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ABSTRACT

In this study, the design of a computational heuristic based on the nonlinear Liénard model is presented using
the efficiency of artificial neural networks (ANNs) along with the hybridization procedures of global and local
search approaches. The global search genetic algorithm (GA) and local search sequential quadratic programming
scheme (SQPS) are implemented to solve the nonlinear Liénard model. An objective function using the differential
model and boundary conditions is designed and optimized by the hybrid computing strength of the GA-SQPS. The
motivation of the ANN procedures along with GA-SQPS comes to present reliable, feasible and precise frameworks
to tackle stiff and highly nonlinear differential models. The designed procedures of ANNs along with GA-SQPS are
applied for three highly nonlinear differential models. The achieved numerical outcomes on multiple trials using
the designed procedures are compared to authenticate the correctness, viability and efficacy. Moreover, statistical
performances based on different measures are also provided to check the reliability of the ANN along with GA-
SQPS.

KEYWORDS
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1 Introduction

In scientific fields, most of the real-world problems are observed in plasma physics, solid state
physics, mathematical biology, fluid dynamics, and chemical kinetics, which have been stated in the
form of differential systems [1]. Various approaches have been exploited to solve these types of models,
like Chebyshev polynomial based approximation scheme, closed-form scheme, spectral collocation
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method, subdomain finite element scheme, Bernoulli collocation method, predictor—corrector scheme,
variational iteration scheme, homotopy perturbation scheme, differential quadrature scheme, quantic
B-spline differential scheme, power series scheme, differential transformation scheme, Pade series
scheme and Legendre polynomial function approximation and so on [2-7].

The present study is related to solving a nonlinear Liénard model (NLM) using the efficiency
of artificial neural networks (ANNSs) along with hybridization procedures of global search genetic
algorithm (GA) and local search sequential quadratic programming scheme (SQPS). All the above-
cited schemes have their own benefits and drawbacks, however, the stochastic computing efficiency
based on ANN along with GA-SQPS is neither been tested nor implemented to solve the stiff-natured
NLM. The NLM is mathematically given as [8]:

[f” () + q(Nf () +u(f) = g(Q),

f(Qo) = A, f/(Qo) = A,.

The above form of the NLM is used to generalize the damped springmass system as well as these
models have been applied in the physically substantial areas by taking different values of the ¢(f),
u(f) and g(2). In the above NLM, u(f) is the restoring force, g(€2) is the external force and ¢(f)f” (2)
is the damping force. By taking ¢(f) = ¢(f* — 1), u(f) = f and g(2) = 0, the model form becomes
the nonlinear Van der Pol model based on the electronic vacillation [9]. The NLM is implemented in
the modeling of fluid mechanics [10]. Furthermore, the vacuum tube technology progressed by using
oscillating circuits based on the NLM [11].

Due to the huge importance of the NLM, the focus of the research community was to present the
significant applications of this model [12—19]. The computing stochastic solvers are used to present the
solutions of various singular models, functional differential systems, biological systems, prediction
models and fractional applications [20-29]. However, the stochastic computing efficiency based on
the strength of ANN along with GA-SQPS has not been implemented to present the numerical
performances based on the NLM. These stochastic contributions proved the worth to observe the
robustness and accuracy-based ANN along with GA-SQPS for solving the NDM.

Few novel influences based on the stochastic scheme are shortened as:
e Design of ANN along with GA-SQPS is presented successfully for solving the NLM.

e The matching of achieved and exact results for three different problems based on the NLM
establish convergence, reliability and precision.

()

e The values of the absolute error (AE) are obtained in good measures for solving each example
based on the NLM.

e The consistent, accurate performance is observed through statistical observations on multiple
trials of ANN along with GA-SQPS in terms of semi-interquartile range (S.I.R), mean absolute
deviation (MAD), Nash Sutcliffe Efficiency (NSE) and Theil’s Inequality Coefficient (TIC)
metrics.

e Beside sensibly precise continuous input training interval, ease in the concept, robustness,
smooth implementable training, extendibility and stability are other commendable proclama-
tions for the designed ANN along with GA-SQPS.

