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Research on Band Structure of One-dimensional Phononic
Crystals Based on Wavelet Finite Element Method
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Abstract: A wavelet finite element method (WFEM) is developed to analyze the
dispersion relation for one-dimensional phononic crystals (1DPCs). In order to
calculate the band gaps (BGs) of 1DPCs, the wavelet finite element model is con-
structed using a slender beam element based on B-spline wavelet on the interval
(BSWI). Combining with the Bloch-Floquet theorem and ω(k) technique, the mod-
el will be simplified as a simple eigenproblem. The performance of the proposed
method has been numerically verified by one numerical example.
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1 Introduction

Phononic crystals (PCs) are artificial materials with a periodic structure and were
first investigated in the early seventies of the last centenary. The study of wave
propagation in periodic structures has originated many novel discoveries in physic-
s. Since the 1990s, there has been a great deal of work devoted to the study of
phononic crystals [Kushwaha et al. (1993); Tarasenko et al. (2004)]. The existence
of phononic BGs where the propagation of acoustic or elastic waves is forbidden
exhibits a lot of potential applications, such as noise reduction, waveguides, acous-
tic filters, etc. Therefore, the mechanism for tuning the band gap is always an
important topic of the theoretical studies of PCs.

One of the most major content of phononic crystals is its band structure calcu-
lations. There are several numerical methods to calculate band structures. The
plan-wave expansion (PWE) [Kushwaha et al. (1994); Tanaka and Tamura (1999)]
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is a powerful tool to investigate wave propagation problems and band structures.
However, to deal with the problems of varied material parameters of components,
the convergence is slow. Besides, when the classical PWE method is employed to
solve fluid-solid PCs, the fictitious transversal modes are often occurred. There-
fore, the extended PWE (EPWE) technique was presented to calculate fluid-solid
PCs [Moiseyenko and Laude (2011)]. Morover, the finite- difference time-domain
method (FDTD) was developed to obtain the unique solutions of PCs with nonlin-
ear material properties in a natural way [Tanaka and Tamura (1998)]. However,
FDTD can not be applied to PCs structures with complex geometry. Finite element
method (FEM) is suitable to solve structural mechanics problems in complicated
domains and then introduced to calculate band gaps (BGs) of PCs [Assouar and
Oudich (2011)]. FEM models of PCs lead to an eigenvalue problem, which is usu-
ally solved for the unknown frequencies (ω) with a real wave number (k), i.e., the
ω(k) technique [Assouar and Oudich (2011)]. Recently, boundary element method
is proposed to solve band gaps of PCs with good performance [Gao et al.(2013a,
2013b)].

Wavelet finite element method (WFEM) is developed in recent years as a new nu-
merical method using scale function or/and wavelet function to replace the tra-
ditional polynomial as approximating function. Ko et al. constructed a class of
one-dimensional wavelet based element by using orthogonal Daubechies wavelet
[Ko et al. (1997)]; Chen et al. proposed wavelet-based elements using Daubechies
wavelet, B-spline wavelet wavelet on the interval (BSWI) respectively to analy-
sis structural problems and developed adaptive WFEM [Chen et al. (2004, 2010,
2012)]; Hang et al. extended the WFEM by using mixed variational principle [Hang
et al. (2005, 2006)]; He and Ren continued to develop WFEM [He and Ren (2013a,
2013b)]. By utilizing multi-resolution characteristics, we can obtain a variety of
wavelet-based elements to solve partial differential equations (PDEs) in engineer-
ing. Since BSWI scale functions at all level have the analytical expression, the
elemental stiffness and mass matrices can be calculated conveniently [Xiang et al.
(2007, 2008a, 2008b)]. Therefore, the wavelet finite element method has been suc-
cessfully applied to solve stress intensity factor [Xiang et al. (2012)] and damage
detection field [Xiang and Liang (2011), Xiang et al. (2011), Li and Dong (2012),
Li and He (2013)]. Furthermore, for one-dimensional structures there have been
applications of WFEM for curved beams [Yang et al. (2014)] and wave motion
analysis in arch structures [Yang et al. (2014)]. For two-dimensional structures, the
vibration analysis of curved shell [Yang et al. (2012)] and free vibration and buck-
ling analysis of plates [Yang et al. (2013)] are investigated using WFEM. Recently,
WFEM was summarized by Li and Chen and the classification and further research
directions were given [Li and Chen (2014)]. Therefore, the WFEM is an effective
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numerical simulation method in structure analysis.

