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Elasto-Plastic MLPG Method for Micromechanical
Modeling of Heterogeneous Materials

Isa Ahmadi1, M.M. Aghdam2

Abstract: In this study, a truly meshless method based on the meshless local
Petrov-Galerkin method is formulated for analysis of the elastic-plastic behavior
of heterogeneous solid materials. The incremental theory of plasticity is employed
for modeling the nonlinearity of the material behavior due to plastic strains. The
well-known Prandtl-Reuss flow rule of plasticity is used as the constitutive equa-
tion of the material. In the presented method, the computational cost is reduced
due to elimination of the domain integration from the formulation. As a practical
example, the presented elastic-plastic meshless formulation is employed for mi-
cromechanical analysis of the unidirectional composite material. A quarter of the
fiber surrounded in the matrix in a square array is considered as the Representa-
tive Volume Element (RVE). The fully bonded fiber-matrix interface condition is
assumed and the continuity of displacement and reciprocity of traction are imposed
to the interface. A predictor-corrector numerical integration method is used for the
solution of the discretized equations of the problem. The numerical results show
excellent agreement with the predictions of the finite element analysis.

Keywords: Meshless method; Elastio-Plastic behavior; Heterogeneous material;
Incremental theory of plasticity; Micromechanics of composites.

1 Introduction

Recently, meshless methods become very attractive for the solution of the bound-
ary value problems. The advantages of meshless methods such as the absence of
mesh of elements, higher degree of continuity in the solution field, and capability to
handle moving boundary make meshless methods efficient and promising methods
comparing other discretization methods. In the meshless methods, no predefined
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mesh of elements are needed among the nodes for the construction of the trial or
test functions and nodes can be added and removed without remeshing of elements.
Therefore, one of the main objectives of the meshless methods is to eliminate or
alleviate various difficulties related to the elements such as meshing and remeshing
of domain and locking and distortion of elements in large deformation problems.
Another advantage of meshless approximations with respect to conventional dis-
cretization methods such as finite element method is related to the continuity of
approximated fields. In the meshless methods, C1 continuity of trial (shape) func-
tions can be obtained very easily with respect to the other discretization methods
such as in the finite element method.

In the last two decades, various versions of meshless methods have been develope-
d. Among them one can refer to the diffuse element method [Nayroles, Touzot,
and Villon (1992)], element free Galerkin (EFG) method [Belytschko, Lu, and Gu
(1994)], reproducing kernel particle method [Liu, Chen, Chang, and Belytschko
(1996)], HP-meshless cloud method [Duarte and Oden (1996)], boundary node
method (BNM) [Mukherjee and Mukherjee (1997)], natural element method [Suku-
mar, Moran, and Belytschko (1998)] local boundary integral equation (LBIE)
method [Zhu, Zhang, and Atluri (1998)], meshless local Petrov-Galerkin (MLPG)
method [Atluri and Zhu (1998)] and local point interpolation method (LPIM) [Gu
and Liu (2002)]. Recently, Dong, Alotaibi, Mohiuddine, and Atluri (2014) stud-
ied variety of computational methods, such as Collocation method, Finite Volume
method, Finite Element method, Boundary Element Method and MLPG method
and present them in a unified way.

The main applications of the meshless methods in the literature include solution of
linear elasto-static/dynamic problems [Atluri and Zhu (2000); Long, Liu, and Hu
(2006); Sladek, Sladek, and Solek (2009)], plate bending [Gu and Liu (2001); Be-
linha and Dinis (2006)], fracture mechanics [Belytschco, Lu, and Gu (1995); Ching
and Batra (2001)], metal forming [Li and Belytschko (2001)], heat transfer [Singh,
Sandeep, and Prakash (2002); Sladek, Sladek, and Atluri (2004); Sladek, Sladek,
Tan, and Atluri (2008), Ahmadi and Aghdam (2011a)] and fluid flow problems [Lin
and Atluri (2001)] and micromechanics of composite materials [Ahmadi and Agh-
dam (2010)]. Recently, Sladek, Stanak, Han, Sladek and Atluri, (2013) presented
an excellent review on the MLPG methods and its application in the solution of
various problems in the field of Engineering and science.

Some researchers have developed meshless methods for the analysis of the elastic-
plastic behavior of materials. These methods include application of the radial point
interpolation method (RPIM) [Dai, Liu, Han, and Li (2006); Gu, Wang, Lam, and
Dai (2007)] and meshless finite point method (FPM) [Perez Pozo, Perazzo, and
Angulo (2009)] based on the deformational theory for inelastic analysis of materi-
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als. In all of these methods, the Hencky’s total deformation theory is used to define
the effective material parameters such as effective Young’s modulus and Poisson’s
ratio of the material in the plastic region and therefore these methods are in fact
pseudo-elastic methods for elastic-plastic analysis of the continuum materials.

Han, Rajendran, and Atluri (2005) present a MLPG approach for solution of non-
linear problems including large deformations and rotations. Then Batra and Porfiri
(2008) studied the behavior of a rubber like materials and Heaney, Augarde, and
Deeks (2010) extended a hybrid MLPG formulation for analysis of elasto-plastic
behavior of materials, but few details of the formulation and implementation of
the plastic behavior is seen in these papers. However development of the MLPG
method, and EFG method, for problems with material nonlinearity (e.g. elasto-
plasticity) has to date been limited.

