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Abstract: The multistage face gears are the core component of the planetary gear train, 

which is symmetrically meshed by multiple single-stage face gear and multiple 

cylindrical gears. However, it is difficult to synchronize the contact between face gears 

and cylindrical gear due to the tooth number differences. Thus, the interference problems 

between two stages and big stress concentration are obvious. The crown surface 

configuration technology and structure design were introduced to optimize the meshing 

condition. To improve the double crown design feasibility and meshing stability, it is 

necessary to establish a reasonable multistage face gears pair simulation model to 

evaluate various influence factors on the contact condition and quasi-static characteristics 

of multistage face gears structure. The relevant scatter plots are fitted by comparing the 

contact results with different crown quantities and friction coefficients to intuitively 

obtain the variation regularity of maximum deformation, maximum strain, maximum 

stress and maximum strain energy. The natural frequency and mode coefficient are also 

determined by modal analysis under these two conditions. All the above mentioned 

studies verified the contact conjugate properties of double crown surface configuration 

were suitable. The results can provide a foundation for structure optimization and 

transmission reliability of multistage face gears. 

Keywords: Multistage face gears, quasi-static contact characteristics, modal characteristics, 

double crown surface, simulation analysis. 

1 Introduction 

Face gears with double crown structure can minimize the meshing interference and 

control the local conjugacy of contact region. However, it is still very sensitive to the 

design, processing, installation error, and the natural characteristics of gear will generate 

dynamic load and vibration during the transmission [Li, Ye, Zhang et al. (2016)]. These 

internal excitations easily generate complex alternating forces with external excitations, 

causing sever vibration and distortion, and directly affecting the safety and stability of 
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transmission system [Inoue and Kurokawa (2017)]. Litvin et al. studied the application of 

asymmetric profiles and double-crowned pinion of face-gear drives for application in 

transmissions. They covered computerized design, simulation of meshing and contact, 

and stress analysis by finite element method [Litvin, Fuentes and Howkins (2001)]. Liu et 

al. [Liu, Shu, Kanazawa et al. (2018)] developed a modeling technique based on 

Arbitrary Lagrangian Eulerian (ALE) formulation to reduce the DOF while providing 

accurate gear meshing contact simulation. Litvin et al. [Litvin, Fuentes, Zanzi et al. 

(2002)] improved the conjugate conditions in point contact using the tooth number 

difference between two gears. Zhou et al. [Zhou, Chen, Gui et al. (2018)] proposed a 

practical nonlinear multipoint meshing model for the determination of face load factor. 

The static equilibrium condition of entire spur gear system was obtained through iterative 

calculation, and both the load distribution and face load factor were obtained. Li et al. [Li, 

Fan and Zhu (2018)] carried out a modal analysis on face gear transmission models, and 

obtained the trend of natural and vibration mode of face gear. The results optimized the 

vibration characteristics of transmission system and improved the weakness. Shen et al. 

[Shen, Liu, Li et al. (2018)] evaluated a new approach to apply the double-crowned 

helical pinion of a face gear drive. The computer simulation results showed that the 

bearing contact is not sensitive to the errors of misalignment. Zhang et al. [Zhang, Qi, 

Gou et al. (2017)] completed the modal analysis, static analysis and dynamic contact 

transient analysis for involute helical gears using ANSYS. Zhang et al. [Zhang, Qi, Gou 

et al. (2017)] constructed a finite element model of the modified gear under load 

condition and analyzed the influence of tooth profile error, tooth profile meshing 

dislocation, contact deformation of tooth profile surface and load on transmission error, 

which was validated by two cases: benchmark FEM from Eritenel and Parker, model 

from Andersson and Vedmar [Wang and Zhang (2017)]. These studies provide a good 

basis. Multistage face gears with reconstructed double crown surface were evaluated 

based on theoretical analysis and numerical simulation, to obtain the size and distribution 

of contact deformation and determine the coefficient of natural frequency and vibration 

mode, thus reducing the transmission discontinuity and movement instability caused by 

contact deformation and resonance of multistage face gears transmission mechanism. 

2 Structure modeling of multistage face gears with double crown configuration 

Double crown configuration is used to improve the meshing contact area of tooth surface 

between cylindrical gear and face gear, which should be close to the central tooth as far as 

possible [Tran, Hsu and Tsay (2015)]. It is also used to extend the contact line to avoid the 

phenomenon such as stress concentration, partial loading and interference in face gears. 

2.1 Tooth profile crown surface configuration of face gear 

The tooth profile crown is formed through a parabolic reconstruction, which extends 

from the tooth addendum direction to tooth root direction [He, Lin, Luo et al. (2016)].  

