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Shell-specific Interpolation of Measured 3D
Displacements, for Micromechanics-Based Rapid Safety

Assessment of Shotcrete Tunnels
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Abstract: Point-wise optical measurements of 3D displacement vectors over
time are a key input for monitoring shotcrete tunnel shells during construction ac-
cording to the New Austrian Tunnelling Method (NATM). Aiming at estimation of
the stresses prevailing in the highly loaded, hydrating material, we here deal with
two different interpolation strategies for reconstructing, from measured displace-
ment vectors, the 3D displacement field histories of the inner surface of the tunnel
shell. The first approach considers spatial interpolation of displacement compo-
nents in a fixed Cartesian base frame, while the second (new) approach refers to
displacement components in a moving base frame consisting of vectors tangent
to the cylindrical coordinate curves along the tunnel shell. Subsequently, thin
shell kinematics allow for (analytical) conversion of the aforementioned displace-
ment field histories into strain field histories throughout the entire tunnel shell.
Finally, thermochemomechanical constitutive modeling (including extension of a
recently developed, experimentally validated micro-viscoelasticity model for hy-
drating shotcrete, towards the nonlinear regime) allows for conversion of the afore-
mentioned strain fields into stress fields. The latter differ qualitatively, depending
on the chosen interpolation strategy. Thereby, the moving base frame-related in-
terpolation scheme results in more realistic estimations of the actual load carrying
behavior of an NATM tunnel.
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1 Introduction

The New Austrian Tunnelling Method (NATM) is a very flexible mode of tunnel
construction. The method, pioneered by Rabcewicz [Rabcewicz (1948)], can be
easily adopted to variations in geological properties of the ground and to changes
in size and curvature of the tunnel. When driving tunnels according to the NATM,
shotcrete is applied onto the freshly excavated stretch in form of a thin shell. The
lining is produced either in a single step (full face excavation) or in a series of
subsequent steps, e.g. starting with the top heading, followed by the benches, and
completed by the invert (sequential excavation).

The NATM concept is based on mastering the interaction between the viscous
ground and the installed, rather flexible, and aging shotcrete tunnel shell. Con-
sequently, hydrating characteristics of the shotcrete, creep characteristics of the
ground and the time lapse between the excavation and shotcreting are key design
parameters for the success of the NATM; e.g. too stiff shells or shells installed too
early, trying to restrict stress redistribution in the ground after excavation, may be
destroyed whereas too soft shells or shells put up too late may not be able to prevent
loss of stability of the opening [Pacher (1964)].

Day-to-day on-site structural monitoring is the key tool by which NATM engi-
neers reveal the interaction between the ground and the tunnel shell. Nowadays,
laser optical systems for measuring 3D displacement vectors of the tunnel shell
are the golden standard [Schubert and Steindorfer (1996); Steindorfer, Schubert,
and Rabensteiner (1995)]. Based on these measurements it is decided whether or
not additional ground support, by means of rock bolts, is installed to further pro-
mote stability of the opening. Moreover, these measurements allow for a qualitative
prediction of the rock stiffness ahead of the tunnel face [Steindorfer and Schubert
(1997)].

In addition to the rock stiffness changes, the forces and stresses in the tunnel shell
are key quantities governing the safety of the tunnel driving process. These forces
and stresses can be estimated from combination of the displacement measurement
data with advanced material models for hydrating shotcrete, in the framework of
so-called hybrid methods [Rokahr (1997); Hellmich, Macht, and Mang (1999);
Hellmich, Mang, and Ulm (2001); Lackner, Macht, Hellmich, and Mang (2002);
Macht, Lackner, Hellmich, and Mang (2003)]. In more detail, displacement fields
are approximated from pointwisely measured displacement vectors, and these fields
are prescribed as boundary values onto a structural model of the tunnel shell, such
as a 3D Finite Element (FE) model. Corresponding structural computations require
elaborate material models for shotcrete [Meschke (1996)], considering mechanical
properties that evolve because of hydration [Hellmich and Mang (2005); Hellmich,
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Mang, and Ulm (2001)]. The latter consideration can be naturally realized in the
framework of continuum micromechanics [Zaoui (2002)] when, within a repre-
sentative volume element (RVE) of shotcrete, the mechanical interaction of aggre-
gates, cement, water, and of the reaction products of the latter two, called hydrates,
are quantified, based on hydration-dependent, time-evolving volume fractions of
the material constituents, which, at the same time, exhibit universal shotcrete-
independent non-aging (i.e. constant) mechanical properties such as elastic proper-
ties [Hellmich and Mang (2005)], strength properties [Pichler, Hellmich, and Eber-
hardsteiner (2009); Pichler, Scheiner, and Hellmich (2008)], and creep properties
[Scheiner and Hellmich (2009)].

While extending these latest achievements in multiscale modeling of shotcrete, the
focus of the present paper is the mode of interpolation by which pointwisely mea-
sured displacement data are translated into spatial displacement fields. Correspond-
ing interpolation schemes are realized for the Sieberg tunnel, shortly introduced in
Section 2. Displacement components which are defined with respect to different
base frames, are interpolated between the measurement points of this tunnel (Sec-
tion 3). As to minimize computer time, we follow earlier examples relying on
thin shell theory kinematics [Lackner, Macht, and Mang (2006); Macht, Lackner,
Hellmich, and Mang (2003)]. However, in contrast to these earlier studies, we here
employ an entirely analytical approach (Section 4). We then review the upscaling
of shotcrete strength and extend multiscale shotcrete creep to the nonlinear loading
regime (Section 5), before documenting the corresponding stresses in the Sieberg
tunnel, estimated on the basis two different displacement interpolation schemes
(Section 6), followed by Discussion (Section 7) and Conclusion (Section 8).

2 Excavation and monitoring of Sieberg tunnel

Our estimations of the stress state in a shotcrete tunnel shell are developed by ex-
ample of a typical, widely employed type of geometry and measurement equipment
used in NATM-tunneling, namely the measurement cross-section MC1452 of the
Sieberg tunnel, constructed in the late 1990s as part of the high-capacity railway
line Vienna-Salzburg, in Austria. Around measurement cross-section MC1452 (de-
noted as the considered measurement cross-section in the following), the Sieberg
tunnel was driven through Miocene clay marl (with typical cohesion c = 0.01 MPa,
angle of internal friction φ = 25◦ [Rabcewicz (1969)], and unit weight ρ = 2600
kg/m3) covered by meadow loam and Pleistocene gravels. The overburden depth
was about 20 m [Poleschinski and Müller (1999)]. In addition, the water table was
above the tunnel roof and the maximum water pressure was approximately 0.29
MPa [Maidl, Schmid, Ritz, and Herrenknecht (2008)]. Cross section MC1452 con-
sists of cylindrical shell segments with piece-wise constant curvature, see Fig. 1 for
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related geometrical dimensions. The latter are quantified through a right-handed
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Figure 1: Considered cross-section of Sieberg tunnel constructed by sequential ex-
cavation according to the New Austrian Tunneling Method: definition of (x,y,z)
and (r,ϕ,z) coordinate frames, structural dimensions, geometric properties and lo-
cations of measurement points (MPs)

Cartesian coordinate frame (x,y,z) (see Fig. 1), where the x-axis points into the
horizontal direction, normal to the tunnel axis, which is aligned to the z-axis.
In addition, we use a shell-intrinsic cylindrical base frame (defining coordinates
r,ϕ,z). Thereby, r denotes the radial distance to the (local) center of curvature of
the cylindrical shell, and the angle ϕ (ranging from −π to +π) describes the cir-
cumferential distance from the vertical plane containing the tunnel axis. In this
sense, Rt = 6.20 m and Rb = 10.15 m denote the radii of curvature of the midsur-
faces of the top heading and of the benches, respectively. +ϕtb = ϕ2 = 1.46 rad
and −ϕtb = ϕ3 = −1.46 rad denote the positions of the interfaces between the top
heading and the benches, while +ϕbi = ϕ4 = 1.79 rad and −ϕbi = ϕ5 =−1.79 rad
denote the positions between the benches and the invert, respectively.