On the other hand, the elastic-plastic behavior of heterogeneous materials is stud-
ied by analytical and numerical methods. Generally macro-mechanical and micro-
mechanical approaches are used to model the elastic-plastic behavior of the fibrous
composite materials as an example of the heterogeneous material. In the macro-
mechanical approaches the heterogeneous nature of the composite material is re-
placed by a homogenous medium and in the micro-mechanical approaches, the
composite is treated as a heterogeneous material with different phases. In the mi-
cromechanical approaches, both analytical [Hill (1964); Hill (1965); Hung (1973);
Coker, Ashbaugh, and Nicholas (1993); Dvorak and Bahei-El-Din (1979); Dvorak
and Bahei-El-Din (1982); Aboudi (1996); Robertson and Mall (1993); Arnoled,
Pindera, and Wilt (1996); Sun and Chen (1991)] and numerical finite element meth-
ods [Adams (1970); Foye (1973); Lin, Salinas, and Ito (1972); Aghdam, Smith,
and Pavier (2000); Zhu and Sun (2003); Ding, Tong, and Shen (2005); Taliercio
(2005)] are developed for analysis of the elastic-plastic behavior of composite ma-
terials. Analytical methods usually involve more simplifications and are not able to
predict the micro-stresses and micro-strains in the composite. Numerical methods
usually involve fewer simplifications and are able to predict the micro-stress/strain
distribution in the composite materials. The numerical methods used for the mi-
cromechanical analysis of elastic-plastic behavior of composite materials mainly
include the finite element method.

In this study a meshless method formulation based on the MLPG5 [Atluri and Shen
(2002)] is presented for analysis the elasto-plastic behavior of solid materials. The
method is suitable for macro-mechanical and micromechanical analysis of elastic-
plastic behavior of the heterogeneous materials. The incremental theory of plastic-
ity is employed for modelling the elastic plastic loading and the Prandtl-Reuss flow
rule of plasticity is applied for formulation of the plastic behavior of the material.
In the present method the domain integration over the local sub-domains is totally



24 Copyright © 2015 Tech Science Press CMES, vol.108, no.1, pp.21-48, 2015

eliminated and the computational efforts are substantially decreased. The presented
elastic-plastic meshless method is employed for the analysis of micro-stresses and
micro-strains in the unidirectional Boron-Aluminium (B/Al) metal matrix compos-
ite. The convergence study of the method and comparison of the computational
efforts show that the presented method is an efficient and less costly method. Also
comparison of the numerical results of this study with the finite element method
show excellent agreement with the predictions of the finite element method.

2 Meshless formulation

In a continuum body with domain Ω which is in the static equilibrium condition, all
of the sub-particles named ΩI

s that are located inside the body are in the equilibrium
condition. In the absence of body force, the equilibrium equations for a sub-particle
(sub-domain) ΩI

s located inside the global domain Ω and subjected to traction on
its surface could be written as [Atluri (2004); Sladek, Sladek, and Solek (2009);
Ahmadi and Aghdam (2011b)]∫

∂ΩI
s

tidΓ = 0, i = 1,2,3 (1)

where ∂ΩI
s is the boundary of the local sub-domain i.e. ΩI

s and ti is the traction
vector on the boundary of the local sub-domain. The boundary of the sub-domain
i.e. ∂ΩI

s could have arbitrary shape and circular sub-domain is used in this study.
Using the Cauchy formula the traction ti on the boundary of the sub-domain can be
obtained as

ti = σi jn j (2)

in which n = (n1,n2,n3) is the outward unit normal vector on the boundary of the
local sub-domain. The equilibrium equation in (1) could be written as∫
LI

s

tidΓ+
∫

ΓI
su

tidΓ =−
∫

ΓI
st

t̄idΓ (3)

in which LI
s is the part of the local boundary (∂ΩI

s) which is located completely
inside the global domain, ΓI

st and ΓI
su are the parts of local boundary that coincide

with the global traction boundary and with the global essential boundary, respec-
tively. In Eq. (3), t̄i is the prescribed traction on the traction (natural) boundary of
the sub-domain, i.e. ΓI

st . It is seen that there is no domain integration in the formu-
lation in Eq. (3). By avoiding the domain integration, the computational efforts of
the method are reduced substantially.
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3 Elastic-plastic constitutive equations

The incremental form of stress-strain constitutive equations in the elastic-plastic
zone can be written as

dσi j = 2G(dεi j +
ν

1−2ν
dεkkδi j−dε

p
i j) (4)

in which dεi j denotes the incremental total strain, dε
p
i j is the plastic part of the incre-

mental strain, G and ν denote the shear modulus and Poisson ratio of the material,
respectively. The Prandtl-Reuss flow theory of plasticity [Mendelson (1970)] is
applied in this study. According to the Prandtl-Reuss flow rule of plasticity, the
plastic strain increment dε

p
i j in any time of loading is proportional to the instanta-

neous stress deviation Si j as

dε
p
i j = Si jdλ (5)

where dλ is a nonnegative constant which may vary throughout the loading history
and Si j is the stress deviator tensor which is defined as

Si j = σi j−
1
3

σkkδi j (6)

The desired stress-strain relation in Eq. (4) will be known if dλ is known. In the
appendix, it is shown in detail that dλ can be obtained as

dλ =
Si jdεi j

2
3

σ2
e (1+

1
3G

MT )
(7)

in which σe is the effective stress and

MT = dσe/dεp = (
1

ET
− 1

E
)−1 (8)

where ET = dσ/dε is the hardening modulus of the material in the plastic region.
The effective stress σe and the effective plastic strain increment dεp are defined in
Eq. (A2) in the appendix.

