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Abstract: Basic probabilistic characteristics and reliability indices of critical forces
for high steel skeletal towers are numerically modeled by using the Stochastic,
perturbation-based Finite Element Method. It is implemented together with the
Weighted Least Squares Method and compared with the Monte-Carlo simulation as
well as with the semi-analytical Probabilistic FEM. The Finite Element Method so-
lution to the stability problem for a full 3D model of a tower accounts for both first
and second order effects known from the engineering codes as the so-called P-delta
effect. Two different Gaussian input random variables are adopted here – Young
modulus of steel as well as principal structural elements thickness – to compare an
influence of the material versus the geometrical uncertainty on the overall structural
response. The numerical analysis has been carried out with a combination of the
FEM engineering program with symbolic algebra software providing WLSM ap-
proximation, probabilistic simulation, integration, as well as for the general order
Taylor expansion procedures. The reliability indices related to the stability problem
are calculated using both the First and the Second Order Reliability Methods and
they showed safety margins for the telecommunication towers.
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1 Introduction

Designing of spatial large scale skeletal structures frequently needs an extra up-
grade of technological equipment, sometimes apparently beyond the design limits
given in the initial structural project. There is no doubt that this needs geometrically
nonlinear Finite Element Method (FEM) analysis, frequently towards the structural
stability modeling. A verification of the capacity margin must be complement-
ed each time with such a stability analysis taking into consideration both global
as well as local imperfections and instabilities as far as the steel (or aluminum)
thinwalled structures are considered. Computational analysis, provided within the
use of the FEM or some of its stochastic counterparts, should account for all the
external loads, where the technological one is adjacent to the incrementation pro-
cedure, leading to a determination of the critical load multipliers. It is usually done
accounting for the buckling FEM analysis, where constitutive, initial stress and
initial displacements stiffness matrices compose the overall engineering structure
stiffness. On the other hand, the uncertainty sources are introduced in the form of
various geometrical imperfections, stochastic losses of a given cross-section due to
corrosion process [Melchers (1987); Sadovský and Drdácký (2001)], environmen-
tal external loadings relevant to accidental ice covers, additional wind pressures or
even to unpredictable fire exposure. They all influence the non-dimensional reli-
ability index that can be calculated according to the First (FORM) or the Second
Order Reliability Methods (SORM), where the stress limit function is traditionally
defined as a difference in-between computed normal stresses and adjacent critical
stresses. Some other issues connected with uncertainty analysis corresponding to
the stability analysis may be found in [Elishakoff (1983); Elishakoff, Li and Starnes
(2001)]. Stochastic analyses that are necessary for further reliability determination
are widely used in many branches of civil engineering research articles, e.g. [Hos-
seini, Shahabian, Sladek and Sladek (2011); Lin, Liu, Yuan and Mang (2014);
Silva, Azikri de Deus, Mantovani and Beck (2010); Yang, Li and Cai (2013)].

The main purpose of this work is to apply the Least Squares Method (in its weighted
extended version) in the higher order perturbation-based Stochastic Finite Element
Method [Kamiński (2013); Kamiński and Solecka (2013); Kamiński and Strąkows-
ki (2013)] developed through an extension of the Second Order Second Momen-
t (SOSM) stochastic perturbation approach [Kleiber, and Hien (1992)]. Another
goal is to contrast the resulting basic probabilistic characteristics with these com-
puted with the semi-analytical approach and, independently, with these estimated
via the classical Monte-Carlo simulation scheme. Semi-analytical method uses the
same response functions resulting from the LSM procedure as stochastic pertur-
bation technique, however further determination of the probabilistic characteristics
for the state functions proceeds through symbolic integration according to the ba-
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sic definition of the probability theory. Particularly, we demonstrate an application
of our triple probabilistic computational strategy to stability analysis of the steel
lattice towers to verify an opportunity to upgrade them significantly beyond initial
designing limits in presence of some structural random parameters. Computational
stability verification is provided here according to both the first and the second or-
der reliability theories. Such a study has been carried out here for the specific steel
telecommunication tower having randomized Young modulus and, independently,
for the mean thickness of the tower legs made with using round seamless pipes
statistically dispersed according to the Gaussian probability distribution function.
We define here the critical load as a multiplier of the unit vectors located at the
tower top and acting downwards; it simulates the capacity margin for this structure
accounting for the extra equipment to be mounted at its top during further exploita-
tion. Probabilistic computational analysis is focused on statistical and probabilistic
determination of the expected values, coefficients of variation, skewness and kur-
tosis of the critical load multipliers. We examine probabilistic convergence of all
the aforementioned characteristics together with the order of stochastic perturba-
tion applied and with respect to the input coefficient of variation belonging to the
interval α ∈ [0.00,0.15]. Finally, we verify also whether the critical load magni-
tude is the Gaussian variable to conditionally apply the simplified reliability index
formula that consists of a ratio of the expectation to the standard deviation of the
proposed limit function. Such a reliability index calculated according to the Cor-
nell theory [Melchers (1987)], treated as equivalent to the First Order Reliability
Method (FORM), has been further contrasted here with that calculated according
to the Second Order Reliability Method (SORM) as we expect some non-Gaussian
stochastic structural response; some other issues and aspects of reliability can be
found in works [Huang, Aliabadi and Sharif Kodei (2014); Wang, Gao, Yang and
Song (2011)].

