p)]

ϕ
∗
2 (x, p) =

∂

∂x
[v∗(x,0+, p)− v∗(x,0−, p)]

(62)

which satisfy following single-value conditions∫ 1

−1
ϕ
∗
1 (s, p)ds = 0,

∫ 1

−1
ϕ
∗
2 (s, p)ds = 0 (63)

Using Eq. (42), the field expressions (52,) (53), (59), (60) and the mechanical
boundary conditions (33), (34), (36) and (37) in the time-plane, unknown functions
C j( j = 1, · · · ,8) can be expressed in term of ϕ∗1 (x, p), ϕ∗2 (x, p) as

C j(ω, p) = (−1)1+ j
[
(G1 +F1)

D1 j

D
− (G2 +F2)

D2 j

D
+G3

D3 j

D
−G4

D4 j

D

]
(64)

where D is the determinant and Di j(i, j = 1, · · · ,8)is the sub-determinant (corre-
sponding to the elimination of the ith row and jth column) of matrix of the system
of linear algebraic equations given in Appendix A. F1,F2 are given by

F1(ω, p) =
i

2πω

∫ 1

−1
ϕ
∗
1 (x, p)eiωxdx

F2(ω, p) =
i

2πω

∫ 1

−1
ϕ
∗
2 (x, p)eiωxdx

(65)

Considering the boundary condition (35), the problem can be reduced to two inte-
gral equations, which can be written as

lim
y→0−

{∫ 1

−1

2

∑
j=1

k1 j(x,y,η , p)ϕ∗j (η , p)dη

}
= 2π ·ωT

1 (x, p)

lim
y→0−

{∫ 1

−1

2

∑
j=1

k2 j(x,y,η , p)ϕ∗j (η , p)dη

}
= 2π ·ωT

2 (x, p)

(66)
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where ωT
1 (x, p) and ωT

2 (x, p) are crack surface equivalent tangential and normal
stresses caused by the temperature, which are given by

ω
T
1 (x, p) =

∫ ∞

−∞

8

∑
j=1

(−1) j
(

r1
D j5

D
− r2

D j6

D
+ r3

D j7

D
− r4

D j8

D

)
G je

−iωxdω

−
∫ ∞

−∞

2

∑
j=1

B jt je
−iωxdω (67)

ω
T
2 (x, p) =

∫ ∞

−∞

8

∑
j=1

(−1) j
(

p1
D j5

D
− p2

D j6

D
+ p3

D j7

D
− p4

D j8

D

)
G je

−iωxdω

−
∫ ∞

−∞

2

∑
j=1

B jq je
−iωxdω (68)

and the kernels of the equations are given as

ki j(x,y,η , p) =

{∫ ∞
0 Ki j(ω,y, p)sin(ω(η− x))dω,(i = j)∫ ∞
0 Ki j(ω,y, p)cos(ω(η− x))dω,(i 6= j)

, (i, j = 1,2) (69)

where Ki j(ω,y, p) (i, j = 1,2) are given in Appendix A. The singular nature of the
kernels ki j(i, j = 1,2) can be determined by examining the asymptotic behavior of
Ki j as ω approaches to infinity

K(∞)
i j (ω,0, p) = a(0)

i j +
a(1)

i j

ω
+

a(2)
i j

ω2 +
a(3)

i j

ω3 + · · ·+
a(9)

i j

ω9 +O(
1

ω10 ) (i, j = 1,2) (70)

where the superscript (∞) stands for the asymptotic expansion as ω→∞, a(m)
i j (i, j =

1,2,m = 0,1,2, · · · ,9) are longthy functions of thermalelastical parameters and p,
and they are not reproduced here. In the numerical process, these parameters and
p are constants, it is very easy to give the values of a(m)

i j . We note that the leading

terms a(0)
11 = χ1, a(0)

12 = 0, a(0)
21 = 0, a(0)

22 = χ2.