By substitution of dλ from Eq. (7) into Eq. (5) and the subsequent result into Eq.
(4), the incremental stress-strain relation can be obtained as

dσi j = 2G(dεi j +
ν

1−2ν
dεkkδi j−

SklSi j

2
3

σ2
e (1+

1
3G

MT )
dεkl) (9)
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Eq. (9) is the incremental stress-strain relation in the plastic region and can be
written in the matrix form as

dσσσ = Ddεεε (10)

in which dσσσ and dεεε are defined as

dσσσ =
{

dσ11 dσ22 dσ33 dσ23 dσ13 dσ12
}T

dεεε =
{

dε11 dε22 dε33 2dε23 2dε13 2dε12
}T

(11)

In general, the stiffness matrix D could be written as

D = De +βDp (12)

in which De is the well-known elastic stiffness matrix of the material and DP is
named the plastic stiffness matrix and β is the elastic-plastic index and is defined
as

β =

{
0 in the elastic regions
1 in the plastic regions

(13)

where in Eq. (12), De and DP could be written as

De =
E

1+ν



1−ν

1−2ν
ν

1−2ν

1−ν

1−2ν
SY M.

ν

1−2ν

ν

1−2ν

1−ν

1−2ν

0 0 0 1/2
0 0 0 0 1/2
0 0 0 0 0 1/2


(14)

and

Dp =− E
(1+ν)P



S2
11

S11S22 S2
22 SY M

S11S33 S22S33 S2
33

S11σ23 S22σ23 S33σ23 σ2
23

S11σ13 S22σ13 S33σ13 σ23σ13 σ2
13

S11σ12 S22σ12 S33σ12 σ23σ12 σ13σ12 σ2
12


(15)
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in which E = 2G(1+ν) is the Young’s modulus of the material and P is defined as

P =
2
3

σ
2
e (1+

1
3G

MT ) (16)

Eq. (10) shows the general form of the stress-strain relation in the elastic and plastic
region. It is seen that in the elastic region D is reduced to De and in plastic region
D = De +Dp. It is clear that Dp varies point by point because it depends on the
state of stress of the point and also it is not constant during the loading history.

4 Kinematic assumption

In this study the unidirectional composite material reinforced by long and parallel
fibers which is subjected to normal loading conditions in the transverse and axial
direction is considered. The appropriate kinematic assumption for the microme-
chanical analysis of composites reinforced by long and parallel fibers is the state of
generalized plane strain (GPS) condition [Adams and Crane (1984)]. In the gen-
eralized plane strain condition, displacements occur in all three directions and the
normal strain in the fiber (x3) direction, i.e. normal to the plane is constant. Assum-
ing the generalized plane strain condition, the displacement field within the RVE
can be considered as

u1 = u1(x1,x2)

u2 = u2(x1,x2)

u3 = u3re f (x1,x2)+ ε0x3

(17)

where u1,u2 and u3 are displacements in the x1,x2 and x3 directions, respectively
and ε0 is an unknown constant stain in the fiber (x3) direction and u3re f handle
the axial deformation due to axial shear γ13 and γ23. In this study, the axial shear
is not considered in the analysis and only the transverse and axial normal loading
is considered. In this case u3ref is eliminated from the deformation field of the
RVE and so u3ref is not considered in the analysis. The strain component in the
RVE can be obtained based on the infinitesimal linear theory of elasticity and the
displacement field in Eq. (17). It must be mentioned that by elimination u3ref, the
out of plane shear strains i.e. ε13 and ε23 vanish and so it is concluded that the shear
stresses in the fiber direction will be vanished, i.e. σ13 = σ23 = 0.

4.1 Boundary and interface conditions

In general the periodic boundary conditions must be considered for the RVE. In
this study the axial and transverse normal loading is considered. For transverse
and axial normal loading, the periodic boundary conditions for the RVE change to



28 Copyright © 2015 Tech Science Press CMES, vol.108, no.1, pp.21-48, 2015

Figure 1: The cross section of the composite with square array, fiber distribution
and corresponding RVE.

symmetric boundary conditions. In the transverse and axial normal loading of the
composite, a typical RVE as shown in Fig. 1 deforms in such a way that after defor-
mation plane sections in the edges of the RVE remain plane. So, due to periodicity
and symmetry of the model, the corresponding boundary conditions on the edges
of the RVE for transverse and axial normal loading can be considered as

u1(x1 = 0) = 0,

u1(x1 = a) = ū1,

u2(x2 = 0) = 0,

u2(x2 = a) = ū2,

(18)

where ūi is constant displacement in the xi direction on the boundary and is un-
known during the solution. In this study, the fiber-matrix interface in the RVE
is assumed to be fully bonded. For the fully bonded fiber-matrix interface, the
displacement continuity and the traction reciprocity must be imposed to the fiber-
matrix interface as

u f = um

ttt f + tttm = 0
(19)

where u is the displacement vector and t is the traction vector on the interface and
superscript f and m denote the fiber and matrix, respectively.

