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Simulation of Free Surface Flow with a Revolving Moving
Boundary for Screw Extrusion Using Smoothed Particle

Hydrodynamics
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Abstract: In this paper, we present a free surface flow model with a forced re-
volving moving boundary for partially filled screw extrusion. The incompressible
smoothed particle hydrodynamics (ISPH) is used to simulate this complex flow.
A set of organic glass experimental device for this partially filled fluid is manu-
factured. SPH results are satisfactorily compared with experiment results. The
computed free surfaces are in good agreement with the free surfaces obtained from
the experiment. Further analysis shows that with the increase of the speed, the av-
erage velocity of fluid increases, the effect of centrifugal force begin to show up,
the maximum pressure increase. It has been proved that the ISPH method is effec-
tive in simulating the partially filled flow problem for screw extrusion. This lays a
foundation for future research on more complex flows in screw extrusion.

Keywords: Incompressible smoothed particle hydrodynamics, forced revolving
moving boundary, free surface flow, screw extrusion.

1 Introduction

Forced moving boundary problem is frequently encountered in many industrial ar-
eas such as stirring, forced conveying, and wave making. For example, in the field
of polymer processing, single-screw extrusion simulation and twin-screw extrusion
simulation are a typical forced moving boundary problem. The traditional sim-
ulation method such as the finite volume (FV) and finite element method (FEM)
are often used to simulate the screw extrusion. Khalifeh and Clermont (2005) use
FV to simulate non-isothermal three-dimensional flows in a single-screw extruder.
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A remeshing technique in FEM is applied to calculate flow characteristics in twin
and multi-screw extruder [Zhu, Yuan and Wang (2009)]. However, the remesh-
ing technique is very time-consuming. The commercial software POLYFLOW
is used to model 3D flow in twin-screw extruder [Barrera, Vega and Mart’ınez-
Salazar (2008)]. In this software a special technique called the mesh superposition
technique (MST) is used to treat moving boundary, avoiding using the complex
remeshing technique. MST requires data interpolation between the corresponding
superposed meshes (the barrel and the screw) at each time-step; therefore, error
will inevitably be caused.

Moreover, in order to simplify calculation, the extruder channel is supposed to be
fully filled in almost all of the researches so far, but actually it is partially filled in
many zones, especially in twin-screw extrusion. However, neither the remeshing
technique nor the MST technique can treat this partially filled flow with a forced
revolving moving boundary. So far, only there are a few reports on visualization
extrusion experimental research on this complex flow rather than simulation [Graaf,
Woldrignh, and Janssen (1999)].

On the other hand, the meshless methods which avoid any mesh distortion have now
been developed to compute both fluid and solid dynamics problems. So far, there
are more than twenty different kinds of meshless methods, see the review written by
Belytschko, Nguyen and co-workers [Belytschko, Krongauz, Organ, Fleming and
Krysl (1996) and Nguyen, Rabczuk, Bordas and Duflot (2008)]. In the simulation
of complex flows (usually with a moving boundary or a free surface), the meshless
methods have shown great advantages over the traditional simulation methods. For
example, Monaghan (1994) used the smoothed particle hydrodynamics (SPH) to
simulate incompressible free surface flows. Avila and Atluri (2009) employed the
meshless local Petrov Galerkin (MLPG) method to simulate a non-steady flow with
a moving boundary induced by an undulating body A novel MLPG mixed finite-
volume method was presented by Avila Han, and Atluri (2011) to compute a com-
plex Stokes vortex mixing flow Kakuda, Obara, Toyotani, Meguro, and Furuichi
(2012) used the moving particle semi-implicit (MPS) method to solve incompress-
ible viscous fluid flow involving free surfaces and gravity. Kakuda, Nagashima
and coworkers (2012) also introduced their acceleration computation for MPS on
GPU (Graphics Processing Units) using CUDA (Compute Unified Device Archi-
tecture) Kosec and Sarler (2008) applied the mesh-free local radial basis function
collocation method (LRBFCM) to solve the coupled heat transfer and fluid flow
problems in Darcy porous media. Among these methods, the SPH is the earliest
one introduced by Lucy (1977), Gingold and Monaghan (1977) in a study of as-
trophysics. For its excellent adaptive nature, SPH perform excellently in dealing
with problems such as a moving boundary, large deformation and free surface flow
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and has been widely applied in industrial fields, for example, Prakash, Cleary and
Grandfield (2009) used SPH to track the free surface flow in the metal casting and
predict oxide formation; Moulinec, Issa, Marongiu and Violeau (2008) applied a
parallel SPH code to a 3-D dam breaking flow impinging on an obstacle; Camp-
bell, Vignjevic, Patel and Milisavljevic (2009) used a coupled SPH-FEM approach
to predict the interaction of large ocean waves with ships.