In the course of a sequential excavation strategy, the top heading at MC1452 was
placed on Dec 14, 1997 (see Table 1 for a construction history of the investigated
part of the Sieberg tunnel). Thereby, the rather poor ground conditions did not
allow for a notable time lag between excavation and shotcreting, and rock bolts
reinforced the interface between tunnel shell and surrounding ground [Ramspacher
and Schwab (1998)]. >From Dec 14 to 22, tunnel advance by means of excavation
of top heading was carried out. From Dec 19, when the tunnel face had reached a
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Table 1: Construction history of Sieberg tunnel (sequential excavation)

Date of installation
Cross-section Top heading Left bench Right bench

MC1444 Dec 12, 1997 Jan 18, 1998 Jan 20, 1998
MC1452 Dec 14, 1997 Jan 19, 1998 Jan 21, 1998
MC1462 Dec 16, 1997 Jan 26, 1998 Jan 22, 1998
MC1474 Dec 19, 1997 Jan 30, 1998 Jan 30, 1998
MC1483 Jan 09, 1998 Feb 02, 1998 Jan 31, 1998
MC1494 Jan 13, 1998 Feb 04, 1998 Feb 05, 1998
MC1502 Jan 16, 1998 Feb 09, 1998 Feb 06, 1998

distance of some 25 meters from the considered MC, to Jan 06, the tunnelling crew
went on Christmas holidays. Top heading excavation work was resumed on Jan
07 such that on Jan 16 the tunnel face had reached a distance of around 50 meters
from the considered MC. At that time, tunnel driving was ceased and further works
were devoted to installation of benches, starting about 60 meters behind the face
i.e. some 10 meters behind the considered MC. At this cross-section, the left bench
was placed on Jan 19, 1998, and the right bench was placed on Jan 21, 1998. Until
Feb 02, continued bench installation arrived at MC1494, i.e. 42 meters ahead of the
considered MC. Placement of the invert and, hence, finalization of MC1452 was
carried out several months later. Since the analysis described herein refers to the
first 50 days after placement of the top heading, the invert will not be dealt with in
the sequel of this paper.

For monitoring of 3D displacements in the considered MC, five measurement
points (MPs) were installed: MP1, MP2, and MP3 at the crown, left foot, and right
foot of the top heading; MP4 and MP5 at the footings of left bench and right bench,
respectively (see Fig. 1). The same geometry and measurement equipment char-
acterize the preceding measurement cross-section MC1444, installed 2 days prior
to and 8 m distant from MC1452. For the subsequent analyses, we will consider
displacement measurements collected at these two measurement cross sections be-
tween Dec 14, 1997, and Feb 2, 1998. Except for the Christmas break, during which
monitoring intervals were enlarged due to the absence of excavation works, dis-
placement measurements were taken at all installed MPs on a daily basis, in terms
of Cartesian components related to the fixed (x,y,z)-system of Fig. 1, see Fig. 2
and Fig. 3 for the considered and preceding measurement cross-sections (MC1452
and MC1444), respectively. Based on the displacement measurements collected at
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these two measurement cross-sections, we will reconstruct the displacement fields
in this tunnel portion, as described next.
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Figure 2: Histories of displacement components in x,y, and z directions measured
at measurement points MP1 through MP5 of the considered measurement cross-
section (MC1452)

3 Reconstructing the displacement fields of the tunnel shell: interpolation
between measured 3D displacement vectors

Interpolation is used to construct continuous displacement functions providing a
smooth transition between discrete displacement measurement data referring to dif-
ferent points in space and to different instants of time. Since displacement measure-
ments are available in the form of 3D displacement vectors, three scalar quantities
have to be interpolated, e.g. the length of the vectors and two angles defining their
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Figure 3: Histories of displacement components in x,y, and z directions measured
at measurement points MP1 through MP5 of the preceding measurement cross-
section (MC1444)

orientation in 3D Euclidean space or, alternatively, three vector components. This
provides the motivation to deal with interpolation between scalar quantities q.

3.1 Interpolation between measured displacement components

A three step interpolation procedure is used:

i. temporal interpolation of the displacement components measured in all mea-
surement points (here MP1 through MP5, both in MC1452 and in MC1444);

ii. spatial interpolation along the tunnel axis, of the displacement components
which were temporally interpolated according to (i), at measurement points
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with the same label, but belonging to two consecutively installed measure-
ment cross-sections (here displacement interpolation between MC1444 and
MC1452, at MP1 through MP5); and

iii. spatial interpolation along the tunnel perimeter, of the MP position-specific
displacement component functions gained through temporal and spatial in-
terpolation according to (i) and (ii).

As for the temporal interpolation, displacement components q(ϕk,z j; ti) and
q(ϕk,z j; ti+1), measured at time instants ti and ti+1 in the k-th measurement point
MPk (k = 1, . . . ,5) of the j-th measurement cross-section MC j, are linearly inter-
polated according to

q(ϕk,z j; t) = q(ϕk,z j; ti)+
q(ϕk,z j; ti+1)−q(ϕk,z j; ti)

ti+1− ti
(t− ti); ∀t ∈ [ti, ti+1] (1)

Longitudinal interpolation between temporal functions q(ϕk,z j; t) referring to MPs
with the same label k, but belonging to two neighboring MCs (here MC1444 and
MC1452), becomes possible once the MP of the younger MC (here MC1452) is
installed. Consider interpolation between an MPk (k = 1, . . . ,5) located at the con-
sidered MC (MCc: here MC1452), installed at time instant tc

k,0 at tunnel axis coor-
dinate zc, and the corresponding MPk (with the same label k) located at the preced-
ing MC (MCp: here MC1444), installed at time instant t p

k,0 at tunnel axis coordinate
zp, (where t p

k,0 < tc
k,0 and zp < zc), see Fig. 4. As an initial condition, all displace-

ments between the two MCs are set equal to zero at time instant t = tc
k,0, that is

q(ϕk,z; t) = 0 for t = tc
k,0 and z ∈

[
zp;zc

]
. In accordance with this initial condition,

a linear longitudinal interpolation is carried out between the displacement change
at the preceding MC, q(ϕk,zp; t)− q(ϕk,zp; tc

k,0), and the displacement function at
the considered MC, q(ϕk,zc; t), reading as

q(ϕk,z; t) = a(t)+b(t)z; z ∈
[
zp;zc

]
; t ≥ tc

k,0 (2)

with

a(t) =−
q(ϕk,zc; t)zp−

[
q(ϕk,zp; t)−q(ϕk,zp; tc

k,0)
]

zc

zc− zp

b(t) =
q(ϕk,zc; t)−

[
q(ϕk,zp; t)−q(ϕk,zp; tc

k,0)
]

zc− zp

(3)
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Figure 4: Illustration of the location, along z-axis, of the considered and preceding
measurement cross-sections (MCc and MCp, respectively)