The rest of the paper is organized as; Section 2 presents the designed procedure, optimization
process and statistical performances. Section 3 describes the discussions of the results. Section 4 shows
the conclusions and upcoming research directions.
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2 Methodology

This section presents the design of the ANN along with GA-SQPS measures to solve the nonlinear
Liénard differential model. The detail of fitness function is accessible using the mean square error
along with the learning practice of the hybrid computing GA-SQPS.

2.1 Mathematical ANN Modeling
The ANNs have been exploited to solve various applications arising in numerous fields [30].

The proposed results are signified as f (2), while f ™ () is the n™ derivative. The mathematical
terminologies are given as:

k
[ (@) =D arL (w2 +by), @

P=1

.
O =D al® 0,2+ by),

P=1

where k signifies the neurons, L is the activation function and [ap, wp, b,] denote the p™ component
form of [a, w, b]. The log-sigmoid L(2) = 1/(1 + e ?) activation function in the networks is written
as:

N k 1
7@ =30 () G

., k o~ 0vpRHbp)
7 @=> amw, (—)
(1 4 e-mrasiny )

o~ (vpS+bp) e~ (D (wpQ+bp) )

k
2 Q) = — e
f ( ) lelaPWP ((1 + e*(“’PQ+bP))n+l (1 + e’(“’PQ*bP))n
An error based fitness function (Ej,) is given as:
EFir = EFit—i + EFir—ii- (4)

Here Ey,_; and Ep,_; are the fitness functions associated to NLM and its boundary conditions,
given as:

En = %Z(f rataf+utn-o) +5 ((h-a) + (- 4) ). s

where Nh = 1,f, = (2),q(f) = q(f»),U(f) = U(fp) and g, = gh. One may describe the Eq. (1)
with the availability of suitable weights W, i.e., E;;, — O.

2.2 Optimization Procedure: GA-SQPS
The optimization processes to solve the nonlinear Liénard differential model using the designed
ANN along with GA-SQPS measures are provided in this section.
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GA is an optimization based global search technique work to present the solutions of the linear
and nonlinear networks. It is normally implemented to regulate the precise population results for
numerous steep/complex systems based on the optimal training performance. GA is applied recently
as automatic clustering [31], molecular sequence alignment, bioinformatics [32], energy efficiency
and thermal comfort in building design [33], structural optimization [34], weight setting problem in
OSPEF/IS-IS routing [35], assembly sequences [36], image annotation [37], CNN template learning [38]
and risk-based partner selection problem [39].

The performance based on the GA optimization converges rapidly by the hybridization with the
local search scheme by taking its best values as initial inputs. Therefore, an efficient SQPS, i.e., a local
search technique is implemented in the process of hybridization. SQPS is used recently in unified full-
chip CMP model aware dummy fill insertion framework [40], quasilinear parabolic optimal control
problems [41], convex/nonconvex economic dispatch models [42], fractional order control design [43]
and economic dispatch of micro-grid [44] and some related other applications [45-47]. The designed
structure using the ANN procedures along with GA-SQPS for the NLM is presented in Fig. 1.

2.3 Performance Measures

The statistical operators performances of MAD, TIC, S.I.LR and ENSE are provided together
with the global representations to check the reliability of the designed ANN along with GA-SQPS.
The detailed pseudocode based structure of the designed ANN along with GA-SQPS for solving the
NLM is presented in Table 1. The mathematical notations of the statistical operators are written as:

MAD =Y V ~7l, (6)
r=I1
l « A\ 2
Ja2i-7)
TIC - 1 ~ = 1 = , (7)
(2 izr)
SIR = !
-1 —_EX(%—%), @®)
¢, = 1" quartile & ¢y = 3" quartile,
" N 2
Sy
NSE={l—-"—"———, f=->1. ©)

(c-7) S

ENSE =1— NSE. (10)
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Figure 1: Designed structure using the ANN procedures along with GA-SQPS for the NLM
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Table 1: Detailed structure of the designed ANN along with GA-SQPS for solving the NLM

