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Geometrically Nonlinear Inelastic Analysis of Timoshenko
Beams on Inelastic Foundation
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Abstract: In this paper a Boundary Element Method (BEM) is developed for the
geometrically nonlinear inelastic analysis of Timoshenko beams of arbitrary doubly
symmetric simply or multiply connected constant cross-section, resting on inelastic
tensionless Winkler foundation. The beam is subjected to the combined action of
arbitrarily distributed or concentrated transverse loading and bending moments in
both directions as well as to axial loading, while its edges are subjected to the most
general boundary conditions. To account for shear deformations, the concept of
shear deformation coefficients is used. A displacement based formulation is devel-
oped and inelastic redistribution is modeled through a distributed plasticity (fiber)
approach exploiting three-dimensional material constitutive laws and numerical in-
tegration over the cross-sections. An incremental–iterative solution strategy along
with an efficient iterative process are employed, while the arising boundary value
problem is solved employing the boundary element method. Numerical examples
are worked out confirming the accuracy and the computational efficiency of the
proposed beam formulation, as well as the significant influence of the geometrical
nonlinearity and the shear deformation effect in the response of a beam-foundation
system.

Keywords: geometrical nonlinearity, distributed plasticity, von Mises plastic-
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1 Introduction

In design of civil engineering structures (e.g. bridges, wind-turbines, offshore plat-
forms, etc.) the analysis of beam–foundation systems is often encountered. In order
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to conduct precise analysis, without jeopardizing accuracy and thus safety, the thor-
ough understanding of the mechanics of the beam–foundation system is required.
Currently, these systems are designed to behave elastically for every type of load-
ing [EC (2004)], however recent research efforts [Gerolymo et al. (2007); Chiou et
al. (2012)] have investigated the beneficial character of permitting plastification to
occur at the beam-foundation system. Moreover, design of beams and engineering
structures based on elastic analysis are most likely to be extremely conservative
not only due to significant difference between initial yield and full plastification in
a cross-section, but also due to the unaccounted, yet significant, strength reserves
that are mobilized in redundant members after inelastic redistribution takes place.
Thus, the cost-effective design of infrastructures requires the realistic estimation of
the beam–foundation system response, accounting for all sources of nonlinearities;
namely nonlinear stress–strain behavior of the structural member and the soil (ma-
terial nonlinearity) along with the geometrical nonlinearity. Moreover, the contem-
porary advancements in material science have facilitated the intensive use of ma-
terials having relatively high transverse shear modulus; thereby the error incurred
from the ignorance of shear deformation effect may be substantial, particularly in
the case of heavy lateral loading.

Over the years, the beam-foundation interaction has been an area of extensive re-
search activity and various methods have been developed in order to study the aris-
ing uncertainties [Silva et al. (2010)] and the complex behavior of the system, from
the material level to the interaction between structural and foundation elements.
These methods can be grouped into three major categories; namely the limit equi-
librium [Broms (1964a,b); Broms (1965)], the beam-on-Winkler-foundation [Win-
kler (1867), Filonenko-Borodich (1940), Hetenyi (1946), Pasternak (1954), Vlasov
(1966)] and those based on the continuum mechanics. Among them, the most com-
monly employed in engineering practice is the beam approach due to the significant
advantages over the other methods, such as the simplicity in formulation and mod-
eling together with the high level of accuracy with minor computational cost.

Within this framework, several researches have employed the concept of elas-
tic beam on nonlinear foundation. In this formulation, the foundation load-
displacement relation is assumed to follow a nonlinear law while the beam re-
mains elastic throughout the analysis. Sharma and Dasgupta [Sharma and Das-
Gupta (1975)] employed an iteration method using Green’s functions for the analy-
sis of uniformly loaded axially constrained hinged beams assuming an exponential
load-displacement foundation reaction law. Beaufait and Hoadley (1980) approxi-
mated the nonlinear load-displacement relationship of the Winkler foundation with
a bilinear curve and utilized the midpoint difference method to analyze the beam
coupled with the weighted averages scheme to estimate the spring stiffness for
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each iteration, followed by Yankelevsky et al. (1989) who presented an iterative
procedure based on the exact stiffness matrix for the beam on Winkler foundation
by approximating the load-displacement curve by three to five regions rather than
two. El Naggar and Novak (1996) used a Winkler model employing a hyperbolic
stress-strain relationship to evaluate the lateral response of piles, while Wang et al.
(1998) employed the same method to predict results of centrifuge model tests of
single piles in a soft clay soil profile. Lately, Sapountzakis and Kampitsis (2011)
studied the nonlinear static analysis of shear deformable beam-columns partially
supported on tensionless three parameter foundation, undergoing moderate large
deflections under general boundary conditions.

Although the nonlinear behavior of the soil due to high strain level has been stud-
ied extensively [Brown and Shie (1991); Laman et al. (1999); Kim and Jeong
(2011)] only few studies have encountered the inelastic behavior of both the beam
and the foundation elements. According to this, the beam stress-strain and the
foundation load-displacement relations are assumed to follow nonlinear inelastic
constitutive laws. Consequently, such models are not easily formulated due to the
complexity of the problem. To start with, Budek et al. (2000) investigated the
inelastic response of a reinforced concrete pile in cohesionless soil while, Ayoub
(2003) presented an inelastic finite element formulation capable of capturing the
nonlinear behavior of both the beam and the foundation. The element is derived
from a two-field mixed formulation with independent approximation of forces and
displacements and compared with the displacement based formulation. Mullapudi
and Ayoub (2010) expanded this research in inelastic analysis of beams resting on
two-parameter foundation where the values for the parameters are derived through
an iterative technique that is based on an assumption of plane strain conditions
for the soil medium. Recently, Sapountzakis and Kampitsis (2013) presented a BE
method for the inelastic analysis of Euler–Bernoulli beam resting on two-parameter
tensionless elastoplastic foundation, illustrating the important influence of both the
inelastic and the tensionless character of the foundation.

In this paper a Boundary Element Method is developed for the geometrically non-
linear inelastic analysis of Timoshenko beams of arbitrary doubly symmetric sim-
ply or multiply connected constant cross-section, resting on inelastic tensionless
Winkler foundation. The beam is subjected to the combined action of arbitrarily
distributed or concentrated transverse loading and bending moments in both direc-
tions as well as to axial loading, while its edges are subjected to the most general
boundary conditions. To account for shear deformations, the concept of shear de-
formation coefficients is used. A displacement based formulation is developed and
inelastic redistribution is modeled through a distributed plasticity (fiber) approach
exploiting three-dimensional material constitutive laws and numerical integration
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over the cross-sections. An incremental–iterative solution strategy along with an
efficient iterative process are employed [Ortiz and Simo (1986)], while the aris-
ing boundary value problem is solved employing the boundary element method
[Katsikadelis (2002)]. The essential features and novel aspects of the present for-
mulation compared with previous ones are summarized as follows.

1. The proposed beam model accounts for the geometrical nonlinearity by re-
taining the square of the slope in the strain–displacement relations, avoiding
in this way the inaccuracies arising from a linearized second-order analy-
sis. For that purpose the total Lagrange formulation (intermediate non-linear
theory) has been adopted.

2. Shear deformation effect is taken into account on the geometrically nonlin-
ear inelastic analysis of beams on nonlinear foundation (explicit axial-shear-
flexure interaction)

3. The formulation presented adopts a J2 three-dimensional plasticity law (von
Mises) to assess the inelastic beam-foundation system response.

4. The formulation is a displacement based one taking into account inelastic
redistribution along the beam axis.

5. A distributed plasticity (fiber) approach has been employed, which has been
acknowledged in the literature [Teh and Clarke (1999); Nukala and White
(2004); Saritas and Filippou (2009)] to capture more rigorously material
nonlinearities than cross-sectional stress resultant approaches [Attalla et al.
(1994)] or lumped plasticity idealizations [Orbison et al. (1982); Ngo-Huu
(2007)].