The key result in a deterministic context is that such towers, designed rather opti-
mally according to the widely known stress and deformation limit states, have re-
markable additional capacity, at least in terms of structural stability, while the extra
telecommunication equipment is getting attached. The basic probabilistic research
finding is that Gaussian Young modulus induces also Gaussian critical forces in
these structures, which seems reasonable taking into account the fundamental Eu-
ler formula [Timoshenko and Gere (1961)] widely used in various steel structures
[Kamiński and Solecka (2013); Kamiński and Strąkowski (2013)]. The stability
limits were proven to have apparently non-Gaussian probability distributions while
randomizing local element thicknesses. All three probabilistic numerical methods
implemented and applied in this study return remarkably consistent results in the
given interval of input uncertainty. The very interesting observation is that three
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different probabilistic techniques applied to the nonlinear elastic analysis return
here similar results from both qualitative and even quantitative point of view and
some further improvements of the Response Function Method may improve this
tendency.

2 Governing variational equations

Let us consider a statistically homogeneous and bounded region Ω ⊂ ℜ3 with no
initial stresses or strains having external boundaries ∂Ωσ and ∂Ωu, where the stress
and displacement boundary conditions are defined, respectively. The incremental
form of isotropic linear elasticity equilibrium problem of Ω is proposed as

∆σkl,l +ρ∆ fk = 0; xi ∈Ω, (1)

∆σ̃kl =Cklmn∆εmn; xi ∈Ω, (2)

∆εkl =
1
2
(∆uk,l +∆ul,k +ui,k∆ui,l +∆ui,kui,l +∆ui,k∆ui,l) ; xi ∈Ω, (3)

with the following incremental boundary conditions:

∆σk̄lnl = ∆t̂k̄; xi ∈ ∂Ωσ , k̄ = 1,2,3, (4)

∆uk̂ = ∆ûk̂; xi ∈ ∂Ωu, k̂ = 1,2,3, (5)

where

Ci jkl = δi jδkl
eν

(1+ν)(1−2ν)
+
(
δikδ jl +δilδ jk

) e
2(1+ν)

(6)

for i, j, k, l = 1, 2, 3. In above equations we denote ρ as mass density, ∆tk̄ - as the
vector of boundary forces, δik is the Kronecker delta here, ν stands for the Poisson
ratio, e serves as Young modulus, ∆ fk denotes the increments of the mass forces
vector, and traditionally, Ci jkl is traditionally the elasticity tensor. This problem is
solved for the displacement vector increments ∆uk (x), the strain tensor increments
∆εkl (x), and the stress tensor increments ∆σkl (x). We introduce here the tensors
∆σkl (x), ∆σ̃kl (x) as the first and the second Piola-Kirchhoff stress tensors

∆σkl = ∆Fkm∆σ̃ml +Fkm∆σ̃ml +∆Fkmσ̃ml; xi ∈Ω (7)

where

∆Fkm = ∆uk,m; xi ∈Ω. (8)
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The following functional defined with respect to ∆uk is usually introduced [Kleiber
(1985)] in order to obtain the additional variational formulation:

J(∆uk)=
∫
Ω

(
1
2

Cklmn∆εkl∆εmn+
1
2

σ̃kl∆ui,k∆ui,l−ρ∆ fk∆uk

)
dΩ−

∫
∂Ω

∆t̂k∆ukd(∂Ω),

(9)

where J (∆uk) is potential energy functional. Its minimization with respect to ∆uk
lead to the Finite Element Method (FEM) equations described in the next section.
Alternatively, one may apply hybrid formulation of the FEM based on the stress
functions.

3 Stochastic Finite Element Method equations

3.1 Stability problem matrix equations

The following well known discretization of the displacement function increments
in the RFM analysis [Kamiński (2013)] is adopted in the SFEM approach:

∆uα = ϕαβ ∆qβ = ϕαβ D(p)
β

bp, p = 0, . . . ,n−1; β ,α = 1, . . . ,N, (10)

where: ϕαβ is the shape function matrix, ∆qβ is the vector of increments of the

generalized displacements, D(p)
β

are the unknown coefficients in the Least Squares
Method polynomial approximations [Björck (1996); Kamiński (2013)], b denotes
here the given input random variable and N is the total number of degrees of free-
dom in the FEM model. Additionally, we propose the following strain tensor com-
ponents discretization:

∆εkl =
1
2
(ϕkα,l +ϕlα,k)∆qα +

1
2

ϕiα,kϕiβ ,l∆qα∆qβ =
(

B(1)
klα +B(2)

klα

(
∆qβ

))
∆qα

=
(

B(1)
klα +B(2)

klα

)
D(p)

α bp, p = 0, . . . ,n−1; β = 1, . . . ,N; k, l = 1,2,3 (11)

and the stress tensor components

∆σi j =Ci jkl∆εkl =Ci jklBklβ ∆qβ =Ci jklBklβ D(p)
β

bp,

p = 0, . . . ,n−1; α,β = 1, . . . ,N; i, j,k, l = 1,2,3. (12)

One may obtain the functional given above in eqn (9) by inserting these represen-
tations into the geometrical and constitutive equations as [Kleiber (1985)]

J (∆qα) =
1
2

K(1)
αβ

∆qα∆qβ +
1
3

K(2)
αβγ

∆qα∆qβ ∆qγ

+
1
4

K(3)
αβγδ

∆qα∆qβ ∆qγ∆qδ −∆Qα∆qα , (13)
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where the first, the second and the third order stiffness matrices are given as

K(1)
αβ

=
E

∑
e=1

∫
Ωe

{
Ci jklBi jαBklβ + σ̃i jϕαk,iϕβ l, j

}
dΩ, (14)

