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Computation of the Time-Dependent Green’s Function for
the Longitudinal Vibration of Multi-Step Rod

V.G.Yakhno1 and D. Ozdek2

Abstract: The present paper describes computation of the time-dependent Green’s
function for the equations of longitudinal vibration of a multi-step rod with a piece-
wise constant varying cross-section. This computation is based on generalization
of the Fourier series expansion method. The time-dependent Green’s function is
derived in the form of the Fourier series. The basic functions of this series are
eigenfunctions of an ordinary differential equation with boundary and matching
conditions. Constructing the eigenvalues and eigenfunctions of this differential
equation and then derivation of the Fourier coefficients of the Green’s function are
main steps of the method. Computational experiments confirm the robustness of
the method.
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1 Introduction

Green’s functions can be considered as a useful tool for different methods in pre-
sentation of acoustic, electromagnetic, elastic and other fields, in particular, for
the method of moments and boundary element method [Chew (1990)]; [Tewary
(1995)]; [Tewary (2004)]; [Ting (2000)]; [ Rashed (2004) ]; [Ting (2005)];
[Nakamura and Tanuma (1997)]; [Pan and Yuan (2000)]; [Yang and Tewary
(2008)]; [Gu; Young and Fan (2009)]; [Chen; Ke and Fan (2009)]. When the
Green’s function can be constructed it leads to significant simplification of mod-
elling waves and allows engineers to overcome calculational difficulties [Tewary;
Bartolo and Powell (2002)]. Green’s functions have been used to solve problems
of the wave propagation in composite elastic materials. For example, [Inceoğlu
and M. Gürgöze (2000)] have used the Green’s function to derive an exact solu-
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tion for the problem of longitudinal vibration on a mechanical system including
two-clamped-free rods with mass. [Matsuda et al (1995)] have studied free vi-
brations of a non-uniform circular bar using Green’s function and transforming
the differential equation into a boundary integral equation. More recently, using
Green’s function, [Mehri; Davar; and Rahmani (2009)] have investigated the lin-
ear dynamic response of a uniform Euler Bernouli beam under different boundary
conditions excited by a moving load.

The methods of the Green’s functions construction for dynamic equations of lin-
ear anisotropic elasticity have been developed by [Wang and Achenbach (1995)],
[ Tewary (1995)], [Wang et al. (2007)], [Khojasteh et al. (2008)], [Rangelov et al.
(2005)], [Rangelov (2003)], [Vavrycuk (2001)], [Vavrycuk (2002)], [Garg et al.
(2004)], [Yakhno and Yaslan (2011a)], [Yakhno and Yaslan (2011b)] and other
authors.

In composite elastic materials, the dynamic equations defining the Green’s func-
tion are partial differential equations with piecewise constant coefficients. Inho-
mogeneous terms in these equations contain the generalized Dirac delta function.
Methods of the construction of the Green’s functions for the time-dependent partial
differential equations with piecewise constant coefficients have not been developed
so far because of additional singularities in the behavior of the Green’s functions.

The purpose of the present paper is to compute the time-dependent Green’s func-
tion of the equations of longitudinal vibration of a multi-step rod with a piecewise
constant varying cross section. For the computation of the Green’s function we
suggest a new analytical method. This method is based on the generalization of the
Fourier series expansion method and consists of the following. Firstly, the eigen-
values and eigenfunctions of an ordinary differential equation with boundary and
matching conditions, corresponding to the partial differential equation of the lon-
gitudinal vibration, are determined. These eigenfunctions form an orthonormal set
of basic functions which are used in the Fourier series expansions. The Green’s
function is constructed in the form of the formal Fourier series related to this set of
eigenfunctions. An approximation of the Green’s function is obtained in the form
of the Fourier series with a finite number of terms. Using this approximation the
simulation of the longitudinal vibration of two-step rod has been made.

The paper is organized as follows. The equations of the longitudinal vibration of
a multi-step rod are listed in Section 2. Section 3 describes the steps of the com-
putation of the time-dependent Green’s function. These steps include solving the
eigenvalue-eigenfunction problem for the ordinary differential equation with the
piecewise constant coefficient; the regularization of the Dirac delta function, ap-
pearing in the initial data, by a partial sum of the Fourier series with eigenfunctions
as basic functions; the construction of the regularized Green’s function by solving
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an initial boundary value problem. Computational experiments are given in Section
4. Conclusion and appendices with technical details are at the end of the paper.