GA procedure starts
Inputs: The values of the chromosomes are measured for same system
element: W = [a, w, b]
Population:Chromosome vactors: [ap, wp, bp]
Output: W, _g. 1s the global weight vector
Initialization: For chromosomes selection, adjust W, _pe.
FIT Estimation: Adjust the FIT (£,) based population (P) in Eq. (5).
e Terminating values: Stop when [TolFun =10""], [E =10"%],
[PopSize = 180] & [TolCon = 10~?'], [StallLimit = 135],
[Generations = 60].
storage
Ranking: Ep;,, W _pe In population.
Storage: time, W, _ge» Erii» count of function and iterations.
GA Ends
Start of SQPS
Inputs: Wia _pes
Output: The optimal GA-SQPS weights: W¢a _sops
Initialize: W ;4 _g., [terations & Projects.
Dismissing Criteria: Stop, when [E, = 107"],
[MaxFunEvals = 265000], [Iterations = 400] &[TolFun=10""].
FIT approximation: Calculate Ey;, & W, _sqes fOr system 5.
Adjustments: fmincon for SQPS, Ey; to update the ‘W’ using Eq. (5).
Accumulate: Transmute W, sops, Epochs, time, Ey;, and count of function
for the SQPS.
SQPS End

3 Simulations and Results Performance

The current section present the result discussions for three different problems based NLM by
applying the ANN along with GA-SQPS. The graphical and numerical measures have been provided
to assess the convergence and accuracy.

Problem 1: Consider the NLM involving trigonometric ratios is given as [8]:
{f” () +/(Qf () + /() +/7(2) = cos*(Q) — cos() sin(£2),
f©O) =1, f(0) =0.

The exact form of the solution is cos(£2), the error function is given as:

(11)

1 J 2 > 7 72 2 : ?
E., = ¥ Z (fp +/, [+, + /7 — cos’ (2,) + sin (,) cos (Qp))

m=1

5 (G-1)+ () (12
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Problem 2: Suppose the higly NLM is written as [8]:
() = () +4*(2) - 3/°(2) =0,

) (13)
f(0)=(ﬁ) : f’(()):?_ 13

/1 + tanh(Q2
The exact solution of Eq. (13) is %() and the error function is given as:
2
R N 17 S CY:
En=< 2 [l =/ +4 =3) +3 (f—(ﬁ) )+(f0—7) : (14)
m=1
Problem 3: Suppose the higly NLM is shown as [§]:
S (Q) — f(2) +4f*(2) + 37 () =0,
-1
fo=(1+v2) . ro=0

The exact solution of Eq. (13) is \/ sech’ (Q) / ((1 — \/5) sech’ () + 2ﬁ) and the error func-

(15)

tion is given as:

Ep,-,:%i(f;—f;+4ﬁ+3ﬁ)z+% (fo—( 1+«/§)1) +(fo’)2 . (16)

m=1

The results based on NLM for problems 1 to 3 have been performed through the numerical
performance of global and local search GA-SQPS. These optimization procedures of GA-SQPS is
provided in Table |1 and the whole practice is repeated for fifty multiple runs to produce a larger data
of parameters. The proposed results through the designed ANN along with GA-SQPS are provided
using the trained weights and mathematically given as:

A —1.6260 1.8911 0.0266 0.4761
Jr1 () = 1 + e-(1:35072-0950) ] 1 e (143240+1.503) - 1 + e (0134520559 - 1 + e (-0.8800-0.7503)
2.4929 0.8664 0.6385 0.0247
1 1 ¢-(135782-2348) 1 + o-048782-1.674) + 1 + e-(108912-00251) 1 + o (11382+05001)
0.4066 0.9207 17
1 + e (104922011 ] + o (-104952-2011) (17)
A —0.9906 1.2110 1.0046 0.0569
Jr2(R2) = 1 + - (-03052+2876) o —C Z + - Z - -
(0. . ]+ e 01029 | | 4 o 07982-6839) | 4 o (4432+11.626)
0.6015 15.2797 1.9942 0.5041
] 1 - (4550+10770) - 1 4 e-02100-11497) ' | 4 o-(0.8200+1210) ] + e (-29290-3.345)
0.2304 0.7976
(18)

o 1 + e—(8.494§2+8‘l44) 1 + e—(—1,3619+1.195) ’
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A, —1.8276 0.2899 2.5910 0.0604
Jr3(2) = 1 + e—(-01350-129624) 1 + - (-0.2632-1.609) 1 1 o (-160a-3645) 1 + - C11620-3.645)
1.5869 1.7296 0.1134 0.9385
] + e (-00312+0.5501) ] 1 - (-2.142+0.087) 1 + e~ (-0.090+0.375) - 1 4 e-(12102-0.7525)
0.4930 1.9195

