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ABSTRACT

The chaotic motion behavior of the rectangular conductive thin plate that is simply supported on four sides by
airflow and mechanical external excitation in a magnetic field is studied. According to Kirchhoff ’s thin plate theory,
considering geometric nonlinearity and using the principle of virtual work, the nonlinear motion partial differential
equation of the rectangular conductive thin plate is deduced. Using the separate variable method and Galerkin’s
method, the system motion partial differential equation is converted into the general equation of the Duffing
equation; the Hamilton system is introduced, and the Melnikov function is used to analyze the Hamilton system,
and obtain the critical surface for the existence of chaos. The bifurcation diagram, phase portrait, time history
response and Poincaré map of the vibration system are obtained by numerical simulation, and the correctness is
demonstrated. The results show that when the ratio of external excitation amplitude to damping coefficient is higher
than the critical surface, the system will enter chaotic state. The chaotic motion of the rectangular conductive thin
plate is affected by different magnetic field distributions and airflow.
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1 Introduction

With the advancement and development of modern high-tech, devices with magnetic, electrical,
and other materials as structures are frequently used. Rectangular thin plates are widely used in road
and bridge construction, machinery industry, ship engineering, aerospace, and other fields. When the
system is disturbed by the outside world, it will not only produce periodic linear dynamic behavior,
but also show chaotic motion behavior to a large extent, resulting in the failure of the system under
repeated loads. At present, there are two very popular directions for the study of nonlinear dynamics of
structures such as thin plates at home and abroad. One is the study of nonlinear aeroelastic problems,
the other is the study of nonlinear electromagnetic elasticity aspects.

The study of geometric nonlinear aeroelasticity differs from general aeroelasticity [1] from
the theoretical aspects as follows: One is the structural geometric nonlinear theory, which mainly
addresses the static and dynamic analysis of the structure under large deformation [2–4]; The other
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is the study of surface aerodynamic theory [5], which mainly addresses the boundary condition
dependent deformation state aerodynamic calculation method under large deformation conditions of
the structure [6]; The third is the study of the structural/aerodynamic interface coupling method [7,8],
which mainly investigates the multidimensional interpolation problem applicable to large deformation
in space. The problem of subsonic aeroelasticity of plates focuses on the fluid-structure coupling
between the structure and the airflow [9,10]. The variety of parameters, such as mass, damping
and stiffness of the structure under the action of subsonic airflow affects the critical instability and
nonlinear vibration characteristics of the structure [2,11]. The assumption of small deformation in its
research is no longer applicable, the equilibrium state of the structure after force deformation presents
obvious geometric differences relative to the undeformed structure, and the geometric nonlinear
factors caused by the load-bearing and deformation state of the structure make the structural static and
dynamic characteristics change, and change the static and dynamic aeroelastic coupling relationship,
thus making the research and application of aeroelasticity face new challenges.

The theory of electromagnetic elasticity is devoted to the study of the coupling of electromagnetic
fields with deformation fields. This theory is basically a coupling of the theory of linear elasticity [12]
and the theory of linear electrodynamics in a free moving medium. If the studied elastomer is located
in an initially strong magnetic field, mechanical and thermal loads would generate an electromagnetic
field while causing a deformation field. The two fields will interact and influence each other and
a coupling mechanism will occur. The action of the electromagnetic field on the deformation field
is caused by the Lorentz force in the equations of motion [13–15]. The deformation field affects
the strength of the magnetic field, the magnetoelastic wave [16] and the propagation velocity of the
electromagnetic wave, and the item depends on the displacement velocity of the deformed object
in the magnetic field [17]. Extensive research on the theory of magnetoelastic nonlinear problems
in electromagnetic structures is important for the dynamic analysis of structural elements at high
temperatures [18–20], high pressures and under the action of strong electromagnetic fields. For
example, Liu et al. [21,22] performed numerical simulations using the pseudo-arclength continuation
algorithm to analyze the effects of external temperature variations, magnetic potential, electrical
potential, and excitation amplitude on the nonlinear vibration response of composite cylindrical
shells. When the electromagnetic structure is in an applied electromagnetic field environment, on
one hand, the electromagnetic structure is deformed by the electromagnetic force [23,24], and on
the other hand, the deformation of the structure leads to a change in the electromagnetic field and
thus to a change in the distribution of the electromagnetic force. For the current-carrying conductor
[25], the electromagnetic force is the Lorentz force. For polarizable or magnetizable electromagnetic
dielectric materials, the electromagnetic force is generated by the interaction of the polarization or
magnetization [26] with the external electromagnetic field. A fundamental feature of this mutual
coupling of the electromagnetic and mechanical fields is the nonlinearity. Even if the electromagnetic
and mechanical fields are treated as linear separately, the coupled electromagnetic-elastic mechanical
marginal equations are still nonlinear. Therefore, the study of their nonlinear kinematic states has also
become an inevitable trend [27–29]. However, studies in either nonlinear electromagnetic elasticity or
nonlinear aeroelasticity have focused on their respective areas of expertise without considering the
coupling effects of these two cases. The theory is more complex when considering the combined effect
of airflow and periodic excitation on the vibration characteristics of a system under the action of a
magnetic field, and there are still many issues to be investigated.

