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Interfacial Stresses Induced by a Point Heat Source in an
Isotropic Plate with a Reinforced Elliptical Hole

Ching Kong Chao!-2, Chin Kun Chen' and Fu Mo Chen?

Abstract: A general analytical solution for a reinforced elliptical hole embed-
ded in an infinite matrix subjected to a point heat source is provided in this paper.
Based on the technique of conformal mapping and the method of analytical con-
tinuation in conjunction with the alternating technique, the general expressions of
the temperature and stresses in the reinforcement layer and the matrix are derived
explicitly in a series form. Some numerical results are provided to investigate the
effects of the material combinations and geometric configurations on the interfacial
stresses. The solution obtained can be treated as Green’s functions which enable
us to formulate an integral equation for a reinforced elliptical hole embedded in an
infinite matrix with a crack.
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Nomenclature

ai,ap semimajor of the two confocal ellipses
bi,by semiminor of the two confocal ellipses
8(2) [6(z)dz

k heat conductivity

Li,L, boundaries of the coated layer in the {-plane

! \/ a5 — b3

qo0 the strength of the point heat source

qx,qy components of heat flux in x and y direction
| ax+b:

R ai—bi

S the matrix in the {-plane
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S> the intermediate layer in the {-plane
T temperature
Uz 2k (ki +kp) ™!
Va1 (ki — ko) (k1 +ka) ™!
z Cartesian coordinates
20 the location of the point heat source at z plane
Greek symbols
Q the matrix in the z-plane
Q) the intermediate layer in the z-plane
I',In boundaries of the coated layer in the z-plane
Iy, Ll

e
A et

G1+G2 K1

4 polar coordinates
&o the location of the point heat source at { plane

itbi 2
pi.p2 pi= g =12
0(f) the temperature function

60(C) an % log(& — o)

1 Introduction

Boundary value problems for an elliptical hole have received considerable attention
from many researchers since those problems have applications to many different
engineering structures. The stress field around the elliptical cavity under uniform
loading for an isotropic and homogeneous material was first provided by [Muskhe-
lishvili (1953)]. As to the thermoelastic problem, [Florence and Goodier (1960)]
provided an exact solution for an isotropic medium containing a circular or oval-
oid hole by the method of [England (1971)]. [Chen (1967)] solved the thermal
stresses for orthotropic medium with an elliptic hole based on the complex vari-
able technique developed by [Green and Zerna (1954)]. [Tarn and Wang (1993)]
gave a closed form solution for anisotropic materials with a hole or a rigid inclu-
sion based on [Lekhnitskii (1963)] complex potential approach. Based on [Stroh
(1958)] formalism, [Hwu (1990)] found the thermal stresses for anisotropic body
with an elliptical hole. The general solutions for an anisotropic solid with an el-
liptical inclusion under a remote uniform heat flow was given by [Chao and Shen
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(1998)] using the method of analytical continuation and [Lekhnitskii (1963)] com-
plex potential approach. Based on the complex potential approach, a thermoelastic
solution was presented for a three phase elliptic inclusion problem subjected to a
uniform temperature change [Ru (1998)]. Recently, an exact analytical solution of
heat conduction problems for a three-phase elliptical composite was provided by
[Chao, Chen and Chen (2009)].

In order to reduce the stress concentration, the reinforcement layer with appropri-
ate geometry and material property is introduced to be bonded to a hole [Chen and
Chao (2008); Chao, Lu, Chen and Chen (2009)]. This method has been widely ap-
plied to many practical problems where the elastic mismatch-induced stresses are
of vital importance to mechanical integrity. For example, analytical solutions for
a coated elliptical hole under a remote uniform heat flow were provided by [Chen
and Chao (2008)]. One of the most difficult parts in solving the above mentioned
problem with doubly connected regions is that the single-valued condition of the
displacements and the stresses must be satisfied. The problem will become more
complicated if singularities or point heat sources are considered. More specifi-
cally, the function forms of stress potentials must be properly chosen such that the
single-valued condition of the displacements and the stresses can be automatically
satisfied. When a reinforcement layer is introduced in the analysis, the interfacial
stresses between a reinforcement layer and the matrix must be taken into account.
In this work, we consider a reinforced elliptical hole in an infinite plate subject
to a point heat source. The reinforcement layer is bounded by two confocal el-
lipses. The proposed method is based on the method of conformal mapping and
the technique of analytical continuation that is alternately applied across two con-
centric circles. The plan of this paper is as follows. The general formulation for
plane thermoelasticity and the method of conformal mapping are provided in Sec-
tion 2. The series form solutions of the complex potentials of the temperature and
the stresses are given in Section 3 and Section 4, respectively. Some numerical
examples are solved in Section 5. Finally, Section 6 concludes the article.

