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Hygrothermal Loading Effects in Bending Analysis of
Multilayered Composite Plates

S. Brischetto1

Abstract: The paper analyzes the hygrothermal loading effects in the bending
of multilayered composite plates. Refined two-dimensional models are used to
evaluate these effects, they are implemented in the framework of the Carrera’s Uni-
fied Formulation (CUF) which also allows classical models to be obtained. Hy-
groscopic and thermal effects are evaluated by means of hygroscopic and thermal
load applications, respectively. Such loads can be determined via a priori linear
or constant moisture content and temperature profiles through the thickness of the
plate, or by calculating them via the solution of the Fick moisture diffusion law and
the Fourier heat conduction equation, respectively. These equations are solved in
steady-state conditions and in a range of moisture content and temperature varia-
tions which requires constant material properties to be considered. Comparisons
between assumed linear and calculated moisture content and temperature profiles
are also made for different thickness ratios and lamination sequences. The pres-
ence of hygroscopic and thermal effects modifies the bending response in compos-
ite structures by increasing the maximum deflection and the discontinuity values of
in-plane stresses at the layer interfaces.

Keywords: composite plates, multilayered structures, hygrothermal effects, Fourier
heat conduction, Fick law, refined models, classical models.

1 Introduction

Advanced composite aircraft structures are often exposed to high temperature and
high humidity environmental conditions. The tendency of composites to absorb
moisture has negative effects concerning their performances under adverse operat-
ing conditions [Bouadi (1998)]. Composite materials are found to lose mechanical
properties on exposure to aircraft operating environments. This is mainly due to
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absorption of moisture from humid air by the matrix material [Vodicka (1997)].
The hygrothermal effects can be investigated in terms of degradation of mechan-
ical properties of the composite materials embedded in the multilayered structure
[Tabrez et al. (2007); Gawin and Sanavia (2009)] and/or in terms of both hygro-
scopic and thermal loads applied to the composite structure to analyze its bending
response. The present work is focused on the second issue in analogy with the com-
panion paper about shell geometry [Brischetto (in press)]. Stains due to moisture
expansion of a laminate are about the same magnitude as those due to a tempera-
ture. The temperature and moisture distributions inside composite can readily be
calculated by Fickian diffusion. Such diffusion is assumed to take place when the
following conditions are met [Tsai (1986)]: heat transfer through the material is by
conduction only and it can be described by the Fourier law; the moisture diffusion
can be described by a concentration dependent form of Fick’s law; the temperature
inside the material approaches equilibrium much faster than the moisture concen-
tration and hence the energy (Fourier) and mass transfer (Fick) equations are de-
coupled; the thermal conductivity and mass diffusivity depend only on temperature
and they are independent of the moisture concentration or the stress levels inside
the material. Fickian diffusion takes place at low temperatures and for materials
exposed to humid air. Deviations from Fickian diffusion occur at elevated tempera-
tures and for materials immersed in liquids. It is noteworthy that Fickian diffusion
is a reasonable approximation for many materials, including graphite-epoxy com-
posites [Tsai (1986); Reddy (2004)].

Considerable work has been done to understand the effects of hygrothermal en-
vironment on the mechanical behavior of composite structures. Some interesting
works about analytical solutions for plates and shells follow. Chiba and Sugano
(2011) analyzed transient heat and moisture diffusion and the resulting hygrother-
mal stress field in layered plates subjected to hygrothermal loadings at the external
surfaces. Stresses are evaluated by superposition of components due to the ap-
plied temperature and moisture fields. Steady-state and transient-state conditions
are also compared. Gigliotti et al. (2007a) and Gigliotti et al. (2007b) shown sim-
ulation models for the evaluation of hygrothermoelastic stresses and deformations
in composite laminated plates, Classical Lamination Theory (CLT) was compared
with three-dimensional solutions in the case of temperature and moisture fields es-
tablished by employing the Fick law for transient and cyclical environmental con-
ditions. Hufenbach and Kroll (1999) investigated stress concentrations in a plate
with finite dimensions and a hole in its center. Different loading types (mechan-
ical and hygrothermal) were considered by using conformal mappings combined
with complex valued stress functions, both analytical and Finite Elements (FE)
models were proposed. A theoretical and analytical investigation of the effects
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of hygrothermal residual stresses on the optimum design of laminated composites
was given in Khalil et al. (2001). The distribution of these stresses in the various
laminates is a function of the stacking sequence and ply orientation, Classical Lam-
ination Theory (CLT) was employed combined with Tsai-Wu failure criterion. A
three-dimensional stress analysis was applied to a fibre-reinforced organic matrix
composite cylindrical segment subjected to hygrothermal and mechanical loads in
Kollar and Patterson (1993), these loads may vary radially and circumferentially
and they give varying strains and stresses inside the composite cylindrical segment.
The effects of hygrothermal conditions on the buckling and post-buckling of lami-
nated cylindrical shells were analytically investigated in Shen (2001) by means of
Reddy higher order theory, the results shown that the hygrothermal environment has
a significant effect. The influence of coupled diffusion of heat and moisture on the
transient stresses in a composite was analitically investigated in Sih (1983) where
the moisture diffusion coefficient was taken to be temperature dependent while the
thermal diffusion coefficient was kept constant. Wüthrich (1992) analyzed the ef-
fects of hygrothermal expansion in the stress analysis of long thick-walled compos-
ite tubes subjected to internal and external pressure, longitudinal forces and twisting
moments. The extension of such problems to functionally graded material (FGM)
plates was given by Zenkour (2010) who assumed the elastic coefficients, thermal
coefficients and moisture expansion coefficients to be graded in the thickness di-
rection. A closed form solution for an Higher order Shear Deformation Theory was
proposed. The bending response of the FGM plates deteriorates considerably with
the increase in temperature and moisture concentration.

For more realistic cases, the use of numerical solutions (for example the Finite Ele-
ment method (FEM)) is fundamental because of the limitations given by analytical
methods. Some of these results follow. The effects of moisture diffusion on the
deformation of viscoelastic sandwich composites were analyzed in Joshi and Mu-
liana (2010) where a time and moisture dependent constitutive model is used for
the polymer foam core, while skins are assumed linear elastic. FE analyses of the
delamination between skins and core in sandwich composite under combined mois-
ture diffusion and mechanical loading are also performed. Khoshbakht et al. (2006)
gave a finite element modeling procedure for analyzing moisture-induced stresses
in a multilayered structure. The results show that the interfacial stresses increase
with the increase of the humidity diffusion time and monotonically approached the
stress level at the steady-state condition of the humidity diffusion. Kundu and Han
(2009) proposed a FE vibration analysis of pre- and post-buckled hygro-thermo-
elastic laminated composite doubly curved shells. Due to the change in environ-
mental conditions, hygrothermal residual stresses may induce buckling and dy-
namic instability in composite shell structures. Marques and Creus (1994) consid-
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ered the time-dependent response of polymeric matrix laminated composites sub-
jected to mechanical and hygrothermal loads. Examples for isotropic and graphite-
epoxy laminated plates and shells were presented by means of a FE method and
the solution of the Fick’s law. Naidu and Sinha (2005) used a finite element higher
order shear model to investigate the large deflection bending behavior of compos-
ite cylindrical shell panels subjected to hygrothermal environments. A quadratic
isoparametric finite element formulation based on the first order shear deformation
theory was presented in Parhi et al. (2001) for the free vibration and transient re-
sponse analysis of plates and multiple doubly curved composite shells subjected to
hygrothermal environment. Static and dynamic characteristics of thick laminates
exposed to hygrothermal environment were studied in Patel et al. (2002) using an
higher-order theory and a FE application for the evaluation of deflection, buckling
and natural frequencies for composite laminates at different moisture concentra-
tions and temperatures. Sai Ram and Sinha (1991) and Sai Ram and Sinha (1992)
investigated the effects of moisture and temperature on the bending characteristics
of laminated composite plates with and without a cutout. Deflections and stress
resultants, calculated via a FE Mindlin model, increase almost linearly with the
uniform increase in moisture concentration and temperature. Sereir et al. (2006a),
Sereir et al. (2006b) and Sereir et al. (2011) calculated the transient hygroscopic
stresses in laminated plates considering the change of mechanical characteristics
induced by the variation of temperature and moisture. The moisture diffusion Fick
law was solved in time and the edge effects were considered by means of the FE
extension. The increase of temperature and moisture environment developed sig-
nificant hygrothermal transverse stresses at the edges of the plate. Ghosh (2008)
investigated the initiation and progress of damage in laminated composite shells at
elevated moisture concentration and temperature due to low velocity impacts via a
FE analysis.

