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Energy-Conserving Local Time Stepping Based on
High-Order Finite Elements for Seismic Wave Propagation

Across a Fluid-Solid Interface
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Abstract: When studying seismic wave propagation in fluid-solid models based
on a numerical technique in the time domain with an explicit time scheme it is
often of interest to resort to time substepping because the stability condition in the
solid part of the medium can be more stringent than in the fluid. In such a case,
one should enforce the conservation of energy along the fluid-solid interface in the
time matching algorithm in order to ensure the accuracy and the stability of the
time scheme. This is often not done in the available literature and approximate
techniques that do not enforce the conservation of energy are used instead. We
introduce such an energy-conserving local time stepping method, in which we need
to solve a linear system along the fluid-solid interface. We validate it based on
numerical experiments performed using high-order finite elements. This scheme
can be used in any other numerical method with a diagonal mass matrix.

Keywords: Fluid-solid coupling, Time substepping, Seismic wave propagation,
Spectral-element method.

1 Introduction

Coming along with the tremendous increase of computational power, the devel-
opment of numerical methods for the accurate numerical simulation of the prop-
agation of seismic waves in complex three-dimensional (3D) geological models
has been the subject of a continuous effort in the last decades. Several numerical
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approaches can be used to solve the equations of linear elastodynamics, for in-
stance the finite-difference method (e.g., Alterman and Karal (1968); Madariaga
(1976); Virieux (1986)), boundary-element (e.g., Kawase (1988)) or boundary-
integral methods (e.g., Sánchez-Sesma and Campillo (1991)), spectral and pseudo-
spectral methods (e.g., Tessmer and Kosloff (1994); Carcione (1994)), classical
low-order finite-element methods (FEM) (e.g., Lysmer and Drake (1972); Bielak,
Ghattas, and Kim (2005)), the spectral-element method (SEM) for regional (e.g.,
Liu, Polet, Komatitsch, and Tromp (2004)) or global (e.g., Chaljub, Komatitsch,
Vilotte, Capdeville, Valette, and Festa (2007)) seismology, or discontinuous Galerkin
formulations (e.g., Bernacki, Lanteri, and Piperno (2006); Käser and Dumbser
(2006)).

In many cases of practical interest, for instance in deep offshore seismic studies
in the oil industry, in ocean acoustics or in seismological studies of the Earth,
which has a fluid outer core, fluid-solid models must been considered. Consid-
ering small deformation and non-moving fluid-solid interfaces is always sufficient
in that context. Many of the above techniques can be extended to handle such
fluid-solid models, for instance the finite-difference method (Virieux, 1986), the
spectral-element method (Komatitsch, Barnes, and Tromp, 2000; Chaljub, Ko-
matitsch, Vilotte, Capdeville, Valette, and Festa, 2007), or the discontinuous Galerkin
formulation (Käser and Dumbser, 2008). The so-called ‘grid method’ (Zhang,
2004) can also be used. Another fruitful approach consists in coupling two different
techniques at the fluid-solid interface, for instance a boundary-element method in
the fluid and a finite-element method in the solid (Soares Jr. and Mansur, 2005) or
finite elements and finite differences (Soares Jr., Mansur, and Lima, 2007). How-
ever using a boundary-element method in the fluid implies that the fluid is con-
sidered homogeneous, which is not feasible in the context of some applications
such as ocean acoustics at long distance (in which the thermocline, i.e., wave speed
variations, must be taken into account to model the SOFAR channel) or full Earth
seismology (because in the fluid outer core of the Earth wave speed varies with
radius).

In many of the above techniques a different formulation is used in each medium,
for instance a formulation in displacement or in velocity and stress in the solid, and
in pressure or in a potential in the fluid, and the two formulations are coupled along
the fluid-solid interface. In the spectral-element method for instance coupling is
enforced through a coupling integral along the fluid-solid interface (Komatitsch,
Barnes, and Tromp, 2000; Chaljub, Komatitsch, Vilotte, Capdeville, Valette, and
Festa, 2007). In the finite-difference method, which is not based on the weak form
of the elastodynamics equations but rather on their strong form and on a staggered
grid, one can set the shear wave speed to zero in the fluid (Virieux, 1986); however
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van Vossen, Robertsson, and Chapman (2002) show that many grid points per short-
est seismic wavelength are then needed to correctly model the Stoneley-Scholte in-
terface wave at the ocean bottom when the ocean bottom is flat and aligned with a
grid axis, and that the situation is even worse when non-flat bathymetry is present
and/or when the ocean bottom is not aligned with a grid axis.

A key issue in the numerical modeling of fluid-solid models in the time domain is
that it is often desirable to resort to time substepping because the stability condition
in the solid part of the medium can be more stringent than in the fluid. This comes
from the combination of two reasons:

• in many cases of practical interest, for instance in the oil industry, the value
of the shear wave velocity at the ocean bottom on the solid side is similar to
the value of the pressure wave velocity on the fluid side (in the ocean) and
thus a spatially conforming mesh is needed to keep a similar mesh resolution,

• but the maximum pressure wave speed, which governs the stability condition
of explicit time schemes, is often much higher in the solid than in the fluid,
which is often water; the ratio can typically be between 2 and 5.