2 The time-dependent Green’s function of the longitudinal vibration of a
composite multi-step rod

Let ρ(x), E(x) and A(x) be functions of the form

ρ(x) =
{

ρi, x ∈ (`i−1, `i), i = 1,2, . . . ,N
}

(1)

E(x) =
{

Ei, x ∈ (`i−1, `i), i = 1,2, . . . ,N
}

(2)

A(x) =
{

Ai, x ∈ (`i−1, `i), i = 1,2, . . . ,N
}

(3)

where ρi, Ei, Ai, `i, i = 1,2, . . . ,N are given real numbers such that ρi > 0, Ei > 0,
Ai > 0, 0 = `0 < `1 < `2 < .. . < `N . Here, ρ(x),E(x), A(x) are the density, Young’s
module and the cross-sectional area of the composite multi-step rod, respectively.

The Green’s function of the longitudinal vibration of this rod is defined as a gener-
alized function G(x, t;x0) satisfying the following partial differential equation with
piecewise constant coefficients

ρ(x)A(x)
∂ 2G
∂ t2 =

∂

∂x
(E(x)A(x)

∂G
∂x

)+δ (x− x0)δ (t), (4)

where x ∈ (0, `1)∪ . . .∪ (`N−1, `N), t ∈ R, the initial data, boundary and matching
conditions

G(x, t;x0)
∣∣∣
t<0

= 0, (5)

G(+0, t;x0) = 0, G(`N−0, t;x0) = 0, (6)

G(`i−0, t;x0) = G(`i +0, t;x0), EiAi
∂G
∂x

∣∣∣
x=`i−0

= Ei+1Ai+1
∂G
∂x

∣∣∣
x=`i+0

, (7)

where i = 1,2, . . . ,N− 1; x0 ∈ (0, `1)∪ . . .∪ (`N−1, `N) is a fixed point and δ (x−
x0)δ (t) are the Dirac delta functions concentrated at x = x0 and t = 0, respectively.

Using the technique of generalized functions (see, for example [Vladimirov (1971)])
the following remark holds.

Remark 1. Let x0 ∈ (0, `1)∪ . . .∪(`N−1, `N) be a fixed point, Θ(t) be the Heaviside
function (Θ(t) = 1 for t ≥ 0 and Θ(t) = 0 for t < 0) and g(x, t;x0) be a generalized
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function satisfying

ρ(x)A(x)
∂ 2g
∂ t2 =

∂

∂x

(
E(x)A(x)

∂g
∂x

)
, x ∈ (0, `1)∪ . . .∪ (`N−1, `N), t > 0 (8)

g(x,0;x0) = 0,
∂g
∂ t

(x,0;x0) =
1

ρ(x0)A(x0)
δ (x− x0), (9)

g(0, t;x0) = 0, g(`N , t;x0) = 0, (10)

g(`i−0, t;x0) = g(`i−0, t;x0), (11)

EiAi
∂g
∂x

(`i−0, t;x0) = Ei+1Ai+1
∂g
∂x

(`i +0, t;x0), (12)

for i = 1,2, . . . ,N−1. Then G(x, t;x0) = Θ(t)g(x, t;x0) is the generalized function
satisfying (4)− (7).

Therefore the construction of the time-dependent Green’s function G(x, t;x0) can
be based on the determination of the generalized function g(x, t;x0) satisfying (8)−
(12).

3 Computation of the approximate Green’s function

3.1 Step 1: Eigenvalue-Eigenfunction problem solving

Let d(x) be defined as a piecewise constant function of the form

d(x) =
{

di = ρi/Ei, x ∈ (`i−1, `i), i = 1,2, . . . ,N
}

.

Let us consider the following ordinary differential equation

−y′′(x) = λd(x)y(x), x ∈ (0, `1)∪ . . .∪ (`N−1, `N) (13)

subjects to the following conditions

y(0) = 0, y(`N) = 0, (14)

y(`i−0) = y(`i +0), (15)

y′(`i−0) = βiy′(`i +0), βi =
Ei+1Ai+1

EiAi
, (16)

where λ is a parameter, i = 1,2 . . . ,N−1.

We note that a number λ for which there exists a nonzero function y(x) satisfying
(13)−(16) is called an eigenvalue, and nonzero solution y(x) of (13)−(16) for this
eigenvalue is called an eigenfunction corresponding to λ . The problem (13)− (16)
is called the eigenvalue-eigenfunction problem (EEP).
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Remark 2. The eigenvalue-eigenfunction problems which are similar to (13)−
(16) have been considered in works [Bulavin and Kashcheev (1965)], [Faydaoǧlu
and Guseinov (2003)], [Mulholland and Cobble (1972)], [Ozışık (1980)], [Tittle
(1965)].