Studies about the degradation of material properties in severe hygroscopic envi-
ronmental conditions are discussed in the following, in some cases an experimen-
tal verification was conducted. A study of the effects of water ageing on the
static fatigue behavior of unidirectional glass/epoxy composites was investigated
in Chateauminois et al. (1993) where the failure mechanisms was associated with
fatigue damage under three-point bending loading. Kellas et al. (1990) presented
experimental results about the effects of several hygrothermal environments upon
the uniaxial strength of centre-notched laminates. It was shown that these inter-
actions depend upon the notch geometry as well as upon the stacking sequence.
The elastic properties of glass/epoxy woven-fabric composites under hygrothermal
loading were predicted by using three analytical iso-stress and iso-strain models in
Seng et al. (1997). Comparisons with experimental results were also proposed, it
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was assumed that the fibres were not affected by both temperature and moisture,
the results were in good agreement with experimental values. In Springer (1977)
the moisture distribution and the moisture content of a composite material exposed
to air with varying temperature and varying relative humidity were calculated. The
temperature and moisture histories included conditions for a transient environment
simulating runway storage and supersonic flight through 20 years of service. The
hygroscopic behavior of a woven fabric carbon-epoxy composite and its effect on
the viscoelastic properties and glass transition temperature was investigated in Abot
et al. (2005). An experimental study was conducted at full immersion in water and
at a specific temperature condition.

The present work proposes the extension of refined two-dimensional models based
on the Carrera’s Unified Formulation (CUF) to elasto-thermo-hygroscopic analy-
sis of multilayered composite plates. Mechanical, thermal and hygroscopic loads
are taken into account by means of the extension of the Principle of Virtual Dis-
placements (PVD) and the constitutive equations including both thermal and hy-
groscopic strains. The necessity of developing refined models for hygro-thermo-
elastic analysis of multilayered structures is confirmed by the conclusions obtained
in some past papers. Lee et al. (1992) shown that the classical laminated plate the-
ory may not be adequate for the analysis of multilayered composite laminates, even
in the small deflection range; the influence of hygrothermal effects on the cylindri-
cal bending of pinned-pinned, clamped-pinned and clamped-clamped symmetric
angle-ply laminated plates subjected to an uniform transverse load was evaluated
via classical laminated plate theory and Von Karman large deflection theory. Von
Karman non linear kinematics was also used in Upadhyay et al. (2010) where it
was combined with the Higher order Shear Deformation Theory (HSDT) to analyze
the non-linear flexural response of the elastically supported moderately thick lam-
inated composite rectangular plates subjected to hygro-thermo-mechanical load-
ings. HSDT exhibited some difficulties in the elasto-thermo-hygroscopic analysis
of multilayered composite structures that have in-plane and transverse anisotropy.
Thinh and Khoa (2000) investigated the response of composite laminates subjected
to mechanical, thermal and hygroscopic loads. Limitations of classical lamination
plate theory for such cases were also discussed.

To define the thermal and hygroscopic loads for the proposed refined models, the
relative temperature and moisture content profiles must be defined. They can be
linearly or constant a priori assumed, or they can be calculated through the plate
thickness direction by solving the Fourier heat conduction equation and the Fick
moisture diffusion law. The analogy between heat conduction and moisture diffu-
sion, as discussed in Szekeres (2000), is very useful in the analysis of hygrothermal
effects for the bending problem of composite structures. Such an analogy was also
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discussed in Tay and Goh (1999) and Tay and Goh (2003) where a comprehensive
numerical study of the effects of many parameters on the propagation of delami-
nation, caused for example by the pressure of water vapor, were shown. The Fick
second law of diffusion was experimentally validated in Di Domizio et al. (2006)
by means of two vessels containing water and salt to establish a steady-state con-
centration gradient.

In the present work the Fourier heat conduction equation has been solved as already
discussed in Brischetto (2009) and Brischetto and Carrera (2011) for both plate
and shell geometries, in accordance to the methodology already given in Tungikar
and Rao (1994). The Fick diffusion law is solved, for the first time, in analogy
with the same methodology. In some cases the use of a linear temperature and/or
moisture content profile through the thickness could be enough depending on the
plate thickness ratio and lamination sequence [Brischetto and Carrera (2009)].

The proposed refined models are validated by means of various assessments, some
of these were shown in Lo et al. (2010) where a four-node quadrilateral plate el-
ement based on the global-local higher order theory (GLHOT) was given to study
the response of laminated composite plates due to a variation in temperature and
moisture concentrations. The new benchmarks given here discuss the effects of
thermal and hygroscopic loads in the mechanical bending problem of simply sup-
ported square multilayered composite plates. Such effects are discussed when the
thickness ratio and the lamination sequence change. Comparisons between as-
sumed temperature/moisture content profiles and the calculated profiles are also
discussed.

2 Constitutive and geometrical relations

In the elasto-thermo-hygroscopic analysis the strain components εεε can be seen as
an algebraic summation of the elastic part εεεu, the thermal part εεεθ and the hygro-
scopic contribution εεεM for each k layer, details are given in Reddy (2004):

εεε
k = εεε

k
u− εεε

k
θ − εεε

k
M , (1)

the elastic contribution (subscript u) is defined by means of the geometrical rela-
tions which have the following matrix form for the plate geometry:

εεε
k
u = (εk

xxu ε
k
yyu ε

k
zzu γ

k
yzu γ

k
xzu γ

k
xyu)

T = DDD uuuk , (2)

where the displacement vector uuuk = (uk vk wk)T has three components in the three
directions x, y and z (see Figure 1). T means the transpose of a vector or matrix.
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Figure 1: Geometry and reference system for a multilayered composite plate.

The matrix DDD contains the differential operators and it has 6×3 dimension:

DDD =



∂x 0 0
0 ∂y 0
0 0 ∂z

0 ∂z ∂y

∂z 0 ∂x

∂y ∂x 0

 , (3)

where the partial derivatives mean ∂x = ∂

∂x , ∂y = ∂

∂y and ∂z = ∂

∂ z . The thermal strain
contribution (subscript θ ) is due to the scalar over-temperature θ = (T −T0) which
means temperature T referred to the room external reference temperature T0:

εεε
k
θ = (εk

xxθ ε
k
yyθ ε

k
zzθ γ

k
yzθ γ

k
xzθ γ

k
xyθ )T = ααα

k
θ

k , (4)

where the thermal expansion coefficients are grouped in a vector of 6×1 dimension
for each orthotropic k layer in the laminate reference system:

ααα
k = (αk

11 α
k
22 α

k
33 0 0 α

k
12)

T . (5)

The hygroscopic strain contribution (subscript M ) is due to the scalar moisture
content M (details about this variable are given in the Appendix A):

εεε
k
M = (εk

xxM ε
k
yyM ε

k
zzM γ

k
yzM γ

k
xzM γ

k
xyM )T = βββ

k M k , (6)

where the moisture expansion coefficients are grouped in a vector of 6×1 dimen-
sion for each orthotropic k layer in the laminate reference system:

βββ
k = (β k

11 β
k
22 β

k
33 0 0 β

k
12)

T . (7)

The over-temperature θ is in [K] and the relative thermal expansion coefficients αi j

are in [1/K]. The moisture content M is in non-dimensional form and the relative
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moisture expansion coefficients βi j are in non-dimensional form too. The moisture
content M can also be given in percentage % (see Appendix A), in this case the
relative expansion coefficients βi j are given as [ 1

%M ]. By substituting Eqs.(4) and
(6) in Eq.(1), the general form of the strain components for the elasto-thermo-
hygroscopic analysis is:

εεε
k = εεε

k
u−ααα

k
θ

k−βββ
k M k . (8)

The general form of the Hooke law in the problem reference system (x,y,z) (see
Figure 1) is written as [Reddy (2004)]:

σσσ
k = QQQk

εεε
k , (9)

in this case the strain εεεk has the form given in Eq.(8), the vector of elasto-thermo-
hygroscopic stress components is σσσ k = (σ k

xx σ k
yy σ k

zz σ k
yz σ k

xz σ k
xy)

T and the 6×6 ma-
trix of the elastic coefficients QQQk for orthotropic materials in the laminate reference
system [Reddy (2004)] is:

QQQk =



Qk
11 Qk

12 Qk
13 0 0 Qk

16
Qk

12 Qk
22 Qk

23 0 0 Qk
26

Qk
13 Qk

23 Qk
33 0 0 Qk

36
0 0 0 Qk

44 Qk
45 0

0 0 0 Qk
45 Qk

55 0
Qk

16 Qk
26 Qk

36 0 0 Qk
66

 . (10)

The stress components σσσ can be seen as an algebraic summation of the elastic part
σσσu, the thermal part σσσθ and the hygroscopic contribution σσσM for each k layer
[Bouadi (1988); Tsai (1986)]:

σσσ
k = σσσ

k
u +σσσ

k
θ +σσσ

k
M . (11)

By considering Eqs.(4), (6), (8), (9) and (11), the constitutive equation for the
elasto-thermo-hygroscopic analysis is:

σσσ
k = σσσ

k
u +σσσ

k
θ +σσσ

k
M = QQQk

εεε
k
u−λλλ

k
θ

k−µµµ
k M k , (12)

the first term in Eq.(12) is the classical Hooke law for the pure mechanical elastic
problem. The vector λλλ

k contains the thermo-mechanical coupling coefficients and
it has 6×1 dimension:

λλλ
k = QQQk

ααα
k = (λ k

11 λ
k
22 λ

k
33 0 0 λ

k
12)

T , (13)
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the vector µµµk contains the hygroscopic-mechanical coupling coefficients and it has
6×1 dimension:

µµµ
k = QQQk

βββ
k = (µ

k
11 µ

k
22 µ

k
33 0 0 µ

k
12)

T . (14)

The constitutive and geometrical relations will be included in the Principal of Vir-
tual Displacements in order to obtain the opportune governing equations. These
last will be given in a closed form obtained by means of an integration by parts.
This integration by parts is made easier if the equations will be split in in-plane (p)
and out-of-plane (n) components. The Eq.(12) is split as:

σσσ
k
p = σσσ

k
pu +σσσ

k
pθ +σσσ

k
pM = QQQk

pp εεε
k
pu +QQQk

pn εεε
k
nu−λλλ

k
p θ

k−µµµ
k
p M k , (15)

σσσ
k
n = σσσ

k
nu +σσσ

k
nθ +σσσ

k
nM = QQQk

np εεε
k
pu +QQQk

nn εεε
k
nu−λλλ

k
n θ

k−µµµ
k
n M k , (16)

where the stress and strain components are:

σσσ
k
p = (σ k

xx σ
k
yy σ

k
xy)

T , σσσ
k
n = (σ k

xz σ
k
yz σ

k
zz)

T , (17)

εεε
k
p = (εk

xx ε
k
yy γ

k
xy)

T , εεε
k
n = (γk

xz γ
k
yz ε

k
zz)

T , (18)

the split procedure given in Eqs.(17) and (18) is also confirmed for the elastic
(subscript u), thermal (subscript θ ) and hygroscopic (subscript M ) components
of stress and strain vectors. The matrix of elastic coefficients in Eq.(10) is split in
four sub-arrays of 3×3 dimension:

QQQk
pp =

 Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66

k

, QQQk
pn =

 0 0 Q13
0 0 Q23
0 0 Q36

k

, (19)

QQQk
np =

 0 0 0
0 0 0

Q13 Q23 Q36

k

, QQQk
nn =

 Q55 Q45 0
Q45 Q44 0
0 0 Q33

k

.

The vectors of thermo-mechanical coupling coefficients (Eq.(13)) and hygroscopic-
mechanical coupling coefficients (Eq.(14)) are split as:

λλλ
k
p =

 λ11
λ22
λ12

k

, λλλ
k
n =

 0
0

λ33

k

, µµµ
k
p =

 µ11
µ22
µ12

k

, µµµ
k
n =

 0
0

µ33

k

. (20)

The geometrical relations in Eq.(2) are split as [Brischetto and Carrera (2011);
Brischetto (2009); Brischetto and Carrera (2009)]:

εεε
k
pu = (εk

xxu ε
k
yyu γ

k
xyu)

T = DDDp uuuk , (21)

εεε
k
nu = (γk

xzu γ
k
yzu ε

k
zzu)

T = (DDDnp +DDDnz) uuuk , (22)
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where the differential operators are grouped in:

DDDp =

∂x 0 0
0 ∂y 0
∂y ∂x 0

 , DDDnp =

0 0 ∂x

0 0 ∂y

0 0 0

 , DDDnz =

∂z 0 0
0 ∂z 0
0 0 ∂z

 . (23)

2.1 Two-dimensional approach

The displacement vector uuu, the scalar over-temperature θ and the scalar moisture
content M are approximated in a two-dimensional form for the analysis of plate
geometries. Refined two-dimensional models are obtained by means of the Car-
rera’s Unified Formulation (CUF) [Carrera et al. (2011)]. CUF permits obtaining,
in a general and unified manner, several models that can differ in the chosen order
of expansion in the thickness direction and in the Equivalent Single Layer (ESL) or
Layer Wise (LW) multilayer approach [Brischetto and Carrera (2011); Brischetto
(2009); Brischetto and Carrera (2009)].

The application of a two-dimensional method for plates allows the unknown vari-
ables to be expressed as a set of thickness functions depending only on the thickness
coordinate z and the correspondent variable depending on the in-plane coordinates
x and y. The generic variable aaa(x,y,z), for example the displacement vector uuu,
the scalar over-temperature θ or the scalar moisture content M , and its variation
δaaa(x,y,z) are written according to the following general expansion [Carrera et al.
(2010)]:

aaak(x,y,z) = Fs(z)aaak
s(x,y) , δaaak(x,y,z) = Fτ(z)δaaak

τ(x,y) , (24)

with τ,s = 1, . . . ,N .

(x, y) are the in-plane coordinates and z is the thickness coordinate. The summing
convention with repeated indexes τ and s is assumed. The order of expansion N
goes from first to higher order values, and depending on the thickness functions
used, a model can be ESL when the variable is assumed for the whole multilayer
and a Taylor expansion is employed as thickness functions F(z) (in this case the
expansion does not depend on the k layer) or LW when the variable is considered to
be independent in each layer and a combination of Legendre polynomials are used
as thickness functions F(z) (in this case the expansion depends on the k layer). In
CUF the maximum order of expansion N in the z direction is fourth.

The choice made in this work is that the displacement uuu is approximated as ESL or
LW through the thickness, while the over-temperature θ and the moisture content
M are always given in LW form with the same order of expansion used for the
displacements. For this reason a refined model is defined ESL or LW depending
on the choice made for the displacement vector, although over-temperature and
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moisture content are always in LW form. ESL models are indicated with acronyms
from ED1 to ED4 where E means ESL approach, D indicates the use of the PVD
and the digit indicates the order of expansion N through the thickness. LW models
are indicated with acronyms from LD1 to LD4 where L means LW approach.

First order Shear Deformation Theory (FSDT) [Reddy (2004)] is obtained as par-
ticular case of the ED1 model by imposing a constant transverse displacement
w through the thickness direction. Classical Lamination Theory (CLT) [Reddy
(2004)] comes from FSDT by imposing in the Hooke law an infinite transverse
shear rigidity which means zero transverse shear strains γxz and γyz. Further de-
tails about CUF and refined models can be found in Brischetto and Carrera (2011),
Brischetto (2009) and Brischetto and Carrera (2009).

3 Governing equations

The general form of the Principal of Virtual Displacements (PVD) for the static
analysis and a generic volume V is:∫

V

(
δεεε

T
puσσσ p +δεεε

T
nuσσσn

)
dV = δLe , (25)

where δLe is the external virtual work. δεεε pu and δεεεnu are the virtual elastic
strains, and σσσ p and σσσn are in-plane and out-of-plane elasto-thermo-hygroscopic
stress components.

By considering a laminate of Nl layers, and the integral on the volume Vk of each
k layer as an integral on the in plane domain Ωk plus the integral in the thickness-
direction domain Ak, it is possible to write the PVD as:

Nl

∑
k=1

∫
Ωk

∫
Ak

(
δεεε

kT
puσσσ

k
p +δεεε

kT
nu σσσ

k
n

)
dΩkdz =

Nl

∑
k=1

δLk
e , (26)

where the elasto-thermo-hygroscopic stresses are given by the Eqs.(15) and (16),
therefore:

Nl

∑
k=1

∫
Ωk

∫
Ak

(
δεεε

kT
pu(σσσ

k
pu +σσσ

k
pθ +σσσ

k
pM )+δεεε

kT
nu (σσσ k

nu +σσσ
k
nθ +σσσ

k
nM )

)
dΩkdz =

Nl

∑
k=1

δLk
e .