4.2 Loading conditions

In this study, it is assumed that the external stresses which are applied to the RVE
are known and the displacement and stresses on the right ant top edge of the RVE
is unknown. It is supposed that the average external normal stress (macro stress)
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which is applied to the composite in the xi direction is σ̄i. So, the average stress on
the right side, top side and over the area of the RVE is equal to the applied external
stress as

1
a

∫ x2=a

x2=0
σ1dx2 = σ̄1 On the right side at x1 = a

1
a

∫ x1=a

x1=0
σ2dx1 = σ̄2, On the top side at x2 = a

1
a2

∫∫
RV E

σ3dx1dx2 = σ̄3 Over the RVE :

(20)

These equations represent the external loading conditions which apply to the sides
of the RVE and should be considered in the solution of the RVE.

5 Solution

5.1 Moving least square (MLS) approximation

One of the well-known methods used for approximation of the field variable u(xxx)
over a number of randomly located nodes within the domain is the moving least
squares (MLS) technique which is described in Atluri and Zhu (1998). In the MLS
approximation, the nodal interpolation form of field variable u(xxx) may be expressed
as

uh(x) = ∑
N
I=1 φ

I(xxx)ûI (21)

where φ I(xxx) is usually called the shape function of the MLS approximation corre-
sponding to node I and ûI is the fictitious nodal value of the field variable in node I.
It should be noted that the shape functions derived from the MLS approximation do
not satisfy the Kronecker delta function criterion, i.e. φ I(xxxJ) 6= δIJ and uh(xxxI) 6= ûI .

5.2 Numerical discretization

In the case of the generalized plane strain condition in which the normal strain in
the x3 direction i.e. ε33 = ε0 is constant and ε13 = ε23 = 0, the stress-strain form of
the constitutive equations for fiber and matrix can be written using Eq. (10) to (15)
as

dσσσ = Ddεεε + D̂dε0

σ33 = D̂T dεεε +Cε0
(22)

in which dσ and dε are defined as

dσσσ = {dσ11 dσ22 dσ12}T

dεεε = {dε11 dε22 2dε12}T , (23)
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and D, D̂ and C are defined as

D = De +βDp, D̂ = D̂e +β D̂p, C =Ce +βCp (24)

in which

De =
E

(1+ν)(1−2ν)

1−ν Sym.
ν 1−ν

0 0
(1−2ν)

2

 ,
Dp =− E

(1+ν)P

 S2
11 Sym.

S11S22 S2
22

S11σ12 S22σ12 σ2
12


(25)

D̂e =
E

1+ν
{ ν

1−2ν

ν

1−2ν
0}T

D̂p =− E
(1+ν)P

{S11S33 S22S33 S33σ12}T
(26)

Ce =
E

1+ν
(

1−ν

1−2ν
), Cp =− E

1+ν

S2
33
P

(27)

In the generalized plane strain condition, the increment of the traction, i.e. dt on
the boundary of the sub-domain in the matrix form can be obtained using Eq. (2)
and Eq. (22) as

dt = Ndσσσ = NDdεεε +ND̂dε0 (28)

Substituting traction from Eq. (28) into Eq. (3) and using the MLS approximation
lead to the discretized form of the governing equations as

−
N

∑
J=1

∫
LI

s

NDBJdûJdΓ−
N

∑
J=1

∫
ΓI

su

NDBJdûJdΓ =
∫

ΓI
st

t̄dΓ+dε0(
∫
LI

s

ND̂dΓ+
∫

ΓI
su

ND̂dΓ)

(29)

where

BJ =

[
φ J
,1 0 φ J

,2
0 φ J

,2 φ J
,1

]T

, N =

[
n1 0 n2
0 n2 n1

]
(30)

in which nnn = (n1,n2,0) is the outward unit normal on the boundary of the local
sub-domain and φ J

,i denotes the partial derivative of φ J(x) with respect to xi. Eq.
(29) can be written in the standard form of linear algebraic equations as

∑
N
J=1 KIJdûJ = dfI (31)
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It is seen that the domain integration is totally eliminated in this formulation.

It should be mentioned here that Gauss quadrature method is used to evaluate the
integrations in Eq. (29) to get the stiffness matrix K and force vector f in Eq. (31).
Eq. (29) involves integration on the boundary of the sub-domains. Circular sub-
domain around the nodes is used in this study. The integration on the arc of the
circles is carried out based on the Gauss point. For each Gauss quadrature point xQ

which is located on the boundary of the sub-domain, the meshless shape functions
are constructed to obtain the integrand. It means that K and f are obtained based
on all quadrature points. Hence, for the Gauss quadrature point xQ that is in the
elastic region of the material β = 0 and so D = De and for the Gauss point that is in
the plastic region β = 1 and so D(xxxQ) = De +Dp(xxxQ). Hence, D(xxxQ), D̂(xxxQ) and
C(xxxQ) should be the material parameter matrix at the Gaussian quadrature point.