Remark 3. The differential operator − 1
d(x)

d2

dx2 , defined in the class of twice dif-
ferentiable functions over (0, `1)∪ . . .∪ (`N−1, `N) satisfying (14)− (16), is posi-
tive definite (see, Appendix A). Using the general theory of positive definite op-
erators (see, for example, [Vladimirov (1971)]) we find that eigenvalues of EEP
(13)− (16) are positive.

The procedure of finding eigenvalues and corresponding to them eigenfunctions
consists of the following. The general solution of the equation (13) can be written
in each interval (`i−1, `i) in the form

yi(x) = Ai cos
√

λdi(x)+Bi sin
√

λdi(x), (17)

where Ai,Bi are arbitrary constants. We find A1 = 0 from (14) and take for further
consideration B1 = 1. Using (17), relations (14)− (16) can be written in the form

Q(λ )S = 0, (18)

where 0 is the zero column vector, S is the column vector with components 1, A2,
B2, . . . , AN , BN and Q is a block matrix of the form

Q(λ )=



P1(λ ) R1(λ ) 0 0 0 0 0
0 P2(λ ) R2(λ ) 0 0 0 0
0 0 P3(λ ) R3(λ ) 0 0 0
...

...
...

...
...

...
...

0 0 0 0 PN−2(λ ) RN−2(λ ) 0
0 0 0 0 0 PN−1(λ ) RN−1(λ )
0 0 0 0 0 0 PN(λ )


,

(19)

where Pk(λ ), R j(λ ) are the submatrices defined by

P1(λ ) =
[

sin(
√

λd1`1)√
λd1 cos(

√
λd1`1)

]
2×1

;

Pk(λ ) =

[
cos(

√
λdk`k) sin(

√
λdk`k)

−
√

λdk sin(
√

λdk`k)
√

λdk cos(
√

λdk`k)

]
2×2

, k = 2, . . . ,N−1;

PN(λ ) =
[

cos(
√

λdN`N) sin(
√

λdN`N)
]

1×2 ;

R j(λ ) =
[
−cos(

√
λd j+1` j) −sin(

√
λd j+1` j)

β j
√

λd j+1 sin(
√

λd j+1` j) −β j
√

λd j+1 cos(
√

λd j+1` j)

]
2×2

,
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for j = 1, . . . ,N−1.

Hence finding the nonzero functions y(x) satisfying (13)− (16) is reduced to de-
termine the numbers A2,B2, . . . ,AN ,BN satisfying (18). The equation (18) is the
homogeneous linear algebraic system which is written in the matrix form. This
system is consistent if and only if the determinant of the matrix Q(λ ) is equal to
zero. Moreover, the roots of det(Q(λ )) = 0 are eigenvalues of (13)− (16). The
roots of det(Q(λ )) = 0 can be computed by MATLAB tools (see, Section 4, Com-
putational experiments).

Let us assume that roots λm, m = 1,2, . . . of det(Q(λ )) = 0 have been derived.
Substituting λ = λm into (18), we find the following relations:

R j(λm)
[

Am
j+1

Bm
j+1

]
=−P j(λm)

[
Am

j
Bm

j

]
, R1(λm)

[
Am

2
Bm

2

]
=−P1(λm). (20)

Since Am
1 = 0, Bm

1 = 1 and detR j(λm) = β j
√

λmd j+1 6= 0 then the values of Am
2 ,

Bm
2 , . . . Am

N , Bm
N are found by the following recurrence relations:[

Am
j+1

Bm
j+1

]
=−R−1

j (λm)P j(λm)
[

Am
j

Bm
j

]
, R1(λm)

[
Am

2
Bm

2

]
=−P1(λm). (21)

Substituting the coefficients Am
2 ,Bm

2 , . . . ,Am
N ,Bm

N into (17), we find the explicit for-
mula for the eigenfunction ym(x) corresponding to λm :

ym(x) = Am
i cos(

√
λmdix)+Bm

i sin(
√

λmdix), x ∈ (`i−1, `i) i = 1,2, . . . ,N,

where m = 1,2, . . . .