Extracting the singular terms by using Eq. (70), Eq. (66) is rearranged as

∫ 1

−1

{[
χ1

η− x
+H11(x,η , p)

]
ϕ
∗
1 (η , p)+H12(x,η , p)ϕ∗2 (η , p)

}
dη = 2π ·ωT

1 (x, p)∫ 1

−1

{
H21(x,η , p)ϕ∗1 (η , p)+

[
χ2

η− x
+H22(x,η , p)

]
ϕ
∗
2 (η , p)

}
dη = 2π ·ωT

2 (x, p)

(71)
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with

Hi j(x,η , p) =
∫ Li j

0

(
K(∞)

i j (ω,0, p)−a(0)
i j −

a(1)
i j

ω

)
sin[ω(η− x)]dω+∫ ∞

Li j

(
K(ω,0, p)−K(∞)

i j (ω,0, p)
)

sin[ω(η− x)]dω+

∫ ∞

Li j

(
K(∞)

i j (ω,0, p)−a(0)
i j −

a(1)
i j

ω

)
sin[ω(η− x)]dω+

π

2
a(1)

i j sign(η − x), (i = j) (72)

Hi j(x,η , p) =
∫ Li j

0

(
K(∞)

i j (ω,0, p)
)

cos[ω(η− x)]dω+∫ ∞

Li j

(
K(ω,0, p)−K(∞)

i j (ω,0, p)
)

cos[ω(η− x)]dω+

∫ ∞

Li j

(
K(∞)

i j (ω,0, p)−
a(1)

i j

ω

)
cos[ω(η− x)]dω−

a(1)
i j

[
γ0 +

∫ Li j|η−x|

0

cosα−1
α

dα + In(Li j |η− x|)
]
, (i 6= j) (73)

where sign(·) is signal function, γ0 = 0.57721566490 is the Euler’s constant, Li j(i, j =
1,2) are integration cut-off points, which are arbitrary positive real numbers and
can be determined appropriately in numerical process. The first integral in the
right hand sides of Eqs. (70) and (71) can be computed numerically using Gauss-
Quadrature technique. The second integral in the right hand sides of Eqs. (70) and
(71) become negligible [Dag (2001)] when Li j(i, j = 1,2) reach sufficiently large.
The third integral in the right hand sides of Eqs. (70) and (71) can be evaluated in
closed form, the formulae used to compute this type integral are given in Appendix
B.

Similar to the temperature problem, the solution of Eq. (71) can be expressed as

ϕ
∗
1 (η , p) =

ψ∗1 (η , p)√
1−η2

, ψ
∗
1 (η , p) =

N

∑
n=1

bnTn(η)

ϕ
∗
2 (η , p) =

ψ∗2 (η , p)√
1−η2

, ψ
∗
2 (η , p) =

N

∑
n=1

cnTn(η)

(74)

Eq. (71) and single-value conditions (63) can be converted into a system of linear
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equations of 2N×2N

N

∑
l=1

[(
χ1

ζl− τm
+H11(τm,ζl, p)

)
ψ∗1 (ζl, p)

N
+H12(τm,ζl, p)

ψ∗2 (ζl, p)
N

]
= 2π ·ωT

1 (τm, p)
N

∑
l=1

[
H21(τm,ζl, p)

ψ∗1 (ζl, p)
N

+
(

χ2

ζl− τm
+H22(τm,ζl, p)

)
ψ∗2 (ζl, p)

N

]
= 2π ·ωT

2 (τm, p)

(75)

N

∑
l=1

π ·ψ∗1 (ζl, p)
N

= 0,
N

∑
l=1

π ·ψ∗2 (ζl, p)
N

= 0 (76)

where

ζl = cos(
2l−1

2N
π) (l = 1, · · · ,N), τm = cos(

m
N

π) (m = 1, · · · ,N−1) (77)

The stress intensity factors in the Laplace domain defined as

K∗I (1) = lim
x→1+

√
2(x−1)σ∗yy(x,0, p) =−χ2

2
ϕ
∗
2 (1, p),

K∗I (−1) = lim
x→1−

√
2(−1− x)σ∗yy(x,0, p) =

χ2

2
ϕ
∗
2 (−1, p),

K∗II(1) = lim
x→1+

√
2(x−1)σ∗xy(x,0, p) =−χ1

2
ϕ
∗
1 (1, p),

K∗II(−1) = lim
x→1−

√
2(−1− x)σ∗xy(x,0, p) =

χ1

2
ϕ
∗
1 (−1, p)

(78)

The numerical Laplace inversion of (78) is conducted numerically by the method
provided by Miller and Guy (1966).

5 Numerical results and discussion

To conduct the foregoing analysis, numerical parameters of heat conduction and
shape are presented as follows

Ha = 1, Hb = 1, Ta = 0, Tb = 1, fb(x) =

{
1− x2

x0
2 , |x| ≤ x0

0, |x|> x0
(79)

where Ha,Hb are defined as in Eq. (23), x0 stands for half of the dimensionless heat-
ing length. We assume the strip is heated from the upper surface by the surrounding



Transient Thermal Response of a Partially Insulated Crack 207

media. The numerical results of temperature distribution along the crack surfaces
and extended line and transient thermal stress intensity factors are analyzed.