2 Problem formulation

Consider a coated elliptical hole, which is assumed to be insulated from heat flow,
in an unbounded matrix subjected to a point heat source (see Fig. 1). Let Q; denote
the matrix, €, denote the coated layer, respectively. The boundaries of the coated
layer are two confocal ellipses 'y, I, with a;, a; and by, b, being the semima-
jor and semiminor, respectively. For convenience of calculation, we introduce the
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Figure 1: A coated elliptical hole in an infinite plane subject to a point heat source.
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Figure 2: The problem in the {-plane.
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{1+ [1 _ (2)2] 1/2} (1)

following mapping function

c=m(e) =3 |Re+ ] RE=

~| ™

where

ar+ by
R=/

az—bz
= \/a%—b%

This mapping function maps the confocal ellipses I'j, I'; in the z-plane onto the
concentric circles L;, L, in the {-plane with radii p;, p, (see Fig. 2) where

ai+b; .
= =1,2
Pz (l2+b2 l )

Note that the confocal ellipses I'j, I'; in the z-plane are related by
a3 —b=a5—b;

For a two-dimensional steady state heat conduction problem, the temperature func-
tion satisfies a harmonic equation. In the present study, the resultant heat flow Q
and the temperature T are expressed in terms of a single complex potential 6({) as

0= [ (audy—g,dx) = —KIm[B({) @
T = Re[0(0) ®

where Re and Im denote the real part and imaginary part of the bracketed expres-
sion, respectively. The quantities gy, g, in Eq. (2) are the components of heat flux
in x and y direction, respectively, and k stands for the heat conductivity. Once the
heat conduction problem is solved, the temperature function 6({) is determined.
For a two-dimensional theory of thermoelasticity, the components of the displace-
ment, stress and traction force can be expressed in terms of two stress functions and
a temperature function as

26 1 +iuy) = k0(8) ~ 222 9'(0) ~ W(E)+2GB [ ¢(£)ds @

®)

Oge + Onn :2{ (&

3

~—
3
—
D)
~—



6 Copyright © 2010 Tech Science Press CMES, vol.63, no.1, pp.1-28, 2010

@ v@) [mOd PO, VD] @
(’5“"’5"‘{ f<c>+m/<g>} [m/<g>dc{m'<c>}+nw] (@)
Y4 X = 9(0) + n”j,((?)w(cww() ™

where 0(z) = g'(z), and G is the shear modulus, k =3 —4v, f = (1+ V)« for plane
strain and Kk = (3—V)/(1 + V), B = « for plane stress with v being the Poisson’s
ratio and « the thermal expansion coefficient. Here a superimposed bar represents
the complex conjugate.

3 Temperature field

The complex function for a point heat source embedded in a homogeneous infinite
plane can be trivially given as

80(8) = — 2 log(¢ — &) )

where ¢ is the strength of the point heat source, and j is the location of the point
heat source.

The temperature function for a coated elliptic hole bonded in an infinite plane sub-
ject to a point heat source can be assumed as

Yot Les

- o0 )]
E«l Grm(C) + );«1 ebn(g) C €5

6(¢) =

where 6,(&) is holomorphic in region |§| > p1, 6,,(§) and 6, (&) are respectively
holomorphic in regions || < p; and || > p», which can be expressed in terms of
60(&) by the procedure as follows.

We first introduce two complex functions 6; (&) and 6, () respectively holomor-
phic in |{| > p; and |{| < p; to satisfy the continuity conditions along the interface
Ly that

01(0)+60(0)+61(0)+60(0) =6,(0)+6,(0) oEL (10)

ki [61(6) +60(c) — 6, (0) —W} —k [eal (0)— Bal(c)] el (11)

By analytical continuation method, we have

o0 (L) + a(’?)—eam —0 [¢l<p (12



Interfacial Stresses Induced by a Point Heat Source 7

—eo<f> el<c>+ea1<p5> 0 ¢ p (13)
and
2

kleo@)—k]el(pg)—kzeal(ozo ¢l <py (14)

a(Piy CeaPiy
k1 6o( Z_,') k161(C) — k26041 ( z )=0 [C[>p (15)
Solve Egs. (14) and (15) to yield
0.1(8) = U2160(8) (16)
61(8) = Vzleo(fw (17)
where

Usy = 2k (ky 4+ k) ™!