6. The inelasticity of the soil medium is taken into account, employing an in-
elastic Winkler foundation model.

7. The tensionless character of the foundation is also taken into consideration.

8. An incremental-iterative solution strategy is adopted to restore global equi-
librium of the system.

9. The shear deformation coefficients are evaluated using an energy approach,
instead of Timoshenko’s [Timoshenko and Goodier (1984)] and Cowper’s
[Cowper (1966)] definitions, for which several authors [Schramm et al.
(1994); (1997)] have pointed out that one obtains unsatisfactory results or
definitions given by other researchers [Stephen (1980); Hutchinson (2001)]
for which these factors take negative values.
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10. The beam is supported by the most general nonlinear boundary conditions.

11. The use of BEM permits the effective computation of derivatives of the field
functions (e.g. stresses, stress resultants) which is very important during the
nonlinear inelastic response of beam-foundation systems.

12. To the authors’ knowledge, a BEM approach has not yet been used for the so-
lution of the aforementioned problem, while the developed procedure retains
most of the advantages of a BEM solution even though domain discretization
is required.

Numerical examples are worked out confirming the accuracy and the computational
efficiency of the proposed beam formulation, as well as the significant influence of
the geometrical nonlinearity and the shear deformation effect in the response of a
beam-foundations system.

2 Statement of the Problem

2.1 Displacements, Strains, Stresses

Let us consider a prismatic beam of length l (Fig. 1) with an arbitrarily shaped
doubly symmetric constant cross-section, occupying the two-dimensional multiply
connected region Ω of the y,z plane bounded by the Γ j ( j = 1,2, ...,K) boundary
curves, which are piecewise smooth, i.e. they may have a finite number of corners.
In Fig. 1, Cyz is the principal bending coordinate system through the cross-section’s
centroid. The normal stress-strain relationship for the material is assumed to be
elastic-plastic-strain hardening with initial modulus of elasticity E, shear modulus
G, post-yield modulus of elasticity Et , yield stress σY 0, and yield strain εY 0. The
beam is partially supported on inelastic tensionless Winkler type soil of initial stiff-
nesses ky, kz yielding loads PY

y , PY
z , and hardening moduli kyt , kzt according to y and

z axes, respectively. The tensionless character of the foundation reaction is taken
into consideration through the constitutive law of the nonlinear Winkler springs,
prohibiting negative values. The beam is subjected to the combined action of the
arbitrarily distributed or concentrated axial loading px = px (x), transverse loading
py = py (x), pz = pz (x) and bending moments my =my (x), mz =mz (x) acting along
y, z directions, respectively (Fig.1).

Under the action of the aforementioned loading, the displacement field of the beam
taking into account shear deformation effect is given as

ū(x,y,z) = u(x)− yθz (x)+ zθy (x) (1a)

v̄(x) = v(x) (1b)
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w̄(x) = w(x) (1c)

where ū, v̄, w̄ are the axial and transverse beam displacement components with
respect to the Cyz system of axes; u(x), v(x), w(x) are the corresponding compo-
nents of the centroid C and θy (x), θz (x) are the angles of rotation due to bending
of the cross-section with respect to its centroid. It is worth noting that since the
additional angle of rotation of the cross-section due to shear deformation is taken
into account, the angle of rotation due to bending is not equal to the derivative of
the displacement (i.e. θy 6= w′, θz 6= v′).

Employing the strain-displacement relations of the three-dimensional elasticity for
moderate large displacements [Ramm and Hofmann (1995); Rothert and Gensichen
(1987)], the following strain components can be easily obtained

εxx =
∂ ū
∂x

+
1
2

[(
∂ v̄
∂x

)2

+

(
∂ w̄
∂x

)2
]

(2a)

γxz =
∂ w̄
∂x

+
∂ ū
∂ z

+

(
∂ v̄
∂x

∂ v̄
∂ z

+
∂ w̄
∂x

∂ w̄
∂ z

)
(2b)

γxy =
∂ v̄
∂x

+
∂ ū
∂y

+

(
∂ v̄
∂x

∂ v̄
∂y

+
∂ w̄
∂x

∂ w̄
∂y

)
(2c)

εyy = εzz = γyz = 0 (2d)

Figure 1: x-z plane of a prismatic beam with an arbitrarily shaped doubly sym-
metric constant cross-section resting on inelastic foundation under axial - flexural
loading.
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Substituting the displacement components of Eqn. (1) to the nonlinear
strain-displacement relations of the Green-Lagrange strain tensor and exploit-
ing the assumptions of moderate large displacements (

(
∂ ū
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<< ∂ ū
/

∂x,(
∂ ū
/

∂x
)(

∂ ū
/

∂ z
)
<<
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∂ ū
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∂x
)
+
(
∂ ū
/

∂ z
)
,
(
∂ ū
/

∂ z
)(

∂ ū
/

∂y
)
<<

(
∂ ū
/

∂ z
)
+(

∂ ū
/

∂y
)
) the non vanishing (total) strain components are obtained as

εxx (x,y,z) =
du(x)

dx
− y

dθz (x)
dx

+ z
dθy (x)

dx
+

1
2

[
dv(x)

dx
+

dw(x)
dx

]2

(3a)

γxy (x) =
dv(x)

dx
−θz (x) (3b)

γxz (x) =
dw(x)

dx
+θy (x) (3c)

Considering strains to be small, employing the work conjugate second Piola–
Kirchhoff stress tensor [Crisfield (1991)], assuming an isotropic and homogeneous
material without exhibiting any damage during its plastification and neglecting the
Syy, Szz, Syz components, the stress rates are defined in terms of the strain ones as

dSxx

dSxy

dSxz

=

 E∗

G
G


dεel

xx
dγel

xy
dγel

xz

 (4)

where d (·) denotes infinitesimal incremental quantities over time (rates), the
superscript el denotes the elastic part of the strain component and E∗ =
E (1−ν)

/
[(1+ν)(1−2ν)]. If the plane stress hypothesis is undertaken then

E∗ = E
/(

1−ν2
)

holds [Vlasov (1963)], whileE is frequently considered instead
of E∗(E∗ ≈ E) in beam formulations [Vlasov (1963); Armenakas (2006)]. This last
consideration has been followed throughout the paper, while any other reasonable
expression of E∗ could also be used without any difficulty in many beam formula-
tions.

As long as the material remains elastic or elastic unloading occurs{
dεxx dγxy dγxz

}T
=
{

dεel
xx dγel

xy dγel
xz
}T (5)

the stress rates are given with respect to the total strain ones following the Hooke’s
law (Eqn. (4)), while when plastic flow occurs

{
dεxx dγxy dγxz

}T
=
{

dεel
xx dγel

xy dγel
xz
}T

+
{

dε
pl
xx dγ

pl
xy dγ

pl
xz

}T
(6)
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the stress rates are given with respect to the total and plastic strain ones through
Eqns. (4) and (6) as

dSxx

dSxy

dSxz

=

 E
G

G




dε−xxdε
pl
xx

dγ−xydγ
pl
xy

dγ−xzdγ
pl
xz

 (7)

where the superscript pl denotes the plastic part of the strain component. The
von Mises yield criterion (J2 plasticity), an associated flow rule and an isotropic
hardening rule for the material are considered [Crisfield (1991)], permitting the
determination of the plastic strain components. The yield condition is described
with the expression

ΦV M =

√
S2

xx +3
(
S2

xy +S2
xz
)