In this paper, we employed the wavelet-based element to construct FEM model
of one-dimensional phononic crystals (1DPCs). The numerical dispersion relation
of 1DPCs will be presented and it will be shown that for rational wave vectors, a
polynomial eigenvalue problem will be obtained. The BGs of 1DPCs are calcu-
lated using BSWI elements at different wavelet level. The results are verified and
compared with the traditional finite element method.

2 WFEM model of 1DPCs

BGs for periodic structures are usually calculated in the frequency domain by uti-
lizing unit cells and periodic boundary conditions (BCs). The same principle will
be followed in the presented paper to investigate 1DPCs using wavelet-based ele-
ment. Fig.1 shows the schematic structure of 1DPCs made of a series of identical
segments. Each segment includes two differential materials for A and B (A and B
have the same cross-section) with their thickness are a1and a2, respectively. The
thickness (lattice constant or periodic distance) of a unit cell (lattice constant) is
a = a1 +a2. 
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Figure 1: Schematic structure of 1DPCs.
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Figure 2: The diagram of a segment represented by 2n BSWI4 j elements.
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Fig.2 shows a unit cell of the structure. Consider the periodic characteristic, we
can solve the band structure only using a unit cell of 1DPCs. Therefore, we focus
on the calculation model using wavelet-based element on a unit cell. Suppose 2n
BSWI4 j (4 is the order of BSWI bases [Xiang et al, (2008a)], j is the wavelet
level) Euler beam elements [Xiang et al. (2007)] (n elements supported on section
A and the other n elements supported on section B) are employed to discretize the
unit cell, the degrees of freedom (DOF) corresponding to the node on the left hand
boundary qL is vL = {w1,θ1}T , the node on the right hand boundary qR is vR =
{wn2 j+1+1,θ2n+1}T and the other inner nodes is vI= {w2,w3, · · · ,w2 j ,w2 j+1,θ2, · · · ,
wn2 j+1−2 j+1, · · · ,wn2 j+1 ,wn2 j+1+1,θ2n+1}T .

Thus, the total DOF of a unit cell is

v =


vL

vI

vR

 (1)

Corresponding to DOF in a unit cell, there will be a generalized force as [Veres and
Berer, (2012)]

F =


FL

FI

FR

 (2)

where FL, FR and FI are the generalized force on the left hand boundary, the right
hand boundary and the other inner nodes.

When a free wave propagates through an infinite structure, FI is zero. At this
point, the periodic boundary conditions are not yet applied. Therefore, according
to Bloch-Floquet theorem, the propagation constants between the nodes on left and
right hand boundaries (exterior nodes) of a unit cell are given as eika (k is the wave
number and i is the imaginary unit). The generalized forces at the exterior nodes,
i.e., FL and FR, are not zero, since these forces are responsible for transmitting the
wave motion.

Because vL and vR are separated by the periodic distance a, the relationship of the
two DOF on the exterior nodes can be represented by [Veres and Berer (2012)]

vR = eikavL (3)

Similarly, the corresponding FL and FR should have the relationship as

FR =−eikaFL (4)
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Therefore, the equation of motion of a unit cell (periodic section) is [Veres and
Berer (2012)]

(
K j−ω

2M j)
vL

vI

vLeika

=


FL

0
−FLeika

 (5)

where ω is the angular frequency (rad/s), K j and M j are the global stiffness and
mass matrices of a unit cell and the corresponding superscripts j are also the
wavelet level.