5.3 Treatment of material discontinuity and boundary conditions

In the meshless methods there is no mesh of elements and the material interface
cannot be defined based on the elements. In this paper, the selected RVE is consid-
ered as two homogeneous bodies. In order to treat the material discontinuity at the
fiber-matrix interface, two sets of nodes are assigned to the fiber-matrix interface at
the same location with different material properties. One set which is dedicated to
the fiber known as I f while the other set is related to the matrix denoted by Im. By
this, the interface conditions in Eq. (20) for all of the nodes that are located at the
interface in the same location can be written in the discretized form as

∑
N f

J=1 (ΦΦΦ
J(xI f )dûJ) f −∑

Nm

J=1 (ΦΦΦ
J(xIm)dûJ)m = 0 (32)

∑
N f

J=1 N(DBJ(xI f )dûJ + D̂dεεε0)
f +∑

Nm

J=1 N(DBJ(xIm)dûJ + D̂dεεε0)
m = 0 (33)

where N f is the total number of nodes in the fiber and Nm is the total number of
nodes in the matrix. Also according to Eq. (18) the essential boundary conditions
on the bottom and left side of the RVE can be imposed in discrete form as

∑
N
J=1 φ

J(xI)dûJ
i = 0 (34)

and the displacement conditions on the top and right sides of the RVE may be
imposed as

∑
N
J=1 φ

J(xI)dûJ
i −dūi = 0 (35)

where dūi, i = 1,2 is the increment of the constrained displacement on the right and
top side of the RVE, respectively. Equations (32) to (35) can be directly imposed
to the global stiffness and the force matrix of the problem. For instance, in order to
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impose Eq. (34) to the node I that is located on the bottom edge and the left edge,
the row of the global stiffness and force matrix in Eq. (31) which is related to the
node I should be changed to

KKKIJ = φ
J(xxxI)

fI = 0
(36)

Furthermore, similar replacement in the global stiffness and the force matrix should
be applied to all interface nodes based on the interface conditions in Eq. (32) and
Eq. (33) and for all the constrained nodes based on Eq. (34) and Eq. (35). This
leads to direct enforcement of the boundary and interface conditions to the system
of equations. Finally, it is worth mentioning that the final stiffness matrix in this
method is banded and asymmetric.

5.4 Implementation of the method (solution procedure)

In order to obtain the distribution of stress and displacement in the RVE, the dif-
ferential equations of the problem must be integrated. In this study, a predictor-
corrector method for numerical integration is used for solving the differential equa-
tions of the problem. The idea behind the predictor-corrector methods is using a
suitable combination of an explicit and an implicit technique to obtain a method
with better convergence characteristics. The procedure for solving the governing
equations of the problem can be explained as below. For instance, suppose that an
external load F is applied to the structure.

1- In the first step, a full elastic analysis is done and the load that causes the initial
yield of the structure is predicted. This load is named FY . When FY is greater than
the applied load F , i.e. FY > F , the structure is in the elastic region and the solution
is finished. If F is greater than FY , i.e. F > FY , then the following procedure should
be carried out.

2- The loading path is divided into a number of load increments ∆Fi(i = 1,2 . . .N)
and the first load increment ∆F1 is taken equal to FY , i.e. ∆F1 =FY . For the first load
step an elastic analysis is done for obtaining displacements, stresses and effective
stress, σe, at the end of the first load step ∆F1.

3- For the ith load increment (i> 1), the plastic strain will be observed in some local
domains inside the global domain, thus the elastic-plastic differential equations of
the problem in Eq. (29) should be solved. As said before, for the gauss points
that located in plastic regions the plastic index β = 1 and therefore D = De +Dp.
As mentioned before, a predictor-corrector method is employed for solving of the
governing equations of the system. In the predictor-corrector method the results at
the end of the ith load step are obtained from the results of (i−1)th load step in two
stages.
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5.4.1 Prediction stage

In the Prediction stage the results at the end of the ith load step are predicted from
the results of the (i−1)th step as follow

σσσ0 = σσσ (i−1) (37)

dû(p) = (K(σσσ0))
−1df(i) (38)

dσσσ
(p) = D(σσσ0)dεεε

(p)+ D̂(σσσ0)dε
(p)
0 (39)

σσσ
(p) = σσσ (i−1)+dσσσ

(p) (40)

in which the superscript (p) denotes the predicted values.

5.4.2 Correction stage

In this stage, the results at the end of the ith load step are corrected using the results
of the (i− 1)th step and the previous predicted values of the ith load step i.e. σ (p)

which is obtained in Eq. (40) as follow

dû(c) = 0.5[K(σσσ0)+K(σσσ (p))]−1df(i) (41)

dσσσ
(c) = 0.5(D(σσσ0)+D(σσσ (p)))dεεε

(c)+0.5(D̂(σσσ0)+ D̂(σσσ (p)))dε
(c)
0 (42)

in which the superscript (c) denotes the corrected values.

4- The total displacement and the total stress at the end of the ith load step can now
be obtained as

u(i) = u(i−1)+du(c) (43)

σσσ (i) = σσσ (i−1)+dσσσ
(c) (44)

5- Steps 3 to 4 should be repeated until the applied load Fi = Fi−1 +∆Fi reaches
the final level of the applied load F . The updated overall stress at each load level
can be plotted against the overall strain in the same load level in order to obtain the
stress-strain curve of the composite during the specified loading interval.