Va1 = (k1 — k) (k1 + ko) ™!

Since 6,1 () can not satisfy the boundary (adiabatic) condition at the interface L,
the function 6y ({) holomorphic in || > p» is introduced to satisfy the boundary
condition at L, such that

Oal(o)—9a1(6)+0b1(o)—91,1(0):0 cel, (18)

By the same method, we have
_ (P2
0p1(8) = 0u1 () (19)

But the fields produced by 6, (&) can not satisfy the continuity conditions of L.
We again introduce another pair of functions 6,({) and 6,, (&) respectively holo-
morphic in [{| > p; and |{| < p; to satisfy the continuity conditions along the
interface L; that

92(6)+92(G):9},1( )+0b1( )+6a2( ) 92(6) cEel (20)

ki [6:(0) ~ 0:(0)] = k2 [611(0) ~ 8:1(0) + 62(0) ~82(0)| oL @D
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By the same method, we have

0a2(8) = V12651 (5) (22)

|3,

6,(8) = U120y () (23)

Similarly, the fields produced by 6,,(&) can not satisfy the boundary condition of
L,. The term 6j,(&) holomorphic in |{| > p; is introduced to satisfy the boundary
condition at L. By the same procedure, we have

2
02(C) = 8.2(E2) 24)

Repetitions of the previous two steps are made until arriving at the results which
have satisfied the continuity condition and the boundary condition. Finally, one can
express the temperature function in terms of 6y(&) as follows

90(C)+V2197(%)+U12U21 ): vis 'y [( )" lpﬂ fes
0(8) = o (25)

v pn-l P yn-1 Pi\n—1pP3
U21 ;lvlz 90 ( 12) C ‘|‘U21 ZVZ 90 (plz) 14 CGSZ
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Integration of Eq. (25) with z yields

S~ L) loe(§ — 8) — 11+ 4y [(f — D 1oe(¢ — L) %
_Mnglvl’;—l [C_(P% n— lpz}log [(% )= 103 _g]_’_M

4rky Pi 47[k1§0
U12U21Q1Rp2210g§ UpUs, 01 v -l &% 1 z2 n— 1P2
T + YV —=+|1lo [ £ 0]
4”"’1“*‘42%)@ dmk R & 12 (ZTZ) o2 z | log ( 12) —¢
Va0 | & =1 V0wl pi o?
1128 (8 1 log [ ~T] - %9 ¢ 2] 10g [4 - T] + 412

ges

g(8)= IIZ%kUlz. Zvlnz—l ¢ — 22Co {log [( 2 )= IC CO}—I}

n=1 (ZTZ),H
Gy o :
Un1lQ n—1|_p 1 1 UylQ 1
+ S >:1v]2 e — ¢ | 1og | (B0 - 6| - 1298 —
ot
U21Q1R0210gC U2|lQ & 1 n— 1p2
+ LVt | i |l [ 1% -]
4mky (1-V)s 2)g0 4”"‘R (g)m > ¢
U1 QIR 1 P3\n—1pP3 P 1P 1
B ,I); Vi |6 - () (::3] log [(p?)n E_C}+4ﬂ'k1RC
£es
(26)

4 Stress field

For a region bounded by a circle, say ¢ = |{|, we introduce an auxiliary stress
function @({) such that [Chen and Chao (2008)]

o(¢) = 9" () + (&) @7

It is worthy to note that unlike the standard Muskhelishvili complex functions ¢ (&)
and y(§), the function (&) is dependent on the radius of the elliptical interface.