3.2 Properties of eigenvalues and eigenfunctions

Property 1. Let ρ(x), A(x) be functions defined by (1),(3) and ym(x), m = 1,2, . . .
be eigenfunctions of (13)− (16);

Xm(x) = ym(x)/
√

αm, x ∈ (0, `1)∪ . . .∪ (`N−1, `N), m = 1,2, . . . , (22)

where αm =
∫ `N

0 ρ(x)A(x)y2
m(x)dx. Then the set of functions Xm(x), m = 1,2, . . .

and Xm′(x), m′ = 1,2, . . . is orthonormal, i.e.∫ `N

0
ρ(x)A(x)Xm(x)Xm′(x)dx =

{
0, if m 6= m′,
1, if m = m′ .

(23)

The validity of Property 1 is given in Appendix B.
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Property 2. There exists a countable set of eigenvalues of the eigenvalue-eigenfunction
problem (13)− (16) and positive real numbers m0 and C such that

λm ≤C ·m2, for any m > m0. (24)

Here C does not depend on m.

Proof. The proof is similar to the proof of Theorem 5.2 of the paper [Faydaoǧlu
and Guseinov (2003)].

Property 3. Let h(x) be a four times differentiable function over [0, `1)∪ . . .∪
(`N−1, `N ] such that h(x) satisfies the following conditions:

a)
∫ `N

0 |h j(x)|dx < ∞, j = 1,2,3,4;

b) h(0) = h(`N) = 0, h(`i−0) = h(`i +0), i = 1,2, . . . ,N−1;

c) EiAih′(`i−0) = Ei+1Ai+1h′(`i +0) i = 1,2, . . . ,N−1.

Then the function h(x) can be expanded in the following Fourier series

h(x) =
∞

∑
m=1

hmXm(x), x ∈ [0, `1)∪ . . .∪ (`N−1, `N ], (25)

where the Fourier coefficients are defined by

hm =
∫ `1

0
ρ1A1h(x)Xm(x)dx+ . . .+

∫ `N

`(N−1)

ρNANh(x)Xm(x)dx, m = 1,2, . . . . (26)

The series in (25) is uniformly convergent to h(x) over [0, `1)∪ . . .∪(`(N−1), `N ] and
the series obtained by differentiation up to second order are uniformly convergent
over [0, `1)∪ . . .∪(`(N−1), `N ]. Moreover, there exists a positive real number m0 and
a constant D1 such that

|hm| ≤
D1

m4 , for m > m0. (27)

where D1 does not depend on m.

The validity of Property 3 is given in Appendix C.

Property 4. Let x0 ∈ (0, `1)∪ . . .∪ (`(N−1), `N) be a fixed point and M be a fixed
natural number; Xm(x), m = 1,2, . . . be the orthonormal eigenfunctions defined by
(22). Then

δM(x,x0) = ρ(x0)A(x0)
M

∑
m=1

Xm(x0)Xm(x) (28)
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is an approximation (regularization) of δ (x− x0), i.e.

lim
M→∞

∫ `N

0
ρ(x)A(x)δM(x,x0)h(x)dx =

∫ `N

0
ρ(x)A(x)δ (x− x0)h(x)dx

for any h(x) satisfying the conditions a), b), c) of Property 3.

The validation of Property 4 is given in Appendix E.

3.3 Step 2: Regularization of initial data

Let us consider a problem (8)− (12), where δ (x−x0) is replaced by δM(x,x0), i.e.
the problem of finding gM(x, t;x0) satisfying

ρ(x)A(x)
∂ 2gM

∂ t2 =
∂

∂x

(
E(x)A(x)

∂gM

∂x

)
, x ∈ (0, `1)∪ . . .∪ (`N−1, `N), (29)

gM(x,+0;x0) = 0,
∂gM

∂ t
(x,+0;x0) =

1
ρ(x0)A(x0)

δM(x,x0), (30)

gM(0, t;x0) = 0, gM(`N , t;x0) = 0, (31)

gM(`i−0, t;x0) = gM(`i +0, t;x0), (32)

EiAi
∂gM

∂x

∣∣∣
x=`i−0

= Ei+1Ai+1
∂gM

∂x

∣∣∣
x=`i+0

, (33)

where i = 1,2, . . . ,N−1 and x0 ∈ (0, `1)∪ . . .∪ (`N−1, `N).