Spatial interpolation in the circumferential direction is influenced by the construc-
tion sequence described in Section 2. As for the top heading, which is considered
to be installed first, the time- and longitudinal position-dependent displacement
component functions q(ϕk,z; t), k = 1,2,3 are interpolated quadratically along the
positions of MP1, MP2, and MP3, according to

q(ϕ,z; t) = c(z; t)+d(z; t)ϕ + e(z; t)ϕ
2; ϕ ∈

[
−ϕtb;+ϕtb

]
(4)

with

c(z; t) =
q(ϕ1,z; t)ϕ2ϕ3(ϕ2−ϕ3)+q(ϕ2,z; t)ϕ3ϕ1(ϕ3−ϕ1)+q(ϕ3,z; t)ϕ1ϕ2(ϕ1−ϕ2)

ϕ2
1 (ϕ3−ϕ2)+ϕ2

2 (ϕ1−ϕ3)+ϕ2
3 (ϕ2−ϕ1)

d(z; t) =
q(ϕ1,z; t)(ϕ2

2 −ϕ2
3 )+q(ϕ2,z; t)(ϕ2

3 −ϕ2
1 )+q(ϕ3,z; t)(ϕ2

1 −ϕ2
2 )

ϕ2
1 (ϕ3−ϕ2)+ϕ2

2 (ϕ1−ϕ3)+ϕ2
3 (ϕ2−ϕ1)

e(z; t) =
q(ϕ1,z; t)(ϕ3−ϕ2)+q(ϕ2,z; t)(ϕ1−ϕ3)+q(ϕ3,z; t)(ϕ2−ϕ1)

ϕ2
1 (ϕ3−ϕ2)+ϕ2

2 (ϕ1−ϕ3)+ϕ2
3 (ϕ2−ϕ1)

(5)

Circumferential displacement interpolation along the left bench is based on the dis-
placements of the top heading-left bench interface (obtained from specification of
(4) for ϕ = ϕtb) and of the function q(ϕ4,z; t), see (2), where MP4 is the mea-
surement point installed in the left bench. Interpolation along the left bench be-
comes possible in a stretch between neighboring MCs, once MP4 is installed in
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the younger MC, i.e. in the considered MC. As an initial condition at t = tc
4,0, the

displacement field of the left bench is set equal to zero, that is q(ϕ,z; t) = 0 for
ϕ ∈

[
ϕtb;ϕbi

]
; z ∈

[
zp;zc

]
and t = tc

4,0. In accordance with this initial condition,
a linear interpolation is carried out between the displacement change at the top
heading-left bench interface, q(ϕtb,z, t)−q(ϕtb,z, tc

4,0), and the displacement func-
tion at MP4, q(ϕ4,z; t)

q(ϕ,z; t) = f (z; t)+g(z; t)ϕ; ϕ ∈
[
ϕtb;ϕbi

]
; t ≥ tc

4,0 (6)

with

f (z; t) =

[
q(ϕtb,z; t)−q(ϕtb,z; tc

4,0)
]

ϕ4−q(ϕ4,z; t)ϕtb

ϕ4−ϕtb

g(z; t) =
q(ϕ4,z; t)−

[
q(ϕtb,z; t)−q(ϕtb,z; tc

4,0)
]

ϕ4−ϕtb

(7)

An analogous strategy is used for the circumferential interpolation along the right
bench. The relevant interpolation function is obtained from (6) and (7) through
substitution of ϕtb, ϕbi, ϕ4 and tc

4,0 by −ϕtb, −ϕbi, ϕ5 and tc
5,0, respectively.

The described mode of interpolation provides spatially continuous fields of tun-
nel shell displacements. At certain interfaces, however, non-smooth displacement
functions are obtained, e.g. displacement derivatives at MCs and at the top heading-
bench interfaces are discontinuous with respect to z, and ϕ , respectively. These two
classes of interfaces are characterized by C0-continuity, rather than C1-continuity
of the interpolated displacement fields. This results in strain fields which are dis-
continuous across these interfaces. This is realistic because these interfaces link
neighboring parts of the tunnel shell that are sprayed at different time instants, ex-
hibit different ages resulting in different degrees of hydration and, hence, different
material properties.

3.2 Interpolation strategies I and II

Along the lines of earlier approaches [Hellmich, Mang, and Ulm (2001); Hellmich
(1999); Lackner, Macht, and Mang (2006); Macht, Lackner, Hellmich, and Mang
(2003)], our first choice for three scalar quantities q(ϕk,z j; ti) defining displacement
vectors, are their components with respect to the fixed Cartesian coordinate frame
of Fig. 1, i.e. ux, uy and uz measured in MPk of MC j at ti. This choice, referred
to as “interpolation strategy I”, seems natural given the fact that these components
are actually recorded by the laser-optical system. Still, for certain deformation
states, it may be suboptimal. Let us consider the state of uniform radial squeez-
ing [Fig. 5(a)], which is preferentially defined in terms of cylindrical displacement
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2 , starting from displacement “measurements” (ux)MP1 = (uz)MP1 =
0cm, (uy)MP1 = −1cm; (uy)MP2 = (uz)MP2 = 0cm, (ux)MP2 = +1cm; (uy)MP3 =
(uz)MP3 = 0cm, (ux)MP3 = −1cm; results from interpolation strategy I: u(1)

r and
u(1)

ϕ [interpolation according to (1), (2), (4) and (6) is followed by transformation

according to (8)] and from interpolation strategy II: u(2)
r and u(2)

ϕ [transformation
according to (8) is followed by interpolation according to (1), (2), (4) and (6)]

components ur, uϕ , uz, which are related to the Cartesian components ux, uy, and
uz through

ur

uϕ

uz

=

 cos(ϕ + π

2 ) sin(ϕ + π

2 ) 0
−sin(ϕ + π

2 ) cos(ϕ + π

2 ) 0
0 0 1

 ·
ux

uy

uz

 (8)

Radial squeezing is characterized by homogeneous radial displacement compo-
nents ur as well as zero circumferential and axial components: uϕ = uz =0.
However, the choice of q(ϕk,z j; ti) as ux, uy, and uz, respectively, yields dis-
placement field approximations deviating from the actual squeezing characteristics
[see Fig. 5(b)]. This motivates introduction of an alternative interpolation strategy
(called interpolation strategy II) where the displacement components are first trans-
formed by means of (8) into the shell-intrinsic moving r-ϕ-z base frame. There-
after, the components ur, uϕ and uz (in MPk of MC j at ti) are interpolated accord-
ing to (1), (2), (4), and (6), in order to construct the displacement fields ur(ϕ,z; t),
uϕ(ϕ,z; t) and uz(ϕ,z; t). Remarkably, interpolation strategy II is able to recon-
struct the exact displacement field for uniform radial squeezing (see Fig. 5).
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4 Reconstructing the strain fields of the tunnel shell from the interpolated
displacement field using kinematics from linear thin shell theory

Next, we use the interpolation-derived displacement fields u(ϕ,z; t) for reconstruct-
ing the strain fields ε(ρ,ϕ,z; t) throughout the tunnel shell (see Fig. 6 for radial
coordinate ρ measured from a reference surface). Therefore, we consider that
NATM tunnel shells are, generally speaking, thin shells, i.e. their thickness h is
very small as compared to the smallest curvature radius R of the shell’s reference
surface [Basar and Krätzig (2001); Koiter and Simmonds (1972)]:

h
minR

� 1 (9)

The aforementioned reference surface may coincide, but need not necessarily be
identical with the midsurface of the shell.