Because a unit cell consist of 2n BSWI4 j Euler beam elements, K j and M j are
formed by superposition of KA, j (the superposition of BSWI4 j Euler beam ele-
ment stiffness matrices KeA, j of section A) and KB, j(the superposition of BSWI4 j

Euler beam element stiffness matrices KeB, j of section B), MA, j( the superposition
of BSWI4 j Euler beam element mass matrices MeA, j of section A) and MB, j( the
superposition of BSWI4 j Euler beam element mass matrices MeB, j of section B).
The BSWI4 j Euler beam element stiffness and mass matrices KeA, j,KeB, j,MeA, j and
MeB, j are [Xiang et al. (2007)]

KeA, j =
E1I

(a1/n)3

1∫
0

(Te
1)

T (
d2ϕϕϕT

dξ 2 )(
d2ϕϕϕ

dξ 2 )T
e
1dξ (6)

KeB, j =
E2I

(a2/n)3

1∫
0

(Te
2)

T (
d2ϕϕϕT

dξ 2 )(
d2ϕϕϕ

dξ 2 )T
e
2dξ (7)

MeA, j = (a1/n)ρ1S
1∫

0

(Te
1)

T
ϕϕϕ

T
ϕϕϕTTT e

1dξ (8)

MeB, j = (a2/n)ρ2 S
1∫

0

(Te
2)

T
ϕϕϕ

T
ϕϕϕTTT e

2dξ (9)

in which E1and E2, ρ1 and ρ2 are the Young’s moduli and material densities of
the two sections A and B, respectively, I and S are the moment of inertia, the area
of cross-section for the two sections A and B, respectively, ϕϕϕ , Te

1 and Te
2 are the

column vector combined by the BSWI scaling functions for 4th order at the level j,
the transformation matrices, respectively, as [Xiang et al. (2008a)]

ϕϕϕ =
{

ϕ
j

4,−3(ξ ),ϕ
j

4,−2(ξ ), . . . ,ϕ
j

4,2 j−1(ξ )
}

(10)
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Te
1=([ϕϕϕT (ξ1),

1
a1/n

dϕϕϕT (ξ1)

dξ
,ϕϕϕT (ξ2), . . . ,ϕϕϕ

T (ξr),ϕϕϕ
T (ξr+1) ,

1
a1/n

dϕϕϕT (ξr+1)

dξ
]T)−1

(11)

Te
2=([ϕϕϕT (ξ1),

1
a2/n

dϕϕϕT (ξ1)

dξ
,ϕϕϕT (ξ2), . . . ,ϕϕϕ

T (ξr),ϕϕϕ
T (ξr+1),

1
a2/n

dϕϕϕT (ξr+1)

dξ
]T)−1

(12)

in which r = 2 j and the scaling functions ϕ
j

4,−3(ξ ),ϕ
j

4,−2(ξ ), . . . ,ϕ
j

4,2 j−1(ξ ) are
shown in. [Xiang et al. (2008a)].

To simple the calculation, the global stiffness and mass matrices are partitioned to
nine sub-blocks in associated with the three types of nodes, i.e., a node on the left
hand boundary, a node on the right hand boundary and nodes on the interior. Thus,
we have

K j =

 KLL KLI KLR

KIL KII KIR

KRL KRI KRR

 (13)

and

M j =

 MLL MLI MLR

MIL MII MIR

MRL MRI MRR

 (14)

where L = 2, I = n2 j+1 +2n−2, R = 2.

In the present, we only calculate the band structure of PCs. Therefore, the general-
ized force matrix becomes zero and the equation of free vibration is

(
K j−ω

2M j)
vL

vI

vR

= 0 (15)

According to [ Mead et al. (1973)], submitting Eq.(3) into Eq.(15), we have[
KLL +KRR + eikaKLR + e−ikaKRL KLI + e−ikaKRL

KIL + eikaKIR KII

]{
vL

vI

}
−ω

2
[

MLL +MRR + eikaMLR + e−ikaMRL MLI + e−ikaMRL

MIL + eikaMIR MII

]{
vL

vI

}
= 0

(16)
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By separating real and imaginary parts [Wilkinson (1965)] and let K = Kr + iKi

and M = Mr + iMi, Eq. (16) becomes{[
Kr Ki

Ki Kr

]
−ω

2
[

Mr Mi

Mi Mr

]}{
vL

vI

}
= 0 (17)