By taking a profile projection of face gear as the study object, as shown in Fig. 1, the 

tooth profile crown is composed of an approximately parabola, assuming that the central 

o  of tooth thickness S  is a parabolic virtual center, pl  is the radius, 0u  is the vertex 

position parameter of tooth profile parabola, fu  is the surface parameter in the direction 
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of tooth profile,   is the profile parabola deformation,    is the profile parabola 

coefficient. The parabolic deformation in the arbitrary profile of face gear can be 

expressed as follows: 

( )
2

0fu u  = −                                                       (1) 

Furthermore, 
1

cos
4

pl m = ,   is the normal pressure Angle. 

By introducing the projection of generating a gear coordinate system, the parabolic crown 

surface of any tooth profile can be expressed as follows [Tsay and Fong (2007)]: 
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In Eq. (3), fu  is the tooth surface parameter in the tooth profile direction of generating 

gear, and si  is a tooth surface parameter along the length. 

According to the envelope principle, the surface of face gear tooth profile crown can be 

expressed as follows: 
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The unit normal vector of face gear tooth profile crown can be expressed as follows: 
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Figure1: Projection about tooth profile crown 

2.2 Tooth orientation crown surface configuration of face gear 

The tooth orientation crown is a configuration that gradually decreasing the thickness of 

the tooth thickness towards both directions of gear tooth, as shown in Fig. 2. 
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Figure 2: Projection about longitudinal tooth crown 

By selecting one orientation projection of face gear as the study object, and assuming that 

the crown is composed of parabolic and mirror curves, with that the central o  of tooth 

thickness s  is parabolic virtual center, tl  is the radius, fu  is the surface parameter in 

the direction of tooth profile.   is the profile parabola deformation,    is profile 

parabola coefficient. 

The parabolic deformation in the arbitrary orientation of face gear can be expressed as 

follows: 
2

fu  =                                                            (6) 

According to the tooth orientation coordinate system of face gear, the parabola silhouette 

in tooth orientation direction is the transverse silhouette of generating gear, that is 

0si = . 
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The double crown surface of face gear can be expressed as follows: 
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That is: 
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The unit vector of double crown surface of face gear can be expressed as follows: 
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( ) ( ) ( ), , , ,fi s si si fs si fi s f tn u L n u l      =                                     (11) 

It is difficult to construct the model accurately using a single 3D drawing software (e.g. 

Siemens NX 10.0, “UG” for short) because of the complexion double crown surface 

configuration of face gear. By calculating the point coordinates of tooth surface by Matrix 

Laboratory (Matlab) software, the complete surface structure can be modeled by UG 

software. The parameters of double crown surface model are shown in Tab. 1. The results 

of configurations are shown in Figs. 3 and 4. 

According to our experience, the range of crown quantity for the gears should be taken as 

10 μm < ε< 40 μm  with general precision. Furthermore, it should be increased by 5 μm  

to compensate the manufacturing error. However, the crown quantity should be reduced 

appropriately under the conditions of high speed or high accuracy. The range should be 

taken as 10 μm < ε< 25 μm , and 5 μm  manufacturing error should be included. Thus, 

the crowned teeth were reconstructed according to crown coefficients, as shown in Fig. 5. 

Table 1: Design parameters of double crown configuration tooth surface of face gear pair 

Design Parameter Case 1 Case 2 Case 3 

Cylindrical gear modulus cm  3 3 3 

Cylindrical gear tooth number cz  19 19 19 

Face gear modulus fm  3 3 3 

Face gear tooth number fz  56 56 56 

Pressure angle   20  20  20  

Addendum coefficient 
ah  1.0 1.0 1.0 

Tip clearance coefficient c
 0.25 0.25 0.25 

Tooth profile crown coefficient    0.002 0 0.002 

Tooth orientation crown coefficient    0 0.005 0.005 

 

 

Figure 3: A: crown configuration of tooth profile surface; B: crown configuration of 

longitudinal tooth surface 
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Figure 4: Double crown configuration of gear tooth surface 

 

Figure 5: A: coordinate sketch of face gear; B: double crown reconstruction suture; C: 

comparison before and after the reconstruction of Double crown 

3 Quasi-static contact analysis of multistage face gears pairs 

The core components of multispeed variable transmission mechanism are extracted for 

quasi-static contact characteristics analysis, which are studied for different crown 

quantities and friction coefficients. 