In this paper, the basic assumptions of Kirchhoff’s theory are used, geometric nonlinearities are
considered, and the nonlinear equations of motion of a magnetoelastic rectangular thin plate with
simple support on four sides are established using the principle of imaginary work. The Hamiltonian
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is analyzed with the Melnikov function and the conditions under which the motion exhibits chaotic
behavior are obtained. The bifurcation diagram, phase portrait, time history response and Poincaré
map of the system were simulated with MATLAB software. The effects of the magnetic field
environment as well as the airflow on the chaotic motion of the magnetoelastic rectangular thin plate
are also analyzed.

2 Differential Equations of Rectangular Conductive Thin Plate under the Action of External Excitation
in Magnetic Field

Consider a four-sided simply supported rectangular conductive thin plate under the action of
airflow and periodic mechanical excitation in the magnetic field environment shown in Fig. 1. The
length, width and thickness of the plate, respectively a, b and h, satisfy that the thickness is much
smaller than the minimum value of the length and width. Taking the middle surface of the plate as the
XY plane, establish the coordinate system shown in Fig. 1. x, y and z denote the x-axis, y-axis and
z-axis, respectively, U denotes the incoming flow velocity, Pz and B1z denote the mechanical surface
force and magnetic field distribution, respectively.

Figure 1: Rectangular conductive thin plate model under the combined action of subsonic airflow and
periodic excitation in a magnetic field

The research idea of this paper is shown in Fig. 2 below.

2.1 Four Basic Conditional Assumptions of Thin Plate Theory
When studying the lateral vibration of elastic thin plates, there are four basic assumptions [30]:

(1) The vertical line segment perpendicular to the mid-plane of the thin plate has no change in its
properties and is perpendicular to the deformed mid-plane.

(2) The layers of materials parallel to the middle surface do not have mutual extrusion.

(3) When the plate is bent, the amount of deflection in the z direction changes to zero.

(4) When the plate is bent, there is no expansion and shear deformation at each point in the middle
plane of the plate.
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Figure 2: Flow chart of the article’s expository ideas

2.2 Stress Strain Relationship
According to the elastic deformation theory, when the plate moves, the displacement of each point

whose internal distance is z from the mid-plane can be expressed as follows:⎧⎪⎨
⎪⎩

ux = u (x, y, t) + zϑx (x, y, t)
uy = v (x, y, t) + zϑy (x, y, t)
uz = w (x, y, t)

(1)

In Eq. (1), u, v, w are the displacement components of the points in the midplane, t denotes time,

and ux, uy, uz are the displacement components in the x, y and z directions, respectively. ϑx = −∂w
∂x

,

ϑy = −∂w
∂y

.
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According to the assumption of the Kirchhoff straight line method, εxz = εyz = εzz = 0, the strain
component of the displacement of the midplane of the plate can be obtained as:⎧⎪⎨
⎪⎩

εxx = εx + zκx

εyy = εy + zκy

εxy = ξ + zκxy

(2)

In Eq. (2), εx = ∂u
∂x

+ 1
2

(
∂w
∂x

)2

, εy = ∂v
∂y

+ 1
2

(
∂w
∂y

)2

, ξ = ∂v
∂x

+ ∂u
∂y

+ ∂w
∂x

∂w
∂y

, κx = −∂2w
∂x2

,

κy = −∂2w
∂y2

, κxy = − ∂2w
∂x∂y

.

where κx and κy are the curvature, κxy is the twist rate, and εx, εy and ξ are the strain components.