Therefore, being able to use a significantly larger time step on the fluid side is
useful in order to save computational time. Several schemes or approximations are
available in the literature to do that, for instance Casadei and Halleux (2009) and
references therein, or Soares Jr., Mansur, and Lima (2007) in the context of finite
difference-finite element coupling. Time substepping is also sometimes used in the
context of fluid-fluid (e.g., Diaz and Grote (2009); Soares Jr. (2009)) or solid-solid
(e.g., Tessmer (2000); Kang and Baag (2004); Dumbser, Käser, and Toro (2007))
models in which at least one region has much higher pressure wave velocities and/or
much smaller mesh cells, i.e., a very restrictive stability limit, for instance to study
the interaction of tube waves with cracks in oil wells, or when very low shear wave
velocities are present for instance in the weathered zone in oil and gas industry
models (Tessmer, 2000). Time substepping can also be of interest to study other
systems numerically, for instance the advection-diffusion equation (El Soueidy,
Younes, and Ackerer, 2009).

At an interface across which the time step changes, energy conservation should be
ensured along the interface, otherwise instabilities and/or inaccuracies can arise.
But this is often not done in the available literature and approximate techniques
that do not enforce the conservation of energy are used instead. For instance Tess-
mer (2000) does not explicitly enforce energy conservation and observes that small
spurious reflected and refracted waves arise in his snapshots of wave propagation.
In the case of fluid-solid coupling, one should therefore enforce the conservation
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of energy along the fluid-solid interface in the time-marching algorithm in order to
ensure the accuracy and the stability of the time scheme. Some classical time inte-
gration schemes ensure the conservation of energy inside a given domain, see e.g.
Simo, Tarnow, and Wong (1992); Tarnow and Simo (1994), Cohen (2002) (p. 142),
Kane, Marsden, Ortiz, and West (2003); Collino, Fouquet, and Joly (2003a,b);
Hairer, Lubich, and Wanner (2006); Nissen-Meyer, Fournier, and Dahlen (2008);
Celledoni, McLachlan, McLaren, Owren, Quispel, and Wright (2009). But when
coupling two different domains in a non conforming fashion (in time or in space)
one must in addition enforce the conservation of total energy along the interface
explicitly. In this article we therefore introduce such an energy-conserving local
time stepping method, which is both accurate and numerically stable. To imple-
ment it we need to solve a linear system along the fluid-solid interface. We validate
it based on numerical experiments performed using a spectral-element method and
check that energy conservation along the fluid-solid interface is ensured from a
numerical point of view.

2 Brief description of the classical fluid-solid coupling technique with no sub-
stepping

Let us consider an acoustic fluid and an elastic solid in contact. We consider a
linear elastic rheology for the solid, while the fluid is assumed to be inviscid. In the
heterogeneous, elastic region the linear seismic wave equation can be written in the
strong form as:

ρüs = ∇ · (c :∇us) , (1)

where us denotes the displacement vector in the solid, c the fourth-order stiffness
tensor, and ρ the density. A dot over a symbol indicates time differentiation and the
colon represents a double tensor contraction operation. The wave field in the het-
erogeneous, acoustic, inviscid fluid is governed by the conservation and dynamics
equations which, neglecting the effects of gravity, are:

ρü f = −∇p ,
p = −κ(∇·u f ) ,

(2)

where u f denotes the displacement vector in the fluid, p denotes pressure and κ is
the bulk modulus of the fluid. The displacement in the fluid can be described based
on a potential φ defined by ∇φ = ρu f .

To couple the two media at a fluid-solid interface, we have to ensure the continuity
of the traction vector and of the normal component of the displacement vector.

In this article we solve the above seismic wave equation in the coupled fluid-
solid medium based on a Legendre spectral-element method, as for instance in
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Komatitsch, Barnes, and Tromp (2000), Komatitsch and Tromp (2002) or Chaljub,
Komatitsch, Vilotte, Capdeville, Valette, and Festa (2007), i.e., we rewrite the equa-
tions of motion (1) and (2) in a weak form, using the potential φ above as unknown
in the fluid. On the edges of the domain we use a free surface (i.e., zero traction)
boundary condition. In the solid this condition is easily implemented in the weak
formulation since the integral of traction along the boundary simply vanishes (e.g.,
Komatitsch and Vilotte (1998)). In the fluid the condition needs to be imposed
explicitly by setting pressure, or equivalently the potential φ , to zero for the grid
points that lie on the edges of the domain.

As is traditional for the spectral-element method (see e.g. Chaljub, Komatitsch,
Vilotte, Capdeville, Valette, and Festa (2007)), temporal discretization is based on
a non iterative explicit Newmark scheme, i.e., a central finite-difference scheme,
which is conditionally stable and therefore the maximum value of the time step is
defined by the Courant-Friedrichs-Lewy (CFL) stability condition (see e.g. New-
mark (1959); Hughes (1987)). That scheme preserves momentum (Simo, Tarnow,
and Wong, 1992) and also conserves our definition of discrete energy (11) and the
so-called ‘equivalent energy’ (Krenk, 2006). Other (slightly different) definitions of
discrete energy slightly oscillate, but around a mean value that is preserved (Kane,
Marsden, Ortiz, and West, 2003; Krenk, 2006).