(19)

The graphical measures are provided in Figs. 2 to 6 for each problem based on a nonlinear
Liénard differential model using 30 numbers of variable, 10 neurons with [0,1] input and 0.05 step size.
The obtained results based on best weights are given in Figs. 2a—2c using the above Eqs. (17)-(19).
The comparison plots based on the exact, best and mean solutions are accessible in Figs. 2d-2f. The
mean and best results are plotted using the proposed ANN along with GA-SQPS and presented with
the true results. The matching of the proposed and true outcomes validates the correctness of the
proposed ANN along with GA-SQPS. The AE plots based on the best and mean solutions are drawn
in Subfigures 2g and 2h. It is observed that the AE best values for problems 1-3 lie 1077 to 107'°,
107" to 1077 and 107" to 107, respectively. The mean AE values were found around 10-2-10"%,
107%-10"" and 107">-10"% for problems 1, 2 and 3. The performance procedures for the best, mean
and worst results for the NLM is provided in Figs. 2j-21. For problem 1, the best MAD, TIC and
ENSE operator values lie around 107 to 107'°, 107 to 10~"" and 10~"*~10~", the values based on the
mean operators of MAD, TIC and ENSE lie as 10-°-10-%, 1010 and 10~-10~*, while the worst
MAD, TIC and ENSE operators found as 107”10, 10-*-10"" and 10--10"%. For 2™ problem,
the best MAD, TIC and ENSE operators are calculated as 10-°-10-%, 10-%-10"" and 10-*-10"%,
the MAD, TIC and ENSE operator mean values are 10--10"", 10--10"" and 10--10-", while the
MAD, TIC and ENSE worst operator measures found as 10--10"%, 10--10"% and 10-*-10~*. For
3 problem, the best MAD, TIC and ENSE operators found as 10--107%, 10-*-10""and 10-"°-10"",
the MAD, TIC and ENSE mean operators are 10-*-10"*, 10--10-" and 10-"-10"", while the MAD,
TIC and ENSE operator worst performances found as 10-'-10-, 10-"-10"" and 10~-10"%. These
best presentations through the comparison of the results in the form of AE along with the statistical
operators indicate the correctness of the proposed scheme for the NLM.

The statistical representations for Fitness (FIT), TIC, MAD and ENSE together with the
histograms are provided in Figs. 3-6. The best FIT values are observed in Fig. 3, which are reported
as 1077-10"", 107%-10~"" and 10~*-10"" for 1-3 problems. Fig. 4 shows the optimal TIC values
calculated as 10 to 107" for problem 1 to 3. Fig. 5 presents the optimal MAD performances, which
are observed as 107 to 107 for 1 to 3 problem. Fig. 6 illustrates the opimal ENSE performances,
which are observed around 10-*-10"" for I** problem, 10-"-10"% for 2" problem and 10~* to 10~
for 3" problem. In another sense, one can observe based on these performances that almost 85%
of executions achieved a very reasonable and precise accuracy level of the statistical measures. The
optimization tool built-in command MATLAB has been used in this study for the optimization
procedure as well as other simulation studies.

1 + e—(—0.0859—1.0692) - 1 + e—(—2.25§2—0.339) '
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Figure 2: Best weights, solution plots, AE and performance indices for each problem of NLM
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In order to observe the precision as well as accuracy level of the proposed ANN along with GA-
SQPS, the statistical performances based on minimum (MIN), Maximum (MAX), median (MED),
Mean, S.I.R and Standard deviation (STD) are considered for 50 independent executions in Tables 2-4
for each problem of the NLM. The MIN operator shows the ideal results, whereas MAX values shows
the bad values and the S.I.R operator. The small dependable values of the MEAN, STD, MED, MIN,
S.I.R and even MAX values for the NLM show the accuracy of the stochastic performances to solve
the NLM.