According to the basic assumption of Kirchhoff, using the generalized Hooke’s law [30], the stress
can be described as:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σxx = E
1 − μ2

(
εxx + μεxy

)
σyy = E

1 − μ2

(
εyy + μεxx

)
σxy = σyx = E

2 (1 + μ)
εxy

(3)

In Eq. (3), E is the Young’s modulus of the material, and μ is the Poisson’s ratio. The equation for
large deflection bending of the plate can be obtained as:

Nx =
∫ h

2

− h
2

σxxdz = DN

(
εx + μεy

)
(4)

Ny =
∫ h

2

− h
2

σyydz = DN

(
εy + μεx

)
(5)

Nxy =
∫ h

2

− h
2

σxydz = DN

1 − μ

2
ξ (6)

Mx =
∫ h

2

− h
2

σxxzdz = DM

(
κx + μκy

)
(7)

My =
∫ h

2

− h
2

σyyzdz = DM

(
κy + μκx

)
(8)

Mxy =
∫ h

2

− h
2

σxyzdz = DM (1 − μ) κxy (9)

In Eqs. (4)–(9), Mx, My is bending moment, Nx, Ny, Nxy represent internal force, Mxy is torque, DN

is tensile stiffness, DM is flexural rigidity.
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2.3 Preliminary Establishment of Partial Differential Equations of Motion
During the imaginary displacement, the increment of deformation potential energy of the plate

is:

δU =
∫ ∫

∑

[∫ h
2

−h
2

σxxδεxx + σyyδεyy + σxyδεxydz

]
dxdy (10)

The imaginary work done by the external force on the imaginary displacement is:

δW =
∫ ∫

∑
[(

Fx − 	Px + Px − ρ
∂2u
∂t2

)
δu +

(
Fy − 	Py + Py − ρ

∂2v
∂t2

)
δv

+
(

Fz − 	Pz + Pz − ρ
∂2w
∂t2

)
δw +

(
mx − ρh3

12
∂2ϑx

∂t2

)
δϑx +

(
my − ρh3

12
∂2ϑy

∂t2

)
δϑy

]
dxdy (11)

According to the principle of virtual displacement, the condition for the system to remain
stationary is the external force acting on the system, and the sum of the virtual work done on the
virtual displacement and the system deformation potential energy is zero [31], namely:

δU = δW (12)

According to Kirchhoff’s theory, considering the coupling effect of the thin plate under the
external excitation and the electromagnetic field, using the principle of virtual work, the following
magnetoelastic equation can be obtained as [16]:

∂Nx

∂x
+ ∂Nxy

∂y
+ Fx − 	Px + Px = ρh

∂2u
∂t2

(13)

∂Ny

∂y
+ ∂Nxy

∂x
+ Fy − 	Py + Py = ρh

∂2v
∂t2

(14)

∂2Mx

∂x2
+ ∂2My

∂y2
+ 2

∂2Mxy

∂x∂y
+ ∂

∂x

(
Nx

∂w
∂x

+ Nxy

∂w
∂y

)
+ ∂

∂y

(
Ny

∂w
∂y

+ Nxy

∂w
∂x

)

+ ∂mx

∂x
+ ∂my

∂y
+ Fz − 	Pz + Pz = ρh

∂2w
∂t2

− ρh3

12

∂2
(∇2w

)
∂t2

(15)

In Eqs. (11)–(15), 	Px, 	Py, 	Pz represent subsonic aerodynamic force, Px, Py, Pz represent
mechanical surface force that are simplified to the mid-plane, Fx, Fy, Fz represent the electromagnetic
force, mx, my represent the electromagnetic moment, ρ is the density of the rectangular thin plate.

2.4 Derivation of Basic Theory of Electromagnetic Field
Assuming that the thin plate is a non-polarized, non-magnetized material with good conductivity,

the electromagnetic quantity satisfies the Maxwell equation [13]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇D = 0

∇B = 0

∇E = −∂B
∂t

∇H = J + ∂D
∂t

(16)
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The electromagnetic constitutive relation is as follows:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

D = ε0E

B = μ0H

J = �

(
E + ∂u

∂t
B

) (17)

In Eqs. (16) and (17), H is the magnetic field strength, B is the magnetic flux density, J is the
current density, E is the electric field strength, D is the electric flux density, u is the point displacement,

ε0 is the permittivity, � is the electrical conductivity, μ0 is the magnetic permeability, ∇ = i
∂

∂x
+ j

∂

∂y
+

k
∂

∂z
, i, j, k are unit vectors.

When it is in the motion state under the magnetic field, the electromagnetic quantity in the thin
plate can be written as:

H = H1

(
H1x, H1y, H1z

) + h
(
hx, hy, hz

)
(18)

B = B1

(
B1x, B1y, B1z

) + b
(
bx, by, bz

)
(19)

E = e
(
ex, ey, ez

)
(20)

D = d
(
dx, dy, dz

)
(21)

In Eqs. (18)–(21), H1 and B1 are the magnetic field distributions under the initial condition of the
thin plate; h, b, e, d are the electromagnetic vectors generated after being excited.