σY

(
ε

pl
eq

) −1≤ 0 (8)

where σY is the yield stress (strength) of the material and ε
pl
eq is the equivalent

plastic strain, the rate of which is defined in [Rothert and Gensichen (1987)] and is
equal to dε

pl
eq = dλ with dλ being the proportionality factor. Moreover, the plastic

modulus h is defined as h = dσY

/
dε

pl
eq or dσY = hdλ and can be estimated from

a tension test as h = EtE
/
(E−Et) (Fig. 2). According to the associated flow rule

the plastic strain rates are given as{
dε

pl
xx dγ

pl
xy dγ

pl
xz

}T
= dλ

{
∂ΦV M
∂Sxx

∂ΦV M
∂Sxy

∂ΦV M
∂Sxz

}T
(9)

Using the aforementioned relation linking the yield stress rate and the proportion-
ality factor, Eqns. (3), (5)-(7) and exploiting the plastic loading condition (d f = 0),
the stress rates - total strain rates relations are resolved as

dSxx

dSxy

dSxz

=
1
c

 c11 sym.
c21 c22
c31 c32 c33


︸ ︷︷ ︸

Del pl


dεxx

dγxy

dγxz

 (10)

where Del pl is the elastoplastic constitutive matrix with

c = hS2
e +ES2

xx +9G
(
S2

xy +S2
xz
)

(11a)

c11 = E
[
hS2

e +9G
(
S2

xy +S2
xz
)]

(11b)
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c21 =−3EGSxxSxy (11c)

c22 = G
[
hS2

e +ES2
xx +9GS2

xz
]

(11d)

c31 =−3EGSxxSxz (11e)

c32 =−9G2SxySxz (11f)

c33 = G
[
hS2

e +ES2
xx +9GS2

xy
]

(11g)

Se =
√

S2
xx +3

(
S2

xy +S2
xz
)

(11h)

By setting h = 0 in the above relations, the constitutive matrix presented by Baba
and Kajita (1982) is obtained, while if one of the shear stress components (along
with the corresponding strain one) is dropped out, the constitutive relations pre-
sented by Chen and Trahair (1992) are also precisely recovered.

 6 

 

 2 2 2 29e xx xy xzc hS ES G S S              2 2 2

11 9e xy xzc E hS G S S   
 

 (11a,b) 

21 3 xx xyc EGS S    2 2 2

22 9e xx xzc G hS ES GS       31 3 xx xzc EGS S   (11c,d,e) 
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Figure 2. Normal stress - strain (a) and yield stress - equivalent plastic strain (b) relationships. 
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where V  is the volume and l  is the length of the beam in the undeformed configuration, syp , szp  are 
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where N , yQ , zQ  correspond to the axial and shear forces and yM , zM  correspond to the bending 

moments according to y  and z  axes, respectively. Subsequently, substituting the expressions of the 
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Figure 2: Normal stress - strain (a) and yield stress - equivalent plastic strain (b)
relationships.

2.2 Equations of Global Equilibrium and Boundary Conditions

To establish the global equilibrium equations and the boundary conditions of the
beam-foundation system, the principle of virtual work under a Total Lagrangian
formulation neglecting body forces is employed

δWint = δWext (12)

where δ (·) denotes virtual quantities, Wint is the stain energy of the beam due to
normal and shear stress and Wext is the external load work, defined as

δWint =
∫

V
(Sxxδεxx +Sxyδγxy +Sxzδγxz)dV (13a)
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δWext =
∫
l

(pxδu+ pyδv+myδθy + pzδw+myδθz)dx−
∫
l

(psyδv+ pszδw)dx

+
0,l
∑
b

(
Nbδu+Vbyδv+Vbzδw+Mbzδθz +Mbyδθy

)
(13b)

where V is the volume and l is the length of the beam in the undeformed configu-
ration, psy, psz are the foundation reaction according to y and z axes, respectively,
while Nb, Vby, Vbz, Mby and Mbz are the externally applied forces and moments at the
beam boundaries. In this framework, the stress resultants of the beam are defined
as

N =
∫

Ω

SxxdΩ (14a)

Qy =
∫

Ay

SxydΩ (14b)

Qz =
∫

Az

SxzdΩ (14c)

My =
∫

Ω

SxxzdΩ (14d)

Mz =−
∫

Ω

SxxydΩ (14e)

where N, Qy, Qz correspond to the axial and shear forces and My, Mz correspond
to the bending moments according to y and z axes, respectively. Subsequently,
substituting the expressions of the stress components given from Eqn. (7) and
exploiting the strain-displacement relations (3), the stress resultants are obtained as

N = EA
[

u′+
1
2
(
v′2 +w′2

)]
−E

∫
Ω

ε
pl
xx dA︸ ︷︷ ︸

N pl

= EA
[

u′+
1
2
(
v′2 +w′2

)]
+N pl (15a)

Qz = GAz
(
w′ (x)+θy (x)

)
−G

∫
Az

γ
pl
xz dA︸ ︷︷ ︸

Qpl
z

= GAz
(
w′ (x)+θy (x)

)
+Qpl

z (15b)

Qy = GAy
(
v′ (x)−θz (x)

)
−G

∫
Ay

γ
pl
xy dA︸ ︷︷ ︸

Qpl
z

= GAy
(
v′ (x)−θz (x)

)
+Qpl

y (15c)
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My = EIyθ
′
y−E

∫
Ω

zε
pl
xx dA︸ ︷︷ ︸

Mpl
y

= EIyθ
′
y +Mpl

y (15d)

Mz = EIzθ
′
z−E

∫
Ω

yε
pl
xx dA︸ ︷︷ ︸

Mpl
z

= EIzθ
′
z +Mpl

z (15e)

where (′) denotes differentiation with respect to x, N pl , Qpl
z , Qpl

y , Mpl
z and Mpl

y are
the plastic parts of the corresponding stress resultants, A is the cross-section area,
Iy, Iz the moments of inertia with respect to the principle bending axes and GAy,
GAz are its shear rigidities of the Timoshenko’s beam theory, where

Az = κzA =
1
az

A (16a)

Ay = κyA =
1
ay

A (16b)

are the shear areas with respect to y, z axes, respectively with κy, κz the shear
correction factors and ay, az the shear deformation coefficients. It is worth here
noting that these stress resultants refer to the directions of the infinitesimal elements
of the cross-section at its deformed configuration, since they have been defined with
respect to the second Piola-Kirchhoff stress tensor [Crisfield (1991)].

After substituting Eqns. (3) and (15) into Eqn. (12) and conducting some algebraic
manipulations, the global equilibrium equations of the beam-foundation system are
obtained as

EA
(
u′′+ v′v′′+w′w′′

)
+

∂N pl

∂x
=−px (17a)

EA
[(

u′+
1
2
(
v′2 +w′2

))
v′
]′
+

d
(
N plv′

)
dx

+GAy
(
v′−θz

)′
+

∂Qpl
y

∂x
− psy =−py

(17b)

EA
[(

u′+
1
2
(
v′2 +w′2

))
w′
]′
+

d
(
N plw′

)
dx

+GAz
(
w′+θy

)′
+

∂Qpl
z

∂x
− psz =−pz

(17c)

EIyθ
′′
y +

dMpl
y

dx
−GAz

(
w′+θy

)
−Qpl

z =−my (17d)
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EIzθ
′′
z +

dMpl
z

dx
+GAy

(
v′−θz

)
+Qpl

y =−mz (17e)

or in terms of the total stress resultants as

d
(
Nel +N pl

)
dx

=−px⇒
dN
dx

=−px (18a)

−d (Nv′)
dx

−
dQy

dx
+ psy = py (18b)

−d (Nw′)
dx

− dQz

dx
+ psz = pz (18c)

dMy

dx
−Qz =−my (18d)

dMz

dx
+Qy =−mz (18e)

Furthermore, the application of the principle of virtual work yields the correspond-
ing boundary conditions as

a1u(x)+a2Nb (x) = a3 (19a)

β1v(x)+β2Vby (x) = β3 (19b)

β̄1θz (x)+ β̄2Mbz (x) = β̄3 (19c)

γ1w(x)+ γ2Vbz (x) = γ3 (19d)