Table 2: Statistical measures of the proposed ANN along with GA-SQPS for the NLM based
problem 1

Q Problem 1 based on the NLM
MIN MAX MED MEAN SIR STD

0 7.1801E-10  6.3433E-02 1.1808E-06 9.1625E-04  3.1352E-06  7.5805E-03
0.05 3.4027E-10  6.8192E-02 1.0219E-06  9.8453E-04  3.0456E-06  8.1493E-03
0.1 2.4784E-08  7.1993E-02 1.1815E-06  1.0393E-03 2.9925E-06  8.6036E-03
0.15 3.5463E-08  7.5060E-02  1.1622E-06  1.0835E-03 2.7579E-06  8.9702E-03
0.2 5.7298E-09  7.7566E-02 1.6914E-06 1.1196E-03  3.1028E-06  9.2696E-03
0.25 6.4170E-10  7.9581E-02 2.2558E-06 1.1486E-03 2.5876E-06 9.5105E-03
0.3 1.8354E-08 8.1071E-02  2.2730E-06 1.1702E-03  2.2627E-06  9.6885E-03
0.35 1.3211E-08  8.1953E-02  2.5263E-06 1.1829E-03  2.6208E-06  9.7939E-03
0.4 2.2913E-09 8.2214E-02 2.4241E-06 1.1864E-03 3.1175E-06 9.8251E-03
0.45 4.4739E-09  8.1966E-02 2.2484E-06 1.1825E-03  3.1785E-06 9.7956E-03
0.5 1.3619E-08  8.1340E-02 1.9611E-06 1.1730E-03  2.8202E-06 9.7207E-03
0.55 3.3247E-08  8.0349E-02 1.7123E-06 1.1581E-03 2.9199E-06 9.6023E-03
0.6 2.2385E-08  7.8935E-02 1.6185E-06 1.1371E-03 2.8555E-06 9.4334E-03
0.65 8.3347E-08  7.7118E-02 1.4602E-06 1.1105E-03 2.4927E-06 9.2163E-03
0.7 7.1063E-08  7.5022E-02 1.4809E-06 1.0804E-03 2.4540E-06 8.9658E-03
0.75 1.0672E-07  7.2750E-02 1.7591E-06 1.0480E-03 2.8649E-06 8.6943E-03
0.8 5.0016E-08  7.0292E-02 2.3777E-06 1.0131E-03 2.8329E-06 8.4005E-03
0.85 6.5628E-08  6.7574E-02  2.7571E-06 9.7450E-04  2.8030E-06 8.0756E-03
0.9 8.7921E-08 6.4589E-02 2.7358E-06 9.3220E-04 3.6340E-06 7.7188E-03
0.95 6.5819E-08  6.1465E-02  2.4349E-06 8.8786E-04 4.1125E-06  7.3454E-03
1 1.0204E-08 5.8337E-02 2.0280E-06 8.4327E-04 4.5129E-06 6.9715E-03

Table 3: Statistical measures of the proposed ANN along with GA-SQPS for the NLM based
problem 2

Q Problem 2 based on the NLM

MIN MAX MED MEAN S.I.R STD
0 1.7302E-07 3.6327E-03  7.0372E-06 1.4608E-04 5.6257E-06 5.4135E-04
0.05 1.7891E-06  3.7776E-03  4.7283E-06  1.5545E-04 6.2104E-06 5.7515E-04
0.1 5.8262E-07 3.9212E-03 2.6224E-06 1.6482E-04 8.3853E-06  6.0992E-04

(Continued)
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Table 3 (continued)
Q Problem 2 based on the NLM