For describing the deformation states of such thin shells, we first consider the posi-
tion vector X labeling points on the reference surface of the undeformed cylindrical
shell (Fig. 6). The position vector X is expressed in the orthonormal basis ex, ey

r

P

ρ
ϕ

x

outer surface

reference surface

inner surface

|X | = R

y

h

Figure 6: Definitions of reference surface and moving radial coordinate ρ of tunnel
shell

and ez of the fixed Cartesian coordinate frame, the origin of which is located on the
cylinder axis. Thus, we have

X(ϕ,z) = Rcos(ϕ + π

2 )ex +Rsin(ϕ + π

2 )ey + zez (10)
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In the undeformed configuration, (i) the covariant in-plane base vectors Aϕ and Az
of the reference surface are tangential to the parameter lines of ϕ and z, and (ii) the
out-of-plane unit base vector Ar of the reference surface, also referred to as the shell
director, is standardly defined as a unit vector [Cirak, Ortiz, and Schröder (2000)];
reading as

Aα(ϕ,z) =
∂X(ϕ,z)

∂α
; α = ϕ,z and Ar =

Aϕ ∧Az

|Aϕ ∧Az|
(11)

The covariant base vectors at points with radial distance ρ (Fig. 6) from the refer-
ence surface read as [Cirak, Ortiz, and Schröder (2000)]

Gα(ρ,ϕ,z) = Aα(ϕ,z)+ρ
∂Ar(ϕ,z)

∂α
; α = ϕ,z; and Gr = Ar (12)

The inner products of these base vectors give access to the covariant components
of the metric tensor

Gi j = Gi ·G j; i, j = r,ϕ,z (13)

These components are directly linked to the strains in the shell, once the deformed
configuration of the reference surface is also considered.

In the deformed configuration, the points belonging to the reference surface are
labelled by x, which are expressed as the sum of their initial counterparts X and the
displacement vectors u

x(ϕ,z) = X(ϕ,z)+u(ϕ,z) (14)

Related covariant base vectors aϕ , az, and ar follow, by analogy to (11), as

aα =
∂x
∂α

=
∂X
∂α

+
∂u
∂α

= Aα +
∂u
∂α

; α = ϕ,z and ar =
aϕ ∧az

|aϕ ∧az|
(15)

In accordance with slenderness condition (9), we adopt the so-called Kirchhoff-
Love assumption [Love (1944)], stating essentially that points lying on a normal
to the undeformed reference surface stay, during deformation, on a straight line
normal to the deformed reference surface (generalized Euler-Bernoulli hypothesis).
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Accordingly, the base vectors g
α
(α = ϕ,z) and g

r
at distance ρ from the reference

surface read as

g
α

= aα +ρ
∂ar

∂α
; α = ϕ,z; and g

r
= ar (16)

They give access to the covariant components of the metric tensor of the deformed
shell, by analogy to (13), as

gi j = g
i
·g

j
; i, j = r,ϕ,z (17)

Finally, metric tensors (13) and (17) give access to the linearized strain tensor as
[Cirak, Ortiz, and Schröder (2000)]

eij =
1
2
(gij−Gij); ⇒ εi j =

ei j√gii g j j
(no sum over i, j = r,ϕ,z) (18)

The strain tensor ei j in (18)1 refers to the non-normalized system of base vectors
g

ϕ
, g

z
, and g

r
, while normalization according to (18)2 delivers physical strains εi j

[Fung (1965)].

The kinematic assumptions of linear thin shell theory (16) imply that εrr = εϕr =
εrϕ = εzr = εrz = 0. Hence only εϕϕ , εzz and εϕz = εzϕ are non-zero components in
the present approach.

5 Determining tunnel shell stresses from strains based on micromechanical
models for hydrating shotcrete

In order to relate the evolution of strain fields reconstructed through displacement
interpolation (Section 3) and thin shell theory (Section 4) to corresponding stresses
and forces in the tunnel shell, we recall that, besides stresses, temperature changes
are governing the strains in early-age sprayed concrete. The temperature changes
mainly result from the exothermic nature of the hydration reaction between ce-
ment and water. Hence, the overall liberated heat during hydration depends on the
shotcrete mixture characteristics, i.e. the water-cement ratio w/c and the aggregate-
cement ratio a/c. We here consider a typical shotcrete mixture with w/c = 0.5
and a/c = 5. Given a typical heat value of Hcement = 500 kJ/kg cement liberated
upon complete hydration [Byfors (1980)], the aforementioned mixture characteris-
tics imply a shotcrete-specific latent heat of hydration, Hsc, of magnitude
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Hsc =
1

(w/c+a/c+1)
Hcement ρconcrete = 191150 kJ/m3 shotcrete (19)

when considering ρconcrete = 2485 kg/m3 as a typical value for the mass density
of sprayed concrete. In order to quantify the spatio-temporal effects of this heat
release all over the tunnel shell, a thermochemical analysis [Hellmich (1999)] of
the shotcrete shell and the surrounding soil is performed. It comprises simultane-
ous solution of the energy conservation law [first law of thermodynamics, based on
specific heat capacities of shotcrete and soil amounting to 2428 kJ(/m3K) [Hellmich
(1999)] and 2300 kJ/(m3K) [Smith and Booker (1996)], and on the hydration heat
of (19)], of Fourier’s heat conduction law (with the thermal conductivity coefficient
of shotcrete as 12.6 kJ/(mhK) [Hellmich (1999)], and that of soil as 7.2 kJ/(mhK)
[Smith and Booker (1996)]), and of the hydration kinetics laws quantified through
the chemical affinity concept [Ulm and Coussy (1996)] with the material param-
eters given in [Hellmich, Ulm, and Mang (1999)]. As a result of corresponding
non-linear Finite Element analyses (with initial shotcrete temperature Tini of 12◦C,
initial soil temperature of 10◦C, and air temperature of 0◦C, as well as convective
heat transfer coefficient of 14.4 kJ/(m2hK) [Acker, Fourier, and Malier (1986)]),
we obtain temporal evolutions of temperature and hydration degree fields across
the tunnel shell thickness of 30 cm, see Figs. 7 and 8.

In order to relate the fields of temperature to corresponding thermal strains ε
T

, we
consider an isotropic thermal dilatation of αT = 10−5/◦C, so that

ε
T
(ρ, t) = [T (ρ, t)−Tini]αT 1 (20)

The remaining strains, i.e. the difference between the total strains reconstructed
from displacement-interpolation and thin shell theory, and the thermal strains,

ε
M

(ρ, t) = ε(ρ, t)− ε
T
(ρ, t) (21)

are termed “mechanical” strains. They provoke mechanical stresses. For estimation
of the latter, we need to consider the dependence of shotcrete’s mechanical prop-
erties on the hydration degree, as to account for the fields of varying mechanical
properties resulting from the hydration degree fields of Fig. 8.