γ̄1θy (x)+ γ̄2Mby (x) = γ̄3 (19e)

In Eqns. (19b-e) the total vertical reactions Vby, Vbz, and the total bending moments
Mby, Mbz are given as

Vby = EA
[

u′+
1
2
(
v′2 +w′2

)]
v′+N plv′+GAy

(
v′−θz

)
+Qpl

y (20a)

Vbz = EA
[

u′+
1
2
(
v′2 +w′2

)]
w′+N plw′+GAz

(
w′+θy

)
+Qpl

z (20b)

Mby = EIyθ
′
y +Mpl

y (20c)

Mbz = EIzθ
′
z +Mpl

z (20d)

Finally, α j,β j, β̄ j,γ j, γ̄ j ( j = 1,2,3) are functions specified at the beam ends x =
0, l. Eqns. (19) describe the most general boundary conditions associated with the
problem at hand and can include elastic support or restraint. It is apparent that all
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types of the conventional boundary conditions (clamped, simply supported, free
or guided edge) can be derived from these equations by specifying appropriately
these functions (e.g. for a clamped edge it is α1 = β1 = γ1 = 1, β 1 = γ1 = 1,
α2 = α3 = β2 = β3 = γ2 = γ3 = β 2 = β 3 = γ2 = γ3 = 0). It is also worth noting,
that by neglecting the plastic quantities of the global equilibrium equations the
elastic boundary value problem of the examined problem is formulated.

2.3 Shear Deformation Coefficients

The evaluation of the shear deformation coefficients ay, az, corresponding to the
principal coordinate system Cyz, is implemented according to the theory of elas-
ticity. These coefficients are established equating the approximate formula of the
shear strain energy per unit length [Stephen (1980)]

Uappr. =
ayQ2

y

2AG
+

azQ2
z

2AG
(21)

with the exact one given from

Uexact =
∫

Ω

(τxz)
2 +(τxy)

2

2G
dΩ (22)

and are obtained as [Sapountzakis and Mokos (2005)]

ay =
1
κy

=
A
∆2

∫
Ω

[(∇Θ)− eee] · [(∇Θ)− eee]dΩ (23a)

az =
1
κz

=
A
∆2

∫
Ω

[(∇Φ)−ddd] · [(∇Φ)−ddd]dΩ (23b)

where (τxz) ,(τxy) are the transverse (direct) shear stress components, (∇) ≡
iiiy
(
∂
/

∂y
)
+ iiiz

(
∂
/

∂ z
)

is a symbolic vector with iiiy, iiiz the unit vectors along y and
z axes, respectively, ∆ is given from ∆ = 2(1+ν) IyIz, ν is the Poisson ratio of the
cross-section material, eee and ddd are vectors defined as

eee =
(

νIy
y2− z2

2

)
iiiy +νIyyziiiz (24a)

ddd = νIzyziiiy−
(

νIz
y2− z2

2

)
iiiz (24b)

and Θ(y,z), Φ(y,z) are stress functions, which are evaluated from the solution of
the following Neumann type boundary value problems [Sapountzakis and Mokos
(2005)]

∇
2
Θ =−2Iyy in Ω (25a)
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∂Θ

∂n
= nnn · eee on Γ =

K+1⋃
j=1

Γ j (25b)

∇
2
Φ =−2Izz in Ω (26a)

∂Φ

∂n
= nnn ·ddd on Γ =

K+1⋃
j=1

Γ j (26b)

where n is the outward normal vector to the boundary Γ. In the case of negligible
shear deformations az = ay = 0. It is also worth here noting that the boundary
conditions (25b), (26b) have been derived from the physical consideration that the
traction vector in the direction of the normal vector n vanishes on the free surface
of the beam.

3 Numerical Solution

3.1 Integral Representations for the Axial and Transverse Displacements u,v,w
and Rotations θy,θz

According to the precedent analysis, the geometrically nonlinear inelastic problem
of Timoshenko beams supported on inelastic tensionless soil, reduces to establish-
ing the axial and transverse displacement components u(x), v(x), w(x) as well as
the rotations due to bending θy (x), θz (x) having continuous derivatives up to the
second order with respect to x and satisfying the boundary value problem described
by the governing differential equation (17) along the beam and the boundary con-
ditions (19) at the beam ends x = 0, l.

This boundary value problem is solved applying a Boundary Integral Equation
method [Sellountos et al. (2010); Sellountos et al. (2012a,b)] and employing the
BEM [Papacharalampopoulos et al. (2010); Katsikadelis (2002)], as this is devel-
oped in [Sapountzakis (2000); Sapountzakis and Kampitsis (2012); Sapountzakis
and Kampitsis (2013)] for the solution of coupled second order differential equa-
tions, after modifying it as follows. The motivation to use this particular technique
is justified from the intention to retain the advantages of a BEM solution over a do-
main approach [Providakis (2000)], while using simple fundamental solutions and
avoiding finite differences to the solution of the problem.

According to this method, let u1 (x) = u(x), u2 (x) = v(x), u3 (x) = w(x), u4 (x) =
θy (x) and u5 (x) = θz (x) be the sought solution of the problem. The solution of the
second order differential equation d2ui

/
dx2 = q′′i (i= 1,2,..5) and (q= u,v,w,θy,θz)
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is given in integral form as

ui (ξ ) =

l∫
0

d2ui

dx2 u∗dx−
[

u∗
dui

dx
− ∂u∗

∂x
ui

]l

0
(i = 1,2,..5) (27)

where u∗ is the fundamental solution given as

u∗ =
1
2
|r| (28)

with r = x− ξ , x,ξ points of the beam. SinceEA, GAz,GAy, EIy and EIz are inde-
pendent of x, Eqns. (27) can be written as

EAu1 (ξ ) =

l∫
0

[
EA

∂ 2u1

∂x2

]
Λ

d
2x−EA

[
Λ2

∂u1

∂x
−Λ1u1

]l

0
(29a)

GAyu2 (ξ ) =

l∫
0

[
GAy

∂ 2u2

∂x2

]
Λ

d
2x−GAy

[
Λ2

∂u2

∂x
−Λ1u2

]l

0
(29b)

GAzu3 (ξ ) =

l∫
0

[
GAz

∂ 2u3

∂x2

]
Λ

d
2x−GAz

[
Λ2

∂u3

∂x
−Λ1u3

]l

0
(29c)

EIyu4 (ξ ) =

l∫
0

[
EIy

∂ 2u4

∂x2

]
Λ

d
2x−EIy

[
Λ2

∂u4

∂x
−Λ1u4

]l

0
(29d)

EIzu5 (ξ ) =

l∫
0

[
EIz

∂ 2u5

∂x2

]
Λ

d
2x−EIz

[
Λ2

∂u5

∂x
−Λ1u5

]l

0
(29e)

where the kernels Λ j (r) = Λ j (x,ξ ) ( j = 1,2) are given as

Λ1 (r) =
1
2

sgnr Λ2 (r) =
1
2
|r| (30)

Solving Eqns. (17a-e) with respect to EAu′′, GAyv′′, GAzw′′, EIyθ ′′y and EIzθ
′′
z and

substituting the result into Eqns. (29a-e), respectively, the following integral repre-
sentations are obtained

EAu1 (ξ ) =

l∫
0

(
−px (x)−

dN pl

dx
−EA

(
du2

dx
d2u2

dx2 +
du3

dx
d2u3

dx2

))
Λ2dx

−EA
[

Λ2
du1

dx
−Λ1u1

]l

0

(31a)
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GAyu2 (ξ ) =

l∫
0

[
−GAy

du2

dx
−EA

(
d2u1

dx2 +
du2

dx
d2u2

dx2 +
du3

dx
d2u3

dx2

)
du2

dx
−dN pl

dx
du2

dx
+ psy

]
Λ2dx

−
l∫

0

[
EA

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

d2u2

dx2 +N pl d2u2

dx2 +
∂Qpl

z

∂x
+ py

]
Λ2dx

−GAy

[
Λ2

du2

dx
−Λ1u2

]l

0

(31b)