3.1 Structure assembly modeling of multistage face gears 

According to the layout of entire transmission, the structural parameters of model are as 

follows: the module of cylindrical gears (four symmetrical arrangement) is 3cm = , the 

teeth number is 19cz = , the pressure angle is 20 = , the addendum coefficient is 

1.0ah = , and the tip clearance coefficient is 0.25c = . Moreover, the module of face 

gears are all 3fm = , the teeth numbers ( the number of teeth per level must be in 

multiples of 4) are 56faz = , 68fbz = , 80fcz = , the pressure angles are 20 = , the 

addendum coefficients are 1.0ah = , and the tip clearance coefficients are 0.25c = . The 

assembly structure is shown in Fig. 6. 

By comparing with the multistage gear system or single-stage face gear system, the 

characteristics of the assembly structure indicate that the multistage face gears system has 
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more advantages, such as a flexible space layout, a simple component structure, easily 

variable transmission ratio, flexibly extending the speed ratio range, significant 

component interchangeability, a strong symmetrical assembly structure, a simple 

transmission mechanism, easily controlled strategy matching, and a convenient speed 

regulating actuator. Thus, the multistage face gears system can be widely used under the 

conditions of high speed, overloading and micro precision. The system composed of 

cylindrical gears and multistage face gears can not only simplify the structure and save 

space, but also set the series of face gear according to the transmission ratio locale. 

 

 

Figure 6: Multistage face gears pair assembly modeling 

3.2 Finite element modeling about quasi-static contact 

The established gear assembly model is added to ANSYS Workbench for analysis. The 

selected material is C45 (Elastic modulus 2.09 11E e Pa=  + , Poisson ratio 0.269 = , 

Density 37890 /kg m = ). The grid is divided using Automatic method with an element 

of 2 mm. The displacement constraint in the bottom of the face gear along the Z direction 

is set as 0. The rotational DOF (degree of freedom) of face gear is set as Z axis, and the 

other DOF are fixed. The rotational DOF of cylindrical gears is set as X axis, and the 

other DOF are fixed. A rotation torque with 100,000 N mm  is added to the shaft hole 

of the cylindrical gear, and the direction is clockwise, corresponding to the direction of 

defined contact.  

By comparing with the analysis results shown in Fig. 7 and Fig. 8, the following 

conclusions can be drawn: 

(1) The elastic deformation caused by a large load makes the point contact of tooth 

surface as surface contact. In theory, the contact area should be oval. However, because 

of the errors of finite element model and algorithm, the contact area in figures is an 

approximate ellipse. 
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(2) When the load of face gear is fixed, the contact stress of each level gear changes with 

the switching of the face gears. This is because the contact pressure in different face 

gears’ teeth decreases with the increase in radius of face gears. 

(3) The contact area shifts toward the center of tooth as the transmission ratio increases 

during the rotation. 

(4) The maximum deformation is 0.10543 mm, which satisfies the maximum deformation 

requirement of gear pair. 

 

 

Figure 7: A: contact area analysis of cylindrical gear; B: contact area analysis of face 

gears 

 

Figure 8: Deformation analysis under static load contact 

3.3 Contact characteristic analysis of different crown quantities under quasistatic 

conditions 

In the previous study, the gear tooth type has been reconfigured with crown shape, the 

tooth profile was assumed to be  , and the tooth orientation was  , as shown in Fig. 

9. According to the selection principle for the crown quantity of high speed and heavy 

load gears [Han, Zhu, Xia et al. (2018)], and considering the machining error, the crown 

quantity was selected within the range of 10 μm < ε< 30 μm , to analyze the deformation, 

strain, and stress of face gears with different crowns. To simplify the research, it was 

assumed to select the same crown size of tooth profile and tooth orientation for study, 

0  =  = , 0.01, 0.012, 0.015, 0.018, 0.02, 0.022, 0.025, 0.028, and 0.03, as shown in 

Tab. 2. 
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According to the data mentioned above, 10 polynomial fitting equations were written and 

run in MATLAB to obtain each order constant of polynomial and the scatter plots of each 

crown. The coefficients from the highest (10 times) to the lowest (0) can be determined, 

and the terms that close to 0 are omitted. 

(1) Ten polynomial fitting equations and the scatter plots of maximum deformation 

amount of different crown are shown in Fig. 10A. 

( )8 6 5 4 3

1 10 4.7347 0.4587 0.0172 0.0003cdcs x x x x=  − + − +  

(2) Ten polynomial fitting equations and the scatter plots of maximum strain amount of 

different crowns are shown in Fig. 10B. 

( )8 6 5 4 3

2 10 1.7232 0.1536 0.0049 0.0001cdcs x x x x=  − + −  

(3) Ten polynomial fitting equations and the scatter plots of maximum stress amount of 

different crowns are shown in Fig. 10C. 

( )13 6 5 4 3

3 10 2.9062 0.2571 0.0080 0.0001cdcs x x x x=  − + −  

(4) Ten polynomial fitting equations and the scatter plots of strain energy amount of 

different crowns are shown in Fig. 10D. 