(27)

Geometrical relations (Eqs.(21) and (22)), constitutive equations (Eqs.(15) and
(16)) and CUF for displacements uuuk, over-temperature θ k and moisture content
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M k as described in Eq.(24) can be substituted in the PVD developed in Eq.(27):

Nl

∑
k=1

∫
Ωk

∫
Ak

((
(DDDp)Fτδuuuk

τ

)T (QQQk
pp(DDDp)Fsuuuk

s +QQQk
pn(DDDnp +DDDnz)Fsuuuk

s −λλλ
k
pFsθ

k
s

−µµµ
k
pFsM

k
s
)
+
((

(DDDnp +DDDnz)Fτδuuuk
τ

)T (QQQk
np(DDDp)Fsuuuk

s +QQQk
nn(DDDnp +DDDnz)Fsuuuk

s

−λλλ
k
nFsθ

k
s −µµµ

k
nFsM

k
s
))

dΩkdz =
Nl

∑
k=1

δLk
e . (28)

In Eq.(28), in order to obtain a strong form of differential equations on the do-
main Ωk and the relative boundary conditions on edge Γk, integration by parts is
used, which permits moving the differential operator from the infinitesimal varia-
tion of the generic displacement δuuuk to the finite quantity uuuk [Brischetto and Carrera
(2011); Brischetto and Carrera (2009)]. For a generic displacement uuuk, integration
by parts states:∫

Ωk

(
DDDk

Ψδuuuk
)T

uuukdΩk =−
∫

Ωk

δuuukT
(

DDDkT
Ψ uuuk

)
dΩk +

∫
Γk

δuuukT
(

IIIkT
Ψ uuuk

)
dΓk , (29)

where Ψ = p,np. The matrices to perform the integration by parts have the follow-
ing form, in analogy with matrices for the geometrical relations in Eqs.(23):

IIIk
p =

1 0 0
0 1 0
1 1 0

 , IIIk
np =

0 0 1
0 0 1
0 0 0

 . (30)

After the integration by parts, the governing equations have the following form:

δuuuk
τ : KKKkτs

uu uuuk
s = pppk

uτ −KKKkτs
uθ θ

k
s −KKKkτs

uM M k
s , (31)

with related boundary conditions on edge Γk:

ΠΠΠ
kτs
uu uuuk

s −ΠΠΠ
kτs
θθ θ

k
s −ΠΠΠ

kτs
MM M k

s = ΠΠΠ
kτs
uu ūuuk

s −ΠΠΠ
kτs
θθ θ̄

k
s −ΠΠΠ

kτs
MM M̄ k

s , (32)

where pppk
uτ is the mechanical load, uuuk

s is the vector of the degrees of freedom for the
displacements, θ k

s is the vector for the over-temperature approximation, M k
s is the

vector for the moisture content approximation, KKKkτs
uu is the fundamental nucleus for

the stiffness matrix (see Brischetto and Carrera (2011) and Brischetto (2009)), KKKkτs
uθ

is the fundamental nucleus for the definition of the thermal load pppk
θτ

= −KKKkτs
uθ

θ k
s

(see Brischetto and Carrera (2011) and Brischetto (2009)), KKKkτs
uM is the new fun-

damental nucleus for the hygroscopical load pppk
M τ

= −KKKkτs
uM M k

s . ΠΠΠ
kτs
uu , ΠΠΠ

kτs
uθ and
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ΠΠΠ
kτs
uM are the fundamental nuclei for the boundary conditions:

KKKkτs
uu =

∫
Ak

((
−DDDp

)T (QQQk
pp(DDDp)+QQQk

pn(DDDnp +DDDnz)
)
+
(
−DDDnp +DDDnz

)T (33)

(
QQQk

np(DDDp)+QQQk
nn(DDDnp +DDDnz)

))
FsFτdz ,

KKKkτs
uθ =

∫
Ak

((
−DDDp

)T (−λλλ
k
p
)
+
(
−DDDnp +DDDnz

)T (−λλλ
k
n
))

FsFτdz , (34)

KKKkτs
uM =

∫
Ak

((
−DDDp

)T (−µµµ
k
p
)
+
(
−DDDnp +DDDnz

)T (−µµµ
k
n
))

FsFτdz , (35)

ΠΠΠ
kτs
uu =

∫
Ak

((
IIIp
)T (QQQk

pp(DDDp)+QQQk
pn(DDDnp +DDDnz)

)
+
(
IIInp
)T (36)

(
QQQk

np(DDDp)+QQQk
nn(DDDnp +DDDnz)

))
FsFτdz ,

ΠΠΠ
kτs
uθ =

∫
Ak

((
IIIp
)T (−λλλ

k
p
)
+
(
IIInp
)T (−λλλ

k
n
))

FsFτdz , (37)

ΠΠΠ
kτs
uM =

∫
Ak

((
IIIp
)T (−µµµ

k
p
)
+
(
IIInp
)T (−µµµ

k
n
))

FsFτdz . (38)

3.1 Fundamental nuclei

In order to write the explicit form of fundamental nuclei in Eqs.(33)-(35), the fol-
lowing integrals in the z thickness-direction can be defined:(

Jkτs,Jkτzs,Jkτsz ,Jkτzsz
)

=
∫
Ak

(
FτFs,

∂Fτ

∂ z
Fs,Fτ

∂Fs

∂ z
,
∂Fτ

∂ z
∂Fs

∂ z

)
dz . (39)

By using the Eq.(39), by developing the matrix products in Eqs.(33)-(35) and em-
ploying a Navier-type closed form solution [Reddy (2004)], the algebraic explicit
form of the nuclei can be obtained [Brischetto and Carrera (2010a); Brischetto and
Carrera (2010b)].
The nucleus KKKkτs

uu has 3×3 dimension:

Kkτs
uu11

=Qk
55Jkτzsz +Qk

11Jkτs
ᾱ

2 +Qk
66Jkτs

β̄
2 , Kkτs

uu12
= Jkτs

ᾱβ̄ (Qk
12 +Qk

66)

Kkτs
uu13

= −Qk
13Jkτszᾱ +Qk

55Jkτzsᾱ , Kkτs
uu21

= Jkτs
ᾱβ̄ (Qk

12 +Qk
66)

Kkτs
uu22

=Qk
44Jkτzsz +Qk

22Jkτs
β̄

2 +Qk
66Jkτs

ᾱ
2 , Kkτs

uu23
= Qk

44Jkτzsβ̄ −Qk
23Jkτszrβ̄ ,

Kkτs
uu31

=Qk
55Jkτszᾱ−Qk

13Jkτzsᾱ , ,Kkτs
uu32

= Qk
44Jkτsz β̄ −Qk

23Jkτzsβ̄

Kkτs
uu33

=Qk
55Jkτs

ᾱ
2 +Qk

44Jkτs
β̄

2 +Qk
33Jkτzsz . (40)
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The nucleus KKKkτs
uθ

has 3×1 dimension:

Kkτs
uθ11

= ᾱJkτs
λ

k
11 , Kkτs

uθ21
= β̄Jkτs

λ
k
22 , Kkτs

uθ31
= −Jkτzsλ k

33 . (41)

The nucleus KKKkτs
uM has 3×1 dimension:

Kkτs
uM11

= ᾱJkτs
µ

k
11 , Kkτs

uM21
= β̄Jkτs

µ
k
22 , Kkτs

uM31
= −Jkτzsµk

33 . (42)

ᾱ = mπ/a and β̄ = nπ/b, with m and n as the wave numbers in in-plane directions,
and a and b as the plate dimensions in x and y directions, respectively.

Navier-type closed form solution is obtained via substitution of harmonic expres-
sions for the displacements, over-temperature and moisture content as well as con-
sidering the following material coefficients equal to zero: Qk

16 = Qk
26 = Qk

36 = Qk
45 =

0 and αk
12 = β k

12 = 0 which also mean λ k
12 = µk

12 = 0. The following harmonic as-
sumptions can be made for the variables, which correspond to simply supported
boundary conditions:

uk
s = ∑

m,n
(ûk

s)cos
(mπx

a

)
sin
(nπy

b

)
, k = 1, . . . ,Nl ,

vk
s = ∑

m,n
(v̂k

s)sin
(mπx

a

)
cos
(nπy

b

)
, s = t,b,r , (43)

(wk
s ,θ

k
s ,M k

s ) = ∑
m,n

(ŵk
s , θ̂

k
s ,M̂ k

s )sin
(mπx

a

)
sin
(nπy

b

)
, r = 2, . . . ,N ,

where ûk
τ , v̂k

τ , ŵk
τ , θ̂ k

s and M̂ k
s are the amplitudes, k indicates the layer, s is the

order of expansion which consider top (t), bottom (b) and higher order of expansion
from N = 2 to N = 4. s = 0, . . . ,4 in the case of ESL approach for displacement
components.

By starting from the 3× 3 fundamental nucleus in Eq.(40), the stiffness matrix
of the considered multilayered plate is obtained by expanding via the indexes τ

and s for the order of expansion in the thickness direction and via the index k for
the multilayer assembly procedure (Equivalent Single Layer (ESL) or Layer Wise
(LW)). The same happens for the fundamental nuclei in Eqs.(41) and (42) by always
considering θ k

s and M k
s in LW form. Further details about the assembly procedure

can be found in Carrera et al. (2011).