To verify the validity of present work, firstly let us restrict our attention to the
dimensionless thermal resistant Bi for Bi→ 0 with Ha,Hb → ∞. This transient
problem with an insulated crack under constant temperature distribution on the
boundary was investigated by Zhou, Li, and Qin (2007). By comparison from
Figure 2 and Figure 3, it can be found that the present results are coincident very
well with those of Zhou, Li, and Qin (2007).
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Figure 2: Normalized temperature
T (x,0+) and T (x,0−) along an insu-
lated crack surface and extended line.
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Figure 3: The variation of normalized
transient thermal stress intensity fac-
tors at an insulated crack tip with di-
mensionless time τ , β = −1, δ = 1,
γ = 0.

5.1 Temperature field

Figure 4(a) and 4(b) show the distribution of the temperature along the crack sur-
faces and the crack extended line with the change of dimensionless time τ when
δ = 1 or 2,Bi = 1,a = b = 1 and k10 = 2. Here Inf stands for infinity(∞). As shown
in Figure 4, the temperature rises as the time proceeds and reaches the steady state
at τ ≈ 4.5 for δ = 1, at τ ≈ 4 for δ = 2. Figure 4 also indicates the temperature jump
across the crack surfaces becomes more pronounced as the values of δ decrease.

Figure 5(a) and 5(b) show the distribution of the temperature along the crack sur-
faces and the crack extended line with different values of dimensionless thermal
resistant Bi in the steady state when δ = 1 or 2,a = b = 1 and k10 = 2. Here Inf
also stands for infinity (∞). As expected, the temperature jump across the crack
surfaces becomes more pronounced as the dimensionless thermal resistant Bi de-
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Figure 4: Variation of the normalized temperatures T (x,0+) and T (x,0−) on the
crack surfaces and crack extended line (y = 0) with dimensionless time τ , Bi = 1,
a = b = 1, k10 = 2. (a) δ = 1, (b) δ = 2.
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Figure 5: Influence of dimensionless thermal resistant Bi on the normalized temper-
atures T (x,0+) and T (x,0−) on the crack surfaces and crack extended line (y = 0)
in the steady state, a = b = 1,k10 = 2. (a) δ = 1, (b) δ = 2.

creases, i.e. the crack region thermal resistant (Bi = c/ky1/Rc) increases. Figure 5
also indicates the temperature jump across the crack surfaces becomes more pro-
nounced as the values of δ decrease.

The temperature on the crack surfaces and the crack extended line with different
relative distance b of the crack from the heated region is showed in Figure 6. Here
inf represents infinity (+∞). Temperature jump across the crack surfaces increases
when the crack becomes closer to the heated region.
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extended line (y = 0) in the steady state, δ = 1,Bi = 1,k10 = 2.

5.2 Stress intensity factors

The orthotropic and nonhomogeneous parameter adopted for the numerical calcu-
lations of transient normalized stress intensity factors (SIFs) are shown in table 1
[Ootaot (2005)].

Table 1: Orthotropic and nonhomogeneous parameters

2l/c δ γ β E
0
xx E

0
yy G

0
xy α

0
xx α

0
yy k10

Case 1 1 0 1 0.5 1 1 1 1 1
1 0 1 2 1 1 1 1 1
1 0 -1 0.5 1 1 1 1 1
1 0 -1 2 1 1 1 1 1

Case 2 1 1 0.01 1.01 1 1 0.5 1 1
1 1 0.01 1.01 1 1 2 1 1
1 -1 0.01 1.01 1 1 0.5 1 1
1 -1 0.01 1.01 1 1 2 1 1

Case 3 1 0 0.01 1.01 1 1 1 1 0.5
1 0 0.01 1.01 1 1 1 1 2
-1 0 0.01 1.01 1 1 1 1 0.5
-1 0 0.01 1.01 1 1 1 1 2

Figure 7(a) and 7(b) illustrate the effect of the stiffness parameter β and E
0
xx (Case

1) on the mode I and II transient normalized stress intensity factors (SIFs) (KI,KII)/K
(K = α0E0T0

√
c) with different dimensionless time τ . It can be seen SIFs vary with
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Figure 7: Variation of normalized stress intensity factors with dimensionless time
τ for different stiffness parameter β and E

0
xx (Case 1),a = b = 1,Bi = 0.1. (a) Mode

I, (b) Mode II

the time from their initial zero value to a steady state. The time that SIFs reach the
steady state is τ ≈ 3 for mode I and τ ≈ 4 for mode II SIF when β = 1; τ ≈ 4 for
both mode I and II SIFs when β = −1. As shown in Figure 7(a) mode I SIF de-
creases with the increasing of the stiffness parameter β , increases with the increas-
ing of E

0
xx. As illustrated in Figure 7(b), mode II SIF increases with the increasing

of E
0
xx for either β = 1 or β =−1.
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Figure 8: Variation of normalized stress intensity factors with dimensionless time
τ for different thermal expansion parameter γ and α

0
xx(Case 2),a = b = 1,Bi = 0.1.