K(2)
αβγ

=
E

∑
e=1

∫
Ωe

{
3
2

Ci jkl
(
Bi jαBklβγ +Bi jαβ Bklγ

)}
dΩ, (15)

K(3)
αβγδ

=
E

∑
e=1

∫
Ωe

2Ci jklBi jαβ Bklγδ dΩ, (16)

and

∆Qα =
E

∑
e=1

∫
Ωe

ρ∆ fiϕαidΩ+
E

∑
e=1

∫
∂Ωe

∆t̂iϕαid (∂Ω) . (17)

where ∆Qα is the vector of the generalized nodal forces increments, E is the overall
number of the finite elements in the model. Of course, the first order stiffness matrix
may be decomposed as

K(1)
αβ

= K(e)
αβ

+K(σ)
αβ

+K(u)
αβ

, (18)

where K(e)
αβ

is the initial stiffness matrix, K(σ)
αβ

is the initial stress stiffness matrix

and, finally, K(u)
αβ

is the initial displacements stiffness matrix. They are given by the
following formulas:

K(e)
αβ

=
∫
Ω

Ci jklB
(1)
i jαB(1)

klβ dΩ, K(u)
αβ

=
∫
Ω

Ci jklB
(2)
i jαB(1)

klβ dΩ, K(σ)
αβ

=
∫
Ω

σ̃klϕiα,kϕiβ ,ldΩ

(19)

It is known that minimization of eqn (13) leads to the well-known statement

K(1)
αβ

∆qβ +K(2)
αβγ

∆qβ ∆qγ +K(3)
αβγδ

∆qβ ∆qγ∆qδ = ∆Qα , (20)

which is most frequently solved in engineering practice in the following reduced
form:(

K(e)
αβ

+K(σ)
αβ

+K(u)
αβ

)
∆qβ = ∆Qα . (21)
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We solve numerically the linearized stability problem given by the matrix equation
[Kleiber and Hien (1997)]

K(e)
αβ

qβ +λ

(
K(σ)

αβ
(σσσ)+K(u)

αβ
(q)
)

qβ = 0 (22)

where the pair (σσσ ,q) denotes the stresses and displacements obtained for the exter-
nal load Qα . Then, the critical load multiplier λcr is introduced as

λQα = Qα +µ∆Qα , λcrσσσ = σσσ +µ∆σσσ , λq = q+µ∆q. (23)

Further, µ and q denote the eigenvalue and eigenvector corresponding to the bifur-
cation point, which is expressed by the following well known condition:{

K(e)
αβ

qβ +K(σ)
αβ

(σσσ)+K(u)
αβ

(q)
}
+µ

{
K(σ)

αβ
(∆σσσ)+∆K(u)

αβ
(q,∆q)

}
qβ = 0. (24)

It simply follows the basic incremental equilibrium equation{
K(e)

αβ
+K(σ)

αβ
(σσσ)+K(u)

αβ
(q)
}

∆qβ = ∆Qα , (25)

where the load increment µ∆Qα induces extra stresses µ∆σσσ and extra displace-
ments µ∆q such that{

K(e)
αβ

+K(σ)
αβ

(σσσ +µ∆σσσ)+K(u)
αβ

(q+µ∆q)
}

∆qβ = ∆Qα . (26)

The first order Taylor expansions applied here

K(σ)
αβ

(σσσ +µ∆σσσ) = K(σ)
αβ

(σσσ)+µK(σ)
αβ

(∆σσσ) (27)

and

K(u)
αβ

(q+µ∆q) = K(u)
αβ

(q)+µ∆K(u)
αβ

(q,∆q) (28)

enable to linearize the last increment with respect to its arguments.

3.2 The Weighted Least Squares Method

Traditionally, the Least Squares Method needs an iterative solution of the initial
equilibrium equation (for i = 1, . . . ,n) about the expectation of the given input ran-
dom parameter. This can be applied to our problem in the following manner:

K(e)
αβ (i)qβ (i)+λ(i)

(
K(σ)

αβ (i) (σσσ)+K(u)
αβ (i) (q)

)
qβ (i) = 0, (29)
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where α,β = 1, . . . ,N and λ(i) is the ith critical load multiplier. It results in a se-
quence of the pairs

(
bi,λ(i)

)
that enable to recover the polynomial response function

for the critical load multiplier as [Kamiński (2013)]

λcr = λcr (b) = D( j)b j, j = 1, . . . ,m; m≤ n−1, (30)

leading through the generalized stochastic perturbation technique to the fourth or-
der probabilistic characteristics (expectations, coefficients of variation, skewnesses
and kurtosis) of this multiplier. Computer analysis obeys here three different cases
to distinguish in-between various physical situations – first we postpone last two s-
tiffness matrices in eqn (29) (accounting for the elastic stiffness contribution only),
then we make the last matrix negligible, and finally, we solve eqn (29) in its full
form. We consider for this purpose a residual in the given trial point indexed by
i as a difference between the given critical value and its counterpart coming from
the approximating polynomial to be determined f

(
bi,D(i)

)
(calculated both for the

argument bi). There holds [Björck (1996)]

r(i) = λ(i)− f (bi,D(i)), (31)

Computational determination of the coefficients D(i) in this polynomial proceeds
from the following gradient equations to minimize the residuals with respect to the
coefficients:

∂

(
n
∑

i=1
r2
(i)

)
∂D( j)

= 2
n

∑
i=1

r(i)∂ r(i)
∂D( j)

; j = 1, . . . ,n. (32)

So that, one might get

−2
n

∑
i=1

r(i)
∂ f
(
bi,D(i)