3.4 Step 3: Computation of the solution gM(x, t;x0) of (29)− (33)

A solution of (29)− (33) is found in the form of the Fourier series

gM(x, t;x0) =
M

∑
m=1

Tm(t;x0)Xm(x), x ∈ [0, `1)∪ . . .∪ (`N−1, `N ], t > 0, (34)

where Tm(t;x0) are unknown functions and Xm(x) are defined in (22). Substituting
(34) into (29)−(30) and using the orthogonality property (23) we get the following
ordinary differential equation and initial data

T ′′m (t;x0)+λmTm(t;x0) = 0, (35)

Tm(0;x0) = 0, T ′m(0;x0) = Xm(x0) (36)

for each m = 1,2, . . . ,M. Solutions of (35)− (36) are Tm(t;x0) = Xm(x0)√
λm

sin(
√

λmt),
for m = 1,2, . . . ,M. Hence, a solution of (29)− (33) is found by

gM(x, t;x0) =
M

∑
m=1

Xm(x0)√
λm

sin(
√

λmt)Xm(x). (37)
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3.5 A regularized solution of (4)− (7)

Let M be a natural number; x0 ∈ (0, `1) ∪ . . . ∪ (`N−1, `N) and t ≥ 0 be fixed;
gM(x, t;x0) be a function defined by (37) and h(x) be a function satisfying the
conditions of Property 3. Then using (26), we find∫ `N

0
ρ(x)A(x)h(x)gM(x, t;x0)dx =

M

∑
m=1

hm√
λm

sin(
√

λmt)Xm(x0).

Applying Properties 1, 2, 3 we find that the series ∑
∞
m=1

hm√
λm

sin(
√

λmt)Xm(x0) is

convergent for any fixed t ≥ 0 and x0 ∈ (0, `1)∪ . . .(`N−1, `N). We define the linear
functional g(x, t;x0) by

< g,h >= lim
M→∞

∫ `N

0
ρ(x)A(x)h(x)gM(x, t;x0)dx =

∞

∑
m=1

hm√
λm

sin(
√

λmt)Xm(x0)

for any function h(x) satisfying the conditions of Property 3.

We note that the function gM(x, t;x0) defines the linear functional by

< gM,h >=
∫ `N

0
ρ(x)A(x)h(x)gM(x, t;x0)dx =

M

∑
m=1

hm√
λm

sin(
√

λmt)Xm(x0)

for any function h(x) satisfying the conditions of Property 3.

We say that the sequence gM(x, t;x0) converges to g(x, t;x0) as M tends to ∞ and
denote gM(x, t;x0)→ g(x, t;x0) if < g,h > − < gM,h > approaches zero for any
function h(x) satisfying the conditions of Property 3.

Using Properties 2,4, we can show that gM(x, t;x0)→ g(x, t;x0), ∂ k

∂ tk gM(x, t;x0)→
∂ k

∂ tk g(x, t;x0), ∂ k

∂xk gM(x, t;x0)→ ∂ k

∂xk g(x, t;x0), k = 1,2 as M tends to ∞.

Moreover, using Property 3, we find that δM(x,x0)→ δ (x− x0) as M tends to ∞.

From above mentioned reasonings we find that g(x, t;x0) is a generalized solution
of (8)−(12) and gM(x, t;x0) is an approximate (regularized) solution of (8)−(12).
Moreover, using Remark 1 we find that G(x, t;x0) = Θ(t)g(x, t;x0) is the Green’s
function of the equation of the longitudinal vibration and GM(x, t;x0)= Θ(t)gM(x, t;x0)
is an approximation (regularization) of G(x, t;x0).

4 Computational Experiments

For computational experiment, the two-step rod with the following properties has
been taken. The density, the Young’s module and the sectional area of the first
material are

ρ1 = 1.4×103kg/m3, E1 = 4.34×109N/m2, A1 = 3m2.
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The density, the Young’s module and the sectional area of the second material are

ρ2 = 1.19×103kg/m3, E2 = 3.3×109N/m2, A2 = 2m2,

and we take x0 = 3, `1 = 5 m, `2 = 8 m.

The main goal of the experiment is to compute the values of the approximated
Green’s function GM(x, t;x0) and its derivative ∂

∂ t GM(x, t;x0).
In the first step, we construct the eigenvalues and corresponding to them eigenfunc-
tions. Notice that in this example N = 2 and d(x) = d1 for x ∈ [0, `1); d(x) = d2 for
x ∈ (`1, `2]. Using technique of Section 3 we have found

ym(x) =


y1m(x), 0≤ x < `1,

y2m(x), `1 < x≤ `2.
(38)

where y1m(x) = sin(
√

d1λmx), and

y2m(x) =
1

2β1
√

d2

[
(β1
√

d2 +
√

d1)sin(
√

λm((
√

d1−
√

d2)`1+
√

d2x))

+ (β1
√

d2−
√

d1)sin(
√

λm((
√

d1 +
√

d2)`1−
√

d2x))
]
.