MIN MAX MED MEAN S.I.R STD
0.15 5.4155E-08 4.0506E-03  1.1021E-06 1.7447E-04  1.0946E-05 6.4506E-04
0.2 5.1690E-07 4.1594E-03  3.5857E-06 1.8567E-04 1.1396E-05 6.7920E-04
0.25 2.3866E-06 4.2467E-03 5.8671E-06 1.9663E-04 1.1626E-05 7.1201E-04
0.3 8.2746E-07 4.3152E-03  8.1877E-06  2.0717E-04  1.1995E-05 7.4315E-04
0.35 8.9591E-07 4.3700E-03  1.0517E-05 2.1755E-04 1.2307E-05  7.7263E-04
0.4 7.0989E-07 4.5908E-03  1.2835E-05 2.2785E-04 1.2025E-05 8.0077E-04
0.45 2.5323E-07 4.7998E-03  1.4898E-05 2.3811E-04 1.1499E-05 8.2817E-04
0.5 9.1944E-07 5.0028E-03  1.7423E-05 2.4906E-04 1.1291E-05  8.5539E-04
0.55 2.3375E-07  5.2088E-03  1.9802E-05 2.6026E-04  1.5849E-05 8.8350E-04
0.6 4.4174E-07 5.4271E-03  2.2324E-05 2.7182E-04  1.7238E-05  9.1359E-04
0.65 1.2717E-06  5.6665E-03  2.4897E-05 2.8396E-04 1.8671E-05 9.4668E-04
0.7 2.3874E-06  5.9348E-03  2.7536E-05 2.9689E-04 2.0019E-05 9.8368E-04
0.75 3.8665E-06 6.2383E-03  3.0249E-05 3.1081E-04 2.1175E-05 1.0254E-03
0.8 5.7209E-06  6.5814E-03  3.3116E-05 3.2591E-04 2.1760E-05 1.0724E-03
0.85 7.8909E-06 6.9673E-03  3.5987E-05 3.4239E-04 2.1480E-05 1.1252E-03
0.9 7.2039E-06 7.3972E-03  3.8913E-05 3.6048E-04 2.1159E-05 1.1842E-03
0.95 7.6656E-06 7.8712E-03  4.1952E-05 3.8048E-04 2.0935E-05 1.2495E-03
1 9.6419E-06 8.3877E-03  4.5191E-05 4.0261E-04 2.1076E-05 1.3212E-03

Table 4: Statistical measures of the proposed ANN along with GA-SQPS for

the NLM based

problem 3
Q Problem 3 based on the NLM
MIN MAX MED MEAN S.I.LR STD

0 2.1534E-07 1.6424E-01  8.8862E-06 8.7643E-03  3.1187E-05 3.1426E-02
0.05 4.2019E-07 1.6300E-01  8.9334E-06 8.6753E-03  3.1378E-05 3.1136E-02
0.1 2.4513E-07 1.5997E-01  7.9213E-06 8.4790E-03  3.2051E-05 3.0484E-02
0.15 2.8576E-07 1.5518E-01  7.8354E-06 8.1761E-03  3.4157E-05 2.9475E-02
0.2 3.6012E-07 1.4868E-01 7.6024E-06  7.7692E-03  3.7129E-05 2.8124E-02
0.25 2.5432E-07 1.4057E-01  7.5275E-06  7.2632E-03  3.9778E-05 2.6451E-02
0.3 1.4575E-07 1.3094E-01  6.4040E-06 6.6649E-03  4.1350E-05 2.4481E-02
0.35 7.4969E-08 1.1994E-01  7.8612E-06  5.9827E-03  4.1531E-05 2.2245E-02
0.4 5.7261E-07 1.0770E-01  8.1248E-06  5.2274E-03  2.8618E-05 1.9777E-02
0.45 2.8892E-07 9.4382E-02  7.5199E-06 4.4116E-03 2.8471E-05 1.7118E-02
0.5 4.2034E-08 8.0137E-02  6.2860E-06  3.5486E-03  3.2206E-05 1.4309E-02
0.55 7.7385E-08  6.5122E-02  7.2406E-06 2.6567E-03  2.6535E-05 1.1404E-02
0.6 2.1992E-08 4.9488E-02  7.7698E-06 1.8206E-03  2.0812E-05 8.4639E-03
0.65 1.9363E-07 3.3379E-02 6.7901E-06 1.2347E-03  1.6867E-05 5.6341E-03
0.7 1.0930E-07 1.6930E-02  8.3385E-06 1.1406E-03  1.9976E-05  3.5022E-03

(Continued)
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Table 4 (continued)

Q Problem 3 based on the NLM
MIN MAX MED MEAN SIR STD

0.75 7.2498E-07 2.4203E-02 1.0703E-05 1.1245E-03  2.0195E-05 3.9162E-03
0.8 6.9259E-07 3.7394E-02 1.1970E-05 2.0373E-03  2.4465E-05 6.1833E-03
0.85 1.4595E-08  5.0265E-02  1.2462E-05 2.9488E-03  2.8236E-05  9.0399E-03
0.9 2.1956E-07 6.2720E-02  1.2206E-05  3.8425E-03  3.1904E-05 1.2040E-02
0.95 1.0596E-06  7.4680E-02 1.1778E-05 4.7159E-03  3.5565E-05 1.5057E-02
1 9.2954E-07 8.6073E-02 1.0857E-05 5.5676E-03  3.8833E-05 1.8043E-02

The convergence measure performances are further accompanied based on the global operators
of FIT, TIC, MAD and ENSE for fifty executions given in Table 5. For problems 1 to 3 based on
the NLM, the MIN performances of these operators lie as 10°*-107%, 10-"-10-%, 10-"-10""" and
107%-107. The S.I.R performances of these operators found as 10-"-10"%, 10-2-10"%, 10-%-10"""
and 10-"-10"". These performances based global operators confirm the exactness of the designed
scheme.