In order to quantify these mechanical stresses, the creep (viscoelastic) behavior of
shotcrete needs to be considered. Viscoelasticity means that there is no unique
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Figure 7: Evolution of temperature, across the tunnel shell thickness, due to heat
of hydration: (a) from placement of shotcrete through 50 days (b) zoom out for the
first 4 days after placement of shotcrete

stress-strain relationship, but that time-invariant (constant) mechanical strains pro-
voke mechanical stresses which decrease over time (this is standardly referred to
as relaxation). In the same sense, prescribed (time-invariant) stress loading on the
material provokes strains which increase over time (this is standardly referred to
as creep). What makes the situation more intricate in shotcrete (and in concrete
in general) is that the relaxation and creep functions describing stress decrease and
strain increase, respectively, are not constant, but they depend on the maturity of the
(aging) material, i.e. on its degree of hydration. Hence, the standard creep and re-
laxation functions (e.g. those used in the polymer science [Knauss (2003)]) can be
applied to concrete only during an infinitely short period (during which the material
exhibits a constant microstructure, i.e. it is not aging). In other words, a consistent
extension of non-aging creep functions to aging materials consists of deriving such
functions with respect to time,
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Figure 8: Evolution of hydration degree across the tunnel shell thickness: (a) from
placement of shotcrete through 50 days, (b) zoom out for the first 4 days after
placement of shotcrete

∂εM(t)

∂ t
= J [ξ (t),0] :

∂σ(t)
∂ t

+
∫ t

−∞

∂J [ξ (t), t− τ]

∂ t
:

dσ(τ)
dt

dτ (22)

and of subsequently accumulating such incremental creep responses ε̇
M

(t), as was
recently proposed by [Scheiner and Hellmich (2009)]. In (22), ∂J [ξ (t), t− τ]/∂ t

is the rate of the (isotropic) creep tensor related to a material of hydration degree
ξ , loaded at time τ , reading as

∂J [ξ (t), t− τ]

∂ t
= 3

∂kc

∂ t
[ξ (t), t− τ]J+2

∂ µc

∂ t
[ξ (t), t− τ]K (23)
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with

kc[ξ (t), t− τ] =
1
3
J1111[ξ (t), t− τ]+

2
3
J1122[ξ (t), t− τ]

µc[ξ (t), t− τ] =
1
2
J1111[ξ (t), t− τ]− 1

2
J1122[ξ (t), t− τ]

(24)

and also in (22), J [ξ (t),0] is the instantaneous response of a material of hydration

degree ξ , being identical to the elastic compliance tensor, which is the inverse of
the elastic stiffness tensor Csc,

Csc[ξ (t)] = 3ksc[ξ (t)]J+2 µsc[ξ (t)]K (25)

with the bulk modulus ksc and the shear modulus µsc. In (25), the fourth-order
tensors J and K are defined as J = (1/3)1⊗1 and K = I−J, where 1 is the second-

order unity tensor with components δi j (Kronecker delta) and I is the symmetric

fourth-order unity tensor with components Ii jkl = 1/2(δik δ jl +δil δ jk).
The creep functions J [ξ (t), t−τ] also depend on the shotcrete mixture character-

istics, i.e. the water-cement ratio w/c and the aggregate-cement ratio a/c. These
relationships can be established on the basis of the Powers-Acker hydration model
[Powers and Brownyard (1948); Acker, Fourier, and Malier (1986)], establishing
the interdependence between ξ , w/c, and a/c, on the one hand, and the volume
fractions of clinker (anhydrous cement), of water, of hydrates, and of aggregates
within a piece of shotcrete, on the other hand. These volume fractions can finally
be translated, by means of a micro-viscoelasticity model for concrete [Scheiner and
Hellmich (2009)] based on mixture-independent ‘universal’ (visco-elastic) proper-
ties of cement, hydrates, water, and aggregates, into mixture-specific mechanical
properties of shotcrete. Corresponding results for the shotcrete mixture considered
herein, with w/c = 0.5, a/c = 5, and with material component properties as given
in Table 2, are illustrated in Fig. 9 (where ksc(ξ ) and µsc(ξ ) are the elastic prop-
erties introduced in (25), being related to J [ξ (t),0]) and Fig. 10 [where the com-

ponents ∂J1111/∂ t and ∂J1122/∂ t are related to (22)-(24)]. Along similar lines,
the microelasto-brittle model of [Pichler, Scheiner, and Hellmich (2008)] provides
us with the w/c-, a/c-, and ξ -specific uniaxial compressive strength fc of shotcrete
(see Fig. 9 for w/c = 0.5, a/c = 5, and with material component properties as given
in Table 2). Both aforementioned micromechanics models are set in the frame-
work of random homogenization theory [Zaoui (2002)], which, given its extreme
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Table 2: Elastic properties of elementary components of shotcrete (for viscoelas-
tic and strength properties of hydrates, see [Scheiner and Hellmich (2009)] and
[Pichler, Scheiner, and Hellmich (2008)]) ; A2001 . . . [Acker (2001)], U2004
. . . [Ulm, Constantinides, and Heukamp (2004)], L1993 . . . [Laplante (1993)],
B1993 . . . [Bilaniuk and Wong (1993)]

Elementary Bulk modulus Shear modulus Source
components (GPa) (GPa)
Clinker 116.7 53.8 A2001
Hydrates 14.1 8.9 U2004
Aggregates 54.2 25.0 L1993
Water 2.3 0.0 B1993
Air 0.0 0.0

computational efficiency, has turned out to be a surprisingly precise prognosis tool
when compared to much more expending representations of material microstruc-
ture, such as full 3D Finite Element or Boundary Element representations [Böhm,
Han, and Eckschlager (2004)], [Okada, Fukui, and Kumazawa (2004)], [Pyo and
Lee (2009)], [Sanahuja, Dormieux, Meille, Hellmich, and Fritsch (2010)].
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Figure 9: Evolution of elastic shear modulus µsc, elastic bulk modulus ksc, and
uniaxial compressive strength fc of shotcrete over hydration degree for w/c = 0.50
and a/c = 5, values predicted by the micromechanical models of [Scheiner and
Hellmich (2009)], [Pichler, Hellmich, and Eberhardsteiner (2009)] and [Pichler,
Scheiner, and Hellmich (2008)]



298 Copyright © 2010 Tech Science Press CMES, vol.57, no.3, pp.279-314, 2010

0.061

0.062

0.062

0.063 0.063

0.064 0.064

0.064

0.066

0.066

0.066

0.068

0.068

0.068

0.07

0.07

0.07

0.075

0.075

0.075
0.075

0.08

0.08

0.08

0.08

0.09
0.09

0.09

0.09 0.09

0.1
0.1

0.1
0.1 0.1

0
.1

3
0

.1
3

0.13
0.13 0.13

0
.2

0
.2

0.2
0.2 0.2

0.5
0.5 0.51

1 1
2

2
2

3

3

3

3.5

3.5

3.5

4

4

4

4.5

4.5

5

5

6
8

0.05 0.2 0.4 0.6 0.8 1

10
−1

10
0

10
1

10
2

(t
−

τ
)[
d]

hydration degree ξ [-]

(a) ∂J1111/∂t [10−3 GPa−1/d]