)
∂D( j)

= 0; j = 1, . . . ,n. (33)

Denoting here the Jacobian matrix as Ji j =
∂ f(bi,D(i))

∂D( j) we solve for

n

∑
i=1

n

∑
j=1

Ji jJikD(k) =
n

∑
i=1

Ji jλi; j = 1, . . . ,n. (34)

We modify this approach by the Aitken weighting procedure [Björck (1996);
Kamiński (2013)], where each trial point is associated to some parameter wii (vec-
tor of the weights in WLSM) such that the initial LSM functional equals to

Sw =
n

∑
i=1

wiir2
(i). (35)
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Then, the WLSM gradient, similarly to eqn (33), becomes

−2
n

∑
i=1

wiir(i)
∂ f
(
bi,D(i)

)
∂D( j)

= 0; j = 1, . . . ,n. (36)

Finally, the linear equations system to be solved numerically is rewritten as
n

∑
i=1

n

∑
j=1

Ji jwiiJikD(k) =
n

∑
i=1

wiiJi jλi; j = 1, . . . ,n. (37)

All mathematical details of both non-weighted and weighted versions of the LSM
technique with additional derivations may be found in [Björck (1996)].

3.3 Determination of the basic probabilistic characteristics

The final probabilistic procedure consists in symbolic calculation of probabilistic
moments and coefficients of the critical load multiplier. It proceeds by using of
the general order Taylor expansion of this multiplier λcr with respect to the input
Young modulus e [Kamiński (2013); Kamiński and Solecka (2013); Kamiński and
Szafran (2012); Sokołowski, Kamiński and Strąkowski (2014)]:

λcr = λ
0
cr +

n

∑
i=1

ε i

i!
∂ iλcr

∂ei

∣∣∣∣
e=e0

∆ei, (38)

where the order n is smaller than the polynomial order provided in eqn (30) and ε

denotes the perturbation parameter; the very similar expansion has been provided
independently with respect to the random thickness here. Such an expansion has
been further inserted into the equations for the basic probabilistic moments and
characteristics of limit λcr itself. We show as an illustration the expected values
E [λcr] only; there holds

E [λcr] =

+∞∫
−∞

λcr (e) pe (x)dx =
+∞∫
−∞

{
λ

0
cr +

n

∑
i=1

ε i

i!
∂ iλcr(e)

∂ei

∣∣∣∣
e=e0

∆ei

}
pe (x)dx, (39)

where pe (x) is the probability density function of Young modulus and λ 0
cr is the

mean value of the critical load multiplier. One may insert ε = 1 [Kamiński (2013);
Kleiber and Hien (1992)] and to simplify this formula by using of the definitions of
the central probabilistic moments of the Gaussian variable e

E [λcr] =

+∞∫
−∞

λ
0
cr (e) pe (x)dx+

+∞∫
−∞

n

∑
i=1

ε i

i!
∂ iλcr(e)

∂ei

∣∣∣∣
e=e0

∆ei pe (x)dx

= λ
0
cr

∣∣
e=e0 +

n

∑
i=1

ε i

i!
∂ iλcr(e)

∂ei

∣∣∣∣
e=e0

µi (e), (40)
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where all the moments of an odd order simply vanish here

µi (e) =

{
0, i = 2k+1, k ∈ℵ

σ i (e)(i−1)!!, i = 2k
. (41)

The same equations are valid in case of the random thickness, where e is simply
replaced with t above. Moreover, analogous perturbation-based formulas for high-
er probabilistic moments and coefficients may be derived from the statements in-
cluded in [Kamiński (2013); Kamiński and Solecka (2013); Kamiński and Szafran
(2012); Sokołowski, Kamiński and Strąkowski (2014)]. We compare the perturba-
tion-based moments against these calculated by straightforward probabilistic in-
tegration of the WLSM-based response functions and, independently, with the
Monte-Carlo simulation estimators. Such a classical statistical estimator of the
expectation employed in our Monte-Carlo simulation scheme corresponding to the
definition (39) is given as

E [λcr] =
1
M

M

∑
m=1

λcr

(
b(m)

)
(42)

where b ∈ {e, t}, while the variances Var (λcr) and the kth central probabilistic mo-
ments µk (λcr) are estimated as

Var (λcr) =
1

M−1

M

∑
m=1

(
λcr

(
b(m)

)
−E [λcr]

)2
,µk (λcr)

=
1
M

M

∑
m=1

(
λcr

(
b(m)

)
−E [λcr]

)k
. (43)

Finally, we proceed with determination of the reliability measures. The reliability
index calculated according to the First Order Reliability Method, namely βFORM,
assumes Gaussian probability distribution of the given structural response function.
The Second Order Reliability Method (SORM) shall be applied in case of the non-
Gaussian response. The general formula to calculate βSORM is the following one:

βSORM =−Φ
−1 (Pf 2) , (44)

where Pf 2 denotes the probability of failure for the chosen probability distribution
Φ of the function related to βFORM in the following manner:

Pf 2 =
Φ(βFORM)√
1+βFORMκ

, (45)
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where κ is curvature of the limit function g (surface) usually defined as

κ =

∂ 2g
∂b2(

1+
(

∂g
∂b

)2
) 3

2
. (46)

The additional condition also holds true

κ >


−1

Φ(−βFORM)

−1
βFORM

. (47)

A general formula of failure probability is given as follows

Pf 2 = Φ0 (−β )
n−1

∏
i=1

(1+βκ)−
1
2 . (48)

The formulas given above allow to calculate the reliability indices for arbitrary
probability density function describing the critical load multiplier.