In view of Egs. (4), (7) and (26) to satisfy the single-valued conditions of traction
and displacement, the stress functions must have the form [Chao, Chen and Shen
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(2007)]
Alog ¢+ () + X 9a(£) Les

0(8) = n=1 (28)
BlOgC—i— Z (Pan(g)"" Z ¢bn(€) CGSZ

Alog & +Blog 2 +y(¢) + E o) CeES
o(f) = n=1 (29)
Blogp—%Jrnglwan(C)Jr Z wpn(8) fes,

where

G1810! 1 VuRp?  UnUxnRp;

BT R TIO: 45
B G23201Uy (L _ ijzz)
2(1+K2)7Tk1(1*V12%2) Reo G
_ GIBIQIRE +zr — RO — ) 10g(E — &) G, 01 log(— &)
on(6) = 21k (14 K1) 21k (1+ k)R
(B4 5)  GIBOIRG + 7)log(¢ — &)
wh(C):m(bh(C)— Zﬂkl(lJr,q)

The alternating technique and the analytical continuation method are applied to
derive the unknown stress functions as follows.
Step 1: Analytical continuation acrossL

The stress functions ¢,1(&), @,1(&) holomorphic in |{| < p; and the stress func-
tions ¢; (&), @ (&) holomorphic in || > p; are introduced to satisfy the continuity
conditions alonglL; that

¢1(0) + @1(0) + @u(0) + O (0) = @u1 (0) + ©au1 (0) 0 EL (30)
K19i1(0)  oi(0)  Kigu(o) @i(0)
2Gq 2Gq 2G, 2G,
+4€;Ii1QR ; +Big1a(0) — W +Bigin(o) — ﬁftl]ic log(—g)
K20a(0) 0a(c)  BlQ 1 B21Qlog(— o)

- + I2E s B (0) -

2G, 2G, 4ntkiR o 4rkiRo
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+[32g2b(c)—ﬁ24%1§610g(—§0) celL (€1
Here
$10(8) = = g (R + 15 — RS — 2 )loe(C — )
QZR(C Co)JrQllOg(—Co)l
4k 4k R C
Uz 01 [ 1 &22 n—1p722_7
g1(8) = ATk R Z ity !(pz) = C] 10g|:(p12) z Co}
ValQ Q_; o |PE_ 7| VORI, pi
ATk | p? c]lg[c: o i [e z;o} :[% -]
_ UnUnQIR & p 103 Py 1Py |  QIRS =

_ ROU & |- G o &%n—l A

()=~ L Vi [c <gj§>ﬂ1]{lg[( Pyig-g) -1
nig &[G . 1Qlog(—{)

T v 1{ T bg%p? 1C—&i+ Ik RC

Amk\R = 12

Ul &, I 1
g (8) = AT R vy {WC] og [(p

OR8] [P 8] ORE
I [ A R =)

4k j —
By the standard analytical continuation arguments, it follows that

1
R2p12 + R2p12
<
R+ P2

|3,

2
o1(8) +Wh(%) — @1 () + (ao1 +an)
R} + s
+w@+mﬁ—if7fi=0 Ces (32
o7



12 Copyright © 2010 Tech Science Press CMES, vol.63, no.1, pp.1-28, 2010

0a1 () — 04(C) — <pl>

¢
+ (ao1 +air) C +(aoz+a12)7cl—0 £es (33
R+ R—5
pi Pi
ki 1 __pf 1 (B2 —B1)1Qlog(—&o) | (B1—p2)IQ
26,10~ 55,7 TR (7 ¢ )+ ATk RC T4z RE
R2p2+ 1
4 1 32
~Bugon() + Bugup(§) — Lot an) T LT
2 R+ >
1
(app+ap) R Pt g
5. - —0 CeS (34
Pi

e u(§) - p €)oo >+<ﬁf,3Q”‘”: log(~G)

R*pi +

(ao1 +an) R2p12
262 R+%
Pi

—B181a(&) + B2824(8) —

~(app+ap) R L
2G, R_ &

p}

=0 (€S, (39)

1—, 1 1— 1 1— 1 1— 1
aoi :§¢;’(_E)’ aoz=—§¢;2(§)7 aip :_§¢‘;1(_E)’ 012=§¢£1(§)

Solve Egs. (32)-(34) to yield

__pt. . GiGAlO(Bi — B) [log(—&o) — 1]
7(6) = HZI“’h(fl) * 2(k1G2 + G)wk\ RE
2G1Gy

Gt Gy Pg(8) —Pigu(Q)] GO
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0a1(8) = (14 A21)9n(8)