From the Eq. (17), the in-plane induced current can be obtained as:

Jx = �

(
ex − ∂uz

∂t
B1y + B1z

(
∂uy

∂t
+ z

∂ϑy

∂t

))
(22)

Jy = �

(
ey + ∂uz

∂t
B1x − B1z

(
∂ux

∂t
+ z

∂ϑx

∂t

))
(23)

Jz = 0 (24)

2.5 Differential Equation of Motion of Rectangular Thin Plate under External Excitation in
Transverse Magnetic Field

The vector expression of the Lorenz force acting on a deformed object by an electromagnetic
field is:

f = JB =
∣∣∣∣∣∣
i j k
Jx Jy o
B1x B1y B1z

∣∣∣∣∣∣ (25)

The unit volume electromagnetic force is:

fx = �B1z

(
ey + B1x

∂w
∂t

− B1z

(
∂u
∂t

− z
∂2w
∂t∂x

))
(26)
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fy = −�B1z

(
ex − B1y

∂w
∂t

+ B1z

(
∂v
∂t

− z
∂2w
∂t∂x

))
(27)

fz = �B1z

(
ey + ∂w

∂t
− B1z

(
∂u
∂t

− z
∂2w
∂t∂x

))
(28)

Integrating Eqs. (26)–(28) in z from −h
2

to
h
2

, when there is only a transverse magnetic field, the

electromagnetic force and electromagnetic torque on the unit area of the thin plate:

Fx =
∫ h

2

− h
2

fxdz = �hB1z

(
ey − B1z

∂u
∂t

)
(29)

Fy =
∫ h

2

− h
2

fydz = −�hB1z

(
ex − B1z

∂v
∂t

)
(30)

Fz = 0 (31)

mx =
∫ h

2

− h
2

fxzdz = �h3

12
B1z

2 ∂2w
∂t∂x

(32)

my =
∫ h

2

− h
2

fyzdz = �h3

12
B1z

2 ∂2w
∂t∂y

(33)

Substituting Eqs. (29)–(33) and the corresponding equation into Eqs. (13)–(15), considering the
existence of lateral deformation and damping, the following partial differential equation of motion of
a rectangular thin plate in a transverse magnetic field environment can be obtained [15]:

ρhẅ + DM∇4w − 1
2

DN

[
3

(
∂w
∂x

)2
∂2w
∂x2

+ 3
(

∂w
∂y

)2
∂2w
∂y2

+ ∂2w
∂x2

(
∂w
∂y

)2

+
(

∂w
∂x

)2
∂2w
∂y2

+ 4
∂w
∂x

∂w
∂y

∂2w
∂x∂y

]
− �h3

12
B2

1z

∂

∂t

(
∂2w
∂x2

+ ∂2w
∂y2

)
+ cẇ + Rz = 0 (34)

Rz = 	Pz − P cos ωt (35)

∇4 = ∂4

∂x4
+ 2

∂4

∂x2∂y2
+ ∂4

∂y4
(36)

In Eqs. (34)–(36), ρ is the density of the rectangular thin plate; c is the structural damping
coefficient; B1z is the magnetic field distribution; ∇4 is the Double Laplace operator; 	Pz is subsonic
aerodynamic force; � is electrical conductivity; ω denotes the intrinsic frequency of the mechanical
surface force.

From the simply supported condition of the four sides of the rectangular thin plate, the method
of separation of variables [22,32] is adopted, and the lateral displacement is given as:

w = ϕi,j (x, y) qi,j (t) (37)
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Using the mode shape superposition method, the solution ϕ (x, y) of the mode shape equation
satisfying this boundary condition is set to:

ϕi,j (x, y) = sin
iπx

a
sin

jπy
b

(i, j = 1, 2, . . .) (38)

In the above equations, ϕ (x, y) is the mode shape, q (t) is the generalized coordinate, only the
first-order mode is considered here.

According to the linear potential theory [1,33], the pneumatic pressure 	P is obtained as:

	P = abρ	

π
√

a2 + b2

[
ϕq̈ + 2U

∂ϕ

∂x
q̇ + U 2 ∂

2ϕ

∂x2
q
]

(39)

Substitute Eqs. (35), (36), (38), (39) into Eq. (34), and use Galerkin’s method to integrate [34], the
ordinary differential equation is obtained:

s1q̈ + s2q̇ − s3q + s4q3 = P0 cos ωt (40)