Here the values of d1, d2, β1 are defined by di = ρi/Ei, i = 1,2; β1 = E2A2
E1A1

.

In the second step, the parameter M of the regularization (approximation) has been
chosen by the following empirical observation and natural logic. Using the formula
(28), the regularization (approximation) δM(x,x0) of the Dirac delta function δ (x−
x0) has been made for the different values of M. We note that the values of the Dirac
delta function have been interpreted as zero for all points except x = x0. The value
at x = x0 is +∞. We have computed and drawn the graphs of δM(x,x0) for x0 = 3,
M = 5,10, . . . ,200,210, . . . The results of the computation are presented in Figs. 1
and 2 for M = 30 and M = 200, respectively.

Using reasoning described above, we have chosen number M = 200 as an optimal
value of the parameter of approximation.

In the third step, the problem (29)− (33) has been solved for M = 200, x0 = 3,
`1 = 5, `2 = 8, N = 2. The solution gM(x, t;x0) of (29)−(33) has been computed by
formula (37). The values of the function gM(x, t;x0) (M = 200) have been excepted
as values of an approximate solution of (8)− (12). This means

GM(x, t;x0) = Θ(t)
M

∑
m=1

Xm(x0)√
λm

sin(
√

λmt)Xm(x),

∂GM

∂ t
(x, t;x0) = Θ(t)

M

∑
m=1

Xm(x0)cos(
√

λmt)Xm(x)
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Figure 1: Screenshots for the regularization of the Dirac delta function

are the approximate Green’s function and its approximate derivative for the equa-
tions of the longitudinal vibration (4)− (7), respectively.

Using these formulae, the visualization of Green’s function and its derivative has
been made. The results are presented in Figures 2-6. The vertical axis are magni-
tude of GM and ∂GM

∂ t for the fixed time and the horizontal axis is x-axis.

At the time t = 0.1s, the values of GM and ∂GM
∂ t are just slightly different from the

values of the initial excitation at t = 0. In the graph of Figure 2(b) there are splashes
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Figure 2: Screenshots of the Green’s function and its derivative for t = 9s

of the magnitude. Both of them have maximum of magnitude. These two splashes
correspond to the waves moving in two opposite directions. One of them goes to
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the origin of the coordinates and another one goes to +∞ . In the graph of Figure
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Figure 3: Screenshots of the Green’s function and its derivative for t = 15s

3(b), there are three splashes of the displacement magnitude for t = 15s. The first
splash at x = 1.3 corresponds to the wave which is reflected from the origin and
is moving in the direction of x−axis, the second splash at x = 4.9 belongs to the
reflected wave from the interface of two materials and the third splash at x = 7.2
is related to the transmitted wave from one material to another. In the graph of
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(a) GM for t = 23s
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Figure 4: Screenshots of the Green’s function and its derivative for t = 23s

Figure 4(b) there are three splashes of the displacement magnitude for t = 23s. The
first small splash at x = 2.6 corresponds to the reflected wave from the interface of
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two different materials, the second splash at x = 3.4 corresponds to the wave which
continues to move in the direction of x−axis, the third one at x = 6.8 is related to
the reflected wave from the boundary x = 8 (end of the rod). The splash of the
reflected wave has a local maximum of the magnitude at x = 2.6, the splashes at
x = 3.4 and x = 6.8 have a local minimum of the magnitude. In the graph of Figure
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(a) GM for t = 28.5s
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Figure 5: Screenshots of the Green’s function and its derivative for t = 28.5s

5(b) there are four splashes of the displacement magnitude for t = 28.5s. The first
small splash is related to the reflected wave which is moving into the origin of
coordinates. This splash has a local maximum at x = 1.1. Near x = 5 there exist
two splashes. The splash, on the left hand side of x = 5, belongs to the wave
which is getting closer to the interface of two different materials. The splash, on
the right hand side of x = 5, is related to the transmitted wave form the interface
of two different materials. These splashes have a local minimum of the magnitude.
The last splash is related to the reflected wave from the interface of two different
materials. This small splash has a local maximum at x = 6.6.