3.2 Thermal and hygroscopic loads

In the governing relations (Eq.(31)), the mechanical load is applied in the transverse
direction at the top or at the bottom of the multilayered plate in harmonic form:

pz(x,y,z) = p̂z(z)sin(
mπ

a
x)sin(

nπ

b
y) , (44)
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where the amplitudes can be p̂z(+h/2) = p̂ztop or p̂z(−h/2) = p̂zbot . When the
multilayered structure is in a thermo-hygroscopic environment, a temperature pro-
file and a moisture content profile are generated through the thickness, their form
in the plane directions are:

θ(x,y,z) = θ̂(z)sin(
mπ

a
x)sin(

nπ

b
y) , (45)

M (x,y,z) = M̂ (z)sin(
mπ

a
x)sin(

nπ

b
y) . (46)

These profiles give a thermal load pppk
θτ

=−KKKkτs
uθ

θ k
s and an hygroscopic load pppk

M τ
=

−KKKkτs
uM M k

s . Such loads are defined when the two profiles are known through the
thickness direction z and then approximated via the Carrera’s Unified Formulation
(CUF).

This paper considers three different cases, the first one is a constant temperature
and/or moisture content profile through the thickness direction from the top to the
bottom of the plate, in this case the profiles are known a priori and it is easy to
introduce them in the CUF. The second case considers a gradient for the temper-
ature and/or the moisture content, their values are known at the top and bottom
of the plate and linear profiles are assumed a priori. The third case has the same
values of temperature and/or moisture content of the case two at the external plate
surfaces, but now the profiles are calculated by means of the Fourier heat con-
duction equation (over-temperature) and the Fick moisture diffusion law (moisture
content). These calculated profiles could be different from the assumed linear ones
for thick and/or multilayered anisotropic plates. Details about the solution of such
equations, the analogy between Fourier heat conduction equation and Fick mois-
ture diffusion law and the use of CUF approximation for the over-temperature and
moisture content profiles can be found in the Appendix B.

4 Results

In this section the bending problem of simply supported multilayered composite
plates including the effects of the temperature and moisture content will be inves-
tigated. The geometry of the plates investigated is summarized in Figure 1. The
new benchmarks in Section 4.2 consider one- two- and three-layer carbon fibre
reinforced composite plates subjected to a transverse mechanical load in thermo-
hygroscopic environment, such a condition is represented by a temperature and/or
moisture content profile through the thickness which generates equivalent loads.
These profiles can be constant through the thickness, linear through the thickness
or they can be calculated when the top and bottom values are given. These bench-
marks are analyzed after some preliminary assessments in Section 4.1 that confirm
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the validity of the refined CUF models when the multilayered plates are subjected
to a mechanical load, to an imposed temperature profile and to an imposed moisture
content profile; the refined LW models give a satisfactory and very refined analysis
for each considered load, thickness ratio and lamination sequence.

4.1 Preliminary assessments

First assessment: mechanical load The first assessment considers a simply sup-
ported plate with dimensions b = 3a and mechanical pressure applied at the top
with amplitude p̂z(+h/2) = p̂ztop =1 psi=6894.76 GPa and wave numbers m =
n = 1 (no hygrothermal effects). The plate is three-layer made with lamination
sequence 0◦/90◦/0◦ and thickness values for each layer h1 = h2 = h3 = h/3, the
fibre reinforced composite material has longitudinal Young modulus E1 = 25×106

psi=172.37 GPa and transverse Young modulus E2 = E3 = 1× 106 psi =6.89476
GPa, the shear modulii are G12 = G13 = 0.5× 106 psi=3.4474 GPa and G23 =
0.2× 106 psi=1.3789 GPa, the Poisson ratios are ν12 = ν13 = ν23 = 0.25. The
three-dimensional exact solution has been given by Pagano (1970) in terms of non-
dimensional stresses and displacements (σ∗

xx,σ
∗
yy,σ

∗
xy) = (σxx,σyy,σxy)

p̂z(a/h)2 , σ∗
yz = σyz

p̂z(a/h)

and w∗ = 100E3w
p̂zh(a/h)4 for thickness ratios a/h = 4 and a/h = 100. Table 1 compares

results of the present models with 3D results from Pagano (1970). The refined LW
CUF model with fourth order of expansion through the thickness (LD4) agrees with
the 3D solution for each thickness ratio and for each variable investigated because
it allows to overcome the main problems connected with multilayered structures
analysis such as in-plane and transverse anisotropy and resulting zigzag bending
behavior. Refined ESL models (ED4) exhibits some problems for thick plate bend-
ing evaluation, in particular for the stress analysis. Classical theories (FSDT) and
low order ESL models (ED2) give a satisfactory analysis of thin composite plates,
but they are completely inadequate for the analysis of thick composite structures
that have a strong zigzag bending behavior (see a/h = 4 in Table 1).

Second assessment: constant through-the-thickness temperature profile The
second assessment considers a simply supported square (a = b) multilayered com-
posite plate with lamination sequence 0◦/90◦/0◦ and thickness values for each
layer h1 = h2 = h3 = h/3, the global thickness ratio is a/h = 5. A uniform tem-
perature profile is considered through the thickness with wave numbers m = n = 1
in the plane directions. The material properties are Young modulii E1 = 150 GPa
and E2 = E3 = 10 GPa, shear modulii G12 = G13 = 5 GPa and G23 = 3.356 GPa,
Poisson ratios ν12 = ν13 = 0.3 and ν23 = 0.49, and thermal expansion coefficients
α11 = 0.015×10−6K−1 and α22 = α33 = 1.0×10−6K−1. The stress and displace-
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Table 1: First assessment: mechanical load applied to a three-layered composite
plate. Comparison between three-dimensional solution and classical and refined
CUF models.

σ∗
xx(±h/2) σ∗

yy(±h/6) σ∗
yz(0) σ∗

xy(±h/2) w∗(0)
a/h = 4

3D [Pagano (1970)] 1.14 0.109 0.0334 -0.0269 2.82
-1.10 -0.119 0.0281

FSDT 0.614 0.0833 0.0234 -0.0187 2.05
-0.614 -0.0833 -0.0187

ED2 0.637 0.0791 0.0246 -0.0177 2.03
-0.591 -0.0901 -0.0189

ED4 1.11 0.100 0.0346 -0.0254 2.62
-1.06 -0.111 0.0266

LD4 1.14 0.109 0.0334 -0.0269 2.82
-1.10 -0.119 0.0281

a/h = 100
3D [Pagano (1970)] 0.624 0.0253 0.0108 -0.0083 0.508

-0.624 -0.0253 0.0083
FSDT 0.623 0.0252 0.0106 -0.0083 0.506

-0.623 -0.0252 0.0083
ED2 0.623 0.0251 0.0108 -0.0083 0.506

-0.623 -0.0251 0.0083
ED4 0.624 0.0252 0.0121 -0.0083 0.507

-0.624 -0.0252 0.0083
LD4 0.624 0.0253 0.0108 -0.0083 0.508

-0.624 -0.0253 0.0083

ment amplitudes in non-dimensional form are (σ∗
xx,σ

∗
yy,σ

∗
xz,σ

∗
yz) = (σxx,σyy,σxz,σyz)

α0θE0

and (u∗,v∗) = (u,v)
α0θ

with E0 = 10 GPa, α0 = 10−6K−1 and the over-temperature
θ = T − T0 = 1 K (constant through the thickness). The exact solution for such
a case has been obtained by Matsunaga (2004) and the material properties do not
change with the temperature. Figure 2 compares results for the refined LW CUF
model with fourth order of expansion through the thickness (LD4) and refined ESL
CUF models with second and fourth order of expansion through the thickness (ED2
and ED4). The LD4 model gives the exact solution by Matsunaga (2004) for each
variable through the thickness even if the plate is thick. The other two CUF models
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exhibit some difficulties because the ESL multilayer approach is not appropriate
for the analysis of thick composite structures subjected to field loads, such as the
temperature profile, that have a through-the-thickness application area.
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Figure 2: Second assessment: constant-through-the-thickness over-temperature
θ = T − T0 = 1K for a three-layered composite plate. Comparison between ex-
act solution [Matsunaga (2004)] and refined CUF models.
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Lo et al. (2010) considers a simply supported square (a = b) multilayered compos-
ite plate with lamination sequence 0◦/90◦/0◦ and thickness values for each layer
h1 = h2 = h3 = h/3, the global thickness ratio is a/h = 5. Several uniform over-
temperature profiles (θ = T −T0 with reference room temperature T0 = 300 K) are
considered through the thickness with wave numbers m = n = 1 in the plane direc-
tions. A refined higher order theory has been given in Lo et al. (2010) for different
temperature values imposed through the thickness (T =325 K, 350 K, 400 K, 425
K). The stress and displacement amplitudes are given in non-dimensional form as
(σ∗

xx,σ
∗
yy,σ

∗
xy,σ

∗
xz,σ

∗
yz) = (σxx,σyy,σxy,σxz,σyz)