The parameters s1, s2, s3, s4, P0 in Eq. (40) are:

s1 =
∫ b

0

∫ a

0

(
ρh + abρ	

π
√

a2 + b2

)
ϕ2dxdy = a2b2ρ	

4
√

a2 + b2π
+ 1

4
abhρ (41)

s2 =
∫ b

0

∫ a

0

[
cϕ2 + 2abρ	Uϕ

π
√

a2 + b2

∂ϕ

∂x
− �h3ϕ

12
B2

1z

(
∂2ϕ

∂x2
+ ∂2ϕ

∂y2

)]
dxdy

= abc
4

− aB2
1zh

3�π 2

48b
− bB2

1zh
3�π 2

48a
(42)

s3 =
∫ b

0

∫ a

0

(
U 2abρ	

π
√

a2 + b2

∂2ϕ

∂x2
− DM

(
∂4ϕ

∂x4
+ ∂4ϕ

∂y4
+ 2

∂4ϕ

∂x2∂y2

))
ϕdxdy

= b2ρ	πU	

2

4
√

a2 + b2
− DM

(
aπ 4

4b3
+ π 4

2ab
+ bπ 4

4a3

)
(43)

s4 = −1
2

DN

∫ b

0

∫ a

0

[
3

(
∂ϕ

∂x

)2
∂2ϕ

∂x2
+ 3

(
∂ϕ

∂y

)2
∂2ϕ

∂y2
+ ∂2ϕ

∂x2

(
∂ϕ

∂y

)2

+ ∂2ϕ

∂y2

(
∂ϕ

∂x

)2

+ 4
∂ϕ

∂x
∂ϕ

∂y
∂2ϕ

∂x∂y

]
ϕdxdy = DN

(
9aπ 4

128b3
+ π 4

64ab
+ 9bπ 4

128a3

)
(44)

P0 =
∫ b

0

∫ a

0

Pϕdxdy = 4abP
π 2

(45)

3 Nonlinear Motion Analysis
3.1 Geometry Structure

Let x1 = s2/s1, x2 = s3/s1, x3 = s4/s1, x4 = P0/s1, then the Eq. (40) translates into:

q̈ + x1q̇ − x2q + x3q3 = x4 cos ωt (46)

The damping coefficient and the force coefficient are considered as perturbation terms. Introduc-
ing the small parameter ε, rewrite the equation as [33]:
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{
q̇ = z

ż = x2q − x3q3 + ε (x4 cos ωt − x1z)
(47)

where x4 = x4

ε
, x1 = x1

ε
.

Assuming ε = 0, the corresponding undisturbed Hamilton system is [35]:{
q̇ = z

ż = x2q − x3q3
(48)

Let q̇ = ż = 0, three fixed points can be obtained: O (0, 0); A
(√

x2

x3

, 0
)

; B
(

−
√

x2

x3

, 0
)

. The

Hamilton function of the system is:

H (q, z) = 1
2

z2 − 1
2

x2q2 + 1
4

x3q4 (49)

A hyperbolic saddle point in the q-z plane and two homoclinic orbits [36]:

(
q+ (t) , z+ (t)

) =

⎛
⎜⎜⎝ 3x2√

9
2

x2x3 × cosh
(√

x2t
) ,

√
2
x3

x2sech
(√

x2t
)

tanh
(√

x2t
)
⎞
⎟⎟⎠ (50)

(
q− (t) , z− (t)

) =

⎛
⎜⎜⎝ −3x2√

9
2

x2x3 × cosh
(√

x2t
) , −

√
2
x3

x2sech
(√

x2t
)

tanh
(√

x2t
)
⎞
⎟⎟⎠ (51)

3.2 Necessary Conditions for Chaos to Exist
When ε is small enough, the still existing hyperbolic invariant torus of the Hamilton system that

is subject to the tiny attraction can be judged whether the stable and unstable manifolds intersect or
not according to the extended Melnikov function [37,38].

The generalized Melnikov function M (t0) [37] given by the Eq. (48) is:

M(t0) =
∫ +∞

−∞
−x1[z±(t)]2 + x4[cos (ω (t − t0)] z± (t) dt (52)

If the Melnikov function has only one simple zero, the Poincaré map of the disturbance system
Eq. (48) has a Strange Attractor, and chaotic motion is possible.

With the continuous increase of x4/x1, the stable and unstable manifolds of the system will
gradually intersect, which leads to the generation of chaotic motion in the sense of Smale horseshoe
[39]. Therefore let M (t0) = 0, it can be deduced that the necessary condition for the existence of chaos
in the system is:

x4

x1

=
x4

ε
x1

ε

= x4

x1

>
4 × x1.5

2

3π
√

2x3 × ω × sech
(

πω

2
√

x2

) (53)
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4 Results and Analysis of Example

Numerical simulations are performed using MATLAB software, and the Four-Order Range-
Kuttle Method is used for iterative calculations to obtain the bifurcation diagram, phase portrait,
Poincaré map and time history response of the system.

The structure and material parameters are selected as: a = 1.5 m, b = 1.0 m, h = 0.002 m, ρ =
2500 kg/m3, ρ	 = 1.29 kg/m3, E = 7×1010 N/m2, μ = 0.3, c = 25 N·(m · s−1

)
, � = 3.6×107 (� · m)

−1.