(a) Mode I, (b) Mode II

Figure 8(a) and 8(b) illustrate the effect of the thermal expansion parameter γ and
α

0
xx (Case 2) on the mode I and II transient normalized stress intensity factors (SIFs)

(KI,KII)/K (K = α0E0T0
√

c) with different dimensionless time τ . It can be seen
SIFs increase with the time from their initial zero value to the maximum value at
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a steady state. The time that SIFs reach the steady state is τ ≈ 3 for mode I and
τ ≈ 4 for mode II SIF when γ = 1; τ ≈ 4 for both mode I and II SIFs when γ =−1.
It may be obtained the absolute values of mode I and II SIFs in a transient state
increase when the thermal expansion parameter γ decreases from Figure 8(a) or
α

0
xx increases from Figure 8(b).
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Figure 9: Variation of normalized stress intensity factors with dimensionless timeτ

for different thermal conductivity parameter δ and k10 (Case 3),a = b = 1,Bi = 0.1.
(a) Mode I, (b) Mode II

Figure 9(a) and 9(b) show the influence of the thermal conductivity parameter δ

and k10 (Case 3) on the mode I and II transient normalized stress intensity factors
(SIFs) (KI,KII)/K (K = α0E0T0

√
c) with different dimensionless time τ . It can be

seen SIFs rise as the time proceeds and are greatest at a steady state. Both mode I
SIF and mode II SIF reach the steady state at τ ≈ 4 for either γ = 1 or γ =−1. From
Figure 9(a), it may be obtained mode I SIF in a transient state increases when the
thermal conductivity parameter δ increases or k10 decreases. From Figure 9(b), it
may be obtained with the parameter δ increasing the absolute values of mode II SIF
in a transient state increase when k10 = 0.5 < 1, while decrease when k10 = 2 > 1.

Figure 10(a) and 10(b) show the influence of the relative distance b of the crack
from the heated region on the mode I and II transient normalized stress intensity
factors (SIFs) (KI,KII)/K (K = α0E0T0

√
c) with different dimensionless time τ . It

can be seen that both mode I SIF and mode II SIF reach the steady state at τ ≈ 4.
Figure 10(a) and 10(b), the absolute values of both mode I SIF and mode II SIF in
a transient state increase when the crack is close to the heated region.

Figure 11(a) and11(b) show the influence of the dimensionless thermal resistant Bi
on the mode I and II transient normalized stress intensity factors (SIFs) (KI,KII)/K
(K = α0E0T0

√
c) with different dimensionless time τ . It can be seen that both mode

I SIF and mode II SIF reach the steady state at τ ≈ 4. As expected, the absolute
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values of both mode I SIF and mode II SIF in a transient state increase as the
value of dimensionless thermal resistant Bi decrease, i.e. the crack region thermal
resistant (Bi = c/ky1/Rc) increases.

6 Conclusions

In this paper, the singular integral equation method has been applied to study the
transient response of an orthotropic functionally graded strip with a partially insu-
lated crack under convective heat transfer supply. The considered problem is finally
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reduced to solving a system of Cauchy type singular integral equations via Laplace
transform and Fourier transform. The asymptotic expansions with high order terms
for the singular integral kernel are considered in the numerical analysis. Numerical
inversion of Laplace transform is conducted.