(B2 — B1)G1G2QIRC — 2G G,
1 - T~ L~ a - a
20061+ Gk BT TG, 1 Gy) Pr81a(6)  Paga(C)]
R2p1 lp R2P12+ R21p2
+1I;, (ao1+a11)7+(002+a12)7' (37
R+5 R—%
PP p?
— p2
o1(§) = A21¢h(fl)
2G16G, __.pt pi.] . (Bo—Bi)GiG2QIRp;
o~ L~ N a\ % a 1
(K2G1+G2> ﬁlgl (C) ﬁ2g2 ( C) + (KzGl—i—Gz)ﬂ'kg g( C)
R2p1 lp R2p1 Rlp
+ (1411;2) (Tm+a11)R7+(aoz+alz)R71' (38)
t1 7
- R2p1 RZP
a1 (8) = (1+ 1)y (&) + (@01 +amn) ——————
R+1
2.2 1 _
+(Tw+m)R Pit rep? N G1G2 (B — B2)1Q [log(—&o) — 1] ¢
R— % 2wk (K'l Gy + Gy )Rp12
2G,G; _Piy . PT
where
. G —Gy _G]K'z—GzK']
2 G+ Gy’ e G+ Gk

Step 2: Analytical continuation across L,

Since the stress functions ¢, (&) and @, ({) can not satisfy the boundary condition
at Ly, additional terms @1(&), @p1(&) holomorphic in |{| > poare introduced to
satisfy the traction-free condition along L, that

¢a1(6)+0)ﬁ(6)+¢b1(6)+(1)b1(6):0 cel, (40)

where

)

)~

¢
R—

R(p3—p}) Q(L_
ey TR P; /
@1 (8) = 01 () + : 0a1(8)

RZZ



14 Copyright © 2010 Tech Science Press CMES, vol.63, no.1, pp.1-28, 2010

By the analytical continuation method, we have

R2P22+ 1 R2P2+ 1 5
R2p? 2V Rp:
Pa1 (8) +an 7 2 4ap : L am(P2y =0 (41)
R+ R— ¢
) R2P22+ 1 R2P2+ 1
—_— R? 2 2 R2 2
) e g (9 =0 “
i 3
2 Rp3+ s RpI+
_ R2 2 2 R2 2
op1 () = —a)ill(pfzﬂ-allig’)24-611274’)2 (43)
& R+ 5 R-%
%) %)
2 Rzpz_i_L Rzpz_i_L
— Py 2T Rp P2 Rp
o1 (8) = =0 (B2) —ai——— 2 —ap—— 22 44
b1 () ‘Pal(c) 1 R+% 2 R—% (44)

Step 3: Analytical continuation across L

Since the stress functions ¢1(&) and @, () can not satisfy the continuity con-
ditions at Ly, additional terms ¢,»(&), @,2(&) and ¢,(&),m, (&) respectively holo-
morphic in || < p; and |{| > p; are introduced to satisfy the continuity conditions
along L; that

92(0) + @2(0) = ¢p1(0) + 1 (0) + $u2(0) + W2(0) 0 EL (45)

K1

S 0n(0)~ (0] = 0 (0)~ - O () + 2 bia(o) -

w,(o) o€l
G, G, G, 2(0) !

(46)

G,

where

1
p)

PP g ()

wp (§) = on (§) +

By the analytical continuation method, we have

2,2 1 202 1
2 RP1+Rsz RP1+Rzplz

¢2(C)—¢b1(C)—@(&)+azl ? L +an ;=0 fes @)
¢ R+ 5 R—%
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— Piy P
¢a2(C)+wZ§1(f)_a}2<?)
Rpi+pr  Rpi+ps
+any R ;pl +a22R7CRpl:0 fes,
o G
5 0(¢) — 2 g0 (0)+ Lan(Bh)
Gl 2 G b1 GZ a2 C
2,2, 1 2,2, 1
_@Rpl—i_RTplz_@ pl+RZP|2_O CES
G r+E G r-& !
pi P
Ky Lty 1 p
- 7&) R i
0a(l) - gah(h+ g
2,2, 1 2.2, 1
_an PRy anfPi R
G: R+Z% G r-& 2
Pi P
where
1— 1 1— 1
@1=-5 éz(—ﬁ)a an =3 (;2(})-
Solve Egs. (47)-(50) to yield
0 () =14+A)op(8) €8
. Rpi+gs  Rpitps
@ () = (1+I2) @y (§) + (1 +TTi)( Rl 2t az)
t3 7
2 R2p12+ 1 R2p2+ 1
_ R2 2 1 R2 2
0a2(8) :lewél(&)+nl2(azl 7 PLtan 7 P
¢ R+5 R—%
Pi Pi
2 Rzpz_i_L Rzpz_i_L
R pl 1 R2p127 1 Rzplzi
) =A —)+ + a
2(8) 120p1( z ) R—i—é 21 R_é %)