α0T0E0
and (u∗,v∗,w∗) = (u,v,w)

α0T0
with E0 = 1 GPa,

α0 = 10−6K−1 and T0 = 300 K. The material properties at the temperatures T equal
300 K, 325 K, 350 K, 400 K and 425 K are given in Table 2. Table 3 compares the
Higher Order Theory in Lo et al. (2010) (it has been obtained from some graphics)
with the CUF LD4 model. The two results are in accordance and some differences
could also be due to an inaccurate graphical evaluation of the results given in Lo et
al. (2010). It is clear how the response changes when material properties depend on
the temperature. Figure 3 evaluates displacements and stresses through the thick-
ness when an over-temperature θ = T − T0 = 425 K is applied constant through
the thickness with wave numbers m = n = 1, comparisons between material prop-
erties at T = 300 K and material properties at T = 425 K are obtained via refined
LD4 model to remark the degradation of these properties at high temperature val-
ues. This model is in accordance with the graphical evaluation shown in Lo et al.
(2010). Figure 4 shows the three-layered composite plate when subjected to differ-
ent imposed constant through the thickness temperature values, for each T value
the material properties also change as described in Table 2. The results in terms of
displacements and stresses are given via the LD4 model which is very close to the
HOT model by Lo et al. (2010) for each temperature value.

In past author’s works [Brischetto and Carrera (2011); Brischetto (2009); Brischetto
and Carrera (2009)], further assessments for composite structures subjected to tem-
perature profiles (linear through the thickness or calculated by solving the Fourier
heat conduction equation) have been shown and they could be considered as further
assessments of the CUF models.

Third assessment: constant through-the-thickness moisture content profile
The third assessment considers a simply supported square plate with thickness ra-
tio a/h = 5. The multilayered plate is in composite material with lamination se-
quence 0◦/90◦/0◦/90◦, layers thickness h1 = h2 = h3 = h4 = h/4 and total thick-
ness h = 1. The moisture content is applied as harmonic in xy-plane with wave
numbers m = n = 1, and it is constant through the thickness direction. Displace-
ment and stress amplitudes are given as (σ∗

xx,σ
∗
yy,σ

∗
xy,σ

∗
xz,σ

∗
yz) = (σxx,σyy,σxy,σxz,σyz)

M0E0
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Figure 3: Second assessment: constant-through-the-thickness over-temperature
θ = T − T0 with T = 425K and T0 = 300K for a three-layered composite plate.
LD4 model when the material properties are considered at (300K) or at (425K).
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Figure 4: Second assessment: constant-through-the-thickness over-temperature
θ = T − T0 with T =325K,350K,400K,425K and T0 = 300K for a three-layered
composite plate. LD4 model when the material properties are considered at the T
value imposed.
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and (u∗,v∗,w∗) = (u,v,w)
M0

with E0 = 1GPa and M0 = 0.0025. Material properties
for moisture contents M equal 0.0, 0.0025, 0.0050, 0.0075, 0.0100, 0.0125 and
0.0150 are given in Table 4. Figure 5 shows displacements and stresses evaluation
through the thickness of the multialyered plate when the constant moisture content
increases (the material properties also change), the LD4 model gives a satisfactory
analysis and it can be compared with the higher order theory by Lo et al. (2010)
that gives the same evaluation of such variables. LD4 model is able to analyze thick
composite plates subjected to moisture content profiles through the thickness.

CUF models have been validated here for composite plates subjected to single ap-
plications of mechanical load, imposed temperature or imposed moisture content.
The next section considers cases where thermal and hygroscopic load effects are
evaluated in multilayered composite plates that are subjected simultaneously to a
mechanical transverse pressure. These results show that the LD4 theory is a refined
two-dimensional model that gives a description, in terms of stresses and displace-
ments, that is consistent with the three-dimensional behavior.

4.2 Proposed new benchmarks

Benchmarks description The composite material embedded in the one-layered
and multilayered plates investigated has the properties given in Table 5 (see Ap-
pendixes A and B for further details about the meaning of the coefficients).

Three different multilayer conditions are analyzed for the simply supported square
plate (a = b with total thickness h = 1): one-layer plate with lamination sequence
0◦ and thickness h1 = h (B1), two-layer plate with lamination sequence 0◦/90◦

and thickness h1 = h2 = h/2 (B2) and three-layer plate with lamination sequence
0◦/90◦/0◦ and thickness h1 = h2 = h3 = h/3 (B3). The thickness ratios a/h in-
vestigated for each benchmark are 5,10,50 and 100. For each plate configura-
tion a transverse mechanical pressure is always applied at the top with amplitude
p̂z(top) = 10 KPa and wave numbers m = n = 1. The thermal effects are investi-
gated by adding a temperature profile that is harmonic in the xy-plane (m = n = 1),
it can be constant through the thickness (θ̂(z) = const. = 50 K= θa) or imposed at
the external surfaces as θ̂(top) = 50 K and θ̂(bot) = 0 K (in this case the temper-
ature profile can be linearly assumed (θa) or calculated by solving the Fourier heat
conduction equation (θc), see Appendix B). The hygroscopic effects are investi-
gated by adding a moisture content profile that is harmonic in the xy-plane (m = n =
1), it can be constant through the thickness (M̂ (z) = const. = 0.1%,0.5%,1.0% =
Ma) or imposed at the external surfaces as M̂ (top) = 0.5%,1.0% and M̂ (bot) =
0.1%,0.5% (in this case the moisture content profile can be linearly assumed (Ma)
or calculated by solving the Fick law (Mc), see Appendix B). When a refined CUF
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Figure 5: Third assessment: constant-through-the-thickness moisture content for a
four-layered composite plate. LD4 model when the material properties also change
with the moisture content.
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or classical model considers one of the effects proposed, additional parentheses are
included in the acronyms which indicate the assumed a priori profiles (θa or Ma

which can be constant or linear through the thickness) or the calculated profiles (θc

or Mc by using the Fourier or Fick law as indicated in the Appendix B).
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Figure 6: First benchmark (B1): effects of the constant through-the-thickness mois-
ture content profile on one-layered composite plate subjected to mechanical load.
Thickness ratio a/h = 10 and refined LD4 model.

Benchmark 1 (B1): one-layer plate Results of the first benchmark (B1) are
shown in Tables 6 and 7 and in Figures 6 and 7. Table 6 gives the transverse dis-
placement w at the top of the plate and the in-plane stress σyy at the bottom of
the plate for thickness ratios a/h = 5,10,50 and 100. LD4, LD2, FSDT and CLT
models are compared for the bending response when only the mechanical load is
applied, LD4 model agrees with the 3D description for each thickness ratio and
for each variable investigated. The other models also give quite good results be-
cause the plate is one-layered. However, CLT and FSDT exhibit big difficulties
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Figure 7: First benchmark (B1): effects of the variable through-the-thickness mois-
ture content profile on one-layered composite plate subjected to mechanical load.
Thickness ratio a/h = 10 and refined LD4 model.

for very thick plates and for stress evaluation because they consider a plane-stress
state and a constant through-the-thickness transverse displacement (zero thickness
stretching). The other cases add a constant through-the-thickness temperature pro-
file (θa = 50 K) or a constant trough-the-thickness moisture content (several values
of Ma), the temperature and the moisture content give larger displacement values
and larger stress values than for the pure mechanical case. LD4 and LD2 agree
with the 3D response when the temperature and moisture content effects are added.
In such cases, the use of FSDT and CLT is completely inadequate (for example,
they do not allow the thermo-hygroscopic effects to be evaluated) because they are
not able to correctly consider the field loads, such as the temperature and mois-
ture content profiles, that have a through-the-thickness application area. The LD2
model has some difficulties for thick plates. Figure 6 gives the in-plane and trans-
verse displacements and the in-plane and transverse stresses through the thickness
of a thick one-layered plate by means of an LD4 model (this last gives a quasi-3D
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description), the effects of a constant moisture content (0.1%, 0.5% and 1.0%) are
clearly shown: there is an increase in the magnitude of the in-plane displacement,
the transverse displacement increases in the positive direction in the top part of the
plate and it increases in the negative direction in the bottom part of the plate (the
same happens for the transverse stress), the in-plane stress increases in compression
sense. Table 7 considers the imposition of an over-temperature or a moisture con-
tent values at the external surfaces of the plate. For both cases the profile through
the thickness is either linearly assumed (θa and Ma) or is calculated by solving the
Fourier equation (θc) or the Fick law (Mc). The presence of a thermal or moisture
content effect gives larger displacements and stresses because the rigidity of the
structures decreases for such conditions. To obtain accurate solutions, the use of
calculated temperature and moisture content profiles is mandatory for thick plates
(thickness ratio a/h from 4 to 20) while the use of linear profiles is acceptable for
thin structures (thickness ratio a/h from 30 to 1000). CLT and FSDT models do
not provide very accurate results for both displacements and stresses for the hy-
groscopic load cases. Figure 7 compares displacements and stresses in the case of
mechanical load application with and without the inclusion of a moisture content
gradient through the thickness which modifies the static response of the plate. The
structure is one-layered and the use of a linear moisture content profile is a good
approximation, LD4 model gives a quasi-3D response in terms of displacements
and stresses. Transverse displacement and transverse shear stress increase for the
case of moisture content load added to the mechanical pressure.