The surface corresponding to x4/x1 = 2
√

2 × x1.5
2 /

{
3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)]}
is a critical

surface, and only when x4/x1 is located above the critical surface, the chaotic motion can meet the
conditions for generating.

The motion of the system discussed in this paper is affected by two changing factors, that is, the
magnetic field distribution B1z and the incoming velocity U . Taking the magnetic field distribution B1z

as 0T , 5T , and 7.5T , respectively, and discussing the motion behavior of the system.

4.1 When the Magnetic Field Distribution B1z = 0T
Selecting x4/x1 = 6.405, ω = 20 rad/s, Fig. 3 is the bifurcation diagram of the relationship

between the displacement of the mid-point of the plate and the incoming velocity U . As can be seen
from Fig. 3, periodic vibration and chaotic motion appear alternately.

Figure 3: Bifurcation diagram of the lateral displacement of the midpoint of the rectangular conductive
thin plate with respect to the incoming velocity

Take U = 100 m/s, U = 150 m/s, U = 200 m/s, and U = 250 m/s into Eq. (53), respectively.
When U = 100 m/s, 2

√
2 × x1.5

2 /
{
3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)]} = 0.015 < x4/x1 = 6.405,
satisfying the discriminant condition for the existence of chaos. When U = 150 m/s, 2

√
2 ×

x1.5
2 /

{
3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)]} = 0.067 < x4/x1 = 6.405, satisfying the discriminant condition
for the existence of chaos. When U = 200 m/s, 2

√
2×x1.5

2 /
{
3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)]} = 0.139 <

x4/x1 = 6.405, satisfying the discriminant condition for the existence of chaos. When U = 250 m/s,
2
√

2 × x1.5
2 /

{
3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)]} = 0.231 < x4/x1 = 6.405, satisfying the discriminant
condition for the existence of chaos. From this, the time history response, phase portrait and Poincaré
map of the system are drawn.

The time history response for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and
U = 250 m/s, are shown in Figs. 4a–4d. As can be seen from Fig. 4, the time history response of the
system has no periodicity at all, which indicates that the motion of the system presents a chaotic nature
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at this time. When the magnetic field strength is 0T (constant magnetic field strength), the incoming
velocity affects the amplitude of the system vibration as well as the stability of the motion. When the
incoming velocity U = 200 m/s, the system is more stable compared to the other three cases, which
can also be seen in Fig. 3, when the scatter distribution of the bifurcation diagram of the system is
relatively less.

(a) (b)

(c) (d)

Figure 4: The time history response of the system at different incoming velocities

The phase portrait for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and U =
250 m/s, are shown in Figs. 5a–5d. As can be seen from Fig. 5, there are many unclosed limit cycles
in the phase portrait of the system, which are restricted to a bounded region, which indicates that the
motion of the system presents a chaotic nature at this time. Compared with the other three cases, the
number of limit cycles in the phase portrait of the system is relatively less when the incoming velocity
U = 200 m/s, which also indicates that the motion of the system is relatively the most stable at this
time. This is consistent with the case of the time history response shown in Fig. 4.

The Poincaré map for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and U =
250 m/s, are shown in Figs. 6a–6d. As can be seen from the Poincaré map, there is a fractal structure
of dense points in the cross section, which is neither a finite set of points nor a closed curve, which
indicates that the motion of the system at this time presents a chaotic state. The scatter distribution in
Fig. 6c is relatively small, while the scatter distribution in Figs. 6a–6d are relatively denser and presents
a more perfect Poincaré map of the Duffing system in the chaotic state. The bifurcation diagram of
the system can also reflect this situation, the number of scatter points in this case is relatively smaller.
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(a) (b)

(c) (d)

Figure 5: The phase portrait of the system at different incoming velocities

(a) (b)

Figure 6: (Continued)
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(c) (d)

Figure 6: The Poincaré map of the system at different incoming velocities

4.2 When the Magnetic Field Distribution B1z = 5T
Selecting x4/x1 = 9.73, ω = 20 rad/s, Fig. 7 is the bifurcation diagram of the relationship between

the displacement of the mid-point of the plate and the incoming velocity U . As can be seen from Fig. 7,
periodic vibration and chaotic motion appear alternately. Compared to Fig. 3, the region of multiply
periodic motion is reduced in Fig. 7. This indicates that the chaotic region of the system has changed
and the stability of the system has decreased due to the intervention of the magnetic field.