( )11 6 5 4 3

4 10 2.1670 0.2432 0.0110 0.0003cdcs x x x x=  − + − +  

From Tab. 1 and Fig. 10, for each crown configuration of multistage face gears structure, 

the maximum deformation, maximum strain, stress, and strain energy decreased with the 

increase in crown quantity. In contrast, the maximum deformation is approximately 

linearly decreased with the increase in crown quantity. The maximum strain gradually 

decreased under the crown volume of the interval (0-0.01), and rapidly decreased under 

the interval (0.01-0.02). The decreasing trend of maximum stress is almost the same as 

that of maximum strain. Moreover, the decreasing trend of strain energy is almost the 

same as the maximum deformation. However, owing to the large ratio of crown quantity 

interval and gear tooth size, the contact characteristics are influenced by factors such as 

structure design error, assembly error, and boundary conditions. Furthermore, the small 

error of these factors can also compensate the change in the contact characteristics caused 

by different values of crown quantity. Therefore, more factors should be considered for 

the study of contact characteristics of multistage face gears with different crown 

configurations, but the trend is stable under the crown condition. 

Table 2: Contact characteristics of different crown quantities 

Crown 

Size 

Mesh Total 

Deformation 

(mm) 

Equivalent Elastic 

Strain (mm/mm) 

Equivalent 

Stress 

(MPa) 

Strain 

Energy (mJ) Nodes Elements 

0 819633 479001 0.105430 0.020280 3850.5 51.422 

0.010 828599 484913 0.102400 0.020173 3827.3 49.517 

0.012 827577 484156 0.101970 0.019984 3792.6 48.912 

0.015 830176 485729 0.099811 0.019395 3683.4 46.838 

0.018 827570 484229 0.098703 0.019281 3662.6 46.154 

0.020 832123 487025 0.098254 0.019267 3658.5 45.847 

0.022 828857 484691 0.096675 0.019156 3636.2 44.826 

0.025 829034 485026 0.095945 0.019078 3621.1 44.470 

0.028 825111 482739 0.095642 0.019027 3613.1 44.376 

0.030 821698 480352 0.095085 0.019044 3615.8 44.201 
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Figure 9: Schematic diagram of double crown configuration 

 

Figure 10: A: deformation scatter diagram of different crown quantities; B: maximum 

Strain scatter diagram of different crown quantities; C: maximum Stress scatter diagram 

of different crown quantities; D: strain Energy scatter diagram of different crown 

quantities 
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3.4 Contact characteristic analysis of different tooth surface friction coefficients under 

quasistatic conditions 

According to the analysis results of friction coefficient and meshing efficiency of 

multistage face gears, it was assumed to select the friction coefficient for quasi-static 

contact analysis:  =0, 0.01, 0.015, 0.02, 0.03, 0.1, 0.5, 1, and 2, as shown in Tab. 3. 

According to the data shown above, 10 polynomial fitting equations were also written 

and run by MATLAB to obtain each order constant of polynomial and the scatter plots of 

each friction coefficient, as shown in Fig. 11. 

(1) Ten polynomial fitting equations and the scatter plots of maximum deformation 

amount of different friction coefficients are shown in Fig. 11A. 
10 8 6 5

5
4 3 21

0.5915 3.3685 5.4205 3.0096
10

0.3816 0.0158 0.0003cdf

x x x x
s

x x x

 − + −
=  + − + 

 

(2) Ten polynomial fitting equations and the scatter plots of maximum strain amount of 

different friction coefficients are shown in Fig. 11B. 
10 8 6 5

4
4 3 22

0.8967 5.1064 8.2216 4.5696
10

0.5818 0.0244 0.0004cdf

x x x x
s

x x x

 − + −
=  + − + 

 

(3) Ten polynomial fitting equations and the scatter plots of maximum stress amount of 

different friction coefficients are shown in Fig. 11C. 
10 8 6 5

10
4 3 23

0.1731 0.9860 1.5876 0.8826
10

0.1124 0.0047 0.0001cdf

x x x x
s

x x x

 − + −
=  + − + 

 

(4) Ten polynomial fitting equations and the scatter plots of strain energy amount of 

different friction coefficient are shown in Fig. 11D. 
10 8 6 5

8
4 3 24

0.5158 2.9374 4.7289 2.6278
10

0.3343 0.0140 0.0002cdf

x x x x
s

x x x

 − + −
=  + − + 

 

From Tab. 3 and Fig. 11, there are different trends for maximum deformation, maximum 

strain, maximum stress, and strain energy of multistage face gears structure under the 

conditions of different tooth surfaces friction coefficients. The maximum deformation 

obviously decreases under the friction coefficient of the interval (0-0.5), and gradually 

decreases under the interval (0.5-2). The maximum strain obviously decreases under the 

friction coefficient of the interval (0-0.5), and linearly increases under the interval (0.5-2). 