In order to compute the incompressible flows, Monaghan (1994) presented an equa-
tion of state to calculate the pressure for the standard SPH (also named weakly
compressed SPH, WCSPH). However, this method has one defect that a small den-
sity fluctuation may results in large pressure oscillation. An alternative method is
incompressible SPH (ISPH) [Cummins and Rudman (1999)] [Shao and Lo (2003)]
[Lee, Moulinec, Xu, Violeau, Laurence and Stansby (2008)] [Xu, Stansby and
Laurence (2009)], in which the pressure is implicitly obtained by solving a pres-
sure Poisson equation. The idea of ISPH comes from Chorin’s (1968) prediction-
correction projection method. Both SPH methods have been used intensively. Lee,
Moulinec, Xu, Violeau, Laurence and Stansby (2008) pointed that ISPH yields
smoother velocity and pressure results than WCSPH. Recently, Rafiee, Cummins,
Rudman and Thiagarajan (2012) also reported that WCSPH strongly overestimated
the impact pressure in simulating energetic free-surface flows. The stability and
accuracy of ISPH have been intensively studied by Xu, Stansby and Laurence
(2009). A moving-least-squares (MLS) method is used to correct the density in
WCSPH [Colagrossi and Landrini (2003)] [Delorme, Colagrossi, Souto-Iglesias,
amora-Rodriguez, and Botia-Vera (2009)]. Hughes and Graham (2010) compared
both methods shows that the MLS corrected WCSPH performed as well as ISPH.
In this paper, only ISPH is used.

The purpose of this paper is to prove the effectiveness of the ISPH method in sim-
ulating the partially filled flow problem for screw extrusion thus lay a foundation
for future research on more complex flows in real screw extrusion. To facilitate the
calculation, the calculation model presented is simplified The governing equations
and detailed numerical schemes for ISPH are introduced in Section 2. The model
of partially filled flow problem for screw extrusion is presented in Section 3. In
Sections 4, the experiment background is introduced. In Section 5, the boundary
condition treatment of the model is introduced. In Section 6, the computed results
and the experiment data are compared and analyzed. The conclusions are presented
in Section 7.
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2 Theoretical background

2.1 Governing equations

The governing equations are the mass and momentum conservation equations, which
are written in Lagrangian

Dρ

Dt
=−ρ∇ · vvv (1)

Dvvv
Dt

=− 1
ρ

∇p+
1
ρ

∇ · τττ +FFF (2)

where τττ = 2µε − 2
3 µ(∇ · vvv)I, ε = 1

2 [∇v+(∇vvv)T ] .

2.2 Incompressible SPH algorithm

The incompressible SPH is a prediction-correction projection algorithm [Cummins
and Rudman (1999)]. In the prediction step, momentum conservation equation is
explicitly integrated without enforcing incompressibility. Then a pressure Poisson
equation is deduced by combining the pressure term and the incompressibility. In
the correction step, solving the Poisson equation and the pressure will be used to
update the particle’s velocity and position. There are various choices for enforc-
ing incompressibility: a divergence-free velocity field, density invariance and their
combination [Xu, Stansby and Laurence (2009)]. The divergence-free velocity field
and density invariance have been tested in calculating the model presented in this
paper and the former has been proven to be more effective and accurate.

An intermediate velocity v∗ is obtained through Eq.3, in which only viscosity force
and external force are considered.

vvv∗ = vvvn +

(
FFF +

1
ρ

∇ · τττ
)

∆t (3)

Particle positions r∗ don’t advance:

rrr∗ = rrrn (4)

Solving the pressure Poisson Eq.5, the pressure at time n+1 can be obtained.

∇ ·
(

1
ρ

∇pn+1
)
=

∇ · vvv∗

∆t
(5)

Finally, the velocity at time n+1 vvvn+1 is calculated as shown in Eq.6. The particle
position rn+1 is updated using a second-order time marching scheme.

vvvn+1 = vvvn − ∆t
ρ

∇pn+1 (6)
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rrrn+1 = rrrn +∆t
vvvn+1 + vvvn

2
(7)

2.3 Approximations by SPH and Formulations discretization

In SPH, the problem domain is discretized into a set of particles. Each particle
carries a mass m, a density ρ , a pressure p and other properties, depending on the
problem. The core idea of SPH is that the field variables can be approximated by
interpolation over the particles within the support domain, as shown in Eq.8:

f (rrri) =
N

∑
j=1

f (rrr j)W (rrri − rrr j,h)
m j

ρ j
(8)

where f (r j), m j, and ρ j are the field value, mass, and density of particle j. W=kernel
function and h=smoothing distance. Vector ri and r j= position of particle i and j.
W is usually written in the form of W (ri − r j,h). Throughout this paper, the cubic
spline kernel suggested by Shao and Lo (2003) is used.