It has been shown: (i) the temperatures along the crack surfaces and crack extended
line and transient thermal SIFs rise as the time proceeds and reach the steady state at
certain time; (ii) The orthotropic parameters, material nonhomogeneous parameters
and dimensionless thermal resistant do influence the temperature distribution and
the transient thermal SIFs; (iii) The crack growth and thermal fracture behavior of
orthotropic graded mediums can be controlled by optimizing the gradation profiles
of the material properties.
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Appendix A: Expressions of some quantities

Expressions of Ω( j)
i (i = 1, · · · ,4, j = 1,2,3) appearing in Eq. (42)

Ω(1)
1 =

(n2 +Hb)en2b[n1(n2−Ha)en1a−n2(n1−Ha)en2a]
Ω

(80)
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Ω(2)
1 =

HbTb(n2−n1)(n2−Ha)en1a

Ω
(81)

Ω(3)
1 =

HaTa(n2−n1)(n2 +Hb)en2be(n1+n2)a

Ω
(82)

Ω(1)
2 =−(n1 +Hb)en1b[n1(n2−Ha)en1a−n2(n1−Ha)en2a]

Ω
(83)

Ω(2)
2 =−HbTb(n2−n1)(n1−Ha)en2a

Ω
(84)

Ω(3)
2 =−HaTa(n2−n1)(n1 +Hb)en1be(n1+n2)a

Ω
(85)

Ω(1)
3 =

(n2−Ha)en1a[n1(n2 +Hb)en2b−n2(n1 +Hb)en1b]
Ω

(86)

Ω(2)
3 =

HbTb(n2−n1)(n2−Ha)en1a

Ω
(87)

Ω(3)
3 =

HaTa(n2−n1)(n2 +Hb)en2be(n1+n2)a

Ω
(88)

Ω(1)
4 =−(n1−Ha)en2a[n1(n2 +Hb)en2b−n2(n1 +Hb)en1b]

Ω
(89)

Ω(2)
4 =−HbTb(n2−n1)(n1−Ha)en2a

Ω
(90)

Ω(3)
4 =−HaTa(n2−n1)(n1 +Hb)en1be(n1+n2)a

Ω
(91)

where

Ω =
[
(n2 +Hb)en2b− (n1 +Hb)en1b

][
n1(n2−Ha)en1a−n2(n1−Ha)en2a]−[

(n2−Ha)en1a− (n1−Ha)en2a][n1(n2 +Hb)en2b−n2(n1 +Hb)en1b
]

(92)

Expressions of K(ω,y, p), Ka and appearing in Eq. (43)

K(ω,y, p) =
−2
ω

[
n1Ω(1)

1 en1y +n2Ω(1)
2 en2y

]
− 2Bi

ω
(93)

Ka =
HaTa(n2−n1)e(n1+n2)a

[
n1(n2 +Hb)en2b−n2(n1 +Hb)en1b

]
Ω

(94)
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Kb =
HbTb(n2−n1)

[
n1(n2−Ha)en1a−n2(n1−Ha)en2a

]
Ω

(95)

Expressions of a( j)( j = 0,1,2,4, · · · ,12,14) appearing in Eq. (44)

a(0) =
√

k10, a(1) =−2 ·Bi, a(2) =
(

1
2

p− 1
8

δ
2
)(

k10
)− 1

2 (96)

a(4) =
(
−1

8
p2 +

1
16

δ
2 p+

3
128

δ
4
)(

k10
)− 3

2 (97)

a(6) =
(

1
16

p3− 3
64

δ
2 p2− 9

256
δ

4 p− 5
1024

δ
6
)(

k10
)− 5

2 (98)

a(8) =
(
− 5

128
p4 +

5
128

δ
2 p3 +

45
1024

δ
4 p2 +

25
2048

δ
6 p+

35
32768

δ
8
)(

k10
)− 7

2 (99)

a(10) =
(

7
256

p5− 35
1024

δ
2 p4− 105

2048
δ

4 p3− 175
8192

δ
6 p2−

245
65536

δ
8 p− 63

262144
δ

10
)(

k10
)− 9

2 (100)

a(12) =
(
− 21

1024
p6 +

63
2048

δ
2 p5 +

945
16384

δ
4 p4 +

525
16384

δ
6 p3 +

2205
262144

δ
8 p2+

567
524288

δ
10 p+

231
4194304

δ
12
)(

k10
)− 11

2 (101)

a(14) =
(

33
2048

p7− 231
8192

δ
2 p6− 2079

32768
δ

4 p5− 5775
131072

δ
6 p4− 8085

524288
δ

8 p3−

6237
2097152

δ
10 p2− 2541

8388608
δ

12 p− 429
33554432

δ
14
)(

k10
)− 13

2 (102)

In Eq. (64), D is the determinant and Di j(i, j = 1, · · · ,8) is the sub-determinant of
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the coefficient matrix in the following system:

1 1 1 1 −1 −1 −1 −1
s1 s2 s3 s4 −s1 −s2 −s3 −s4

r1 r2 r3 r4 −r1 −r2 −r3 −r4

p1 p2 p3 p4 −p1 −p2 −p3 −p4

0 0 0 0 r1e−m1a r2e−m2a r3e−m3a r4e−m4a

0 0 0 0 p1e−m1a p2e−m2a p3e−m3a p4e−m4a

r1em1b r2em2b r3em3b r4em4b 0 0 0 0
p1em1b p2em2b p3em3b p4em4b 0 0 0 0



·



C1

C2

C3

C4

C5

C6

C7

C8


=



G1 +F1

G2 +F2

G3

G4

G5

G6

G7

G8


(103)

where

G1(ω, p) =
i

2πω

A11n2−A12n1

n1−n2

∫ 1

−1
ϕ
∗(x, p)eiωxdx, (104)

G2(ω, p) =
i

2πω

A21n2−A22n1

n1−n2

∫ 1

−1
ϕ
∗(x, p)eiωxdx (105)

G3(ω, p) =
i

2πω

t1n2− t2n1

n1−n2

∫ 1

−1
ϕ
∗(x, p)eiωxdx (106)

G4(ω, p) =
i

2πω

q1n2−q2n1

n1−n2

∫ 1

−1
ϕ
∗(x, p)eiωxdx (107)

G5(ω, p) =
i

2πω

e−aγ(t2− t1)(en2b− en1b)
(n1−n2)[en2(a+b)− en1(a+b)]

∫ 1

−1
ϕ
∗(x, p)eiωxdx (108)

G6(ω, p) =
i

2πω

e−aγ(q2−q1)(n1en2b−n2en1b)
(n1−n2)[en2(a+b)− en1(a+b)]

∫ 1

−1
ϕ
∗(x, p)eiωxdx (109)

G7(ω, p) =
i

2πω

(t2− t1)e(γ+n1+n2)b(n1en1a−n2en2a)
(n1−n2)[en2(a+b)− en1(a+b)]

∫ 1

−1
ϕ
∗(x, p)eiωxdx (110)

G8(ω, p) =
i

2πω

(q2−q1)e(γ+n1+n2)b(n1en1a−n2en2a)
(n1−n2)[en2(a+b)− en1(a+b)]

∫ 1

−1
ϕ
∗(x, p)eiωxdx (111)
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Expressions of quantities appearing in Eq. (69)

K11(ω,y, p) =
2
ω

(
−r1

D15

D
em1y + r2

D16

D
em2y− r3

D17

D
em3y + r4

D18

D
em4y

)
(112)

K12(ω,y, p) =
2i
ω

(
−r1

D25

D
em1y + r2

D26

D
em2y− r3

D27

D
em3y + r4

D28

D
em4y

)
(113)

K21(ω,y, p) =
2i
ω

(
p1

D15

D
em1y− p2

D16

D
em2y + p3

D17

D
em3y− p4

D18

D
em4y

)
(114)

K22(ω,y, p) =
2
ω

(
p1

D25

D
em1y− p2

D26

D
em2y + p3

D27

D
em3y− p4

D28

D
em4y

)
(115)

Appendix B: Some useful integrals

To evaluate the third integral in closed form [Dag (2001)] in the right hand sides of
Eqs. (46), (72) and (73), we would compute following integrals

Cn(A, t) =
∫ ∞

A

1
ωn cos(ω · t)dω, n = 1,2, · · · ,N (116)

Sn(A, t) =
∫ ∞

A

1
ωn sin(ω · t)dω, n = 1,2, · · · ,N (117)

For the case n = 1, following results can be obtained

C1(A, t) =−Ci(A |t|), n = 1,2, · · · ,N (118)

S1(A, t) = sign(t)(
π

2
−Si(A |t|)), n = 1,2, · · · ,N (119)

where Ci(·) and Si(·) are defined as

Ci(t) = γ0 + In(t)+
∫ t

0

cosα−1
α

dα (120)

Si(t) =
∫ t

0

sinα

α
dα, n = 1,2, · · · ,N (121)

For the case n > 1, integrals (114) and (115) can be evaluated by following recursive
relations

Cn(A, t) =− 1
1−n

cos(A · t)
An−1 +

t
1−n

Sn−1(A, t), n > 1 (122)

Sn(A, t) =− 1
1−n

sin(A · t)
An−1 − t

1−n
Cn−1(A, t), n > 1 (123)

Following formulae also used in the integration of asymptotic expressions∫ ∞

0

sin(ω ·α)
ω

dω =
π

2
sign(α), n = 1,2, · · · ,N (124)