The decreasing trend of maximum stress is almost the same as that of maximum strain, 

which obviously decreases under the friction coefficient of interval (0-0.5), and becomes 

stable under the interval (0.5-1), but linearly increases after slightly flattening under the 

interval (1-2). The strain energy increases like a parabola, which increases obviously 

under the interval (0-0.5), and increases gently under the interval (0.5-2). In fact, the 

change in tooth surface contact friction coefficient depends on various factors such as 

tooth surface material, tooth shape, load, surface fineness, working temperature, and 

lubrication state. If the friction coefficient is too large, the friction stress will increase, 

easily leading to gear premature wear, decreasing in transmission efficiency, rapid 

temperature rising, or even failure. Therefore, some appropriate measures should be taken 

to control the friction coefficient of gear tooth surfaces. 
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Table 3: Contact characteristics of different friction coefficients 

Friction 

coefficient 

Mesh Total 

Deformation 

(mm) 

Equivalent 

Elastic Strain 

(mm/mm) 

Equivalent 

Stress 

(MPa) 

Strain 

Energy 

(mJ) 
Nodes Elements 

0 819633 479001 0.106220 0.020508 3899.8 51.333 

0.010 819633 479001 0.105340 0.020266 3847.8 51.345 

0.015 819633 479001 0.104990 0.020168 3826.2 51.470 

0.020 819633 479001 0.104440 0.020043 3799.3 51.435 

0.030 819633 479001 0.103540 0.019827 3751.7 51.556 

0.100 819633 479001 0.097525 0.018405 3431.4 53.106 

0.500 819633 479001 0.079932 0.016314 3159.6 70.192 

1.000 819633 479001 0.076636 0.017445 3167.3 75.855 

2.000 819633 479001 0.074709 0.018875 3352.6 79.461 

 

 

Figure 11: A: deformation scatter diagram of different friction coefficients; B: maximum 

strain scatter diagram of different friction coefficients; C: maximum stress scatter 

diagram of different friction coefficients; D: strain energy scatter diagram of different 

friction coefficients 

4 Modal characteristics analysis 

The settings of material properties and contact definitions are consistent with the static 

contact analysis. After the automatic dividing grid, the Node number is 819633, and the 



 

 

 

Simulation Analysis on Quasistatic Characteristics of Multistage Face Gears       461 

Elements number is 479001, defining of boundary condition constraint, solution, and then 

post-processing of results. The modal is the inherent property of system, independent of 

external load, therefor, no load is required. The ‘Iterative’ solution method is selected in 

the Iterative solver to extract the first six vibration modes and natural frequency of 

models, as shown in Fig. 12 and Tab. 4. 

From Tab. 4 and Fig. 12, it shows that the main distribution range of first sixth order 

natural frequency for the face gears transmission models are between 3239.9~12193 Hz. 

According to the analysis results, when the working frequency of face gears transmission 

is close to a certain vibration mode, some design measures should be taken to avoid 

damage in the corresponding parts. That is to prevent the occurrence of resonance 

phenomena during running, which will lead to machine failure and vibration noise, even 

severely damaging the system. 

 

 

Figure 12: A: first-order modal; B: second-order modal; C: third-order modal; D: 

fourth-order modal; E: fifth-order modal; F: sixth-order modal 

Table 4: Natural frequency of multistage face gear drive 

Modal order I II III IV V VI 

Natural frequency /HZ 3239.9 7644.8 9943.5 10852 11800 12193 

4.1 Modal characteristic analysis of different crown quantities 

According to the selection principle of crown quantity of high-speed gears and 

considering the machining error, the crown quantity is selected within the range of 
10 μm < ε< 30 μm  to analyze the magnitude of first six order natural frequency and the 

corresponding vibration mode of system, as shown in Tab. 5. 