4 Computational experiments

We model a steel telecommunication tower [Kamiński and Szafran (2012)] with
the height of 60.0 meters consisting of ten sections, made of steel S355 and having
four legs (rectangular horizontal cross-section). It has a linear geometrical con-
vergence up to the ninth segment (at the level of 54.0 meters) and forms a prism
with the dimensions 4.82 m × 4.82 m at the base and 0.90 m × 0.90 m at its top.
The basic structural elements are the legs and the diagonal bracing members. The
joints between the legs and these braces are made with the bearing type bolts (one
per a joint) in lower seven sections and welded in the remaining top segments.
Numerical analysis has been entirely conducted using a combination of the struc-
tural analysis FEM system ROBOT and the computer algebra system MAPLE. The
FEM discretization has been prepared with the use of 400 two-noded elastic truss
3D elements and of 228 two-noded elastic 3D beam elements connected at 806 n-
odal points (6 DOFs each). The tower legs are modeled here as round structural
seamless tubes with diameters ranging from /0 139.7 mm × 8 mm to /0 60.3 mm
× 3 mm; the diagonal bracing members are attached as the cold formed C-bars
(lower four sections), seamless tubes (the sections in the middle of the tower) and
full round rods at the remaining upper segments. The diagonal bracing members
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are distributed according to the X pattern for seven lower sections and in K pattern
– for the top three segments. The detailed specification of the steel profiles and
bolted connections is given in Tab. 1 below, while their spatial distribution and the
photos are given in Fig. 1.

Table 1: Structural steel profiles and connections in the telecommunication tower

Section no. Tower legs
profiles [mm]

Diagonal bracing
profiles [mm]

Bolts in
leg-to-leg joints

10 (tower top) RO 60.3 x 3.6 φ 22 M16 (class 8.8)
9 RO 70.0 x 4.0 RK 25.0 x 3.0 M20 (8.8)
8 RO 76.1 x 5.0 RO 38.0 x 4.0 M20/M12 (8.8)
7 RO 88.9 x 6.3 C 30 x 30 x 3 M20/M12/M18 (8.8)
6 RO 88.9 x 6.3 C 30 x 30 x 3 M20/M12/M18 (8.8)
5 RO 114.3 x 6.3 C 40 x 40 x 3 M22/M12 (8.8)
4 RO 114.3 x 6.3 C 40 x 40 x 3 M22/M12 (8.8)
3 RO 139.7 x 6.3 C 50 x 50 x 4 M24/M16 (8.8)
2 RO 139.7 x 8.0 C 50 x 50 x 4 M24/M16(8.8)

1 (tower base) RO 139.7 x 8.0 C 50 x 50 x 4 M24/M16 (8.8)

We have inserted additionally a steel ring with external diameter equal to 3.47 m
located at the level of 55.2 m above the foundation (as visible in Fig. 1), where
two sector antennas cantilevers (about 1350 mm long) have been attached. We ac-
count here for the dead loads, technological installation weight, as well as the wind
pressure, while the critical load multiplier is adjacent to the four unit concentrated
forces acting downwards and distributed symmetrically on the top steel ring for the
antennas cantilevers.

Computational analysis consists of the eleven trial points to recover the polyno-
mial response functions relating the critical load multipliers and Young modulus
e. These eleven trials in case of e are: 189.0, 193.2, 197.4, 201.6, 205.8, 210.0,
214.2, 218.4, 222.6, 226.8, 231.0 GPa (global uncertainty). The corresponding
tests with random thickness t of the legs round tubes thickness (local uncertainty)
have been performed for 3.8, 4.3, 4.8, 5.3, 5.8, 6.3, 6.8, 7.3, 7.8, 8.3 and 8.8 mm,
respectively. The Finite Element Method analysis obeys the following two cases:
(a) initial stiffness matrix (composed using the elastic part only) marked here with
the First Order Theory (FOT) and, independently, (b) including extra stiffness fluc-
tuation resulting from the longitudinal forces on the deformed elements marked
as Second Order Theory (SOT). We look for three different critical values of the
examined engineering structure denoted here as 1st: adjacent to the stability loss
by the upper diagonal bracing, 13th: corresponding to the stability loss by the legs
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Figure 1: Photo of the existing structure, scheme of th tower, joints between legs
and diagonal bracing and discretization of the entire structure in the FEM system
ROBOT

in bending and, finally, 19th: equivalent to the combined twisting-bending mode.
Numerical FEM analysis of the tower stability has been carried out using 5 load in-
crements, 40 iterations for each load increment, maximum 3 reductions of a single
increment, for the coefficient of the increment length taken as 0.5, and a tolerance
of the residual forces equal to 0.0001; the subspace iteration algorithm serves for
the deterministic computational solution. We collect the expected values of the 1st