GAzu3 (ξ ) =

l∫
0

[
−GAz

du3

dx
−EA

(
d2u1

dx2 +
du2

dx
d2u2

dx2 +
du3

dx
d2u3

dx2

)
du3

dx
−dN pl

dx
du3

dx
+ psz

]
Λ2dx

−
l∫

0

[
EA

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

d2u3

dx2 +N pl d2u3

dx2 +
∂Qpl

z

∂x
+ pz

]
Λ2dx

−GAz

[
Λ2

du3

dx
−Λ1u3

]l

0

(31c)

EIyu4 (ξ )=

l∫
0

(
GAz

(
du3

dx
+u4

)
+Qpl

y −
∂Mpl

y

∂x
−my

)
Λ2dx−EIy

[
Λ2

du4

dx
−Λ1u4

]l

0

(31d)

EIzu5 (ξ )=

l∫
0

(
GAy

(
du2

dx
−u5

)
+Qpl

z −
∂Mpl

z

∂x
−mz

)
Λ2dx−EIz

[
Λ2

du5

dx
−Λ1u5

]l

0

(31e)

After carrying out several integrations by parts, Eqns. (31) yield

EAu1 (ξ ) =−
l∫

0

pxΛ2dx+
l∫

0

N pl
Λ1dx+

1
2

EA
l∫

0

[(
du2

dx

)2

+

(
du3

dx

)2
]

Λ1dx−

−

[(
1
2

EA

[(
du2

dx

)2

+

(
du3

dx

)2
]
+N pl

)
Λ2

]l

0

−EA
[

Λ2
du1

dx
−Λ1u1

]l

0

(32a)
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GAyu2 (ξ ) =−
l∫

0

pyΛ2dx+GAy

l∫
0

u2Λ1dx

+EA
l∫

0

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

du2

dx
Λ1dx

+

l∫
0

N pl du2

dx
Λ1dx+

l∫
0

Qpl
y Λ1dx−

l∫
0

psyΛ2dx+GAy [u2Λ1]
l
0

−

[(
EA

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

+N pl

)
du2

dx
Λ2

+

(
GAy

(
du2

dx
+u4

)
+Qpl

y

)
Λ2

]l

0

(32b)

GAzu3 (ξ ) =−
l∫

0

pzΛ2dx+GAz

l∫
0

u3Λ1dx

+EA
l∫

0

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

du3

dx
Λ1dx

+

l∫
0

N pl du3

dx
Λ1dx+

l∫
0

Qpl
z Λ1dx−

l∫
0

pszΛ2dx+GAz [u3Λ1]
l
0

−

[(
EA

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

+N pl

)
du3

dx
Λ2

+

(
GAz

(
du2

dx
−u5

)
+Qpl

z

)
Λ2

]l

0

(32c)

EIyu4 (ξ ) = GAz

l∫
0

(
du3

dx
+u4

)
Λ2dx+

l∫
0

Qpl
z Λ2dx+

l∫
0

Mpl
y Λ1dx−

l∫
0

myΛ2dx

−
[
Mpl

y Λ2

]l

0
−EIy

[
Λ2

du4

dx
−Λ1u4

]l

0
(32d)
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EIzu5 (ξ ) = GAy

l∫
0

(
du2

dx
−u5

)
Λ2dx+

l∫
0

Qpl
y Λ2dx+

l∫
0

Mpl
z Λ1dx−

l∫
0

mzΛ2dx

−
[
Mpl

z Λ2

]l

0
−EIz

[
Λ2

du5

dx
−Λ1u5

]l

0
(32e)

while by assembling the boundary terms in a more convenient form the integral
representations are written as

EAu1 (ξ ) =−
l∫

0

pxΛ2dx+
l∫

0

N pl
Λ1dx+

1
2

EA
l∫

0

[(
du2

dx

)2

+

(
du3

dx

)2
]

Λ1dx

− [NΛ2−EAΛ1u1]
l
0

(32a)

GAyu2 (ξ ) =−
l∫

0

pyΛ2dx+GAy

l∫
0

u2Λ1dx

+EA
l∫

0

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

du2

dx
Λ1dx

+

l∫
0

N pl du2

dx
Λ1dx+

l∫
0

Qpl
y Λ1dx−

l∫
0

psyΛ2dx−
[
VbyΛ2−GAyu2Λ1

]l
0

(32b)

GAzu3 (ξ ) =−
l∫

0

pzΛ2dx+GAz

l∫
0

u3Λ1dx

+EA
l∫

0

(
du1

dx
+

1
2

((
du2

dx

)2

+

(
du3

dx

)2
))

du3

dx
Λ1dx

+

l∫
0

N pl du3

dx
Λ1dx+

l∫
0

Qpl
z Λ1dx−

l∫
0

pszΛ2dx− [VbzΛ2−GAzu3Λ1]
l
0

(32c)
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EIyu4 (ξ ) = GAz

l∫
0

(
du3

dx
+u4

)
Λ2dx+

l∫
0

Qpl
z Λ2dx+

l∫
0

Mpl
y Λ1dx−

l∫
0

myΛ2dx

−
[
MbyΛ2−EIyu4Λ1

]l
0

(32d)

EIzu5 (ξ ) = GAy

l∫
0

(
du2

dx
−u5

)
Λ2dx+

l∫
0

Qpl
y Λ2dx+

l∫
0

Mpl
z Λ1dx−

l∫
0

mzΛ2dx

− [MbzΛ2−EIzu5Λ1]
l
0

(32e)

If shear deformation effects are negligible, then u5 ≈ u′2 and u4 ≈ u′3. In such cases,
numerical methods requiring domain approximation of unknown quantities, such as
FEM, exhibit “locking” effects, when Timoshenko theory is applied to cases where
the Euler–Bernoulli theory could also be used [Zienkiewicz and Taylor (2005)].
The locking effect phenomenon has been addressed lately by several researchers
[Zhu et al. (2010); Cai et al. (2011); Useche (2014); Dong et al. (2014)] and re-
sent developments have been presented. Since domain approximation of unknown
quantities is employed in the present numerical technique, locking effects are alle-
viated by employing the same order of approximation for u4,u5 and u′2,u

′
3. In order

to achieve explicit appearance of u′2,u
′
3 in Eqns. (32b,c), respectively these integral

representations are differentiated with respect to ξ , yielding

GAy
du2 (ξ )

dξ
=

l∫
0

pyΛ1dx−GAyu2 (ξ )−EA
(

u′1 (ξ )+
1
2

(
u′22 (ξ )+u′23 (ξ )

))
u′2 (ξ )

−N plu′2 (ξ )−Qpl
y +

l∫
0

psyΛ1dx+
[
VbyΛ1

]l
0

(33a)

GAz
u3 (ξ )

dξ
=

l∫
0

pzΛ1dx+GAzu3 (ξ )+EA
(

u′1 (ξ )+
1
2

(
u′22 (ξ )+u′23 (ξ)

))
u′3 (ξ )

−N plu′3 (ξ )−Qpl
z +

l∫
0

pszΛ1dx+[VbzΛ1]
l
0
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(33b)

Moreover, noting that plastic parts of the stress resultants depend on the derivatives
of the displacement components, it is deduced that u′1, u′4,u

′
5 must also be computed

in order to resolve the total stress resultants (as well as strain components), thus the
integral representations (32a,d,e) are differentiated with respect to ξ , yielding

EA
du1 (ξ )

dξ
=

l∫
0

pxΛ1dx−N pl (ξ )− 1
2

EA
(

u′22 (ξ )+u′23 (ξ )
)
+[NΛ1]

l
0 (34a)

EIy
du4 (ξ )

dξ
=

l∫
0

myΛ1dx−GAz

l∫
0

(
du3

dx
+u4

)
Λ1dx−

l∫
0

Qpl
z Λ1dx−Mpl

y +
[
MbyΛ1

]l
0

(34b)

EIz
du5 (ξ )

dξ
=

l∫
0

mzΛ1dx−GAz

l∫
0

(
du2

dx
−u5

)
Λ1dx−

l∫
0

Qpl
y Λ1dx−Mpl

z +[MbzΛ1]
l
0

(34c)

Thereafter it is deduced that Eqns. (32d,e), (33a,b) and (34a-c) have been brought
into a convenient form to establish a numerical computation of the unknown quan-
tities. Thus, the interval (0, l) is divided into L elements, on each of which the un-
known quantities together with the plastic parts of the stress resultants are assumed
to vary according to a certain law (constant, linear, parabolic etc). The linear el-
ement assumption is employed here (Fig. 3) as the numerical implementation is
simple and the obtained results are very good. It is worth here noting that this tech-
nique does not require either differentiation of shape functions or finite differences
application.