From Tab. 5, the natural frequency of each crown in the gear increases with the order. For 

the same order gears with different crown quantities, the natural frequencies also have a 

certain trend. The 10 polynomial fitting equations were written and run by MATLAB to 

obtain the constants of each order polynomial and the scatter plots of each crown, as 

shown in Fig. 13. 
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( )12 6 5 4 3

1 10 3.5169 0.3949 0.0170 0.0003mdcs x x x x=  − + − +  

( )12 6 5 4 3

2 10 5.1007 0.5508 0.0230 0.0005mdcs x x x x=  − + − +  

( )15 6 5 4 3

3 10 1.2136 0.1102 0.0037 0.0001mdcs x x x x=  − + −  

( )14 6 5 4 3

4 10 1.1587 0.1878 0.0108 0.0003mdcs x x x x=  − + − +  

( )14 6 5 4 3

5 10 3.0412 0.3048 0.0119 0.0002mdcs x x x x=  − + −  

( )13 6 5 4 3

6 10 9.8998 0.6194 0.0081 0.0002mdcs x x x x=  − + +  

When the multistage face gears are in free vibration, the natural frequency of same order 

can be changed with crown quantity, and the trend can be fitted by 10 polynomials. The 

first-order natural frequency firstly increases and then decreases with the increase in 

crown quantity in a small range. It remains stable under the interval (0, 0.015), slightly 

increases under the interval (0.015, 0.018), and obviously decreases under the interval 

(0.018, 0.025). The second-order natural frequency increases slowly and linearly under 

the interval (0, 0.015), obviously decreases under the interval (0.018, 0.025), and 

decreases with small terraces under the interval (0.025, 0.03). The trends of third, fourth, 

and sixth orders are almost the same, and the natural frequency fluctuates with crown 

quantity. The fifth-order natural frequency remains stable under the interval (0, 0.018), 

and also fluctuates under the interval (0.018, 0.03). When extrinsic motivation is applied 

on the designed gearbox, the natural frequency of multistage face gears, which should be 

avoided, can be observed in the fitting curve. 

Table 5: Natural frequency of different crown sizes in the first six models 

Crown 

Sizes/mm 

Modal order 

I II III IV V VI 

0 3239.9 7644.8 9943.5 10852 11800 12193 

0.010 3240.7 7647.6 11248 11591 11804 12391 

0.012 3240.7 7647.8 9895.3 10751 11804 11873 

0.015 3240.1 7647.9 10324 10976 11804 12391 

0.018 3242.3 7652.3 10303 10936 11812 12391 

0.020 3241.5 7650.3 9742.4 10681 11699 11808 

0.022 3241.0 7650.4 11030 11099 11807 12391 

0.025 3236.8 7648.3 11009 11118 11796 12227 

0.028 3236.7 7648.2 9658.1 10682 11658 11796 

0.030 3236.7 7648.2 10115 10858 11796 12134 
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Figure 13: Scatter diagram of different crown quantities in first six models 

4.2 Modal characteristic analysis of different tooth surface friction coefficients 

Extract the following friction coefficients for modal characteristics analysis:  =0, 0.01, 

0.015, 0.02, 0.03, 0.1, 0.5, 1, and 2, which are assumed based on other people's research 

results or experience values while comprehensively considering the gear material, 

machining technic and meshing conditions [Kolivand, Li and Kahraman (2010); Wang 

and Shi (2017)], as shown in Tab. 6. 

From Tab. 6, it shows that the natural frequency of gears under each friction increases 

with coefficient. The gears’ natural frequencies with different friction coefficients under 

the same order have a certain trend. The 10 polynomial fitting equations were written and 

run by MATLAB, to obtain each order constant of polynomial and the scatter plots of 

each friction coefficient, as shown in Fig. 14. 

( )8 10 8 6 5 4 3

1 10 0.2816 1.6045 2.5911 1.4482 0.1881 0.0082mdfs x x x x x x=  − + − + − +  

10 8 6 5
8

4 3 22
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10

0.1928 0.0080 0.0001 0.0001mdf

x x x x
s

x x x

 − + − +
=  − + − + 
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10

0.2301 0.0096 0.0002mdf

x x x x
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x x x
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10 8 6 5
12

4 3 26

0.1219 0.6943 1.1174 0.6206
10

0.0788 0.0033 0.0001mdf

x x x x
s

x x x

 − + − +
=  − + − 

 

Table 6: Natural frequency of different friction coefficients in the first six models 

Friction 

coefficient 

Modal order 

I II III IV V VI 

0 3235.2 7642.5 10663 11061 11795 12391 

0.010 3240 7644.8 10550 11051 11800 12391 

0.015 3242.3 7645.9 9935.2 10853 11802 12187 

0.020 3244.7 7647.1 10526 11056 11805 12391 

0.030 3249.5 7649.4 10527 11053 11809 12391 

0.100 3282.4 7664.5 9836.6 10821 11842 12072 

0.500 3413.9 7717.5 9497.5 10709 11576 11976 

1.000 3458.2 7742.7 9583.9 10715 11602 12024 

2.000 3493.6 7764.6 9709.4 10726 11615 12065 

 

 

Figure 14: Scatter diagram of different friction coefficients in the first six models 