15

(48)

(49)

(50)

(D)

(52)

(33)

(54

Repetitions of the previous two steps are made until arriving at the results which
have satisfied the continuity conditions and the boundary condition. Finally, one
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can express all the functions ¢,,(§), @,(8), @un(8), @ (&), dp,(§) and @y, (§)(n =
2,3,4---) in terms of ¢, ({) and ¢p1 (&) as follows

2
bun§) =~ st )| (50| + i, )51

1

2
+10, [S’@)anl s”<g§c>a<n_1>1 +R(Qan —R(P2)ag, 1

1 Py
2 2 2
Oan({) :Aufb(n*l)(%) +SI<%>a7+R1<f‘>anz

On(8) =(1+ A12) Bpn-1)(E)
2

0,(8) = — (1+ ) gy (22

; )+ (1 +T12)121(8) B, 1) ()

p? o2 _ p? 2
+ (14T |57 - 7B i+ R By Ry
forn=2,3,4... (55)
Oon(0) =~ A2 [(”W (] a2y e, (202
bn 12%b(n—1) 0> D1 12 C (n—1) P C
ZCZ P1 / P12
Ll Cnl [<m> 4 <pb<n_1>[<pz> C]
pi¢? P / P
#1127 )i [(mfc} O 1) {(mfc]
an|sticey — gl (PL a 11 1/P1
o [s © s<pzc>]+ nz[R - <p2c>]
+1ILag, 1)1 1)122112(%2 NG (Zj pg)
2 2
+H12a( )zglztlz(pcz)RH/(gjng)—leanltlZ(%)Sp(pz)
2
- H120n2t12(pg )RI/(%)
2
00 () <TG {(Zj)“’g] Mt [(ZL)ZC] O 1) [(l’jyc]
() R
S ¢

p3 <7 = —7/P3 P}
— Iy | S1(5F)am — SY (=5 =5 )a—n1 + R (55 )an — RI(=5 =% )ag,- }
2[(5) 1 (p2 )@= (C)2 (PfC)( 12
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forn=2,3,4... (56)
where
Rzplz_i_L R2p2_‘_L
R2p2 1 R2p2
SI(C):Rigla RI(C):Rigl
o 0
2,24 1 2.2 1
ST = p2+R2P22 II(C):RPZ+R2P22
I _ £
R+p§ R I
R(p7—p})
TG ) .
tlJ(C)_ 1 l:172, ]_1’2
R—ze
1

For the special case when the regions S; and S, are made of the same material
and a; = b, for the corresponding circle hole problem, Eqs. (28) and (29) can be
simplified to an exact form as

_GBIORIC—G)los({ &) _ BGIORIE &), 03 o

#(¢) 21k (14 K7) 2wk (1+ K1) g 57)
G1B1QRIC — G1B1Ql Rp?
2k (1) 22 = 3 ek gz log¢
_ GiBiORI P; 1p3\  + p; =
WO = st { (Frost - £ ) +8 st -0 -1os % - T
2 2 &22
+F2 [1+108(~Go) +10g(~5)| + P2 (6 - 60) 5 —
: ¢ %0

(58)

which are found to be the same as the results provided by [Chao, Chen and Shen
(20006)].
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Figure 3: Angular variations of the interfacial normal stress for different shear mod-

ulus ratios (al/bl = 1.5,612/611 = 0.9,B1/Bz = 2,]{1/](2 = 2,]’1/612 =3, vi=w =
0.3).
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Figure 4: Angular variations of the interfacial shear stress for different shear modu-
lus ratios (al/bl = 1.5,612/611 == 0.9,ﬁ1/ﬁz = 2,k1/k2 = 2,/1/612 == 3, Vi=V = 03)



Interfacial Stresses Induced by a Point Heat Source 19

24

0 45 90 135 180 225 270 315 360

O (degree)