Let us write the spectral-element discretization of the variational formulation of
the seismic wave equation above in the solid medium as a matrix system (e.g.,
Komatitsch and Vilotte (1998)), and in order to do so let us denote U , V and A the
global displacement, velocity and acceleration vectors of unknowns, respectively,
M the diagonal mass matrix and K the stiffness matrix:


Un+1 = Un +∆tV n + ∆t2

2 An

V n+1/2 = V n + ∆t
2 An

MAn+1 = KUn+1

V n+1 = V n+1/2 + ∆t
2 An+1

(3)

Let us also write the spectral-element discretization of the variational formulation
of the seismic wave equation in the fluid medium as a matrix system and introduce
coupling terms to enforce the continuity of the traction vector and of normal dis-
placement on the fluid-solid interface (e.g., Komatitsch, Barnes, and Tromp (2000);
Komatitsch and Tromp (2002)); if we denote Φ the global vector of unknowns cor-
responding to the potential φ in the fluid defined above, Φ̇ and Φ̈ its first and second
time derivatives, and if we use a conforming time-stepping scheme for now, i.e., the
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same time step ∆ts = ∆t f = ∆t everywhere, this gives:
Un+1 = Un +∆tV n + ∆t2

2 An

V n+1/2 = V n + ∆t
2 An

MsAn+1 = KsUn+1−BΦ̈n+1

V n+1 = V n+1/2 + ∆t
2 An+1

(4)

and
Φn+1 = Φn +∆tΦ̇n + ∆t2

2 Φ̈n

Φ̇n+1/2 = Φ̇n + ∆t
2 Φ̈n

M f Φ̈
n+1 = K f Φ

n+1 +B∗Un+1

Φ̇n+1 = Φ̇n+1/2 + ∆t
2 Φ̈n+1 .

(5)

B is the matrix representation of the coupling integral along the fluid-solid interface
on the solid side and is therefore zero everywhere except for grid points that belong
to the fluid-solid interface; B∗ is the coupling matrix on the fluid side.

The above system is an explicit scheme, i.e., one can express all its unknowns at a
given time step in terms of elements already computed at previous time steps and
there is no need to invert any linear matrix system. Let us now see what happens
when we introduce time substepping.

3 Description of the substepping technique

Let us show how we write a system with two different time steps without losing
the conservation of energy along the fluid-solid interface. The ratio between the
time steps in the two media (the fluid and the solid) must be a ratio of integers
p/q. Rodríguez (2004) and Diaz and Joly (2005) applied this technique to a finite-
element method written in velocity and pressure and discretized based on a leap-
frog time scheme; here we write it for a formulation in displacement in the solid
and in a potential in the fluid and discretize it based on a Newmark time scheme.
For p time steps in the fluid and q time steps in the solid (i.e., ∆ts/p = ∆t f /q = ∆t)
we write:

U pqn+ip = U pqn+(i−1)p +∆tsV pqn+(i−1)p + ∆t2
s

2 Apqn+(i−1)p

V pqn+(2i−1) p
2 = V pqn+(i−1)p + ∆ts

2 Apqn+(i−1)p

MsApqn+ip = KsU pqn+ip−B[Φ̈]pqn+ip

V pqn+ip = V pqn+(2i−1) p
2 + ∆ts

2 Apqn+ip

(6)
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and

Φpqn+ jq = Φpqn+( j−1)q +∆t f Φ̇
pqn+( j−1)q +

∆t2
f

2 Φ̈pqn+( j−1)q

Φ̇pqn+(2 j−1) q
2 = Φ̇pqn+( j−1)q + ∆t f

2 Φ̈pqn+( j−1)q

M f Φ̈
pqn+ jq = K f Φ

pqn+ jq +B∗[U ]pqn+ jq

Φ̇pqn+ jq = Φ̇pqn+(2 j−1) q
2 + ∆t f

2 Φ̈pqn+ jq

(7)

for i = 1, ..,q and j = 1, .., p. The difficulty is to find a suitable approximation for
the transmission terms at each local time step, ([U ]pqn+ jq) j=1,p and ([Φ̈]pqn+ip)i=1,q.
Here and in all the following, variables between brackets represent terms that we
cannot compute directly because the variables are not defined at this time index.
The time discretization of these quantities will be chosen in a suitable fashion so as
to ensure the conservation of energy along the fluid-solid interface. The important
thing is to conserve global energy to ensure that the coupling substepping scheme
be physically consistent and stable. After finding suitable approximations for the
transmission terms, we can rewrite the system and find the implicit scheme that will
permit the propagation for the local time step scheme. Let us illustrate this in the
simple particular case p/q = 1/2.

3.1 Case of a 1/2 ratio

In this section, we impose ∆ts = ∆t f /2 = ∆t. The coupled system can then be
written the same way as in the conforming case:

First time step in the solid:
U2n+1 = U2n +∆tV 2n + ∆t2

2 A2n

V 2n+1/2 = V 2n + ∆t
2 A2n

MsA2n+1 = KsU2n+1−B[Φ̈]2n+1

V 2n+1 = V 2n+1/2 + ∆t
2 A2n+1

(8)

Second time step in the solid:
U2n+2 = U2n+1 +∆tV 2n+1 + ∆t2

2 A2n+1

V 2n+3/2 = V 2n+1 + ∆t
2 A2n+1

MsA2n+2 = KsU2n+2−B[Φ̈]2n+2

V 2n+2 = V 2n+3/2 + ∆t
2 A2n+2

(9)
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First and only time step in the fluid:
Φ2n+2 = Φ2n +2∆tΦ̇2n +2∆t2Φ̈2n

Φ̇2n+1 = Φ̇2n +∆tΦ̈2n

M f Φ̈
2n+2 = K f Φ

2n+2 +B∗[U ]2n+2

Φ̇2n+2 = Φ̇2n+1 +∆tΦ̈2n+2

(10)

For such a system, the discrete energy in the solid and in the fluid is calculated as:

E2n
s = (MsV 2n+ 1

2 ,V 2n+ 1
2 )− (KsU2n,U2n+1) ,

E2n
f = (M f Φ̈

2n,Φ̈2n)− (K f Φ̇
2n−1,Φ̇2n+1) , (11)

where (·, ·) represents the scalar product. Total energy is defined as E2n = E2n
s +

E2n
f . These energies are positive if both time steps verify their respective CFL

stability condition because K f and Ks are definite negative by construction.