(Fig. 2), 13th (Fig. 3) and 19th (Fig. 4) critical values according to the first order
theory while randomizing Young modulus (left series) and, separately, for random
thickness of the tubular legs (right series). All the expectations are consecutively
computed according to the 2nd, 4th and 6th order stochastic perturbation technique
and are all contrasted with the Monte-Carlo simulation results (obtained for M=
105 random trials) and the semi-analytical symbolic integration of the polynomial
responses. Further, we repeat this computational process for the critical forces ex-
pectations calculated according to the Second Order Theory (Figs. 5–7), in exactly
the same arrangement related to the critical value number and to both input random
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variables. Then, we include the coefficients of variation (CoV) given accordingly
for the First (Figs. 8–10) and Second Order (Figs. 11–13) theories, skewness (Figs.
14–16 in case of FOT and Figs. 17-19 related to SOT), kurtosis (Figs. 20–22 –
FOT and Figs. 23–25 – SOT). Higher order statistics are calculated of course with
the use of higher order perturbation orders including most frequently applied tenth
order expansion terms [Kamiński (2013)]. They are all given as the functions of the
input coefficients of variation α(e) and α(t) belonging to the interval [0.00, 0.15]
for both random inputs. Such an interval corresponds to the corroded tubes rather
than to the Young modulus experimental statistics giving usually two times smaller
variability. Computational results are completed with the reliability index exposed
in the same manner: with respect to the first (Figs. 26–28) and second order (Figs.
29–31) theories, but now additionally given for the First Order Reliability Method
(FORM) and, for comparison, according to the Second Order Reliability Method
(SORM); they are both based on the highest order stochastic perturbation analysis.
These results are extended with respect to the basic probabilistic characteristics as
the horizontal axis for the input random fluctuations is adjacent to [0.00, 0.25],
for further possible exploitation during the time-dependent durability verification.
We postpone the response function recovery in this presentation, because the crit-
ical value is almost linearly varying upon the Young modulus (expressed also in
the Euler formula and even in Engesser-von Karman theory). These critical val-
ues are inversely proportional to the basic structural elements thickness and this
proportionality has been recovered via the WLSM calculations also as almost lin-
ear relation; these observations are not affected in any way by the stability theory
order.

First, we discuss the expected values for the First (Figs. 2–4) and the Second (Figs.
5–7) Order stability theories – the left series corresponded to random Young mod-
ulus and included the 1st, 13th and 19th critical values, while the right one included
analogous critical values for random thickness t. It is characteristic, after compar-
ison between the left and right series graphs, that particular expectations obtained
with random e and, separately, for the geometrical uncertainty t are almost equal
to each other; this is not the case of higher order probabilistic characteristics (see
Figs. 8–25). Contrasted probabilistic methods including various orders stochas-
tic perturbation techniques return almost the same expectations for all the critical
forces while randomizing structural thickness t. Some negligible divergence in-
between these methods has been observed for larger input coefficients of variation
in case of the 19th critical value, but even these extreme differences could be ne-
glected (a range of 1% and less). First critical value increases significantly together
with the input stochastic fluctuations, while the other two critical values decrease
and the additional expectation fluctuations are curvilinear with constant convexity
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and with no local oscillations. The results obtained for the Second Order Theory,
while randomizing t, are very close to the First Order critical forces, while their
variations remain exactly the same. It is also apparent here that the minimum ca-
pacity in the view of structural stability is in its upper braces as the ratio of the 1st

to the 13th critical value (when the legs may lose their stability for the first time)
equals 3. A situation with the expectations of the three given critical values appears
to be more complex while randomizing steel Young modulus. Initially, these ex-
pectations all look insensitive to the input coefficient of variation and both stability
theories and probabilistic methods return exactly the same results. This happens
for the input coefficient of variation in lower range, i.e. α (e) ∈ [0.00,0.10]. The
tendencies for all numerical methods out of this interval become highly nonlin-
ear and start to diverge from each other. These differences could be neglected for
the First Order Theory but may also have remarkable values, especially in Figs. 6
and 7 (left column). We need to mention that various order stochastic perturbation
methods also return different expectations of the critical values. Nevertheless, it
is noticeable that the highest, 6th order perturbation technique series is the closest
one to the results returned via the semi-analytical method. The Monte-Carlo simu-
lation follows this principal trend for the first order stability analysis, where all the
differences are really small, also in case of the 1st critical value in the second order
theory. Summing up, determination of the expected values of critical forces for
both material and geometrical uncertainty in the range of input CoV adjacent to the
existing experimental evidence may be carried out with almost the same precision
by any of the probabilistic methods applied here.

Further, we analyze the coefficients of variation – these resulting from random
Young modulus almost all depend linearly upon the input CoV. We add for this
purpose the new extra higher order stochastic perturbation technique, because the
second order characteristics usually demand larger computational effort than the
expectations. We notice a direct proportionality as far as the first order theory has
been considered; the output CoV is equal to the input one and all probabilistic
methods return exactly the same values. This fact reflects exactly a consequence of
the linear transform of the Gaussian random input into the critical force represented
by Euler formula. The second order theory results collected in left series of Figs.
11–13 are different according to the uncontrolled growth of this CoV computed
via semi-analytical technique for α(e) close to 0.15, especially for higher critical
values. The diagrams of α (λ13) and α (λ19) show both rather marginal differences
in-between various stochastic perturbation method orders. Therefore, the output
uncertainty basically does not depend on the order of the stability method; howev-
er, it is strongly related to a choice of the random input type. The right series of
graphs in Figs. 8–10 as well as Figs. 11–13 document essentially different tendency
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for geometrical uncertainty. The output CoV is the few times smaller than the input
one, all probabilistic methods return the same linear and direct proportionality for
the first critical value only. All these results do not depend upon the stability theory
order, but higher critical values demonstrate less damping of an input uncertainty
than the first one. The right graphs in Figs. 9–10 as well as in Figs. 12–13 show
that probabilistic methods start to diverge remarkably for larger input coefficients
of variation and better accuracy is achieved across its full range by higher order
perturbation approaches. Nevertheless, the very general conclusion is that the out-
put coefficient of variation is never larger than the input one, independently of the
input uncertainty type in this study; the global character of this randomness bring
essentially larger values; this is important considering further computations of the
reliability indices.