6 Numerical results and dissections

Among the metal matrix composites, those based on the Aluminium and Titanium
alloys are seem promising composites for obtaining a light material with enhanced
mechanical properties. In this study, the unidirectional Boron/Aluminum (B/Al)
metal matrix composite with 45.5% Fiber volume fraction (FVF) is considered.
It is assumed that the Boron fibers have circular cross-section and are packed in
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the square array arrangement. The 45.5% FVF is chosen in such a way that the
comparison with the open literature is possible. The fibers are assumed to be elastic
up to the fracture point. The rate independent behavior is assumed for the materials.
The Aluminum matrix in the composite system is assumed to have the elastic with
linear work hardening behavior. The strain hardening module after yielding of the
matrix is taken as Em

T = 1.17 GPa and the stress in which the first yield is seen in the
aluminum matrix (yield stress) is assumed to be σm

Y = 142 MPa [Huang (2000)].
The mechanical properties of the fiber and matrix are tabulated in Table 1.

Table 1: The elastic properties of Boron fiber and Aluminum matrix in Boron/
Aluminum composite system [Adams and Crane (1984)].

Material Property E (Gpa) ET (Gpa) ν σY (MPa) Volume Fraction
Boron (B) 397 397 0.21 – 0.455
Aluminum (Al) 71 1.17 0.32 142 0.545

6.1 Convergence study and CPU time

The rate of convergence and the CPU time of the presented method are studied in
this section. Fig. 2 shows the transverse displacement (u1) on the right hand side
(x1 = a) of the RVE for transverse loading as σ1 = 180MPa for various numbers
of nodes in the RVE. It must be noticed that the u1 displacement is the same for
all the nodes on the right side of the RVE. To comparison, another analysis was
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Figure 2: Convergence study of the meshless and finite element method with re-
spect to number of nodes, (σ∗1 = 180 MPa).
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also carried out using the commercial finite element code ANSYS by 4 node plane
elements. Details of the modeling and imposing boundary conditions can be found
in Aghdam, Smith, and Pavier (2000). The prediction of the analysis with ANSYS
is also included in Fig. 2. It is seen that very good convergence can be achieved by
using about 500 nodes in the meshless method while FE analysis requires more than
1000 nodes for the same level of convergence. Therefore, in all presented results in
this section 500 or some more nodes are used for meshless and 1180 nodes (1092
elements) are used for FE analyses, respectively.

Moreover, the efficiency of the presented method is examined with respect to the
MLPG method which first was introduced by Atluri and Zhu (2000). This MLPG
method [Atluri and Zhu (2000)] uses symmetric weak formulation and domain inte-
gration in the local sub-domains and is so-called MLPG1 method [Atluri and Shen
(2002)]. In order to examine the efficiency of the presented method with respect
to the MLPG1, a same code is developed for analysis of the problem based on the
conventional MLPG formulation. The node distribution, MLS approximation and
size of sub-domains are chosen exactly the same in both codes. Table 2 compares
the CPU time of the presented meshless formulation with the MLPG1 formulation
and ANSYS. It should be noted that in the presented method, the domain integra-
tion over the sub-domains is eliminated and therefore, all numerical integrations
were carried out only over the boundary of the sub-domains. Therefore, for the
presented meshless method, the Gauss points in the radial direction i.e. nr are e-
liminated and only the number of Gauss points in the circumferential direction, i.e.
nθ is reported in Table 2. As said before, circular sub-domain around the nodes is
used in this study and the Gauss points are located on the boundary of the circles.
It can be seen that elimination of the domain integration in the presented method
yields to substantial reduction of the computational time. In all of the presented
results 10 Gauss points are used for numerical integration on the boundary of the

Table 2: Compression of the CPU time of the current meshless method and the
MLPG1 method.

Method
Gauss point Number of CPU Time E1
nθ nr nodes (Sec) (GPa)

MLPG1
(Atluri and Zhu (2000))

5 5 528 35.2 147.93

Present method 5 – 528 10.4 147.15
MLPG1

(Atluri and Zhu (2000))
10 10 528 110.25 146.86

Present method 10 – 528 18.5 146.59
FEM (ANSYS) – – 1200 ∼26 146.19
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sub-domains. The prediction of the finite element for effective transverse modulus
is also included in Table 2. The prediction of present model for effective elastic
modulus of the composite is between the predictions of the MLPG and ANSYS.
The node distribution (computational model) which is used in the analysis of the
RVE is shown in Fig. 3. In the analysis of the problem, a fourth-order spline-type
function is used as the weight function in construction of the shape function via the
MLS method. According to the node distribution in Fig. 3, the radius of support do-
main in construction of the shape function for nodes depend on the density of nodes
located around that node. The radius of support domain is selected large enough so
that at least a node in radial direction and a node in circumferential direction in the
neighborhood of the node are located inside the support domain of that node or at
least 4 neighborhood nodes locate in it. In general rsupp = admin and rtest = bdmin in
which dmin is the distance between the node and nearest neighborhood node. a and
b are chosen by the user. The choice of a is governed by the nodal arrangement, the
dimension of the problem and the order of the monomial basis, whereas the choice
of b depends only on the nodal arrangement. The test radius must be large enough
so that the domain completely is covered. In this study a and b is chosen depends
on the nodal distribution between 1.8 to 2.5. a usually is chosen about 2.5 and b is
chosen about 1.8.

Figure 3: The nodal distribution form which is used in the meshless method, un-
deformed (solid line), deformed scaled by 30 (dashed line).