E2n+2−E2n

2∆t
=

[U2n+2]− [U2n]
2∆t

× Φ̇2n+3− Φ̇2n−1

4∆t

−1
2

(
[Φ̈2n+1] × U2n+2−U2n

2∆t
+[Φ̈2n+2]×U2n+3−U2n+1

2∆t

)
(12)

Ensuring energy conservation along the fluid-solid interface means finding [Φ̈]2n+1,
[Φ̈]2n+2 and [U ]2n+2 such that E2n+2−E2n = 0, which implies that we must solve

(
[U ]2n+2− [U ]2n)× Φ̇2n+3− Φ̇2n−1

4∆t
− [Φ̈]2n+1×U2n+2−U2n

2

− [Φ̈]2n+2×U2n+3−U2n+1

2
= 0 . (13)

Taking

Φ̈
2n = (Φ̇2n+1− Φ̇

2n−1)/2∆t (14)

we solve (13) using

[U ]2n+2 = (U2n+3 +U2n+2)/2 and

[Φ̈]2n+2 = [Φ̈]2n+1 = (Φ̈2n+2 + Φ̈
2n)/2 . (15)

Now we simply need to replace the variables into brackets in (8-10) with (15) to
obtain the following implicit system:
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First time step in the solid:

U2n+1 = U2n +∆tV 2n + ∆t2

2 A2n

V 2n+1/2 = V 2n + ∆t
2 A2n

MsA2n+1 = KsU2n+1−B Φ̈2n+2+Φ̈2n

2

V 2n+1 = V 2n+1/2 + ∆t
2 A2n+1

(16)

Second time step in the solid:

U2n+2 = U2n+1 +∆tV 2n+1 + ∆t2

2 A2n+1

V 2n+3/2 = V 2n+1 + ∆t
2 A2n+1

MsA2n+2 = KsU2n+2−B Φ̈2n+2+Φ̈2n

2

V 2n+2 = V 2n+3/2 + ∆t
2 A2n+2

(17)

First and only time step in the fluid:

Φ2n+2 = Φ2n +2∆tΦ̇2n +2∆t2Φ̈2n

Φ̇2n+1 = Φ̇2n +∆tΦ̈2n

M f Φ̈
2n+2 = K f Φ

2n+2 +B∗U2n+3+U2n+2

2

Φ̇2n+2 = Φ̇2n+1 +∆tΦ̈2n+2

(18)

We then rewrite the system to make each variable depend on Φ̈2n+2. This allows us
to write a linear system:

CΦ̈
2n+2 = b2n+1 , (19)

to be solved on the fluid-solid interface only, in which the unknown variable is
Φ̈2n+2. Matrix C is defined as:

C = M f +∆t2BM−1
s B∗+

∆t4

4
BM−1

s KsM−1
s B∗ (20)

This matrix to invert is non-zero only for the grid points located on the fluid-solid
interface, and the right-hand side b2n+1 depends on totally explicit variables plus
the explicit part of the partially implicit variables (each variable has an explicit part
and most variables also have an implicit part, as seen above). Matrix C does not
vary with time and it can therefore be constructed and decomposed once and for all
before the time loop. To improve computational efficiency we can therefore keep
its LU decomposition and use it in the time loop to compute Φ̈2n+2.

After solving for Φ̈2n+2 on the interface, we inject it in the system (16-18) and we
can then compute all the other unknowns of that time step.
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3.2 Extension to the more general case of a p/q ratio

Let us now extend our method to the more general case of a p/q ratio of integers,
such that ∆ts/p = ∆t f /q = ∆t. The system to solve is then (6-7), in which discrete
energy is defined as:

E pqn
s = (MsV pqn+ p

2 ,V pqn+ p
2 )− (KsU pqn,U pqn+p) ,

E pqn
f = (M f Φ̈

pqn,Φ̈pqn)− (K f Φ̇
pqn− q

2 ,Φ̇pqn+ q
2 ) . (21)

To ensure energy conservation along the fluid-solid interface and therefore the sta-
bility of the scheme, we need to enforce that:

1
p

p

∑
j=1

((
[U ]pqn+ jq− [U ]pqn+( j−1)q) × Φ̇pqn+(2 j+1) q

2 − Φ̇pqn+(2 j−3) q
2

2q∆t

)
−1

q

q

∑
i=1

(
[Φ̈]pqn+ip × U pqn+ip−U pqn+(i−1)p

2

)
= 0 , (22)

which leads to transmission terms ([U ]pqn+ jq) j=1,p and ([Φ̈]pqn+ip)i=1,q for the sys-
tem (6-7). One can show that (22) is ensured if the quantities into brackets verify
the following sufficient conditions used by Rodríguez (2004):

∀i = 1, ..,q−1, [Φ̈]pqn+(i+1)p = [Φ̈]pqn+ip

∀ j = 1, .., p−1, [U ]pqn+( j+1)q− [U ]pqn+ jq = [U ]pqn+ jq− [U ]pqn+( j−1)q . (23)

This allows us to find a suitable solution to (22). For example, in the case of
p/q = 2/3 (i.e., p = 2 and q = 3), the solution for the transmission terms is:

[U ]6n+3 = (U6n+8 +U6n+6 +U6n+2 +U6n)/4 ,

[U ]6n+6 = (U6n+8 +U6n+6)/2 ,

[Φ̈]6n+6 = [Φ̈]6n+4 = [Φ̈]6n+2 = (Φ̈6n+6 +2Φ̈
6n+3 + Φ̈

6n)/2 . (24)

We can then build a linear system and solve (6-7). In the case of p/q = 1/2, we
have already built that linear system around Φ̈2n+2 in (19). In the case of p/q = 2/3,
the linear system would be built around (Φ̈6n+6 +2Φ̈6n+3)/2.