The gradient term of f can be written as:

∇ f (rrri)∼=
N

∑
j=1

m j

ρ j
f (rrr j)∇iWij (9)

where the ∇iWi j denotes the gradient of the kernel. However, Eq.9 is rarely directly
used. Usually a symmetric or an asymmetric form of gradient term is used instead
[Monaghan (1992)]. The equations in [Lee, Moulinec, Xu, Violeau, Laurence and
Stansby (2008)] for the gradient of pressure and the divergence of velocity are
applied in this paper:(

1
ρ

∇p
)

i
=

N

∑
j=1

m j

(
pi

ρ2
i
+

p j

ρ2
j

)
∇iWi j (10)

∇ · vvvi =− 1
ρi

N

∑
j=1

m j (vvvi − vvv j) ·∇iWi j (11)

The viscous term and Laplacian operators are usually discretized by a method com-
bining a finite difference approach and SPH formalism. The viscous term is identi-
cal to the one suggested by Morris (1997):{(

1
ρ

∇ ·µ∇

)
vvv
}

i
=

N

∑
j=1

m j(µi +µ j)rrri j ·∇iWi j

ρiρ j(
∣∣∣rrri j

∣∣∣2 +0.01h2)
vvvi j (12)
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where µ is dynamic viscosity coefficient; rrri j = rrri − rrr j; vi is the velocity of particle
i, vvvi j = vvvi − vvv j. The Laplacian operator in the Poisson equation suggested by Shao
and Lo (2003) is used here.

∇ ·
(

1
ρ

∇p
)

i
=

N

∑
j=1

m j
8

(ρi +ρ j)
2

pi jrrri j ·∇iWi j∣∣∣rrri j

∣∣∣2 +0.01h2
(13)

The coefficient matrix of the linear system is symmetric and positive definite, and
can be solved efficiently by BI-CGSTAB [Van Der Vorst, H.A (1992)] iterative
method with a Jacobi pre-conditioner. During the simulation, the convergence cri-
terion is set as 1.0×10−3 for the normalized residual.

2.4 Time stepping

The time step ∆t is governed by two stability constraint: the CFL condition and the
mass force conditions.

∆t = min

0.25
h

vmax
,0.25min

(
h
fi

)1/2

i

 (14)

where fiis external force per unit mass, vmaxis the maximum fluid velocity.

2.5 Methods for improving stability

In SPH, when negative pressure appears in some region of the computational do-
main, the tensile instability may occur, resulting in a local cluster of particles.
To overcome this difficulty, researchers have proposed various measures [Hu and
Adams (2009)] [Monaghan (2000)]. In this paper, the method presented by Hu and
Adams (2009) is used, in which a reference pressure is set as the magnitude of the
minimum negative pressure.

3 Model of partially filled flow problem for screw extrusion

A two-dimensional (2D) partially filled forced revolving moving boundary prob-
lem model for screw extrusion is shown in Fig.1. An inner fan-shaped small tank
revolves uniformly in a clockwise direction about the center of a stationary barrel.
The fluid to be processed is sealed in the small tank by the barrel, and the tank is
only half filled. It should be pointed out that the purpose of presenting this model
is to conform the effectiveness of SPH in calculating a complex free surface flow
with a forced revolving moving boundary. Therefore to facilitate the calculation,
the size of the model is not completely in conformity with the real screw extruder.
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Figure 1: Forced revolving moving boundary model.

Instead of molten polymer, glycerol is used as the fluid. The simulation results
will be compared with the experimental results in section 6. The inside radius of
the barrel R=0.1m, the depth of the fan-shaped tank Rr=0.05m, the angle of the
fan-shaped tank is 1rad, angular velocity of the tank ω=1.5rad/s, the fluid’s den-
sity ρ = 1.26× 103kg/m3, Re=9.7, such that dynamic viscosity ν=1/Re. No-slip
boundary condition and homogeneous Neumann pressure boundary condition, i.e.,
∂ p/∂n=0 are applied. The initial velocity and pressure of all particles are set to
zero.