Figure 5: Angular variations of the interfacial normal stress for different thermal
modulus ratios (al/bl = 1.5,612/611 = 0.9,k1/k2 = 2,h/a2 = 3,G1/G2 = 10,V1 =
Vy = 0.3).
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Figure 6: Angular variations of the interfacial shear stress for different thermal
modulus ratios (a; /by = 1.5,a,/a; = 0.9,k /ky =2,h/ay =3,G1/G, = 10,v; =
V) = 0.3)
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Figure 7: Angular variations of the interfacial normal stress for different aspect
ratios (az/al = 0.9,k1/k2 = 2,]’1/612 = 3,G1/G2 = 10,V1 =V = 0.3)
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Figure 8: Angular variations of the interfacial shear stress for different aspect ratios
(az/al = 0.9,k1/k2 = 2,]’1/612 = 3,G1/G2 = 10,V1 =V = 03)
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5 Results and discussion

The stress functions ¢ (2). n(2). Pa(2), @un(2), Opu(z) and @,(z) (n=2, 3, 4....)
in Egs. (28) and (29) can be calculated from ¢, (z) and ¢p; (z) by the recurrence for-
mulae (55) and (56). The rate of the convergence depends on two non-dimensional
bimaterial constants A, and IT;;. For most combinations of materials, A, and IT;»
are less than 1 and 0.5, respectively, which guarantees rapid convergence. In the
following discussion, a point heat source is assumed to situate at the point along
the positive y-axis (zo = th). The angular variations of the interfacial normal stress
and interfacial shear stress between the coated layer and the matrix for different
shear modulus ratios are shown in Figures 3 and 4 respectively. As expected, the
interfacial normal stress is symmetric about y-axis and is asymmetric about x-axis
while the interfacial shear stress is symmetric about x-axis and is asymmetric about
y-axis. Both the magnitude of the normal stress and shear stress increase with the
difference of the shear moduli G and G, but the trend is getting slighter for larger
difference of ratio of G| and G,. Figures 5 and 6 respectively show the angular
variations of the interfacial normal stress and interfacial shear stress for different
thermal modulus ratios. It is seen that both the interfacial normal and shear stresses
are strongly dependent on the thermal moduli of the neighboring materials. One
can find the interfacial stresses monotonously increase with larger difference of the
thermal moduli of the neighboring materials. Figure 7 and Figure 8 show the angu-
lar variations of the interfacial normal and shear stresses, respectively between the
coated layer and the matrix for different aspect ratios. What is of particular interest
is the maximum interfacial shear stress, which is often responsible for debonding of
the coated layer from the matrix. This figure clearly shows that the maximum inter-
facial shear stress increases with the aspect ratio. Note that all the calculated results
are determined by summing up to n = 10 in Eq. (55) and Eq. (56), since they are
checked to achieve a good accuracy for the current problem. A good accuracy for
the current problem can be demonstrated by the contribution of the leading terms
appearing in Eq. (28) and Eq. (29). The contribution of the stresses for the leading
terms of a series solution is 35.03%, 15.14%, 5.35% and 0.13%, respectively (see
Table 1). The contribution accounts for the ratio of each term to the summation
of the first ten terms of a series solution. The leading ten terms have over 99%
contribution, making the series solution rapidly convergent. This demonstrates the
accuracy and the efficiency of our proposed method. Note that the convergence rate
depends on the combinations of material properties and geometric configurations.
In general, the convergence rate becomes more rapid if the differences of the elas-
tic constants of the neighboring materials get smaller and the ratio a; /b, (or az/b;)
approaches one.
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Table 1: Contribution of the leading terms n =1~10 for 6,,, and o,

Term (n) | Error (%)
1 35.03
3 15.14
5 5.35
10 0.13

6 Conclusion

An analytical solution to the problem of a coated elliptical hole embedded in an
unbounded matrix subjected to a point heat source is provided in this paper. Note
that the conventional Laurent series expansion technique is unable to avoid solving
a system of simultaneous equations for a large number of unknown constants for
the current problem. Based on the method of conformal mapping and the method
of analytical continuation in conjunction with the alternating technique, the tem-
perature and elastic fields are obtained as a transformation on the solution to the
corresponding homogeneous solution. It is found that the thermal modulus of the
confocal ring has a strong effect on the interfacial thermal stresses of the current
problem. The present proposed method can also be extended to solve the corre-
sponding elliptical inclusion problem with any number of layered media. This will
be left for our future study.
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Appendix

When §| and S are the same, we have Ujp =1, Vi =111, = Ajp =0 and Egs. (28)
and (29) can be simplified as

Alogl 400+ L 0(0)  Ces)
)

n=1
BlOgC+ §1¢an(c + gl(pbn(C) CESZ
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For the corresponding hole problem, the aspect ratio a;/b,=1 and we have 1/R=0
leading to
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