4 Numerical tests

Let us now validate the time substepping approach by studying its accuracy and the
time evolution of total discrete energy for two benchmarks previously studied by
Komatitsch, Barnes, and Tromp (2000) in the conforming case, i.e., with the same
time step in the fluid and in the solid.
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4.1 Flat interface with ∆ts = ∆t f /2 or with ∆ts = ∆t f ×2/3

The first test is for a flat fluid-solid interface. The model and the mesh are the same
as in Komatitsch, Barnes, and Tromp (2000). The domain has a size of 6400 m ×
4800 m and is meshed with 120× 90 spectral elements, therefore each element has
a size of 53.33 m × 53.33 m. In each spectral element we use polynomial basis
functions of degree N = 5, i.e., each spectral element contains (N +1)3 = 216 grid
points. The fluid-solid interface is located at a depth of z f s = 2400 m below the
free surface of the fluid, i.e., in the middle of the model in the vertical direction
(Figure 1). The upper layer is a fluid water layer with a compressional wave speed
of 1500 m.s−1 and density of 1020 kg.m−3; the lower layer is solid with a compres-
sional wave speed of 3400 m.s−1, a shear wave speed of 1963 m.s−1 and density
of 2500 kg.m−3. In order to be able to study the conservation of total discrete en-
ergy along the fluid-solid interface in our substepping technique we must not use
absorbing conditions on the edges of the grid to mimic an infinite medium other-
wise some energy would be absorbed and total energy would not remain constant
with time. Instead we must study a closed medium. We therefore implement a free
surface condition, which ensures total reflection of the waves, on the four sides of
the mesh.

The source time function is the second derivative of a Gaussian (a so-called ‘Ricker’
wavelet) of dominant frequency 10 Hz located in the fluid at xs = 1575 m at a depth
of zs = 1900 m, i.e., 500 m above the fluid-solid interface. A recording station (a
receiver) is located in the fluid at xr = 3750 m at a depth of zr = 1933.33 m and
records the time variation of the two components of the displacement vector in or-
der to display a so-called ‘seismogram’ (i.e., the time history of a given component
of the displacement vector at a given grid point). Since the seismic wave equation
is linear, the amplitude of the source does not matter: multiplying the amplitude
of the source by a certain factor simply means that the seismograms get multiplied
by the same factor; therefore the actual amplitude of all the seismograms in what
follows can be considered meaningless.

The dispersion and stability of the Legendre spectral-element method used in con-
junction with an explicit conditionally-stable Newmark finite-difference time scheme
have been studied for instance by Fauqueux (2003), De Basabe and Sen (2007) and
Seriani and Oliveira (2008). Following Fauqueux (2003), the CFL stability limit
for a regular mesh can be determined based on cp

max∆t/h≤ c f l1,5/
√

D, where cp
max

is the maximum pressure wave speed in a given layer of the model (1500 m.s−1

in the fluid and 3400 m.s−1 in the solid), ∆t is the time step in the fluid or in the
solid, h is the length of an edge of a mesh element (53.33 m here), D is the spatial
dimension of the problem (2 here), and c f l1,5 is the CFL stability limit in the 1D
case for polynomial basis functions of degree N = 5 in space. Fauqueux (2003)
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Figure 1: Mesh used for a flat ocean bottom with free surfaces on the four sides of the
grid. The snapshot of the wave field superimposed is shown at time t = 0.8816 s and shows
the pressure waves in the fluid upper layer and the pressure and shear waves in the solid
lower layer. Each mesh cell has a size of 53.33 m× 53.33 m as in Komatitsch, Barnes, and
Tromp (2000). The cross represents the position of the source and the circle indicates the
position of the seismic receiver.

finds that a sufficient (but not necessary in the elastic case) limit (i.e., a slightly
conservative estimate) is c f l1,5 = 0.1010; numerical tests that we performed to find
the CFL limit experimentally showed us that we could go slightly higher (up to
c f l1,5 = 0.1014) and we therefore determined that the CFL stability limit for our
model is approximately ∆t f = 2.53 ms in the fluid and ∆ts = 1.126 ms in the solid.

Figure 2 (top) shows the seismogram recorded at the receiver in the case of con-
forming time stepping with a time step ∆t = 0.42 ms and 5000 time steps in the
fluid and in the solid, compared to the analytical solution computed based on the
Cagniard-de Hoop technique using a computer program from Berg, If, Nielsen,
and Skovegaard (1994). This figure therefore reproduces the results of Komatitsch,
Barnes, and Tromp (2000). The fit between the numerical solution and the analyt-
ical solution is excellent. Figure 2 (bottom) shows the seismogram in the case of
non conforming time steps with a p/q ratio of 1/2, i.e., ∆t f = 2∆ts = 0.42 ms, i.e.,
for a time step in the solid that is about 1/5th of that of the CFL stability limit. We
therefore perform 5000 time steps in the fluid and 10000 time steps in the solid.
Again, we get an excellent fit between the numerical solution and the analytical
solution, which shows the accuracy of the substepping technique.