4 Experiment background

To verify the simulation results, a set of plexiglass glass fluid experimental device is
designed. As shown in Fig.2, the core part of the device is a plexiglass component
which is mainly composed of a plexiglass cylinder and an open fan-shaped tank.
There is a flange on each end of the cylinder, and two end-plates are fixed on the
flange. The tank is connected to the shaft through a key, and the shaft is driven by
an AC motor with a velocity control unit (i.e. governor). The sizes of this device
are the same with the sizes of the computing model presented in section 4. Because
the thickness of the tank (0.01m) is very small, it can be treated as a 2D flow that is
in agreement with the calculation model. The glycerol is sealed in the fan-shaped
tank by the barrel. That one layer of flexible material is placed between the tank
and the cylinder can not only avoid the leakage of glycerol, but also ensure the
tank revolve stably. There is a hole separately in one end-plate and one side of the
tank, and glycerol can be injected to the tank through these holes. To conveniently
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observe the flow, the glycerol is dyed. In addition, a digital camera is used to record
the free surface flow of the glycerol. Finally, the video will be edited into photos
for analysis.
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Figure 2: Photograph of the experiment platform.
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5 Boundary conditions treatment

5.1 Wall boundary

Generally, there are three boundary treatment methods for SPH method: repulsive
force boundary [Monaghan (1994)] [Monaghan and Kos (1999)], mirror boundary
[Cummins and Rudman (1999)] and dummy boundary [Lee, Moulinec, Xu, Vio-
leau, Laurence and Stansby (2008)]. The repulsive force boundary method was first
developed by Monaghan (1994), similar to those in molecular dynamics. The par-
ticles on wall could exert large repulsive force on the inner fluid particles to prevent
them from crossing the wall. However, this method has a defect that the particles
tend to “wobble” when moving parallel to the wall. The mirror and dummy bound-
ary method is applied more widely. Lee, Moulinec, Xu, Violeau, Laurence and
Stansby (2008) pointed out that the mirror boundary isn’t fit for curved boundary
or corner. All three methods have been tried in our computation and the conclusions
are almost identical with the researches before. Thus, only the dummy boundary is
introduced in this paper.

Besides the boundary conditions, the initial particles configurations are also very
important for SPH. Monaghan (2006) pointed out that the initial configuration par-
ticles placed on rings provide the most accurate solution. As shown in Fig.3, the
particles are initially arranged at equal intervals on the concentric rings that are also
at equal intervals. Boundary is constructed by the wall particles and dummy parti-
cles. The boundary consists of one layer of wall particles and four layers of dummy
particles placed outside the wall in the normal direction. In order to clearly repre-
sent the boundary and inner particles distribution, the particles around the corner
are locally enlarged, as shown in Fig.4. The squares denote the boundary particles,
and the circles denote the inner particles. In order to avoid the fluid particles pene-
trating the boundary, the interval between two neighbor wall particles are one half
of the dummy particles’. The interval between two fluid particles r=0.02. There are
3384 particles including 1825 inner particles and 1559 boundary particles in total.
Homogeneous Neumann conditions for pressure are applied, i.e. a dummy particle
carries identical pressure value as the wall particle in its normal direction. For the
moving boundary, the boundary particles’ position and velocity is reset according
to the tank’s new position each time step. The velocity of the boundary particles on
the barrel (i.e. the cylinder) is set to zero throughout the simulating.

5.2 Free surface

As shown in Fig.3, the tank is half-filled with glycerol. Since no fluid particle exists
outside the free surface, the density of the surface particles calculated using Eq.8
drops significantly. Shao (2012) suggested that if the density drop of a particle is
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Figure 3: Particle initial configurations
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Figure 4: Enlarged area A and B
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below 5% of the reference value, it is regarded as being on the free surface. A
Dirichlet boundary condition of zero pressure is given to this particle.

6 Results and discussion

  
(a) π/ 4  

 (b) π/ 2  

 

(c) 3π/ 4  
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Figure 5: Results calculated by ISPH against the experiment results (ω = 0.5 rad/s)

Fig.5 and Fig.6 separately shows the results calculated by ISPH against the experi-
ment results at two different angular velocities of 0.5rad/s and 2.5rad/s. αrepresents
the rotation angle at π/4intervals in one full circle. Both of them are consistent with
the experimental results. In the case of a lower angular velocity (ω = 0.5 rad/s),
the free surface calculated almost appears as a horizontal line; when at a higher an-
gular velocity (ω = 2.5 rad/s ), the fluid pushed by the wall more intensely and the
free surface shows a curve under the action of the tank and barrel. One "clearance"
appears between the fluid particles and wall. It is due to the double numbers of wall
particles exert more pressure on the fluid particles. There are a few splashing fluid
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(g) 7π/ 4  

(h) 2π 

Figure 6: Results calculated by ISPH against the experiment results (ω = 2.5 rad/s)

particles in Fig.5c, Fig.5d, Fig.5e, Fig.6c, Fig.6d, Fig.6e and Fig.6f. It is because
that the fluid particles near the border may adhere to the wall. In Fig.6a and Fig.6b,
the fluid is mainly push forward by the left side wall. In Fig.6c, Fig.6d and Fig.6e,
the barrel shears the fluid strongly, thus, the free surface shows a completely differ-
ent form from that in Fig.5c, Fig.5d and Fig.5e. The free surface on the barrel side
has a small convex tip in both the calculated results and the experiment results.