Benchmark 2 (B2): two-layer plate Results of the second benchmark (B2) are
shown in Tables 8 and 9 and in Figures 8 and 9. The same analyzes and consider-
ations already made for the one-layered plate are here shown for the two-layered
structure. In this second benchmark the displacement is evaluated at the bottom
of the plate while the stress is considered at the top of the structure. In this case
a comparison between higher orders LW and ESL models (LD4 vs. ED4) is also
interesting because the structure is multilayered. The ED4 model gives a good re-
sponse if the plate is thin while significant errors are shown for thick plates (in
particular for stress evaluations). The presence of thermal and moisture effects
changes the static response of the structure when subjected to a mechanical load.
In particular, for thermo-hygroscopic effects investigation the use of an LD4 model
appears to be mandatory. CLT and FSDT models are completely inadequate for
stress and displacement evaluation in hygrothernal environment (in particular for
the cases of constant profiles through the thickness). Figures 8 and 9 show the 3D
capability of the LD4 model, the transverse displacement increases at the top part
of the plate and it decreases at the bottom part (with respect to the pure mechan-
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Figure 8: Second benchmark (B2): effects of the constant through-the-thickness
moisture content profile on two-layered composite plate subjected to mechanical
load. Thickness ratio a/h = 50 and refined LD4 model.

ical case) for the case of constant through-the-thickness moisture content profile
(see Figure 8). The transverse displacement through the thickness (for the case of
linear moisture content profile vs. calculated moisture content profile) is always
larger than the pure mechanical case (see Figure 9). Similar effects are shown for
in-plane displacement and stress evaluation. The plate has two layers and in-plane
stresses are discontinuous at the interface between these two layers, hygrothermal
effects increase these discontinuity values (see Figures 8 and 9).

Benchmark 3 (B3): three-layer plate All the considerations made for the sec-
ond benchmark are confirmed for the third benchmark (B3) in Tables 10 and 11
and in Figures 10 and 11. The presence of three layers in the structures, instead of
the two layers of B2, makes more important all the problems already shown in the
B2 case for the analysis of multilayered anisotropic plates (in-plane and transverse
anisotropy, zigzag bending behavior and thickness stretching). The use of LD4
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Figure 9: Second benchmark (B2): effects of the variable through-the-thickness
moisture content profile on two-layered composite plate subjected to mechanical
load. Thickness ratio a/h = 50 and refined LD4 model.

model is mandatory for a quasi-3D response of the plate in terms of displacements
and stresses when a mechanical load is applied and when the hygrothermal effects
are investigated. ESL models exhibit some difficulties for thick plates (in particular
stress evaluation) while classical models such as FSDT and CLT are completely
inadequate for each thickness ratio and load configuration. These considerations
about the importance of an higher order layer wise model are valid for each case
related to assumed constant, assumed linear and calculated moisture content profile.
Similar conclusions can be obtained for the thermal load case that is a field load (as
the moisture content load). In-plane stresses are discontinuous at the two interfaces
(see Figures 10 and 11) and these discontinuities increase when hygroscopic and
thermal loads are added to the mechanical pressure at the top.

Through-the-thickness profiles Figures 12 and 13 confirm the analogy between
the moisture content diffusion problem (use of Fick law) and the heat conduction
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Figure 10: Third benchmark (B3): effects of the constant through-the-thickness
moisture content profile on three-layered composite plate subjected to mechanical
load. Thickness ratio a/h = 100 and refined LD4 model.

problem (use of Fourier equation). A comparison between a constant moisture con-
tent profile through the thickness and a variable moisture content profile through the
thickness (both assumed and calculated cases) is made in Figure 12, it is clear how
a constant profile gives a different hygroscopic load with respect to the assumed
linear profile or calculated profile cases (see Sections 3 and 3.2). Moreover, a dif-
ference between the assumed linear profile and the calculated profile is shown for
the thick plate, this leads to different hygroscopic loads and different results even
if the same structural model is employed. These considerations are confirmed for
the temperature profile in the Figure 13 for each thickness ratio and lamination se-
quence. Such differences are remarked in the comparisons θa vs. θc and Ma vs.
Mc made in Tables 7, 9 and 11.
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Figure 11: Third benchmark (B3): effects of the variable through-the-thickness
moisture content profile on three-layered composite plate subjected to mechanical
load. Thickness ratio a/h = 100 and refined LD4 model.

5 Conclusions

A static analysis of one-layer and multilayered composite plates has been per-
formed in this work when the thermal and hygroscopic effects are considered in
a typical bending problem (application of a mechanical pressure at the top of the
structure). The thermal and hygroscopic effects are evaluated by means of the im-
position of over-temperature and moisture content at the external surfaces of the
plate. The profile trough the thickness of the structure can be a priori assumed
(constant or linear) or it can be calculated by solving the Fourier heat conduction
equation (for the over-temperature profile) and the Fick diffusion law (for the mois-
ture content profile). Such profiles give equivalent thermal and hygroscopic loads
that modify the bending response of the plates by increasing the maximum deflec-
tion and the interface discontinuities of in-plane stresses. The Fick law has been
solved by using an analogy with the thermal case (Fourier heat conduction equa-
tion). Refined two-dimensional models (in particular high order LW multilayer
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Figure 12: Constant and variable (assumed and calculated) moisture content profile
through the thickness of the plate. Thickness ratio a/h = 10 on the left and a/h =
100 on the right. One-layered, two-layered and three-layered plate on the first,
second and third line, respectively.
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Figure 13: Constant and variable (assumed and calculated) temperature profile
through the thickness of the plate. Thickness ratio a/h = 10 on the left and
a/h = 100 on the right. One-layered, two-layered and three-layered plate on the
first, second and third line, respectively.
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approaches) have been used to better evaluate such hygrothermal effects. It has
been demonstrated how the use of classical models (FSDT and CLT) gives large
errors in the static response of composite plates and they are not able to correctly
quantify the hygrothermal effects. The use of linear temperature and moisture con-
tent profiles are possible only for thin plates, while the use of calculated thermal
and hygroscopic profiles could be mandatory for thick multilayered structures.

Appendix A: Relations between relative humidity, moisture content and mois-
ture concentration

The relative humidity H is defined as the ratio between the partial pressure of the
vapor as it exists in the mixture (Pv) and the saturation pressure of the vapor at the
same temperature (Pg):

H =
Pv

Pg
, (A.1)

H is in non-dimensional form.

The maximum moisture content M is correlated with the relative humidity H, for
example by the following relation:

M = a(H/100)b , (A.2)

the relative humidity H is divided by 100 in Eq.(A.2) when it is given in percent-
age % because of the exponent b. The moisture content can be given in non-
dimensional form or in percentage % if it is multiplied by 100. The empirical
coefficients a and b also depend on the relative humidity value.

The moisture content M is defined by means of the following ratio:

M =
W −Wd

Wd
× (100) , (A.3)

where W is the mass of moist material and Wd is the mass of dry material.

In order to define the relations between the moisture content M and the moisture
concentration c, some definitions must be clarified. The total mass of the moist
material W is the summation of the total mass of the moisture in the material Wc

and the mass of the dry material Wd :

W = Wc +Wd , (A.4)

the total mass of the moisture in the material is the integral in the volume V of the
moisture concentration c:

Wc =
∫

V
cdV , (A.5)



408 Copyright © 2012 Tech Science Press CMES, vol.88, no.5, pp.367-417, 2012

the mass of dry material is the integral in the volume V of the mass density of the
dry material ρd :

Wd =
∫

V
ρd dV . (A.6)

By substituting Eq.(A.4) in Eq.(A.3), the moisture content M can be written as:

M =
W −Wd

Wd
× (100) =

Wd +Wc−Wd

Wd
× (100) =

Wc

Wd
× (100) , (A.7)

Eqs.(A.5) and (A.6) can be introduced in Eq.(A.7), which means:

M =
cV

ρd V
× (100) =

c
ρd
× (100) , (A.8)

the moisture concentration c is in dimensional form and it gives the moisture con-
tent M when it is divided by the mass density of the dry material ρd .