In order to illustrate numerically the stability of the time substepping scheme, in



Energy-conserving Local Time Stepping for Seismic Waves 175

Figure 3 we study the evolution of the total discrete energy of the numerical scheme
computed using (21) with p = 1 and q = 2. The source being located in the acoustic
medium, energy is partially transferred to the elastic medium when the wave fronts
(both the direct pressure wave front and the pressure wave front reflected off the
free surface of the fluid layer) reach the fluid-solid interface, but the important
thing to note is that total discrete energy is very well conserved.

-8000

-6000

-4000

-2000

 0

 2000

 4000

 6000

 8000

 10000

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8  1.9  2

H
or

iz
on

ta
l d

is
pl

ac
em

en
t (

m
)

Time (s)

Conforming SEM
Analytical

Residual (x5)

-4000

-2000

 0

 2000

 4000

 6000

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8  1.9  2

H
or

iz
on

ta
l d

is
pl

ac
em

en
t (

m
)

Time (s)

Conforming SEM
Analytical

Residual (x5)

-8000

-6000

-4000

-2000

 0

 2000

 4000

 6000

 8000

 10000

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8  1.9  2

H
or

iz
on

ta
l d

is
pl

ac
em

en
t (

m
)

Time (s)

Non conforming SEM
Analytical

Residual (x5)

-4000

-2000

 0

 2000

 4000

 6000

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8  1.9  2

H
or

iz
on

ta
l d

is
pl

ac
em

en
t (

m
)

Time (s)

Non conforming SEM
Analytical

Residual (x5)

Figure 2: Comparison with the analytical solution from Berg, If, Nielsen, and Skovegaard
(1994) (dashed line) of spectral-element seismograms (solid line) for the horizontal (left)
and vertical (right) components of the displacement vector at the receiver located in the
fluid for the model with a flat fluid-solid interface. The difference amplified by a factor of
5 is also shown (dotted line). (Top) The fit is excellent for conforming time stepping with
∆t f = ∆ts = 0.42 ms, i.e., at about CFL/5 in the fluid and CFL/2.5 in the solid. (Bottom)
The fit is also excellent for non-conforming time stepping with ∆t f = 0.42 ms in the fluid
and ∆ts = 0.21 ms in the solid, i.e., at about CFL/5 in both the fluid and the solid.

The above validation has been performed relatively far from the CFL stability limit
(at about 1/5th of that limit). Let us now study what happens when we select a
time step closer to the stability limit. For conforming time stepping, let us take
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Figure 3: Time evolution of discrete energy in the fluid and in the solid as well as total
discrete energy for the non conforming case with p/q = 1/2 for the model with a flat fluid-
solid interface. We have ∆t f = 2∆ts = 0.42 ms. We propagate the wave field for 100,000
time steps in the fluid and for 200,000 time steps in the solid. Total discrete energy is very
well conserved.

∆t = 1.125 ms, which is very close to the CFL limit computed above and which
is therefore the largest time step that we can select for our numerical tests in the
conforming case. Figure 4 (top) shows that the fit to the analytical solution is
not very good compared to Figure 2 (top). In the non conforming case with p/q
= 1/2 and ∆t f = 1.125 ms in the fluid (Figure 4, bottom) we observe a similar
poorer fit compared to the non conforming case with a smaller time step of Fig-
ure 2 (bottom). This shows that the main source of discrepancies is not the time
substepping scheme but rather the numerical error (numerical dispersion) of the
explicit Newmark finite-difference time scheme itself, which is only second-order
accurate (Hughes, 1987) while the spatial polynomial basis functions that we have
chosen for the spectral-element method are of degree N = 5. It would therefore
be of interest to switch to higher-order time schemes such as fourth-order Runge-
Kutta integration or symplectic schemes (e.g., Simo, Tarnow, and Wong (1992);
Nissen-Meyer, Fournier, and Dahlen (2008)) for instance.

Finally, let us test the case of a p/q ratio equal to 2/3, i.e., ∆ts = ∆t f × 2/3. We
select ∆ts = 0.28 ms and ∆t f = 0.42 ms. Figure 5 shows that the fit to the analytical
solution is very good, as in the case of p/q = 1/2 in Figure 2. Figure 6 shows that
for 100,000 time steps in the fluid for 150,000 time steps in the solid total discrete
energy is very well conserved, as in the case of p/q = 1/2 in Figure 3.
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Figure 4: Comparison with the analytical solution from Berg, If, Nielsen, and Skovegaard
(1994) (dashed line) of spectral-element seismograms (solid line) for the horizontal (left)
and vertical (right) components of the displacement vector at the receiver located in the
fluid. The difference amplified by a factor of 5 is also shown (dotted line). (Top) The fit
is not very good for conforming time stepping with ∆t f = ∆ts = 1.125 ms, i.e., at about
CFL/2 in the fluid and CFL in the solid. (Bottom) The fit is also not very good for non-
conforming time stepping with ∆t f = 1.125 ms in the fluid and ∆ts = 0.5625 ms in the
solid, i.e., at about CFL/2 in both the fluid and the solid.