The natural frequency changes with the increase in friction coefficient. The trends of first 

and second order are almost the same, which increases as a parabola. The trends of third, 

fourth, fifth, and sixth orders are almost the same too, changing as “Z”. The natural 

frequency rapidly increases with the friction coefficient under the interval (0, 0.015), but 

significantly decreases under the interval (0.015, 0.5), and then slowly increases under 

the interval (0.5, 2). For the surface structure and meshing characteristics of designed 

multistage face gears, it is necessary to avoid these natural frequencies when applying 

excitation extrinsic motivation. 
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5 Tooth surface deviation and contact area measurement 

To measure the tooth surface deviation or contact area, it is generally necessary to 

generate a mesh, where certain measurement points are selected to determine the density 

according to the measurement requirements. 

The values of corresponding measurement points in the original and target states are 

tested by the measurement software, the corresponding tooth surface traces are drawn by 

the data machining software, and the deviation of tooth surfaces is calculated according 

to the error definition. 

5.1 Tooth surface detection with three-coordinate measuring instrument 

The tooth surfaces are detected using a Spectrum three-coordinate measuring instrument 

in this study, as shown in Fig. 15. 

 

 

Figure 15: Spectrum three-coordinate measuring platform 

According to the coordinate geometry measurement principle, the target measurement 

object is placed in the three-coordinate measurement space, and the coordinate values of 

discrete spatial position points of the measurement object are picked up through the 

kinematic chain between the measuring probe and each axis. Then, the actual tooth 

surfaces are fitted by proper calculation of these point values to obtain the deviation 

between the measured and theoretical values. Similarly, based on the newly machined 

structure, the corresponding tooth surface deviation of free meshing or loading 

deformation can be obtained by comparing with the measured values in free meshing or 

load meshing. 

In the actual measurement, the three-coordinate measuring instrument can only recognize 

the point values under the measurement coordinate system. Therefore, the relationship 

between measurement coordinate system and relative position of gear sample must be 

determined, which is the fitting of datum plane. 

In addition, a reference point is needed to determine the angular orientation of 

measurement gear sample on the coordinate system, and the reference point is defined as 

the coincidence point between the theoretical and real tooth surfaces (or the original and 

measured states tooth surfaces), where the measuring probe should be as close as possible 
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to the measured tooth surface, as shown in Fig. 16. 

After determining the distance between two coordinate systems and angular orientation, 

starting from the initial measuring surface, the teeth surfaces of same direction that 

rotated one circle around the gear axis are detected by the probe. Then, the other teeth 

surfaces of teeth alveolus are reversely measured around the gear axis to measure the 

coordinate values of front and back surfaces of each tooth. 

 

 

Figure 16: Define measurement reference point 

5.2 Detection analysis of tooth surface of face gears 

Based on the above analysis, this experiment will detect the machining accuracy, meshing 

accuracy, and load deformation of each single-stage face gear. The main methods are as 

follows: the machining accuracy is measured by considering the design parameters of 3D 

structure as the original state and the machining physical samples as the target 

measurement state. Then, the meshing precision is measured by taking the processed 

physical sample as the original state and the sample after the free meshing without load 

as the target measurement state. Finally, the deviation of load deformation is measured by 

taking the machining physical sample as the original state and the deformed sample after 

load as the target measurement state. 

5.2.1 Determination of machining accuracy 

Inputting the 3D design model, fixing the machining sample on the measuring platform, 

defining the reference datum, selecting the probe with corresponding precision, 

projecting the detection area and the detection point density, setting the initial 

measurement tooth surface, confirming the measurement path and the datum coordinates, 

and completing the tooth surface topography measurement. 

Taking the first-stage face gear (56 teeth) as an example, some measurement results are 

shown in Tab. 7. 
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Because of space limitation, it is not possible to list all the data of face gears obtained at 

all stages. By comparing the measured values with the theoretical values, the maximum 

positive deviation of the tooth surface of the first-stage face gear is 0.055 mm, and the 

maximum negative deviation is -0.045 mm. The maximum positive deviation of tooth 

surface of the second-stage face gear is 0.043 mm, and the maximum negative deviation 

is -0.052 mm. The maximum positive deviation of tooth surface of the third-stage face 

gear is 0.017 mm, and the maximum negative deviation is -0.036 mm. The machining 

accuracy basically satisfies the requirements of experimental samples, but still should be 

significantly improved. 