Figure 2: Expected values of the 1st critical value, FOT, random e (left), and ran-
dom t (right)

Figure 3: Expected values of the 13th critical value, FOT, random e (left), and
random t (right)
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Figure 4: Expected values of the 19th critical value, FOT, random e (left), and
random t (right)

Figure 5: Expected values of the 1st critical value, SOT, random e (left), and ran-
dom t (right)

Figure 6: Expected values of the 13th critical value, SOT, random e (left), and
random t (right)
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Figure 7: Expected values of the 19th critical value, SOT, random e (left), and
random t (right)

Figure 8: CoV of the 1st critical value, FOT, random e (left), and random t (right)

Figure 9: CoV of the 13th critical value, FOT, random e (left), and random t (right)
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Figure 10: CoV of the 19th critical value, FOT, random e (left), and random t (right)

Figure 11: CoV of the 1st critical value, SOT, random e (left), and random t (right)

Figure 12: CoV of the 13th critical value, SOT, random e (left), and random t (right)
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Figure 13: CoV of the 19th critical value, SOT, random e (left), and random t (right)

The patterns and the values obtained for skewness of these three basic critical val-
ues are different for both input random variables. We apply consecutively the tenth
order Taylor expansion after computational experiments included in [Kamiński
(2013)] and also because usually the weakest computational precision accompa-
nies determination of the third central probabilistic moment and of the skewness.
Randomization of Young modulus in the First Order Theory experiments gives the
results very close to 0. They start to diverge for α (e)> 0.10 but this could be treat-
ed as a numerical discrepancy rather that is affected by the Least Squares Method
itself rather than by an uncertainty in our computational analysis. Figs. 14–16
document exactly that the 10th order perturbation analysis, the semi-analytical ap-
proach and the Monte-Carlo simulation appear close to each other for the entire
range of the considered input stochastic fluctuations. The Second Order Theory for
random e (Figs. 17–19, left column) bring somewhat different results, but very sim-
ilar conclusions: the resulting skewness is either positive or negative as well, but
the magnitude of absolute values ranges even with the few orders. Nevertheless,
the initial range of α (e)∈ [0.00,0.10] returns the same result: the skewness is 0, so
that the final PDF of the critical forces may be really treated as symmetric. It should
be mentioned that its further divergence from 0 is not typical only for the stochastic
perturbation method; even the Monte-Carlo simulation estimators are not equal 0
for α (e)> 0.10. The skewness resulting from uncertainty in the leg thickness dif-
fers from 0 for all the methods, for all the critical values and also for both stability
theories. The only trivial exception is at α(t) = 0 when obviously all the proba-
bilistic approaches should theoretically return zeroes for the coefficient of variation,
skewness and kurtosis at the same time because of determinism of such a problem.
The second very apparent tendency here is the fact that the semi-analytical method
gives exactly the same values as the Monte-Carlo simulation scheme; it remain-
s true for the full range of the input uncertainty. It seems that the highest order
stochastic perturbation technique is the closest to this principal trend, while the d-
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ifferences in-between the neighboring orders decreases for an increasing order of
Taylor expansion itself. The next difference to random e is an exact coincidence
of the skewness obtained in the first and in the second order theory, where the 1st

critical value exhibits very small positive skewness, while the next two have appar-
ently negative ones. We may also notice that the higher the critical value, the larger
the absolute value of its skewness. Moreover, all the skewness curves contained in
Figs. 14–19 present continuous functions with no local oscillations that keep con-
stant convexity everywhere; constant monotonicity is preserved for most of them
as only the few of them have local extreme points. Kurtosis is the last probabilistic
coefficient compared in this analysis and is presented in Figs. 20–22 for the first or-
der stability theory as well as in Figs. 23–25 – for the second order approach. The
major tendencies observed in case of skewness remain valid in this case also. Ran-
domization of Young modulus results in slightly different kurtosis for the first and
for the second order theories for each critical value. Their extreme values obtained
according to the first order method are smaller than these resulting from the SOT.
Once more we need to postpone the results computed for α (e)> 0.10 as they seem
to be too much affected by some additional numerical instabilities and where all the
probabilistic numerical methods apparently diverge. The results obtained from the
semi-analytical simulation and the highest order perturbation techniques are very
close to each other but some minor differences are noticeable for a specific combi-
nation of the given critical force and of the input coefficient of variation. However,
contrary to the previous probabilistic characteristics, kurtosis for random thickness
shows different values in various probabilistic methods. It is rather distant from 0
(with some exception in case of the first critical value), appears to be both positive
and negative as well as systematically increases its absolute values together with
an increasing coefficient α(t). The semi-analytical method and Monte-Carlo sim-
ulation schemes return here very similar results but their coincidence is a little bit
weaker than in case of the skewness.

One may therefore conclude after verification of the coefficients of variation, skew-
ness, and kurtosis that the PDFs of output critical forces could be treated as Gaus-
sian while randomizing Young modulus of the steel. So that determination of higher
order statistics is irrelevant as they could be treated as 0; this is not the case of ran-
dom thickness for a group of several structural elements. Its Gaussian character
includes the PDF of critical loading that varies significantly from the well-known
bell shaped curve. It should be finally mentioned that the left series of the reliabili-
ty indices theoretically better approximate the real durability of the tower, because
PDF of the critical forces may be treated with better accuracy as a Gaussian one,
unlike for random t.