4.2 Sinusoidal interface with ∆ts = ∆t f /2

Let us see if our time substepping scheme is still stable and accurate in the case of
a fluid-solid interface with a more complex shape. Again, we select the same mesh
and model as in Komatitsch, Barnes, and Tromp (2000), but will introduce time
substepping. The size of the mesh, number of spectral elements in the mesh, and the
properties of the model remain unchanged compared to the previous section but the
fluid-solid interface (the ocean bottom) now has a sinusoidal shape, as illustrated in
Figure 7. The source is located at xs = 2908.33 m at a depth of zs = 1700 m below
the free surface of the fluid, and the receiver is located at xr = 4053.06 m at a depth
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Figure 5: Comparison with the analytical solution from Berg, If, Nielsen, and Skovegaard
(1994) (dashed line) of the spectral-element seismogram (solid line) for the horizontal (left)
and vertical (right) components of the displacement vector at the receiver located in the
fluid. The difference amplified by a factor of 5 is also shown (dotted line). The fit is
excellent for non-conforming time stepping with a ratio p/q = 2/3, with ∆t f = 0.42 ms in
the fluid and ∆ts = 0.28 ms in the solid, i.e., at about CFL/5 in the fluid and CFL/4 in the
solid.
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Figure 6: Time evolution of discrete energy in the fluid and in the solid as well as total
discrete energy for the non conforming case with p/q = 2/3 for the model with a flat fluid-
solid interface. We have 2∆t f = 3∆ts = 0.84 ms. We propagate the wave field for 100,000
time steps in the fluid for 150,000 time steps in the solid. Total discrete energy is very well
conserved.
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of zr = 1500 m.

Since there is no known analytical solution in the case of a sinusoidal interface,
let us compare the spectral-element solution with conforming time stepping to
the spectral-element solution with time substepping for a p/q ratio of 1/2, i.e.,
for ∆ts = ∆t f /2. In Figure 8 we compare the seismograms for the two com-
ponents of the displacement vector at the receiver for the conforming case with
∆t f = ∆ts = 0.7 ms and the non conforming case with ∆t f = 2∆ts = 0.7 ms. The fit
obtained is excellent. Figure 9 illustrates the fact that total discrete energy remains
approximately constant for 100,000 time steps in the fluid and 200,000 time steps
in the solid.

X (m)0
0

6400

4800

Z 
(m

)

Figure 7: Mesh used for a sinusoidal ocean bottom with free surfaces on the four sides
of the grid. The snapshot of the wave field superimposed is shown at time t = 1.0493 s
and shows the pressure waves in the fluid upper layer and the pressure and shear waves in
the solid lower layer. The mesh is the same as in Komatitsch, Barnes, and Tromp (2000).
The cross represents the position of the source and the circle indicates the position of the
seismic receiver.

5 Analysis of cost reduction

Let us now analyze how the cost (in terms of the total number of calculations to
perform) is reduced when resorting to the time substepping technique that we have
introduced compared to when using a conforming method in time. For the sake of
simplicity let us assume that, as in Figure 1, we have a fluid and a solid layer in
contact through a horizontal interface, and that the 2D mesh is topologically regular
and composed of NX spectral elements in the horizontal direction, NZ f spectral
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Figure 8: Comparison of spectral-element seismograms for the horizontal (left) and verti-
cal (right) components of the displacement vector at the receiver located in the fluid for the
model with sinusoidal bathymetry. The fit is excellent between non-conforming time step-
ping (solid line) with ∆t f = 2∆ts = 0.7 ms (i.e., p/q = 1/2) and conforming time stepping
(dashed line) with ∆t f = ∆ts = 0.7 ms. The difference amplified by a factor of 100 is also
shown (dotted line).
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Figure 9: Time evolution of discrete energy in the fluid and in the solid as well as total
discrete energy for the non conforming case with p/q = 1/2 for the model with sinusoidal
bathymetry. We have ∆t f = 2∆ts = 0.7 ms. We propagate the wave field for 100,000 time
steps in the fluid for 200,000 time steps in the solid. Total discrete energy is very well
conserved.
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elements in the vertical direction in the fluid layer, and NZs spectral elements in the
vertical direction in the solid layer. The number of spectral-element edges along
the fluid-solid interface is therefore also NX. Let us use a polynomial degree N for
the Lagrange interpolants, i.e., a given spectral element contains NGLL = N + 1
Gauss-Lobatto-Legendre in each spatial direction. The total number of points in
the fluid layer is then

n f = (NXN+1)(NZ f N+1) , (25)

the total number of points in the solid layer is

ns = (NXN+1)(NZs N+1) , (26)

and the total number of points along the fluid-solid coupling interface is

ninterface = NXN+1 . (27)

The number of points to update on the fluid side to implement the coupling with a
p/q < 1 substepping ratio is therefore

ncoupling
f = (NXN+1)((q−1)N+1) (28)

and the number of points to update on the solid side to implement the coupling is

ncoupling
s = (NXN+1)((p−1)N+1) . (29)

When one counts the total number of operations that must be performed at each
time step in the SEM algorithm, one can show that the total number of operations
in the fluid is

f f (NX,NZ f ) = 9n f +NX×NZ f (10NGLL3 +18NGLL2)+13NX×NGLL (30)

and that the total number of operations in the solid is

fs(NX,NZs) = 18ns +NX×NZs(16NGLL3 +40NGLL2)+13NX×NGLL . (31)

The additional number of operations required to solve the LU linear system and
therefore implement the p/q substepping is

fcoupling(NX) = 29ninterface +2n2
interface +12(q−1)ncoupling

s

+ NX(q−1)(16NGLL3 +40NGLL2)+13q×NX×NGLL

+ 6q×ncoupling
s +6(p−1)ncoupling

f

+ NX(p−1)(10NGLL3 +18NGLL2)

+ 13p×NX×NGLL+3ncoupling
f +6ncoupling

s +3ncoupling
f . (32)
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As a result, the gain that we obtain by resorting to p/q substepping compared to a
conforming approach with no substepping is

gain(NX,NZ f ,NZs) =
q× ( f f (NX,NZ f )+ fs(NX,NZs))

p× f f (NX,NZ f )+q× fs(NX,NZs)+ fcoupling(NX)
.