−4
−3

−2.5

−2

−2

−1.75

−1.75

−1.5

−1.5

−1.5
−1.25

−1.25

−1.25

−1

−1
−1

−0.75

−0.75
−0.75

−0.5
−0.5 −0.5

−0.25
−0.25 −0.25

−
0

.1
−

0
.1

−0.1 −0.1 −0.1

−
0

.0
5

−
0.05

−0.05
−0.05 −0.05

−
0.04 −

0.04

−0.04

−0.04 −0.04

−
0.035

−
0.035

−0.035 −0.035

−
0.0325 −

0.0325

−0.0325 −0.0325

−
0.03 −

0.03

−0.03
−0.03

−
0.028

−
0.028

−0.028

−
0.027 −

0.027

−0.027

0.05 0.2 0.4 0.6 0.8 1

10
−1

10
0

10
1

10
2

(t
−

τ
)[
d]

hydration degree ξ [-]

(b) ∂J1122/∂t [10−3 GPa−1/d]

Figure 10: Creep rates of shotcrete with w/c = 0.50 and a/c = 5: (a) ∂J1111/∂ t
and (b) ∂J1122/∂ t, values predicted by the model of [Scheiner and Hellmich
(2009)]

Creep functions J as introduced in (22), relating increases in stress rates linearly

to strain rates, are admissible for moderate loading conditions. However, if the
applied stress reaches more than 40% of the concrete’s strength, the material un-
dergoes some damage, which results in a softer response, i.e. the creep function J

is increasing. Since a direct micromechanical representation of this quite complex,
not fully understood damaging phenomenon is out of reach for the moment, we
here adopt the affinity concept for nonlinear creep, put forward by [Ruiz, Muttoni,
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and Gambarova (2007)]. These authors state that, under constant uniaxial compres-
sive strength, the creep response is affine to the creep response below that critical
stress level, and that the creep magnification factor η quantifying this affinity of
functions reads as

η = 1+2
( |σc|

fc

)4

for
|σc|

fc
> 0.4; η = 1 otherwise (26)

with |σc| being the absolute value of uniaxial compressive stress applied to the
investigated concrete sample. Given two-dimensional, rather than one-dimensional
stress states prevailing in shotcrete tunnel shells, we are left with extending the 1D-
specific “level of loading” |σc|/ fc to a 2D case; and therefore, we adopt a Drucker-
Prager criterion

L (σ) =
αDP trσ +√s : s

kDP
≤ 1 (27)

In (27), s = σ − (trσ/3)1 denotes the stress deviator. The dimensionless param-
eter αDP and the strength-like quantity kDP are related to the uniaxial and biaxial
compressive strengths fc and fb of shotcrete

αDP =

√
2
3

κ−1
2κ−1

; kDP =

√
2
3

(
1− κ−1

2κ−1

)
fc; κ =

fb

fc
(28)

where κ =1.2 follows from standard tests [CEB-FIP (1990)].

Specifying (27) for uniaxial compression σ = −|σc|e1 ⊗ e1 results in L (σ) =
|σc|/ fc, so that extension of (26) to the 2D case reads as

η = 1+2(L )4 for L > 0.4; η = 1 otherwise (29)

with L according to (27). On the basis of (29), we extend (22) to the nonlinear
creep regime beyond 40% level of loading, through introducing a nonlinear creep
function as

∂J nl[ξ (t), t− τ]

∂ t
=

[
1+2

(
αDP trσ +√s : s

kDP

)4
]

︸ ︷︷ ︸
η

∂J [ξ (t), t− τ]

∂ t
(30)
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As regards conversion of strains obtained from displacement-interpolation strategy
and thin shell theory, into corresponding stresses, the following discretized version
of (22) is useful

∆ε
M

(tn)

∆tn
= C−1

sc [ξ (tn)] :
∆σ(tn)

∆tn
+

n−1

∑
i=1

∂J nl[ξ (t), t− τi]

∂ t

∣∣∣∣∣
t=tn

: ∆σ(τi) (31)

with finite strain increments ∆ε
M

(tn) = ε
M

(tn)− ε
M

(tn−1), finite stress increments
∆σ(tn) = σ(tn)− σ(tn−1) and finite time intervals (time steps) ∆tn = tn − tn−1.
Eq. (31) has to be solved for the current stress tensor increment ∆σ(tn), since strains
∆ε

M
(tn) are the prescribed quantities,

∆σ(tn) = Csc[ξ (tn)] :
[

∆ε
M

(tn)

∆tn
−

n−1

∑
i=1

∂J nl[ξ (t), t− τi]

∂ t

∣∣∣∣∣
t=tn

: ∆σ(τi)
]

∆tn (32)

Eq. (32) is evaluated for each time step, and the stress tensor history follows from
accumulation of all stress tensor increments according to

σ(tn) =
n

∑
i=1

∆σ(τi) (33)

6 Stress and force evolutions in MC1452 of the Sieberg tunnel – comparison
of displacement interpolation strategies and discussion of ground behavior

In order to elucidate the structural behavior of the Sieberg tunnel around MC1452
during construction, we integrate the circumferential components of the stresses
obtained through (33), over the tunnel shell thickness, as to get access to the cir-
cumferential normal forces and bending moments. These stress resultants are stan-
dardly defined as

nϕ(ϕ) =
∫

h
σϕϕ(ρ,ϕ,zc)dρ; mϕ(ϕ) =

∫
h

sσϕϕ(s,ϕ,zc)ds (34)

where s is a radial coordinate with origin at the midsurface.

When employing interpolation strategy I (interpolation of Cartesian displacement
components as described in Section 3.2 – and choice of the inner surface of the
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Figure 11: Distribution of circumferential normal forces nϕ and bending moment
mϕ , at critical dates, for interpolation strategy I (a) Dec 15 (b) Jan 18 (c) Jan 20 and
(d) Jan 22

tunnel shell as the reference surface), the analysis proposes, for Dec 15, altogether
compressive normal forces, which are almost symmetric with respect to the crown,
and they exhibit concentrations at the lateral parts of the top heading (Fig. 11). On
Jan 18, one day prior to the installation of the left bench, the analysis proposes
that the compressive circumferential forces are still symmetric, but concentrate in
the crown and the very lateral parts of the top heading exhibit small tensile forces.
Excavation of the left bench on Jan 19 results in an increase of the compressive
force level in the crown region, and in a shift of this region towards the newly
installed shell part. Excavation of the right bench on Jan 21 again increases the
compressive force level in the crown region and reduces the amount of asymmetry
of this region.

Stress profiles over the shell thickness do not show pronounced fluctuations, re-
sulting in very small bending moments (Fig. 11). Still, we note that initially the
maximum bending moment is obtained at the lateral ends of the top heading, while
in Jan 1998, around installation of the benches, maximum bending moments are
proposed to be situated in the crown.