Employing the aforementioned procedure and a collocation technique, a set of
7(L+1) algebraic equations is obtained. Six additional algebraic equations are
obtained by applying the integral representation (32a-c) at the beam ends ξ = 0, l,
while together the ten boundary conditions (Eqns. (19)) yield a linear system of
7L+23 simultaneous algebraic equations

[K (d)]{d}= {bext}+
{

bpl (d)
}

(35)

where K (d) is a generalized elastic (geometrically) nonlinear stiffness matrix, {d}
is a 7L+23 generalized unknown vector given as

{d}T =

{
u′1 j u′2 j u′3 j u′4 j u4 j u′5 j u5 j u1i...
...u2i u3i Ni Qzi Qyi Myi Mzi

} (
j = 1,2, ..L+1
i = 1,L+1

)
(36)
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while {bext},
{

bpl (d)
}

are vectors representing all the terms related to the ex-
ternally applied loading and the plastic parts of the stress resultants, respectively.
Finally, after solving the system of Eqns. (35), the integral representations (32a-c)
can be employed in a post-processing step in order to obtain the axial and trans-
verse displacement components u1 = u(x), u2 = v(x), u3 = w(x), respectively at
any interior point ξi (i = 1,2, ...,L+1) of the beam.

Figure 3: Discretization of the beam interval into linear elements, distribution of
the nodal points and approximation of quantities.

3.2 Incremental–Iterative Solution Algorithm

The first step of the incremental-iterative procedure is to determine the external
load vector. Thus, load control over the incremental steps is used and load stations
are chosen according to load history and convergence requirements. At each load
station, the system of nonlinear equations (35) is numerically solved employing an
iterative solution strategy. In the framework of this study the modification of Pow-
ell’s hybrid algorithm [IMSL, User’s manual (1997)] has been used. This algorithm
is a variation of Newton’s method requiring the following quantities.

1. A Jacobian matrix of the system of nonlinear equations which corresponds
to the generalized stiffness matrix to the problem at hand. In this study, this
matrix is defined explicitly, avoiding this way any possible inaccuracy result-
ing from the finite differences approximation, while significantly improving
the computational time.

2. An initial guess of the solution {dinit} (at each load station). The resolved
vector {d} of the previously converged load station is employed in this study
{dinit}= {dconv}while {d}= {0} is used at the first load station.
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3. A tolerance parameter tol to perform the convergence criterion of the al-
gorithm. In this study this parameter takes values of the range tol =
10−7−10−10.

Thereafter, a number of monitoring cross-sections is defined. It is assumed that the
monitoring sections coincide with the L+1 nodal points of the beam interval (Fig.
3).

The fiber approach is to be followed for the integrating the section internal forces
and moments. Each section is divided into a number of triangular or quadrilateral
cells and standard two-dimensional Gauss quadrature rules are employed in each
cell to resolve the plastic parts of the stress resultants. If the same number of
Gauss points is employed in every cell, then Ndo f = Ncells×NGauss holds. Thus,
the monitoring stations of each cross-section coincide with the Gauss points of its
cells, while exact patch between adjacent cells is not required.

At each load station, the system of nonlinear Eqns. (35) is expressed without ex-
plicitly deriving its incremental form which is more extensive due to terms associ-
ated with geometrical nonlinearity. This is achieved by exploiting the values of the
stresses Sxx, Sxy, Sxz the plastic parts of the strains ε

pl
eq , ε

pl
xx , γ

pl
xy , γ

pl
xz and the kine-

matic components u′1, u′2, u′3, u4, u′4, u5, u′5 of the previously converged load station
at the current monitoring stations and adhering to the following steps (subscript cur
denotes the current value of a quantity that is iteratively updated through the algo-
rithm and subscript conv denotes the converged value of a quantity from a previous
load station).

1. Elastic prediction step: At each monitoring station of the beam, evaluate
the trial stress components as

STr
xx =(Sxx)conv +E

(
∆u′1
)
+EzGauss

(
∆u′4
)
−EyGauss

(
∆u′5
)

+E
1
2
[(

∆u′2
)
+
(
∆u′3
)]2 (37a)

STr
xy =

(
STr

xy
)

conv +
√

ky
(
G
(
∆u′2
)
−G

(
∆u′4
))

(37b)

STr
xz =

(
STr

xz
)

conv +
√

kz
(
G
(
∆u′3
)
+G

(
∆u′5
))

(37c)

where ∆u′i = (u′i)cur− (u′i)conv (i = 1,2, ..5).

2. Yield criterion: At each monitoring station of the beam the Mises yield
criterion is performed, employing Eqn. (8).
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• If ΦTr
V M =

√
(STr

xx )
2 +3

((
STr

xy
)2

+
(
STr

xz
)2
)/

σY

((
ε

pl
eq

)
conv

)
− 1 ≤ 0

then the trial state is the final state, the incremental plastic strain com-
ponents are zero and the total plastic strain components along with the
equivalent plastic strain get the corresponding values of the previously
converged load station.

• If ΦTr
V M > 0 then plastic flow occurs and return must be made to yield

surface (plastic correction step). A local Newton–Raphson method is
initiated to integrate the inelastic constitutive equations by employing
the generalized cutting-plane algorithm [Ortiz and Simo (1986)]. The
incremental plastic strain components along with the equivalent plastic
strain are updated according to this algorithm by using a prescribed tol-
erance tolcp = 10−5 in its convergence criterion and subsequently the
total plastic strain components are resolved by adding the correspond-
ing incremental quantities to the ones of the previously converged load
station.

3. At each monitoring cross-section of the beam, plastic parts of the stress re-
sultants are evaluate numerically employing the two-dimensional numerical
integration scheme.

4. Employ the obtained plastic parts of the stress resultants to evaluate the vec-
tor
{

bpl
}

cur of Eqn. (35). Apart from elementary computations, this step
requires the computation of line integrals along the beam interval (Eqns.
(32d,e), (33a,b) and (34a-c)) which is performed employing a semi-analytical
scheme [Sapountzakis and Kampitsis (2013)]. It is worth noting here that
the line integrals arising in the term [K (d)]cur {d}cur of Eqn. (35) (including
the ones associated with geometrical nonlinearity) are also computed semi-
analytically without any special difficulty.

5. Since convergence is achieved, the parameters are updated and the process
described by steps (i)-(iv) is repeated until the foundation convergence crite-
rion is achieved by using a prescribed tolerance of tol f ound .

6. The increments of the external loading continue until the goal loading is un-
dertaken or until convergence cannot be satisfied, which means that the last
additional increment cannot be undertaken (plastic collapse)

Finally, it is worth noting that the monitoring displacement components u, v and w
at any interior point of the beam are updated after convergence in each increment
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by employing the integral representations (32a-c), respectively. A step-by-step al-
gorithmic approach of the nonlinear solution is presented in a flowchart form in
Fig.4.