Fig.7 and Fig.8 respectively shows the velocity distribution at ω = 0.5 rad/s and
ω = 2.5 rad/s. Comparing the reference velocity in Fig.7 and Fig.8, it can be found
that the average velocity of fluid increases with the increasing of the revolving
speed of the screw. When α = 3π/2, the screw rotates to the bottom of the barrel,
the particles in the bottom are sheared intensely by the inner wall of the barrel,
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(a) π/ 2                      (b) 3π/ 2  

Figure 7: Velocity distribution for α = π/2 and α = 3π/2 with ω = 0.5 rad/s

 

(a) π/ 2                       (b) 3π/ 2  

Figure 8: Velocity distribution for α = π/2 and α = 3π/2 at ω = 2.5 rad/s

thus the velocity of these particles is extremely low. From Fig.7b and Fig.8b, it is
very clear that the velocity of the particles near the right side wall is comparatively
higher than other particles, especially for the higher angular velocity case.

Fig.9 shows the comparison of the particles’ distribution considering centrifugal
force or not at ω = 0.5 rad/s and ω = 2.5 rad/s at the top of the barrel. Each picture
is locally enlarged. It can be observed that at a higher speed, the effect of centrifugal
force is more apparent and at a lower speed, the effect of centrifugal force can be
negligible.

Fig.10 and Fig.11 separately shows the pressure distribution at ω = 0.5 rad/s and
ω = 2.5 rad/s in two different positions. It shows that the range of the pressure
becomes wider with a higher angular velocity. The range of the pressure become
wider for α = 3π/2 than α = π/2. It is because the bottom particles are intensely
sheared by the inner wall of barrel when the screw rotates to the bottom of the
barrel. The range of the pressure in Fig.11b is wider than in Fig.10b, it is caused
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  (a) 0.5 rad/s                 (b) 2.5 rad/s  

Figure 9: Particles distribution at ω = 0.5 rad/sand ω = 2.5 rad/s for α = π/2

 (a) π/ 2                     (b) 3π/ 2  

(Pa) (Pa) 

Figure 10: Pressure distribution for α = π/2 and α = 3π/2 at ω = 0.5 rad/s
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(a) π/ 2                       (b) 3π/ 2  

(Pa) 
(Pa) 

Figure 11: Pressure distribution for α = π/2 and α = 3π/2 at ω = 2.5 rad/s

by centrifugal force analyzed before. In Fig.10a, the particles in the left zone are
forced moving by the left side wall, thus, the maximum pressure appear in the left
zone. Comparing Fig.10b with Fig.11b, it can be observed that there are great dif-
ferences in the pressure distribution between two results. For the lower angular
velocity, the fluid flows to the bottom of the barrel mainly under the effect of grav-
ity, thus the maximum pressure appears in the bottom; for the higher one, the right
side wall exerts a lot of thrust on the fluid, thus the maximum pressure appears in
the lower right corner.

7 Conclusion

In this paper, a free surface flow with a forced revolving moving boundary model
for screw extrusion is simulated by the ISPH methods. A set of organic glass forced
revolving moving boundary fluid experimental device is manufactured. The free
surfaces of computation are in good agreement with experimental data. When at
a lower angular velocity (ω = 0.5 rad/s), the free surface calculated by ISPH is
almost a horizontal line; at higher speeds (ω = 2.5 rad/s ), the free surface shows
to be a curve under stronger shear by the tank and barrel. With the increase of the
speed, the average velocity of fluid increases, and the effect of centrifugal force
will be revealed, on the other hand, for a low speed (ω ≤ 1.5 rad/s), the effect of
centrifugal force can be negligible. The analysis of pressure distribution also dis-
covers that with the increase of the speed, the maximum pressure increase, because
the particles subject more shear from the barrel, more thrust from the side wall and
more centrifugal All the discussions above show that the ISPH method is effec-
tive in simulating the partially filled flow problem for screw extrusion. This lays a
foundation for future research on more complex flows in screw extrusion.
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