The reliability indices contained in Figs. 26–28 for the First Order Theory and fur-
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Figure 14: Skewness of the 1st critical value, FOT, random e (left), and random t
(right)

Figure 15: Skewness of the 13th critical value, FOT, random e (left), and random t
(right)

Figure 16: Skewness of the 19th critical value, FOT, random e (left), and random t
(right)
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Figure 17: Skewness of the 1st critical value, SOT, random e (left), and random t
(right)

Figure 18: Skewness of the 13th critical value, SOT, random e (left), and random t
(right)

Figure 19: Skewness of the 19th critical value, SOT, random e (left), and random t
(right)
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Figure 20: Kurtosis of the 1st critical value, FOT, random e (left), and random t
(right)

Figure 21: Kurtosis of the 13th critical value, FOT, random e (left), and random t
(right)

Figure 22: Kurtosis of the 19th critical value, FOT, random e (left), and random t
(right)



Least Squares Stochastic Finite Element Method 51

Figure 23: Kurtosis of the 1st critical value, SOT, random e (left), and random t
(right)

Figure 24: Kurtosis of the 13th critical value, SOT, random e (left), and random t
(right)

Figure 25: Kurtosis of the 19th critical value, SOT, random e (left), and random t
(right)
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Figure 26: Reliability index of the 1st critical value, FOT, random e (left), and
random t (right)

Figure 27: Reliability index of the 13th critical value, FOT, random e (left), and
random t (right)

Figure 28: Reliability index of the 19th critical value, FOT, random e (left), and
random t (right)
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Figure 29: Reliability index of the 1st critical value, SOT, random e (left), and
random t (right)

Figure 30: Reliability index of the 13th critical value, SOT, random e (left), and
random t (right)

Figure 31: Reliability index of the 19th critical value, SOT, random e (left), and
random t (right)
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ther in Figs. 29–31 calculated according to the Second Order approach are drawn
for a little bit wider range of input coefficient α that belongs to the interval [0.00,
0.25]. This is done to use these results, especially right series, for further durability
assessment in a presence of the corrosion process that usually increases signifi-
cantly the uncertainty in structural element thickness. These indices are computed
twice for both First and Second Order Reliability Methods, where we use the ex-
pectations and variances from the highest order stochastic perturbation method.
Randomization of Young modulus and the thickness bring the same exponential
shape of the reliability curves that naturally reaches maximum at α = 0 and tends
to 0 when increasing the input coefficient α . The results returned by the FORM
and SORM are very close to each other (almost equal) throughout the full range
of both input coefficients of variation; some differences may be noticed when one
reduces the horizontal scale to [0.20, 0.25], where βSORM prevails. A contrasts of
Figs. 26 with 29, 27 with 30 as well as 28 with 31 shows that the indices returned
by the First and Second order theories are the same for the corresponding critical
values, which follows the results obtained above for the first two moments. A com-
parison of the left series in Figs. 26–31 enables to detect that the reliability curve
remains the same for all studied critical values under Young modulus uncertainty.
This is not the case of random thickness, where the first critical value is adjacent
to the largest initial extreme value of β , then we have in turn 19th and 13th critical
values extremes, but generally the values obtained with random t are larger than
these adjacent to random Young modulus. This is mainly driven by the fact that we
randomize elastic modulus uniformly in all structural elements of the tower, while
element thickness is being randomized in the legs only; this apparently has local
character.

5 Concluding remarks

1. Computational analysis provided in this paper shows that the weakest elements
of a tower structure considering its additional stability, are the upper diagonal brac-
ing members close to its top. The critical force adjacent to its stability loss is a few
times smaller than that corresponding to buckling of the legs. It is due to the fact
that they exhibit the largest ratio of a normal force (resulting from the technologi-
cal loads increased during our numerical experiments) to their dead load. Gaussian
uncertainty in Young modulus returns the critical forces that can be treated as Gaus-
sian with a satisfactory accuracy, while randomization of leg thickness induces ap-
parently non-Gaussian critical forces. The Gaussian character in case of the first
random variable is concluded after the fact that the output CoV is equal to the input
one, whereas skewness and kurtosis both are very close to 0 (when α (e) ≤ 0.10,
which gives a validity range for this conclusion). Generally, all three various proba-
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bilistic methods: semi-analytical, simulation and highest order stochastic perturba-
tion technique returned very similar results, which additionally are almost equal in
most cases for the entire variability range of the input coefficient of variation. The
reliability indices computed with the use of FORM and SORM algorithms sepa-
rately are almost exactly the same. They decrease exponentially with an increase
of input uncertainty and they have smaller values for randomized Young modulus
than for local random changes of the structural elements thickness.

2. One of next important issues in Stochastic Finite Element Method stability anal-
ysis of steel structures would be (1) an application of various order shell finite
elements in order to model some local instability phenomena and (2) the addition-
al finite element discretization of the welded and/or bolted connections [Hadian-
fard and Razani (2003); Papadopoulos, Stefanou and Papadrakakis (2009)]. Such
an extended analysis may include stochastic corrosion processes in steel elements
subjected to the atmospheric environment, which usually has definitely local char-
acter [Sadovský and Drdácký (2001)]. The separate, very important issue would
be post-buckling analysis of the steel towers where computational determination
of the additional paths [Schafer and Graham-Brady (2006); Steinböck, Jia, Höfin-
ger, Rubin and Mang (2008)], especially in the stochastic context (with the use of
generalized stochastic perturbation technique) including reliability analysis using
FORM and SORM, can be of the paramount importance; the analogous numerical
issues concern the aluminum structures [Kamiński, M.; Solecka, M. (2013)].
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