Figure 4: Flowchart of the incremental - iterative solution algorithm.
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4 Numerical Examples

On the basis of the analytical and numerical procedures presented in the previ-
ous sections, a computer program has been written and representative numerical
examples have been studied confirming the accuracy and the computational effi-
ciency of the proposed beam formulation, as well as the significant influence of
the geometrically nonlinear and the shear deformation effects in the response of a
beam-foundations system.

Example 1
For comparison purposes, in the first example a cantilever beam of length l = 2m
under concentrated transverse and axial forces Pz (l), Px (l), respectively acting at
the tip, has been studied. The beam is made out of aluminum with modulus of elas-
ticity E = 69GPa, shear modulus G = 26GPa and yielding stress σY 0 = 275MPa,
with rectangular cross-section of width b = 0.02m, height h = 0.8m and shear cor-
rection factor αz = 1.2. The efficiency of the proposed formulation is illustrated
through a convergence analysis performed in case of linear elastic response as com-
pared with the exact solution for the tip displacement wexact and rotation θyexact

evaluated by the analytical expressions

wexact =
Pzl3

3EIz
+

Pzl
GAz

(38a)

θyexact =−
Pzl2

2EIz
(38b)

In Fig. 5, the percentage error of the maximum tip displacement and rotation for
various internal nodal points’ discretization schemes is presented, while in Table
1 the converged values are compared with those obtained from the Reduced Inte-
gration Element (RIE) proposed by Reddy (1997). From the obtained results it is
concluded that the shear locking has been successfully prevented and satisfactory
accuracy is achieved (i.e. error ≤ 1%) with small number of nodal points, while it
is noted that in order to achieve adequate accuracy with RIE several elements are
required [Reddy (1997), Saritas and Filippou (2009)].

Thereinafter, the geometrically nonlinear inelastic response of the cantilever is in-
vestigated taking into account the shear deformation effect (axial-shear-flexural in-
teraction), employing 22 linear longitudinal elements, 40 quadrilateral cells and a
2×2 Gauss integration scheme for each cell. The influence of the normalized ax-
ial loading nx = Px/Pult on the nonlinear response of the beam is also investigated.
The present example was first studied by Triantafyllou and Koumousis (2011) who
presented a hysteretic Timoshenko beam element based on the lumped plasticity
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Figure 5: Tip displacement and rotation error for different internal domain dis-
cretization schemes.

assumption, accounting for the interaction between axial, shear and bending, im-
plementing the yield criterion proposed by Simo et al. (1984).

Table 1: Deflection (m) and rotation (rad) of the tip of the cantilever of Example 1.

Load Pz = 100kN wtip
(
10−3

)
Error(%)w θytip

(
10−3

)
Error(%)θy

Exact Solution 5.1059 - -3.3967 -
Converged Solution

(21Nodal Points)
5.0890 0.33 -3.3799 0.49

RIE Reddy (1997) 3.9737 22.17 -3.3967 0.00

In Fig. 6, the load-displacement curves at the cantilever’s tip are presented for two
axial load cases; namely zero axial force and nx = 0.9. The results obtained with
the proposed formulation are compared with those from Triantafyllou and Kou-
mousis (2011) and from a 3-D FEM solution [NX Nastran (2007)] by employing
640 solid (brick) elements. Excellent agreement between the results is observed in
case of zero axial load while very good convergence is achieved for nx = 0.9. More-
over, the ultimate load predicted from the proposed formulation for zero axial force
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(Pnx=0
zult = 440.05kN) practically coincides with the value predicted from plasticity

theory [Lubliner (2008)] (P=
zult440kN), while for nx = 0.9 the calculated ultimate

load (Pnx=0.9
zult = 422.7kN) deviates from the FEM solution for less than 1.2%.

Finally, in Figs.7a,b the von Mises stress distribution along the cantilever’s length
is presented for different load stages showing the spread of plasticity, while in
Fig.7c,d the normal and shear stress profile along the cross-section at x= 0.1m from
the fixed end, are presented assuming either constant or a more accurate parabolic
shear stress distribution as presented in [Saritas and Filippou (2009)]. From these
figures, the flexural character of the plastification becomes apparent while it is evi-
dent that the influence of the shear stress profile is negligible, in this example.

Figure 6: Load–displacement curves at the tip of the cantilever beam of Example
1.

Example 2
The influence of the geometrical nonlinearity and the shear deformation effect
(axial-shear–flexure coupling) on the behavior of the beam-foundation system is
investigated in this example. For this purpose, an I-shaped cross-section beam of
length l = 2m, has been studied. The geometric properties of the selected cross-
section are presented in Table 2, while the beam’s material is considered to be
elastic-perfectly plastic with modulus of elasticity E = 213.4GPa, shear modulus
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G = 82GPa and yielding stress σY 0 = 285MPa. The beam is either clamped or
fixed-pinned supported, leaning on a plastic Winkler foundation with initial stiff-
ness of kz = 20MPa and yielding force PY

z = 100KN
/

m, while it is subjected to
monotonically increasing uniformly distributed load. The beam is discretized with
22 linear longitudinal elements, 43 quadrilateral cells (12 layers in the wed and 2
in each flange) and a 1×1 Gauss integration scheme for each cell.

Table 2: Geometric Properties of the I-shaped cross-section, of Example 2.

Total height h = 0.3m Flange width t f = 0.02m
Total width b = 0.3m Web width tw = 0.01m
Moment of

Inertia
Iy = 25.0247×10-5m4 Shear Correction

Factor
az = 5.3897

In Figs. 8, 9 the load-displacement curves are presented performing either, geomet-
ric and material nonlinear (GMNL) analysis or material nonlinear (MNL) analysis
ignoring the foundation reaction, for both the boundary condition cases. The re-
sults are compared with those obtained from a FEM model [NX Nastran (2007)]
implemented by employing 2400 quadrilateral shell elements. Excellent conver-
gence between the results is observed. In the same figures the von Mises stress σvM

distribution is also presented illustrating the plastification of the wed, as well as the
non-symmetry of the normal stresses due to the developed axial force. Addition-
ally, the flexure-only response is presented in these figures. Since the beam yields in
shear, the Euler-Bernoulli model fails to capture the nonlinear response and over-
estimates the collapse load for both the clamped and the fixed-pinned boundary
conditions.

The main reason for that divergence is the inability of the flexure-only model to
predict the exact collapse mechanism, as it ignores the development of the shear
stresses. In more detail, Fig. 10a, b depicts the stress distribution along the length
of the web for geometrically nonlinear and linear analysis, respectively indicating
the shear character of the collapse mechanism. In the same figure the corresponding
deformed shell FEM contour representations are also presented verifying the accu-
racy of the presented model. On the contrary, Fig 10c show the von Mises stress
distribution assuming a flexure-only model demonstrating the collapse mechanism
due to bending, which require the formation of three plastic hinges instead of two
in the axial-shear–flexure coupling model.

Moreover, under the scope of efficiency, it is worth noting that even thought the
two approaches have fundamental differences (i.e. 22 elements for the proposed



Geometrically Nonlinear Inelastic Analysis 395

 19 

 
 

(a) 

 
 

(b) 

  
(c) (d) 

 

Figure 7. von Mises stress (MPa) distribution along length (a) and normal & shear stress (MPa) 

distribution along cross-section (b) for different load stages. 