Fig.3 shows the un-deformed and also the deformed shape of the RVE which is
subjected to σ∗1 = 180MPa. The deformation of the RVE is exaggerated by a scale
factor as 30.
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6.2 Stress-strain response of B/Al composite

The stress-strain response of the B/Al composite in transverse loading is investi-
gated in this section. The predicted elastic properties of the B/Al composite with
45.5% FVF are shown in Table 3. Also this table contains the predicted yield
strength of the B/Al composite in the axial and transverse direction. As seen in
Table 3, the predicted values of the present method are in excellent agreement with
the predictions of the finite element analysis with ANSYS.

Table 3: The predicted elastic properties of Boron/Aluminum composite with
45.5% FVF.

Material
Property

E1 = E2
(GPa)

E3
(GPa)

ν12 ν13 ν31
σY 1

(MPa)
σY 3

(MPa)
Meshless 146.591 219.618 0.2955 0.1758 0.2637 125.486 436.923
ANSYS 146.198 219.780 0.3099 0.1754 0.2637 124.56 436.921

The predicted elastic-plastic stress-strain response diagram of the B/Al composite
with 45.5% fiber volume fraction in transverse loading is shown in Fig. 4. In this
Figure, the overall stress level in each load step is plotted vs. the overall strain
in the same step. The predictions of the presented meshless method and the finite
element analysis with ANSYS are included in this Figure. As seen in Fig. 4, the
predictions of the meshless and finite element method are in excellent agreement.
The initial local yield stress of the composite in the transverse loading is predicted
as σY 1 = 125.486 MPa. It is seen that the presented meshless model shows excellent
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Figure 4: Stress-strain curve of B/Al metal matrix composite in transverse loading
(45.5% FVF).



38 Copyright © 2015 Tech Science Press CMES, vol.108, no.1, pp.21-48, 2015

agreement with the finite element method in the prediction of the overall properties
of the B/Al composite.

6.3 Displacement and micro-stresses

The distributions of the local field variables in the RVE subjected to transverse
normal load are studied in this section. The distribution of displacement in the x1
direction, u1, on the bottom path (x2 = 0,0 < x1 < a) and on the top path (x2 =
a,0 < x1 < a) of the RVE for transverse applied load σ∗1 = 180 MPa are shown
in Fig. 5. As expected, the distribution of the displacement is continuous in the
fiber-matrix interface. Excellent agreement is seen between the meshless and the
finite element method in the prediction of the displacement field in the RVE. The
distribution of the micro-stresses, σ1, σ2, σ3 and σeff on the bottom path of the
RVE is shown in Fig. 6. As seen, the transverse stress σ1 is continuous at the fiber-
matrix interface. The axial stress σ3 is compressive in the fiber and is tensile in
the matrix and is discontinuous at the fiber-matrix interface. The transverse stress
σ2 is discontinuous at the interface. The distribution of the effective Von Misses
stress σeff is shown in this Figure. On the bottom path, the matrix has been entered
into the plastic region. As seen in Fig. 6, because the hardening modulus of the
matrix in the plastic region is very small (ET = 1.17 GPa), the distribution of σeff

stress in the matrix on the bottom path is almost uniform. The distribution of the
micro-stresses σ1, σ2, σ3 and σeff on the left path (x1 = 0) of the RVE for applied
stress σ∗1 = 180 MPa is shown in Fig. 7. This load causes the plastic deformation in
the matrix. As seen, on the left path, σ2 stress is compressive and continuous at the

0 0.2 0.4 0.6 0.8 1
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

 x1 /a

 u
1 /a

*1
03

Bottom Path (Meshless)
Bottom Path (FEM)
Top Path (Meshless)
Top Path (FEM)

Figure 5: Distribution of displacement on the bottom and top path of the RVE
(σ∗1 = 180MPa).
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fiber-matrix interface while the σ1, σ2 and σeff are discontinuous at the interface.
σ1 and σeff in the fiber is larger than in the matrix.
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Figure 6: Distribution of micro-stresses σ1, σ2, σ3 and σeff on the bottom path of
the RVE, (σ∗1 = 180MPa).
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Figure 7: Distribution of micro-stresses σ1, σ2, σ3 and σeff on the left path of the
RVE, (σ∗1 = 180MPa).

6.4 Micro-strains

The distribution of the micro-plastic strains on the bottom path of the RVE for σ∗1 =
180 MPa is shown in Fig. 8. As seen in Fig. 8, the ε

p
1 is positive and ε

p
2 and ε

p
3 are

negative on the bottom path. The equivalent plastic strain ε
p
equ ≈ εp is also shown
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in this Figure. The maximum of ε
p
1 which is occurred on the bottom path at point

(a, 0) is about 0.5%. In Fig. 8, for x1/a > 0.76 plastic strains are observed in
the matrix and for x1/a < 0.76 the plastic strains are vanished. The distribution
of micro-plastic strains on the left path of the RVE for σ∗1 = 180MPa is shown in
Fig. 9. As seen, for x2/a < 0.89 the plastic strains are vanished. ε

p
1 is positive and

ε
p
2 and ε

p
3 is negative on this path.
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Figure 8: Distribution of micro-plastic strains ε
p
1 , ε

p
2 and ε

p
equ on the bottom path of
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6.5 Elastic-plastic load reversal