When employing interpolation strategy II (interpolation of polar displacement com-
ponents as described in Section 3.2 – and choice of the inner surface of the tunnel
shell as the reference surface), the analysis proposes, for Dec 15, altogether com-
pressive normal forces, which reach a maximum in the crown, and are almost twice
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as small at the left end as compared with the right end (Fig. 12). On Jan 18, one day
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Figure 12: Distribution of circumferential normal forces nϕ and bending moment
mϕ , at critical dates, for interpolation strategy II (a) Dec 15 (b) Jan 18 (c) Jan 20
and (d) Jan 22

prior to the installation of the left bench, the analysis proposes that the crown region
exhibits small tensile forces while compressive circumferential forces prevail in the
lateral parts of the top heading, with a higher force level at the left side. Bench ex-
cavation has practically no influence on the unloaded crown region. Excavation
works and the related installation of the left bench, however, significantly increase
the compressive forces in the directly connected part of the top heading, whereas
the right bench region shows pronounced unloading (on Jan 20). Excavation of the
right bench, in turn, results in a significant reloading of both lateral parts of the top
heading, whereby the load increase is more pronounced at the right side (Jan 22).
Bending moments are again very small. Still, we note that initially, the maximum
bending moment is situated in the crown, while in Jan 1998, around installation of
the benches, maximum bending moments are situated close to the benches.

The latter results change by less than 5% if the midsurface, instead of the inner
surface of the tunnel shell, is chosen as reference surface. We also checked the
sensitivity of force estimation to perturbations of the lining reference configuration,
by increasing the radius of curvature of the top heading by 5% (i.e. by roughly
30 cm). This caused decrease of the circumferential forces, by a maximum of
about 5%, occurring once the shell has considerably stiffened (at around 4 weeks
after installation and later). At early age, the sensitivity of force estimation to
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perturbations of the lining reference configuration is negligible. Hence, selection
of the reference surface or a change in its curvature is of minor importance when
estimating the stress state in the tunnel. In contrast, choice of interpolation strategy
I or II, resulted in qualitatively different estimates for the load carrying behavior of
the tunnel shell. They deserve further discussion:

Interpolation strategy I suggests large circumferential forces being introduced from
the two ends into the top heading on Dec 15 (see Fig. 11), and bending moments
which are larger at the top heading’s ends than at the crown. This, in turn, would
suggest rather clamped supports at the ends of the top heading on Dec 15. However,
no structural means are foreseen in shotcrete tunnelling as to provide the realization
of such clamped supports. This renders the load carrying behavior of the tunnel
shell when estimated through interpolation strategy I as rather unrealistic.

In contrast, interpolation strategy II suggests circumferential forces which are sig-
nificantly larger in the crown than in the lateral parts and at the ends of the top
heading on Dec 15 (see Fig. 12), and the same holds for the bending moments.
This, in turn, suggests rather free ends of the top heading on Dec 15, which seems
realistic for shotcrete tunnel shells, since no precautions are made as to maximize
the load transfer from tunnel shell to the surrounding rock at the top heading’s ends.

The overall compressive loading of the tunnel shell is consistent with a qualitative
interpretation of the displacement data of Figure 2: Excavation of the top heading
at MC1452 (at Dec 14), together with the following forward-driving of the tun-
nel face, reduces the support of soil mass lying above the newly installed tunnel
cross section, leading therefore to a significant downward movement of the tunnel
crown, MP1. At the same time, large plastic zones exhibiting significant verti-
cal compaction emerge adjacent to the lateral measurement points MP2 and MP3.
Since these zones are probable to extend well above and particularly below these
measurement points [Huang, Xu, and Zhou (2009)], they result in downward move-
ments of MP2 and MP3. The latter are, however, smaller than that of MP1, so that
the tunnel shell is compressed. This compression is further magnified through the
inward movement of MP2 and MP3, resulting also from the aforementioned plastic
soil deformation adjacent to these measurement points.

The situation is quite different when it comes to bench excavation (Jan 19): Then,
the matter above the newly excavated areas is well supported through the stiffened
top heading shell, which then extends well beyond MC1452, along the longitudinal
(track) direction of the tunnel. Hence, no downward movement of measurement
points is observed. However, redistribution of vertical forces below MP2 and MP3,
away from the newly excavated area, results in new stress concentrations and addi-
tional plasticizing of the soil adjacent to the newly excavated benches. On the one
hand, this stress concentration leads again to strong inward movements of MP2 and
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MP3. On the other hand, plastic soil compaction in this region causes de-loading
of the tunnel crown. This is reflected by crown heaving (upward movement of
MP1), and by quite significant reduction of compressive circumferential strains
there, which, given the highly stiffened nature of the shell, even provoke some
tensile stresses there.

At the same time, the forces in the rock mass have to circumvent the formerly not
excavated benches, which leads to high force concentrations in the already mature
and stiff lower parts of the top heading. After excavation of the left bench and
installation of new shotcrete walls there, an increase of the circumferential forces
in that part of the shell is observed on Jan 20 (see Fig. 12), as it is on right-hand
side, once the bench has been excavated there on Jan 22 (see Fig. 12). This is
seen as realistic loading scenario, consistent with the structural provisions made
when driving the Sieberg tunnel. Therefore, we regard interpolation strategy II
as superior to strategy I, in terms of realistically representing the load carrying
behavior of shotcrete tunnel shells.

It is interesting to compare the maximum circumferential forces in the Sieberg tun-
nel cross-section with 20 m overburden, to those measured in and simulated for a
similarly sized concrete tunnel shell, but with 300 m overburden of highly fractured
carboniferous rock formation [Pellet (2009)], [Rettighieri, Triclot, Mathieu, Berla,
and Panet (2008)]. The latter forces amount to 18 MN/m (simulated) and 14 MN/m
(measured), versus 7 MN/m encountered in the Sieberg tunnel (see Fig. 12). On the
other hand, in a tunnel with smaller diameter and lower overburden than the Sieberg
tunnel, lower circumferential forces of about 2 MN/m were measured [Möller and
Vermeer (2008)]. It makes also sense that simplified numerical simulations which
do not account for plastic deformations in the ground suggest too small circumfer-
ential forces, e.g. [Städing and Winselmann (1998)] report circumferential forces
on the order of 2 MN/m in a tunnel shell which compares to the Sieberg tunnel,
in terms of both cross-section and overburden. On the other hand, for another
Sieberg-like tunnel, elastoplastic simulations [Weissbach and Juli (1984)] suggest
axial forces comparable to those of Fig. 12. In such simulations, proper consid-
eration of plastic soil compaction, e.g. through cap models [Sandler and Rubin
(1979)], [Hofstetter, Simo, and Taylor (1993)], is of central importance, since clas-
sical Mohr-Coulomb or Drucker-Prager models may underestimate the size of the
plasticized zones in the ground, leading to comparatively lower circumferential
forces in the tunnel shell [Oettl, Stark, and Hofstetter (1998)], [Hellmich and Mang
(1999)].
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7 Safety assessment of tunnel shell

Finally, it is interesting to relate the stresses estimated in the tunnel shell, to the
ultimate stresses (strength) the sprayed concrete can sustain. As regards compres-
sive stress states, they will be quantified through the level of loading (also called
utilization degree) given in (27). In case of shotcrete microcracking under (small)
tensile loads, the maximum tensile strain max(εϕϕ ,εzz) is compared with a critical
tensile strain of the steel fabric reinforcement (SFR), εh. The latter is chosen to be
the steel strain at the end of the yield plateau, i.e. the strain at the beginning of the
hardening phase in a uniaxial tension test. Hence, the SFR related level of loading
(in case of tensile stresses) reads as

L (ε) =
max(εϕϕ ,εzz)

εh
(35)

with εh = 2.2%.