 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Lenght (m)

Load = 360kN

-0.2

0

0.2

H
ei

g
h
t 

(m
)

0

40000

80000

120000

160000

200000

240000

280000

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Length (m)

Load  = 440kN

-0.2

0

0.2

H
ei

g
h
t 

(m
)

0

40000

80000

120000

160000

200000

240000

280000

-200 0 200-300 -100 100 300
Stress (MPa)

-0.4

-0.2

0

0.2

0.4

-0.3

-0.1

0.1

0.3

C
ro

ss
 S

ec
ti

o
n

 H
ei

g
h

t 
(m

)

Sxx

Sxz - Parabolic Profile

Sxz - Constant  Profile

Pz=360kN

-200 0 200-300 -100 100 300
Stress (MPa)

-0.4

-0.2

0

0.2

0.4

-0.3

-0.1

0.1

0.3

C
ro

ss
 S

ec
ti

o
n

 H
ei

g
h

t 
(m

)

Sxx

Sxz - Parabolic Profile

Sxz - Constant  Profile

Pz=440kN

Figure 7: von Mises stress (MPa) distribution along length (a) and normal & shear
stress (MPa) distribution along cross-section (b) for different load stages.
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model instead of 2400 elements for the shell one), the difference between the com-
putational time required for the analyses is significant, while the obtained result
have the same accuracy. Indicatively, it is mentioned that the refined shell model
required approximately 30min to 1.0h depending to the analysis type and model
parameters, while the proposed one required from 10sec to 240sec for the same
type of analysis.

Finally, in Figs. 11, 12 the load-displacement curves of the beam-foundation sys-
tem are presented, performing either geometrically nonlinear or linear inelastic
analysis for both cases of boundary conditions, making evident the influence of the
geometrical nonlinearity to the response of the system. Additionally, the flexure-
only response is presented in these figures, illustrating once again the importance
of the shear deformation effect on the behavior of the beam-foundation system.

Example 3
In order to demonstrate the influence of geometrical nonlinearity even in case of
no axial loading, in the third example a rectangular cross-section (h = 0.40m,
b = 0.20m) clamped beam of length l = 5.0m, as shown in Fig. 13, has been stud-
ied. For the numerical implementation 15 linear longitudinal elements, 40 quadri-
lateral cells (10 fibers) and a 2×2 Gauss integration scheme have been employed.
Two material cases have been analyzed; namely an elastic-perfectly plastic with
modulus of elasticity E = 20GPa, shear modulus G = 8.3GPa and yielding stress
σY 0 = 100MPa and an elastoplastic-strain hardening with Et = 1GPa. The beam is
supported on a plastic Winkler foundation with initial stiffness of kz = 20MPa and
yielding force PY

z = 100KN
/

m, while it is subjected to a monotonically increasing
concentrated load at its midpoint.

The geometrically linear case with absence of foundation reaction has been studied
by Papachristidis et al. (2010), who proposed a force-based (FB) 3D fiber beam
element formulation accounting for the axial–shear–moment interaction. In Fig.
14 the load-displacement curve at the beam’s midpoint is presented as compared
with those obtained from [Papachristidis et al. (2010)] assuming both force and
displacement based (DB) formulations for numerous integration sections and nu-
merical integration schemes.

The accuracy and efficiency of the proposed formulation are confirmed by the ex-
cellent agreement between the converged solution of Papachristidis et al. (2010)
obtained by 2 FB elements with 8 integration sections and the one obtained from
the conducted analysis assuming the same number of integration sections (i.e. 16).
More specifically, from this figure it is concluded that the conventional displace-
ment based elements of equal length fail to capture accurately the collapse load.
This shortcoming can be resolved by employing either more dense mesh or adap-
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Figure 8: Load–displacement curve at the midpoint of the clamped beam of Exam-
ple 2.

Figure 9: Load–displacement curve at the midpoint of the fixed-pinned beam of
Example 2.
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Figure 10: von Mises stress distribution contour diagrams along the length of the
web for geometrically nonlinear (a) & linear (b) analysis as compared with the shell
FEM model [NX Nastran (2007)]. Flexure-only model (c).
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Figure 11: Load–displacement curve at the midpoint of the clamped beam-
foundation system of Example 2.

Figure 12: Load–displacement curve at the midpoint of the fixed-pinned beam-
foundation system of Example 2.
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Figure 13: Inelastic beam-foundation system subjected to monotonically increasing
concentrated load.

Figure 14: Load–displacement curve at the midpoint of the beam of Example 3,
performing geometrically linear inelastic analysis.
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Figure 15: Load–displacement curve at the midpoint of the beam of Example 3.

tively spaced elements. Contrary to the conventional DB elements, the FB are
capable of describing the inelastic response of the beam with a single element per
member. However the results may differ with respect to the number of integration
sections and the numerical integration scheme (i.e. Gauss (G) and Gauss–Lobatto
(G-L)).

In Fig 15 the load-displacement curves are presented, performing either geometri-
cally nonlinear or linear inelastic analysis for different types of material properties
ignoring the foundation reaction. From this figure, it is concluded that large dis-
placements, influence significantly the behavior of the beam since the developed
restoring force does not allow the evolvement of the plastic hinges and thus the
plastic collapse. This can also be evident from the contrast observed between the
von Mises stress distribution contour diagram as presented in Fig. 16a,b perform-
ing either geometrically nonlinear or linear inelastic analysis for perfectly plastic
and strain hardening material, respectively.

Finally, in Fig 17 the load-displacement curves of the beam-foundation system are
presented, performing either geometrically nonlinear or linear inelastic analysis for
different types of material properties, while in Table 3 the extreme values of the
von Mises stresses for the all the conducted analyses are shown illustrating once
again the paramount importance of both geometrical and material nonlinearity in
the beam-foundation system analysis.
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Figure 16. von Mises stress (MPa) distribution along the beam length, of Example 3. 
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Figure 16: von Mises stress (MPa) distribution along the beam length, of Example
3.

Table 3: Extreme values of the von Mises stress σvM of the beam-foundation system
of Example 3.

Clamped Beam

Analysis
Perfectly Plastic Strain Hardening

Linear Nonlinear Linear Nonlinear
MaxσvM (MPa) 100 100 157.089 149.5203
MinσvM (MPa) 9.236 12.104 12.179 17.81618

Beam-Foundation System

Analysis
Perfectly Plastic Strain Hardening

Linear Nonlinear Linear Nonlinear
MaxσvM (MPa) 100 100 141.389 134.994
MinσvM (MPa) 9.420 9.025 12.998 16.726
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Figure 17: Load–displacement curve at the midpoint of the beam of Example 3,
resting on nonlinear foundation.

5 Concluding Remarks

In this paper a Boundary Element Method is developed for the geometrically non-
linear inelastic analysis of Timoshenko beams resting on inelastic tensionless Win-
kler foundation. To account for shear deformations, the concept of shear defor-
mation coefficients is used. A displacement based formulation is developed and
inelastic redistribution is modeled through a distributed plasticity (fiber) approach.
An incremental–iterative solution strategy along with an efficient iterative process
are employed. The main conclusions that can be drawn from this investigation are

1. The proposed beam formulation is capable of yielding results of high accu-
racy, as verified by comparing with analytical and FEM results, with min-
imum computational cost, providing a simple and efficient computational
tool for the geometrically nonlinear inelastic analysis of beam-foundation
systems.

2. The beam character of the developed formulation confers advantages over
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more refined approaches in the sense of modelling effort, model handling,
results interpretation and isolation of structural phenomena.

3. The proposed model accurately captures both the initial yielding and the ul-
timate (collapse) load.

4. The influence of geometrical nonlinearity is illustrated through the significant
discrepancy between the results of the linear and the nonlinear analyses.

5. The proposed model takes into account coupling effects of bending, shear
and axial deformations, illustrating the paramount importance of this inter-
action in the inelastic analysis either under small or large displacement for-
mulation.

6. The significant influence of the inelastic character of the foundation is also
demonstrated.

7. A small number of cells (fibers) is required in order to achieve satisfactory
convergence.

8. The developed procedure retains most of the advantages of a BEM solution
over a FEM approach, requiring a small number of nodal points to achieve
high accuracy.

9. The use of BEM enables the accurate calculation of the stress resultants
which are very important during both the analysis and the design of beam-
foundation systems.
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