Appendix B: Analogy between Fourier heat conduction equation and Fick
moisture diffusion law

The Fourier heat conduction equation has been used in past authors’ works to eval-
uate the temperature profile through the thickness of a plate in steady-state con-
ditions [Brischetto and Carrera (2011); Brischetto (2009); Brischetto and Carrera
(2009). The Fick moisture diffusion law allows the moisture content to be evalu-
ated through the thickness of the plate and it can be solved by using the analogy
with the temperature case and the Fourier equation.

The temperature and moisture distributions inside the composite plate can readily
be calculated when moisture penetrates into the material by "Fickian" diffusion
[Tsai (1986)]. Further simplifications, with respect to the general ones given in
the Introduction (Section 1), are steady-state conditions for both temperature and
moisture content field (we are at the equilibrium which is reached at different time
for the two fields), and the thermal conductivity and mass diffusivity coefficients
are also independent of the temperature and moisture content in order to solve linear
problems.

The Fourier heat conduction equation reads:

κ
k
11

∂ 2θ

∂x2 +κ
k
22

∂ 2θ

∂y2 +κ
k
33

∂ 2θ

∂ z2 = 0 , (B.1)

at steady-state conditions the term ∂θ

∂ t is zero. θ is the over-temperature of T re-
ferred to the external room reference temperature T0, and κk

11, κk
22 and κk

33 are the
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thermal conductivity coefficients for each kth layer. The Eq.(B.1) has already been
solved in Brischetto and Carrera (2011), Brischetto (2009) and Brischetto and Car-
rera (2009) for the case of a simply supported plate (see Figure 1) by considering
the temperature in harmonic form in the xy plane:

θ(x,y,z) = θ̂(z)sin(
mπ

a
x)sin(

nπ

b
y) , (B.2)

where the amplitudes at the top and bottom of the plate are indicated as θ̂(+h/2) =
θ̂top and θ̂(−h/2) = θ̂bot , respectively. m and n are the wave numbers in the in-
plane directions, and a and b are the plate dimensions. Continuity conditions for
the temperature θ and the transverse normal heat flux qz in the thickness direction
at each kth layer interface of a multilayered plate are:

θ
k
t = θ

k+1
b , qk

zt = qk+1
zb for k = 1, . . . ,Nl −1 , (B.3)

where Nl is the number of layers in the considered plate, and t and b indicate top
and bottom of the layer, respectively. The relationship between the transverse heat
flux and the over-temperature is given as:

qk
z = κ

k
33

∂θ k

∂ z
. (B.4)

The Fick moisture diffusion equation can be written as:

Dk
11

∂ 2M

∂x2 +Dk
22

∂ 2M

∂y2 +Dk
33

∂ 2M

∂ z2 = 0 , (B.5)

where M is the moisture content (see Appendix A) and Dk
11, Dk

22 and Dk
33 are

the diffusion coefficients for each kth layer. Both Eqs.(B.1) and (B.5) are solved
in stationary thermal and hygroscopic conditions which mean ∂θ

∂ t = 0 and ∂M
∂ t =

0, respectively. The range of variation for the temperature and moisture content
allows constant material properties to be considered. The values of the moisture
content are given at the top and bottom surfaces of the multilayered plate. The
moisture content is supposed bi-sinusoidal in the xy plane at the top and bottom
plate surfaces in order to allow the solution of Eq.(B.5):

M (x,y,z) = M̂ (z)sin(
mπ

a
x)sin(

nπ

b
y) . (B.6)

The amplitudes at the top and bottom of the plate are indicated as M̂ (+h/2) =
M̂top and M̂ (−h/2) = M̂bot , respectively. In the case of assumed moisture content
profile (Ma) a linear or constant through the thickness distribution is considered
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from M̂top to M̂bot . Independently by the number and type of considered layers
the linear or constant profiles are always the same. The moisture content profile
can be approximated in the thickness direction of the plate in layer wise form by
means of the Carrera’s Unified Formulation (CUF):

M k(x,y,z) = Fs(z) M k
s (x,y) with s = t,b,r and r = 2, . . . ,4 , (B.7)

t and b indicate the top and bottom of the considered kth layer. The thickness
functions Fs are a combination of Legendre polynomials. If the moisture content is
assumed linear or constant through the thickness, the values at the top and bottom
are sufficient to describe the assumed profile via CUF. In the case of actual moisture
content profile, we must obtain the values of M k

s for Eq.(B.7). If the multilayered
plate is subjected to a bi-sinusoidal hygroscopic load at the top and the bottom, the
hygroscopic boundary conditions are:

M = 0 at x = 0,a and y = 0,b ; M̂ (−h/2)= M̂bot ; M̂ (h/2)= M̂top .

(B.8)

Continuity conditions for the moisture content M and the transverse normal mois-
ture "flux" gz in the thickness direction at each kth layer interface of a multilayered
plate are:

M k
t = M k+1

b , gk
zt = gk+1

zb for k = 1, . . . ,Nl −1 , (B.9)

where Nl is the number of layers in the considered plate. The relationship between
the transverse moisture "flux" and the moisture content is given in analogy with the
relationship between the transverse heat flux and the temperature already seen in
Eq.(B.4):

gk
z = Dk

33
∂M k

∂ z
. (B.10)

In each kth layer, both governing equations and boundary conditions are satisfied
by assuming the following moisture content field:

M (x,y,z) = f (z) sin
(mπx

a

)
sin
(nπy

b

)
(B.11)

with

f (z) = M0 exp
(

sk z
)

, (B.12)
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M0 is a constant and sk a parameter. Substituting Eq.(B.11) in Eq.(B.5) and solving
for sk:

sk
1,2 =±

√
Dk

11 (mπ

a )2 +Dk
22 (nπ

b )2

Dk
33

. (B.13)

Therefore:

f (z) = Ck
1 cosh

(
sk

1 z
)

+Ck
2 sinh

(
sk

1 z
)

. (B.14)

The solution for a kth layer can be written as:

Mc(x,y,z) = M k =
[
Ck

1 cosh
(

sk
1z
)

+Ck
2 sinh

(
sk

1z
)]

sin
(mπx

a

)
sin
(nπy

b

)
(B.15)

wherein the coefficients Ck
1 and Ck

2 are constant for each kth layer.

In Eq.(B.14) for each kth layer two unknowns (Ck
1 and Ck

2) remain. Therefore, if
the number of layers is Nl , we need 2Nl equations to determine the unknowns. We
have already two conditions because we know the moisture content at the top and
the bottom surfaces of the plate:

M̂bot = C1
1 cosh

(
s1

1 zbot
)
+C1

2 sinh
(
s1

1 zbot
)

,

M̂top = CNl
1 cosh

(
sNl

1 ztop

)
+CNl

2 sinh
(

sNl
1 ztop

)
.

(B.16)

Other (Nl − 1) equations are obtained from the continuity of the moisture content
at each interface, and the remaining (Nl − 1) equations come from the continuity
of the moisture "flux" through the interfaces (see Eq.(B.9) and the Fourier equation
solution for the thermal stress analysis in Brischetto and Carrera (2011), Brischetto
(2009), Tungikar and Rao (1994) and Brischetto and Carrera (2009)).

The actual moisture content amplitude in the thickness plate direction is then given
by:

M̂c(z) = M̂ k = Ck
1 cosh

(
sk

1 z
)

+Ck
2 sinh

(
sk

1 z
)

with k = 1, . . . ,Nl . (B.17)

We compute the moisture content amplitude at different values zN of the thickness
coordinate. We obtain the N values of M k

s for the CUF in Eq.(B.7) by solving the
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system in Eq.(B.18):

M̂c(z1)
M̂c(z2)

...

M̂c(zN)


=



F0(z1) F1(z1) · · · FN(z1)
F0(z2) F1(z2) · · · FN(z2)

...
...

...
...

F0(zN) F1(zN) · · · FN(zN)




M k

0
M k

1
...
...

M k
N

 . (B.18)

Therefore, the moisture content profile in a generic multilayered plate is approxi-
mated by Eq.(B.7) and the N values of M k

s are given by Eq.(B.18). The procedure
described above can directly be repeated for the temperature case by considering
θ in place of the moisture content M , transverse heat flux qz in place of the trans-
verse moisture "flux" gz, thermal conductivity coefficients κ11, κ22 and κ33 in place
of diffusion coefficients D11, D22 and D33 (details can be found in Brischetto and
Carrera (2011), Brischetto (2009), Tungikar and Rao (1994) and Brischetto and
Carrera (2009)).
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