5 Conclusion

The method of computing the time-dependent Green’s function for the equation of
the longitudinal vibration on a multi-step rod is suggested. This method is based
on a non-classical eigenvalue-eigenfunction problem with piecewise constant coef-
ficients, generalization of the Fourier series expansion method and regularization of
the Dirac delta function. Computational experiments confirm the robustness of our
method for the approximate computation of the Green’s function and its derivative.

The suggested method can be generalized for the computation of the Green’s func-
tion of the longitudinal vibrations on multi-step rod with the boundary conditions



170 Copyright © 2012 Tech Science Press CMES, vol.85, no.2, pp.157-175, 2012

of the form

∂G
∂x

(+0, t;x0) = 0, G(`N−0, t;x0) = 0,

or G(+0, t;x0) = 0,
∂G
∂x

(`N−0, t;x0) = 0,

or
∂G
∂x

(+0, t;x0) = 0,
∂G
∂x

(`N−0, t;x0) = 0.

Appendix A:

Let us show that − 1
d(x)

d2

dx2 is positive in the class of twice differentiable functions
over [0, `1)∪ . . .∪ (`N−1, `N ] satisfying (14)− (16). For this we need to show that

∫ `N

0
ρ(x)A(x)

(
− 1

d(x)
d2

dx2 y(x)
)

y(x)dx > 0, (39)

for any twice differentiable function y(x) for x ∈ [0, `1)∪ . . .∪ (`N−1, `N ] satisfying
(14)− (16). The left hand side of (39) can be written as

∫ `N

0
E(x)A(x)[y′(x)]2dx.

Since E(x) and A(x) have positive values we find that the last integral is positive
and this means that operator − 1

d(x)
d2

dx2 is positive-definite.

Appendix B:

Let λn, λm be the eigenvalues of EEP and yn, ym be corresponding to them eigen-
functions.

Multiplying the ordinary differential equations (13) by ym(x) and yn(x) respec-
tively, we find

yim(x)y′′in(x)+λndi(x)yim(x)yin(x) = 0, x ∈ (`i−1, `i),
yin(x)y′′im(x)+λmdi(x)yin(x)yim(x) = 0, x ∈ (`i−1, `i).

Subtracting gives

d
dx

[
yim(x)y′in(x)− yin(x)y′im(x)

]
+(λn−λm)di(x)yim(x)yin(x) = 0.
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Multiplying the last equality by E(x)A(x) and then integrating the obtained relation
from `1 to `N and using boundary and matching conditions (14)− (16) we have

(λn−λm)

[∫ `1

0
ρ1A1y1m(x)y1n(x)dx+ . . .+

∫ `N

`(N−1)

ρNANyNm(x)yNn(x)dx

]
= 0.

Defining αm as

αm =
∫ `1

0
ρ1A1y2

1m(x)dx+ . . .+
∫ `N

`(N−1)

ρNANy2
Nm(x)dx

we find∫ `N

0
ρ(x)A(x)yn(x)ym(x)dx =

{
0, if m 6= n
αm, if m = n .

Appendix C:

Let h(x) be a four times differentiable function on [0, `1)∪ . . .∪ (`N−1, `N ] such
that h(x) satisfies the conditions of the Property 3 and let λm, m = 1,2, . . . be the
eigenvalues and Xm(x), m = 1,2, . . . be the corresponding to them eigenfunctions
of (13)− (16). Using (13) we find

−X (4)
m (x) = λ

2
md2(x)Xm(x), x ∈ (0, `1)∪ . . .∪ (`1, `2).

From (26) and the last relation we have

hm =
∫ `1

0
[−ρ1A1

λ 2
md2

1
]h(x)X (4)

m (x)dx+ . . .+
∫ `N

`N−1

[−ρNAN

λ 2
md2

N
]h(x)X (4)

m (x)dx, m = 1,2, . . .

Applying integration by parts four times, we get

hm =−ρ1A1

λ 2
md2

1

∫ `1

0
h(4)(x)Xm(x)dx− . . .− ρNAN

λ 2
md2

N

∫ `N

`N−1

g(4)(x)Xm(x)dx, m = 1,2, . . . .

Using (24) we find a constant D1 such that

|hm| ≤
D1

m4 , as m→+∞ .

Then the uniform convergence of the series ∑
∞
m=1 hmXm(x) in (25) to h(x) follows in

a similar way from the Theorem 6.4 of the paper [Faydaoǧlu and Guseinov (2003)].
To show that the series obtained by differentiation up to second order are uniformly
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convergent over [0, `1)∪ . . .∪ (`N−1, `N ] we differentiate the right hand series in
(25) term by term

∞

∑
m=1

hmX ′m(x) and
∞

∑
m=1

hmX ′′m(x),

where Xm(x), m = 1,2, . . . are orthonormal eigenfunctions, defined by (22).
It follows from (13) that

|X ′′(x)| ≤ |λm||d(x)||Xm(x)|.