Table 7: Machining accuracy error of face gear samples (mm) 

No. De.* x Me. x Dv. x De. y Me. y Dv. y De. z Me. z Dv. z 

1 4.81 4.80 -0.01 -59.05 -59.02 0.03 62.03 62.00 -0.03 

2 11.40 11.40 0.01 -58.14 -58.14 0.01 62.03 61.93 -0.09 

3 17.83 17.80 -0.03 -56.50 -56.49 0.01 62.03 62.03 0.01 

4 24.05 24.04 -0.01 -54.15 -54.14 0.01 62.03 62.02 -0.01 

5 29.96 30.01 0.02 -51.12 -51.12 -0.01 62.03 61.97 -0.05 

6 35.49 35.49 -0.01 -47.44 -47.44 -0.01 62.03 62.03 0.01 

7 40.58 40.57 -0.01 -43.17 -43.16 0.01 62.03 62.03 0.01 

8 45.16 45.17 0.01 -38.35 -38.36 -0.01 62.03 62.03 0.01 

9 49.17 49.12 -0.04 -33.06 -33.06 -0.01 62.03 62.01 -0.02 
* De. means Design, Me. means Measurement, Dv. means Deviation. 

5.2.2 Detection of meshing tooth surface error 

With an input speed of 100 rpm, 200 rpm, 300 rpm, and 500 rpm respectively, the 

meshing running-in experiments are sufficiently carried out on face gears at all stages 

without a load. The running-in time of each speed accumulates to more than 10 h. After 

disassembly, the meshing samples are detected in the same manner. Thus, the results can 

be obtained by comparing with the machined samples. 

The maximum deviation of tooth surface of the first-stage face gear is 0.0095 mm, and 

the minimum deviation is 0.0027 mm. The maximum deviation of tooth surface of the 

second-stage face gear is 0.0086 mm, and the minimum deviation is 0.0021 mm. The 

maximum deviation of tooth surface of the third-stage face gear is 0.0062 mm, and the 

minimum deviation is 0.0015 mm. 

After further analysis of the corresponding data, the maximum deviations mostly occur in 

the inner radius of face gears, and the minimum deviations mostly occur in the area of 

outer radius biasing towards the addendum. This indicates that the meshing curves do not 

reach a steady state, and the teeth surfaces wear are caused by sliding contact, so that 

leading to a jump in the contact areas. It is necessary to optimize the parabola crown 

quantities of gears teeth to infinitely approach the ideal contact points. 

5.2.3 Measurement of load deformation 

After sufficient running-in experiments, with various input speeds, the loads of 3.8 W, 

19.0 W, and 49.4 W are added to the face gears respectively, and the accumulated 

running-in time are more than 6 h. After disassembly, the meshing samples are detected 
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in the same manner, as shown in Fig. 17. 

 

 

Figure 17: Detection samples after load deformation 

The results can be obtained by comparing with the machined samples: 

The maximum deviation of tooth surface of the first-stage face gear is 0.081 mm, and the 

minimum deviation is 0.019 mm. The maximum deviation of tooth surface of the 

second-stage face gear is 0.074 mm, and the minimum deviation is 0.022 mm. The 

maximum deviation of tooth surface of the third-stage face gear is 0.073 mm, and the 

minimum deviation is 0.029 mm. 

The load deviation of tooth surface reflects the depth of impression of contact 

deformation. After sufficient running-in in the case of a small load, the deformations of 

gears teeth basically conform to the simulation results of dynamics. The point contact 

forms a contact ellipse under the load, whose shape and distribution position are not 

much different for different stages of face gears but decreases as the stages increases. 

According to the analysis of shapes and deviations of impressions, a certain degree of 

collision occur in the face gears. The design, machining, and installation accuracy 

including the crown quantity design, teeth backlash, and teeth pitches are still needed 

further optimization. 

6 Conclusion 

Multistage face gears as the core component of a novel transmission mechanism achieved 

a variable speed with differential gear shifting. The followings conclusions are obtained 

from this study: 

(1) A series of coordinate points of crown surface are constructed by MATLAB, and then 

the 3D entity and assembly model of multistage face gears are obtained by UG 3D 

modeling function to achieve the visualization of multistage face gears. 

(2) The quasi-static contact characteristics of different crown quantities and friction 

coefficients are analyzed in detail, and the corresponding trends are concluded. It is 
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proved that the double crown surface method is feasible to improve the meshing contact 

performance of face gear pair. 

(3) In the case of transmission instability of multistage transmission mechanism, the 

modal analysis is carried out for multistage face gears with different crown quantities and 

friction coefficients to obtain the corresponding natural frequency and vibration mode. 

Furthermore, the trend of each order modal frequency was determined. Thus, the natural 

frequencies can be removed from extrinsic motivation and improve the stability of 

transmission. 

(4) A simulation study of contact characteristics and modal characteristics is carried out 

for double crown surface and friction coefficients of multistage face gears structure under 

the quasi-static condition. The results can improve the structural optimization and save 

research cost.  
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