Figure 7: Bifurcation diagram of the lateral displacement of the midpoint of the rectangular conductive
thin plate with respect to the incoming velocity

Take U = 100 m/s, U = 150 m/s, U = 200 m/s, and U = 250 m/s into Eq. (53),
respectively. When U = 100 m/s, 2

√
2 × x1.5

2 /3π
√

x3

[
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(
ωπ/2

√
x2

)] = 0.015 < x4/x1 =
9.73, satisfying the discriminant condition for the existence of chaos. When U = 150 m/s, 2

√
2 ×

x1.5
2 /3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)] = 0.067 < x4/x1 = 9.73, satisfying the discriminant condition for
the existence of chaos. When U = 200 m/s, 2
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2 /3π
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x3

[
ω × csch

(
ωπ/2

√
x2

)] = 0.139 <

x4/x1 = 9.73, satisfying the discriminant condition for the existence of chaos. When U = 250 m/s,
2
√

2 × x1.5
2 /3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)] = 0.231 < x4/x1 = 9.73, satisfying the discriminant
condition for the existence of chaos. From this, the time history response, phase portrait and Poincaré
map of the system are drawn. The change in magnetic field only changes the value of x4/x1 and does not
affect the value of 2

√
2 × x1.5

2 /3π
√

x3

[
ω × csch

(
ωπ/2

√
x2

)]
. Even if there are different magnetic field

distributions, the critical surface remains the same if the incoming velocity is constant. The presence
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of the magnetic field further expands the chaotic region of the system, in which the magnetic field also
acts as a damping agent.

The time history response for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and
U = 250 m/s are shown in Figs. 8a–8d. As can be seen from Fig. 8, the time history response of the
system has no periodicity at all, which indicates that the motion of the system presents a chaotic nature
at this time. When the magnetic field strength is 5T (constant magnetic field strength), the incoming
velocity affects the amplitude of the system vibration as well as the stability of the motion. When the
incoming velocity U = 200 m/s, the system is more stable compared to the other three cases. This
can also be seen in Fig. 7, where the scatter distribution of the bifurcation diagram of the system is
relatively small at this point. Compared to Fig. 4, the stability exhibited in Fig. 8 has decreased, which
is related to the expansion of the chaotic region of the system.

(a) (b)

(c) (d)

Figure 8: The time history response of the system at different incoming velocities

The phase portrait for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and U =
250 m/s are shown in Figs. 9a–9d. As can be seen from Fig. 9, there are many unclosed limit cycles
in the phase portrait of the system, which are restricted to a bounded region, which indicates that the
motion of the system presents a chaotic nature at this time. Compared with the other three cases, the
number of limit cycles in the phase portrait of the system is relatively less when the incoming velocity
U = 200 m/s, which also indicates that the motion of the system is relatively the most stable at this
time. This is consistent with the case of the time history response shown in Fig. 8.
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(a) (b)

(c) (d)

Figure 9: The phase portrait of the system at different incoming velocities

The Poincaré map for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and
U = 250 m/s are shown in Figs. 10a–10d. As can be seen from the Poincaré map, there is a fractal
structure of dense points in the cross section, which is neither a finite set of points nor a closed
curve, which indicates that the motion of the system at this time presents a chaotic state. The scatter
distribution in Fig. 10c is relatively small, while the scatter distribution in Figs. 10a–10d is relatively
denser and presents a more perfect Poincaré map of the Duffing system in the chaotic state. The
bifurcation diagram of the system can also reflect this situation, the number of scatter points in this
case is relatively smaller. However, compared to Fig. 6c, there are a larger number of scatter points in
Fig. 10c, which is a result of the expansion of the chaotic region of the system.

(a) (b)

Figure 10: (Continued)
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(c) (d)

Figure 10: The Poincaré map of the system at different incoming velocities

4.3 When the Magnetic Field Distribution B1z = 7.5T
Selecting x4/x1 = 27.73, ω = 20 rad/s, Fig. 11 is the bifurcation diagram of the relationship

between the displacement of the mid-point of the plate and the incoming velocity U . As can be seen
from Fig. 11, periodic vibration and chaotic motion appear alternately. Compared with Figs. 3 and
7, the multiply-periodic motion region is further reduced in Fig. 11. At this point, the discriminative
region of chaos is further changed due to the enhancement of the magnetic field. At this point, the
magnetic field not only plays a damping role, but also reduces the stability of the system.