In this section it is supposed that the RVE is loaded in the transverse direction to the
macro-stress as σ∗1 = 180 MPa and then unloaded to 0 and reloaded to compressive
transverse normal stress as σ∗1 =−180 MPa. The Prager’s linear kinematic harden-
ing model is employed for the Aluminum. The distribution of the normal stresses
on the bottom path of the RVE is shown in Fig. 10. This figure includes the normal
stresses σ1, σ2, σ3 and effective von misses stress σeff when the RVE is loaded in
transverse x1 direction from 0 to 180 MPa and the loaded to −180 Mpa. The σ1
stress is compressive through the path and σ2 is so that it integration on the path is
vanished.
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Figure 10: Distribution of micro-stresses σ1, σ2, σ3 and σeff on the bottom path of
the RVE, (loading to σ∗1 =180MPa and reloading to σ∗1 =−180MPa).
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The distribution of plastic strains ε
p
1 , ε

p
2 , ε

p
3 and the equivalent plastic strain ε

p
equ

on the bottom path of the RVE is shown in Fig. 11. As seen in the Fig.11, ε
p
1 is

negative on the path and ε
p
2 and ε

p
3 is positive. By comparison of Fig. 8 and Fig.

11, it is seen that the total plastic strain ε
p
equ in Fig. 11 is larger than ε

p
equ in Fig. 8.

7 Conclusions

In this study a meshless method based on the meshless local Petrov-Galerkin method
is presented for the elastic-plastic analysis of solid structures. Because the domain
integration is eliminated from the formulation, the computational cost is reduced.
The well-known Prandtl-Reuss flow rule and the incremental theory of plasticity are
used for the formulation of the nonlinearity of the problem due to the plastic strain-
s. The presented method is formulated for the generalized plane strain case. The
presented meshless method is conjugated with a generalized plane strain microme-
chanical model for the analysis of the elastic-plastic behavior of the unidirectional
composite materials. The fully bonded interface is considered and a direct method
is developed to enforce the continuity of displacement and traction at the fiber-
matrix interface. The Euler integration method is employed for the integration of
the discrete governing differential equations of the system. The Boron/Aluminum
metal matrix composite subjected to transverse loading condition is studied. The
predicted results for the overall and local response of Boron/Aluminum show good
agreement with the predictions of the finite element method.

Appendix

To determine the unknown parameter dλ in the Prandtl-Reuss flow rule, Eq. (6) is
multiplied by itself and is written as

dλ = [dε
p
i jdε

p
i j]

1/2/(Si jSi j)
1/2 (A1)

The effective stress σe, and the effective plastic strain increment dεp are defined as

σe = (
3
2

Si jSi j)
1/2

dεp = (
2
3

dε
p
i jdε

p
i j)

1/2
(A2)

Now, by employing (A2) in (A1), the parameter dλ and the plastic strain increment
can be obtained in terms of dεp and σe as

dλ =
3
2

dεp

σe
(A3)
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dε
p
i j =

3
2

dεp

σe
Si j (A4)

In order to establish a relationship between the effective stress σe and the effec-
tive plastic strain increment dεp, the uniaxial tensile test in the plastic region is
considered. In the uniaxial tensile test, σe and dεp will be obtained as

σe = σ11

dεp = dε
p
11

(A5)

and the plastic strain increment in the uniaxial loading can be obtained as

dε
p
11 = dε11−dε

e
11 = (

1
ET
− 1

E
)dσ11 (A6)

In which ET = dσ/dε is the hardening modulus of the material in the plastic region
and E is the elastic module of the material. By substituting Eq. (A5) in Eq. (A6) it
can be concluded that

dεp = (
1

ET
− 1

E
)dσe =

dσe

MT
(A7)

where

MT = dσe/dεp = (
1

ET
− 1

E
)−1 (A8)

By substituting Eq. (A7) into Eq. (A3), the parameter dλ can be obtained as

dλ =
3
2

dεp

σe
=

3
2

dσe

σeMT
(A9)

By differentiating Eq. (A2), dσe may be obtained.

dσe =
3Si j

2σe
dSi j (A10)

and substitution of Eq. (A10) into Eq. (A9) yields

dλ =
9
4

Si jdSi j

σ2
e MT

(A11)

In the theory of plasticity, it is usually assumed that no plastic work can be done by
the hydrostatic component of stress, i.e.

Si jdSi j = Si j(dσi j−
1
3

dσkkδi j) = Si jdσi j (A12)
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So, dλ can be obtained by the substituting Eq. (A12) into Eq. (A11) as

dλ =
9
4

Si jdσi j

σ2
e MT

(A13)

The total strain increment dεi j can be calculated by substituting Eq. (6) in the strain-
stress relation in Eq. (4) as

dεi j =
1

2G
dσi j−

ν

E
dσkkδi j +dλSi j (A14)

The sides of this equation are multiplied by Si j as

Si jdεi j =
1

2G
Si jdσi j−

ν

E
dσkkδi jSi j +dλSi jSi j (A15)

The first term in the right side of Eq. (A15) can be rewritten using Eq. (A13) as

1
2G

Si jdσi j =
2

9G
σ

2
e MT dλ (A16)

and the second term in the right side of Eq. (A15) can be written as

ν

E
dσkkδi jSi j =

ν

E
dσkkSii = 0 (A17)

By employing Eq. (A16), (A17) and (A2), Eq. (A15) can be rewritten as

Si jdεi j =
2

9G
σ

2
e MT dλ +

2
3

dλσ
2
e (A18)

Now, dλ can be obtained in terms of dεi j as

dλ =
Si jdεi j

2
3

σ2
e (1+

1
3G

MT )
(A19)
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