In order to come up with a structural degree of utilization at a considered time
instant, the level of loading field L (ρ,ϕ,zc; t) is first averaged over the shell thick-
ness

L (ϕ,zc; t) =
1
h

∫
h
L (ρ,ϕ,zc; t)dρ, (36)

and then the maximum value of L (ϕ,zc; t) and the related value of ϕ , referred to
as ϕ∗, are determined

L max(zc; t) = L (ϕ∗,zc; t) = max
ϕ

L (ϕ,zc; t) (37)

The corresponding evolutions of L max and its position of occurrence ϕ∗ are docu-
mented in Fig. 13 (for the more realistic interpolation option, interpolation strategy
II in Section 3.2). A very high utilization degree at MP1 (in the crown) is expe-
rienced right after the installation of the top heading on Dec 15 (corresponding to
large compressive forces in the crown, see Fig. 12). When the tunnel is driven on,
the forces re-distribute into the rock surrounding MC1452, so that the maximum
utilization degree reduces, and continuously moves towards MP2 being positioned
at the interface of the top heading and the left bench (where the bench excavation is
expected first). Bench excavation leads to again larger utilization degree, alternat-
ing between the left-hand and right-hand end of the top heading, but never reaching
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Figure 13: History of degree of utilization and its position for MC1452 of Sieberg
tunnel using interpolation strategy II

the crown again (see Fig. 13). It is interesting to relate the aforementioned utiliza-
tion degrees to the governing stress resultants, namely (compressive) normal forces
in the circumferential and longitudinal directions, see Fig. 14. Thereby, nz follows
from definition (34), when replacing ϕ by z. As a rule, the longitudinal normal
forces are smaller than the circumferential normal forces, but they are of a compa-
rable order of magnitude. The highest compressive forces first occur in the crown,
and afterwards move towards the left side of the tunnel, while the right-hand end of
the top heading remains virtually free of (compressive) normal forces. Upon bench
excavation, the crown does not undergo any (compressive) normal force loading,
while the two ends of the (now well hydrated and stiffened) top heading undergo
considerable normal forces, reaching magnitudes marking the absolute maximum
encountered in MC1452 during the one and a half months of its existence.

8 Conclusion

Interpolation of polar components of point-wisely measured displacement vectors,
in combination with thin shell theory and micromechanical modeling of shotcrete,
allows for realistically estimating the loading states in shotcrete tunnel shells, at
an unprecedented computational efficiency, rendering the diffusion of the proposed
tool into tunnel engineering practice as very probable. In particular, the poten-
tial of micromechanics-driven explicit consideration of different shotcrete mixture
characteristics (and of understanding their effects on the overall tunnel behavior)
might open a new generation of shotcrete performance-based monitoring tools in
geotechnical engineering.
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Figure 14: Evolution of circumferential and longitudinal normal forces acting
at measurement points MP1 through MP5 of the considered measurement cross-
section (MC1452) of the Sieberg tunnel
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List of symbols and abbreviations

Aϕ , Az covariant in-plane base vectors of the undeformed reference surface
Ar covariant out-of-plane base vector of the undeformed reference surface
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a,b coefficients of linear interpolation in longitudinal direction
Csc elastic stiffness tensor of shotcrete

c,d,e coefficients of quadratic interpolation along top heading
ex, ey, ez unit base vectors of fixed Cartesian coordinate system (with x-, y- and

z-axis)
er, eϕ , ez unit base vectors of moving shell-intrinsic (cylindrical) coordinate sys-

tem (with polar coordinates r-, ϕ- and z)
eij linearized strain tensor
f ,g coefficients of linear interpolation along left bench
fc uniaxial compressive strength of shotcrete
fb biaxial compressive strength of shotcrete
Gϕ , Gz covariant in-plane base vectors at a distance ρ from the undeformed

reference surface
Gr covariant out-of-plane base vector at a distance ρ from the undeformed

reference surface
Gi j covariant components of the metric tensor at a distance ρ from the

undeformed reference surface
g

ϕ
, g

z
covariant in-plane base vectors at a distance ρ from the deformed ref-
erence surface

g
r

covariant out-of-plane base vector at a distance ρ from the deformed
reference surface

gi j covariant components of the metric tensor at a distance ρ from the
deformed reference surface

h thickness of shotcrete tunnel shell
I symmetric fourth-order unity tensor

1 second-order unity tensor
J volumetric part of the symmetric fourth-order unity tensor

J macroscopic fourth-order creep tensor

K deviatoric part of the symmetric fourth-order unity tensor

ksc elastic bulk modulus of shotcrete
kc creep bulk modulus of shotcrete
kDP strength-like quantity in Drucker-Prager failure criterion
L level of loading (utilization degree)
L utilization degree averaged over tunnel shell thickness
L max maximum of L within one cross-section
MC measurement cross-section
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MCc considered measurement cross-section
MCp preceding measurement cross-section
MP measurement point
MPk k-th measurement point
mϕ circumferential bending moment per unit length of the tunnel shell
nϕ circumferential normal force per unit length of the tunnel shell
q scalar quantity (defining displacement components)
R radius of the undeformed reference surface
r radial coordinate (in cylindrical coordinate system)
Rb radius of midsurface of the tunnel benches
Rt radius of midsurface of the tunnel top heading
s radial coordinate with origin at the midsurface
s second-order tensor of stress deviator
t time variable
∆t time increment
tc
4,0 time of installation of MP4 (left bench) at the considered MC

tc
5,0 time of installation of MP5 (right bench) at the considered MC

tc
k,0 time of installation of MPk at considered MC

t p
k,0 time of installation of MPk at preceding MC

u displacement vector
ux, uy, uz displacement components in Cartesian coordinate system (with x-, y-

and z-axis)
ur, uϕ , uz displacement components in cylindrical coordinate system (with polar

coordinates r, ϕ , z)
X position vector of a point on the undeformed reference surface
x position vector of a point on the deformed reference surface
z longitudinal coordinate
zc position of considered MC along z-axis
zp position of preceding MC along z-axis
α index referring to circumferential and to axial directions, respectively
αT thermal expansion coefficient of shotcrete
αDP dimensionless parameter of Drucker-Prager failure criterion
ε second-order tensor of total strains
εh uniaxial yield strain of steel
ε

T
second-order tensor of thermal strains

ε
M

second-order tensor of mechanical strains
η affine creep rate scaling function - ratio of nonlinear to linear creep
µsc elastic shear modulus of shotcrete
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µc creep shear modulus of shotcrete
ξ hydration degree of shotcrete
κ ratio of biaxial to uniaxial compressive strength of shotcrete
ρ radial distance of a point from the reference surface
τ time instant of loading in a classical creep test
σ second-order stress tensor
∆σ increment of second-order stress tensor
ϕ∗ position of maximum degree of utilization L max

+ϕtb = ϕ2 polar angle of the interface between the top heading and the left bench
(MP2)

−ϕtb = ϕ3 polar angle of the interface between the top heading and the right bench
(MP3)

+ϕbi = ϕ4 polar angle of the interface between the left bench and the invert (MP4)
−ϕbi = ϕ5 polar angle of the interface between the right bench and the invert

(MP5)
∧ exterior product (cross product) of two vectors in 3D Euclidean space
· inner product of two vectors in 3D Euclidean space
: second-order tensor contraction
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