(33)

In Figure 10 we show that gain as a function of NX for p/q = 1/2 for an ocean
acoustics simulation is which we have a deep ocean layer and a thinner solid layer
to represent the coupling at the ocean bottom. The fluid layer occupies 80% of
the whole domain in the vertical direction, the solid layer 20%, and we take NX =
(NZ f +NZs) × 4/3, i.e., the model is slightly elongated in the horizontal direction
as in Figures 1 and 7, which is often the case in oil industry or ocean acoustics
geophysical models. One can see that we save a factor of about 1.5 in terms of the
total number of operations when resorting to time substepping.
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Figure 10: Gain as a function of the number of spectral-element edges along the fluid-solid
interface (NX) for a time substepping ratio p/q = 1/2 for an ocean acoustics simulation
is which we have a deep ocean layer and a thinner solid layer to represent the coupling
at the ocean bottom. The fluid layer occupies 80% of the whole domain in the vertical
direction, the solid layer 20%, and we take NX = (NZ f + NZs) × 4/3, i.e., the model is
slightly elongated in the horizontal direction, which is often the case in oil industry or
ocean acoustics geophysical models. We save a factor of about 1.5 in terms of the total
number of operations by resorting to time substepping.
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6 Conclusions and future work

We have introduced a time substepping technique that enforces the conservation of
energy along the fluid-solid interface for seismic wave propagation in fluid-solid
models and implemented it in the context of an explicit conditionally-stable New-
mark finite-difference time scheme. Using time substepping is often of interest
for seismic wave propagation modeling because the stability condition in the solid
part of the medium can lead to a significantly smaller time step than in the fluid.
To enforce conservation of energy along the fluid-solid interface we need to solve
a linear system along the fluid-solid interface. This system does not change with
time and can therefore be decomposed once and for all before the time loop.

Numerical tests performed based on a spectral-element method (SEM) have shown
that energy conservation along the fluid-solid interface is ensured; therefore the
method remains stable even for very long simulations of 200,000 time steps. How-
ever the Newmark time-integration scheme used in the classical SEM (indepen-
dently of fluid-solid coupling or time substepping) is not very accurate compared
to the high order of the spatial approximation, therefore the accuracy decreases
when one approaches the CFL stability limit because of numerical dispersion in the
time scheme on the fluid side (which usually has the largest time step because of
a lower maximum pressure wave speed). Therefore in the future higher-order time
schemes such as fourth-order Runge-Kutta or symplectic schemes (Simo, Tarnow,
and Wong, 1992; Tarnow and Simo, 1994; Nissen-Meyer, Fournier, and Dahlen,
2008; Celledoni, McLachlan, McLaren, Owren, Quispel, and Wright, 2009) should
be used. Because the mass matrix is diagonal such an extension should not be too
difficult to implement.

Future work could also include using a more complex rheology in the solid, for in-
stance poroelastic (e.g., Ezziani, 2006; Martin, Komatitsch, and Ezziani, 2008), as
well as adding optimized Convolutional Perfectly Matched Layers (CPMLs) in the
fluid and in the solid (Komatitsch and Martin, 2007) to absorb outgoing waves on
the fictitious edges of the grid. Let us note that CPML is compatible with complex
rheologies such as poroelastic media (Martin, Komatitsch, and Ezziani, 2008) and
can be adapted to variational methods (Martin, Komatitsch, and Gedney, 2008).

Coupling this technique with a spatially non-conforming mesh at the fluid-solid
interface for instance using the ‘mortar’ method (Chaljub, Capdeville, and Vilotte,
2003) or conservative load transfer (Jaiman, Jiao, Geubelle, and Loth, 2006) could
also be of interest in some cases, although in many cases of practical interest, for
instance in the oil industry, the value of the shear wave velocity at the ocean bottom
on the solid side is similar to the value of the pressure wave velocity on the fluid
side (in the ocean) and thus a spatially-conforming mesh is needed to keep a similar
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mesh resolution.

Extension to 3D, although straightforward because the time substepping formula-
tion presented does not depend on the spatial dimension of the problem, should
be implemented. To solve the linear system on the fluid-solid interface to enforce
conservation of energy there, one could still build its LU decomposition once and
for all before the time loop. In the case of 3D simulations, it is often inevitable to
use a parallel computer because of the large size of the mesh. One should then use
a parallel solver such as MUMPS (Amestoy, Duff, Koster, and L’Excellent, 2001)
or PaStiX (Hénon and Saad, 2006), in which the LU decomposition and storage is
optimized for large parallel computers.

The time substepping technique introduced for a fluid-solid model and the ma-
trix systems presented can also be used in any other numerical method that has a
diagonal mass matrix, such as discontinuous Galerkin techniques (e.g., Bernacki,
Lanteri, and Piperno (2006); Käser and Dumbser (2006)) or finite elements with
mass lumping (e.g., Diaz and Joly (2005)).
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