The corresponding free vibration frequency equation is∣∣∣∣[ Kr Ki

Ki Kr

]
−ω

2
[

Mr Mi

Mi Mr

]∣∣∣∣= 0 (18)

Let the matrices

K =

[
Kr Ki

Ki Kr

]
(19)

M =

[
Mr Mi

Mi Mr

]
(20)

Eq.(18) becomes∣∣∣K−ω
2M
∣∣∣= 0 (21)

Eq. (21) represents a symmetric eigenvalue problem relating k and ω for the discre-
tised structure, whose solutions give WFEM estimates of the dispersion relations
for the continuous structure. Corresponding to each value of k in Eq.(21), there will
be a discrete set of frequencies that occur in equal pairs. Each frequency will have
associated with correspondence an eigenvector. This eigenvector defines the wave
motion in the periodic section at that frequency.

3 Numerical investigation

As shown in Fig.1, we investigate PCs composed of copper (segment A) and epoxy
(segment B) arranged in a lattice with a filling fraction a1:a2=1:1 and the lattice
constant a=150 mm. Table 1 shows the material parameters of copper and epoxy.

Table 1: Materials properties
Materials Density(ρ)(Kg/m3) Young’s modules(E)1010Pa Cross area(S)10−4(m2)

Copper 8950 16.46 1
Epoxy 1180 0.435 1
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Figure 3: The band structure of WFEM (squares) and traditional FEM (dashed and
solid lines)
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Figure 4: The band structure calculated by 2 and 4 BSWI43 Euler beam elements

In order to verify the validity of the present method, we employ 2 BSWI43 Euler
beam elements (20 DOFs), 4 and 16 traditional Euler beam elements [Zienkiewicz
et al. (2005)] (10 and 34 DOFs) to solve the band structure of the 1DPCs. The
results are plotted in Fig. 3 and the squares, the dashed lines and the solid lines
denote the solutions of 2 BSWI43 Euler beam elements, 4 and 16 traditional Euler
beam elements, respectively. From Fig.3, we find that the results from the two
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methods are in good agreement and the 2 BSWI43 Euler beam elements can reach
the accuracy of 16 traditional beam elements. As well known, FEM is efficient
and reliable to compute 1DPCs, which verifies that the developed WFEM can yield
accurate results. It points out that the DOF used for traditional element more than
1.5 times of that of the present method.

The above results indicate that good calculation accuracy can be achieved for the
1DPCs by the proposed WFEM. The main advantage of the proposed method is the
time savings due to the reduction of DOF.

To testify the convergence of the present wavelet FEM, we adopted 2(20 DOFs)
and 4(38 DOFs) BSWI43 Euler beam elements to calculate the BGs of 1DPCs,
respectively. The results are shown in Fig.4. The solution of 2 elements also can
reach high precision. This is because the resulting matrices are very sparse in the
wavelet-based method.

Furthermore, we give a performance comparison of BSWI Euler beam element at
different wavelet level, i.e., BSWI43, BSWI44, BSWI45 and BSWI46Euler beam
elements. The results are basically identical with BSWI43. It illustrates BSWI43
elements can gain a high accuracy to calculate the band structure.

The numerical results are presented in this paper demonstrating the accuracy, ef-
ficiency and reliability of the BSWI beam element. The fundamental cause of the
good performance of BSWI beam element lies in the BSWI scaling functions with
the advantages of high approximation precision and the excellent localization char-
acteristic in space domain.

4 Conclusions

In this paper, the good approximation capability of BSWI4 jbeam element has been
explored to approximate the displacement fields of 1DPCs. More specifically, two
BSWI4 jbeam element are employed to discretize a unit cell and the corresponding
equation of motion and further the corresponding frequency equation for calcu-
lating BGs are obtained. The numerical results show that the advantage of this
method is its computational efficiency. This is reflected by the fact that it requires
fewer elements, in comparison to the popular finite element method, to achieve the
same solution quality. The further work is to compute BGs of 2D or 3D phononic
crystals.
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