Figure 11: Bifurcation diagram of the lateral displacement of the midpoint of the rectangular
conductive thin plate with respect to the incoming velocity

Take U = 100 m/s, U = 150 m/s, U = 200 m/s, and U = 250 m/s into Eq. (53),
respectively. When U = 100 m/s, 2
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27.73, satisfying the discriminant condition for the existence of chaos; when U = 150 m/s, 2
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)] = 0.067 < x4/x1 = 27.73, satisfying the discriminant condition
for the existence of chaos; when U = 200 m/s, 2
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x4/x1 = 27.73, satisfying the discriminant condition for the existence of chaos; when U = 250 m/s,
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)] = 0.231 < x4/x1 = 27.73, satisfying the discriminant
condition for the existence of chaos. From this, the time history response, phase portrait and Poincaré
map of the system are drawn. The change in magnetic field only changes the value of x4/x1 and does not
affect the value of 2
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. Even if there are different magnetic field

distributions, the critical surface remains the same if the incoming velocity is constant. The presence
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of the magnetic field further expands the chaotic region of the system, in which the magnetic field also
acts as a damping agent.

The time-history curve for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and
U = 250 m/s, are shown in Figs. 12a–12d. As can be seen from Fig. 12, the time history response of
the system has no periodicity at all, which indicates that the motion of the system presents a chaotic
nature at this time. When the magnetic field strength is 7.5T (constant magnetic field strength), the
incoming velocity affects the amplitude of the system vibration as well as the stability of the motion.
And compared to the two cases of magnetic field strength of 0T and 5T, the regularity of the system
motion further decreases.

(a) (b)

(c) (d)

Figure 12: The time history response of the system at different incoming velocities

The phase portrait for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and U =
250 m/s are shown in Figs. 13a–13d. As can be seen from Fig. 13, there are many unclosed limit cycles
in the phase portrait of the system, which are restricted to a bounded region, which indicates that the
motion of the system presents a chaotic nature at this time. Fig. 13c shows a further decrease in the
stability compared to Fig. 9c, which is clearly a result of the chaotic region being further expanded
due to the increase in magnetic field strength that drives the chaotic region.
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(a) (b)

(c) (d)

Figure 13: The phase portrait of the system at different incoming velocities

The Poincaré map for the four cases of U = 100 m/s, U = 150 m/s, U = 200 m/s, and U =
250 m/s are shown in Figs. 10a–10d. As can be seen from the Poincaré map, there is a fractal structure
of dense points in the cross section, which is neither a finite set of points nor a closed curve, which
indicates that the motion of the system at this time presents a chaotic state. Fig. 14 shows a more
chaotic state compared to Figs. 10 and 6, which indicates that the increase in magnetic field strength
makes the stability of the system motion further reduced.

(a) (b)

Figure 14: (Continued)
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(c) (d)

Figure 14: The Poincaré map of the system at different incoming velocities

5 Results and Discussion

In this paper, the effects of incoming velocity, magnetic field, and periodic mechanical force on the
kinematic behavior of a rectangular conductive thin plate are studied. According to Kirchhoff’s thin
plate theory, considering the geometric nonlinearity, the nonlinear dynamic equation of the system
motion is established by using the principle of virtual work. The Galerkin’s method is used and the
Hamiltonian system is introduced to analyze the Hamiltonian system with Melnikov functions to
obtain the criterion for the existence of chaos. The bifurcation diagram, time history response, phase
portrait and Poincaré map of the system under different magnetic field strengths are obtained through
MATLAB simulation, and the chaotic motion of the rectangular conductive thin plate is qualitatively
analyzed. Numerical results verify the possibility of chaotic behavior when the structural parameters
given by the theoretical analysis satisfy certain conditions.

(1) Based on the theoretical analysis and numerical calculation results, the chaotic motion is
related to the incoming velocity and the magnetic field strength. When x4/x1 > 2

√
2 ×

x1.5
2 /3π

√
x3

[
ω × csch

(
ωπ/2

√
x2

)]
, that is, when the ratio of external excitation amplitude

to damping coefficient is higher than the critical plane, the system will enter chaotic state.
Therefore, the stability of the system can be judged by the ratio of external excitation amplitude
to damping coefficient. For the nonlinear vibration of the rectangular thin plate, the selection
of different initial values will have a greater impact on the kinematics of the system.

(2) The change of magnetic field only changes the value of x4/x1 and does not affect the value of
the critical surface. With different magnetic field distributions, the critical surface remains the
same if the incoming velocity is constant. Therefore, the presence of the magnetic field further
expands the chaotic region of the system, in which the magnetic field also acts as a damping
effect and reduces the stability of the system.

(3) With the constant change of the incoming velocity, the motion of the rectangular conductive
thin plate will enter an unstable state, resulting in chaotic motion. The increase of the magnetic
field strength B1z also has a certain influence on the motion behavior of the rectangular
thin plate. Therefore, the nonlinear dynamic behavior of the rectangular conductive thin
plate model can be controlled by varying the incoming velocity and magnetic field strength,
respectively.
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