Denoting C5 = maxx∈[0,`1)∪...∪(`N−1,`N ] |d(x)| and using (24),(22) we have

|X ′′(x)|< C5 ·C ·m2, x ∈ [0, `1− ε]∪ . . .∪ [`N−1 + ε, `N ].

Using (27), from the last inequality we find

|hmX ′′m(x)| ≤ D3

m2 , x ∈ [0, `1)∪ . . .∪ (`N−1, `N ],

where D3 = max{C5,D1} for any ε > 0.

Integrating (13) from `i−1 to x we have

X ′m(x) = X ′m(`i−1)−λmd(x)
∫ x

`i−1

Xm(s)ds.

We find

|X ′m(x)|< C3 +C4 ·C ·m2, x ∈ [`i−1 + ε, `i], i = 1,2, . . . ,N,

where C3 = |X ′m(`i−1)|, C4 = maxx∈[0,`1)∪...∪(`N−1,`N ] |d(x)||
∫ x
`i−1

ds|.
Using (27), from the last inequality we get

|hmX ′m(x)| ≤ D2

m2 , x ∈ [0, `1)∪ . . .∪ (`N−1, `N ],

where D2 = max{C1,C2,C3,C4,D1} for any ε > 0. Then by Weierstrass M-Test
[Rudin (1967)], there exists functions h′(x) and h′′(x) such that

h′(x) =
∞

∑
m=1

HmX ′m(x), x ∈ [0, `1)∪ . . .∪ (`N−1, `N ]

h′′(x) =
∞

∑
m=1

hmX ′′m(x), x ∈ [0, `1)∪ . . .∪ (`N−1, `N ].

Moreover these series uniformly converge to h′(x) and h′′(x), respectively as ε→ 0.
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Appendix D:

Let M be a natural number; x0 ∈ (0, `1)∪ . . .∪ (`N−1, `N) be fixed; Xm(x) be eigen-
functions for m = 1,2, . . . ; δM(x,x0) be a function defined by (28) and h(x) be
any four times differentiable function satisfying the conditions a), b), c) of the
Property 3, then

lim
M→∞

∫ `N

0
ρ(x)A(x)δM(x,x0)h(x)dx = ρ(x0)A(x0)

∞

∑
n=1

Xn(x0)hn,

and according to the Theorem 6.4 in [Faydaoǧlu and Guseinov (2003)], the series
∑

∞
m=1 hmXm(x0) converges to h(x0), so

lim
M→∞

∫ `N

0
ρ(x)A(x)δM(x,x0)h(x)dx = ρ(x0)A(x0)h(x0)

=
∫ `N

0
ρ(x)A(x)δ (x− x0)h(x)dx.

Hence, we can say that ρ(x0)A(x0)∑
∞
m=1 Xm(x0)Xm(x) is the regularization of the

Dirac delta function δ (x− x0).

References

Bulavin, P. E.; Kashcheev, V. M. (1965): Solution of the non-homogeneous heat
conduction equation for multilayered bodies. International Chemical Engineering,
vol. 5, pp. 112-115.

Chen, J. T.; Ke, J. N.; Liao, H. Z. (2009): Construction of Green’s function using
null-field integral approach for Laplace problems with circular boundaries. CMC:
Computers, Materials and Continua, vol. 9, pp. 93-109.

Chew, W. C. (1990): Waves and Fields in Inhomogeneous Media. Van Nostrand
Reinhold, New York.

Faydaoglu, S.; Guseinov, G. Sh. (2003): Eigenfunction expansion for a Sturm-
Liouville boundary value problem with impulse. International Journal of Pure and
Applied Mathematics, vol. 8, pp. 137-170.

Garg, N.R.; Goel, A.; Miglani, A.; Kumar, R. (2004): Elastodynamic response
of an anisotropic medium due to a line-load. Earth Planets Space, vol. 56, pp.
407-417.

Gu, M. H.; Young, D. L.; Fan, C. M. (2009): the method of fundamental solutions
for one-dimensional wave eqautions. CMC: Computers, Materials and Continua,
vol. 11, pp. 185-208.



174 Copyright © 2012 Tech Science Press CMES, vol.85, no.2, pp.157-175, 2012
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