Table 5: Global operator performances for each problem of the NLM

Index Problem G.FIT G.TIC G.MAD G.ENSE
MIN S.IR MIN S.IR MIN SIR MIN SIR
1 1.57E-04 1.31E-03 1.07E-03 8.83E-03 5.06E-07 4.19E-06 6.18E-04 5.17E-03
f’(Q) 2 2.41E-06 8.85E-06 2.57E-04 8.74E-04 1.24E-07 4.25E-07 6.66E-06 3.32E-05
3 6.58E-04 2.72E-03 4.86E-03 1.72E-02 1.92E-06 6.19E-06 1.70E-03 7.76E-03

The computational cost of the proposed ANN along with GA-SQPS is inspected through the
parameter variation of the typical time, completed cycles/iterations and executed function count. The
complexity investigations of each problem of the NLM based on the numerical measures are provided
in Table 6. One can find that the average generations, executed time and function assessment lic around
113.2780, 204.7667 and 13914.3238 for each problem of the NLM. These numerical measures are
provided to associate the efficiency of the ANN along with GA-SQPS.

Table 6: Complexity performances for the NLM

Iterations Implemented time Function counts
Problem
MIN STD MIN STD MIN STD
1 109.8143 35.0169 205.0000 8.7654 13396.3857  943.5160
2 116.5227 36.1397 204.3000 5.8566 14380.7000  2437.5300
3 113.4971 39.8903 205.0000 9.1095 13965.8857  2330.4541
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4 Conclusion

The present work is related to solving the nonlinear Liénard model numerically through the
computational intelligent ANN procedures and GA-SQPS. The nonlinear Liénard differential model
is observed in the generalization of a damped spring mass and the Van der Pol system. The nonlinear
Liénard equations are implemented in the modeling of fluid dynamics, vacuum tube technology/radio
and oscillating circuits. The optimization of the objective function has been performed through the
approximation capability of ANN along with GA-SQPS. The proposed ANN along with GA-SQPS is
applied for three problems based on the NLM. The correctness of the scheme is observed by comparing
the proposed results with the exact solutions. The detail of the AE, performance measures through
different indices, convergent plots and weight vectors have also been provided. The accurate and
specific presentations of the scheme are observed as 6 to 8 decimal places of accuracy level from the
exact obtainable solutions for each example of NDM. The statistical presentations of MIN, MED,
MAX, S.I.R, MEAN and STD measures certify the convergence of the designed scheme for the
numerical treatment of the nonlinear Liénard differential model.

In upcoming work, the NLM can be numerically treated by using the swarming optimizations
scheme based on the hidden layers of the Meyer and Morlet wavelet neural networks. Moreover, these
procedures can be used to solve various nonlinear and fractional order models [48—65].

Funding Statement: The authors received no specific funding for this study.

Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding the
present study.

References

1. Prajapati, R. N., Mohan, R., Kumar, P. (2012). Numerical solution of generalized Abel’s integral equation
by variational iteration method. American Journal of Computational Mathematics, 2(4), 312-315. DOI
10.4236/ajcm.2012.24042.

2. Yan, L., Baskonus, H. M., Cattani, C., Gao, W. (2022). Extractions of the gravitational potential and high-
frequency wave perturbation properties of nonlinear (3+1)-dimensional vakhnenko-parkes equation via
novel approach. Mathematical Methods in the Applied Sciences. DOI 10.1002/mma.8726.

3. Sabir, Z., Ginerhan, H., Guirao, J. L. (2020). On a new model based on third-order nonlinear mul-
tisingular functional differential equations. Mathematical Problems in Engineering, 2020, 1683961. DOI
10.1155/2020/1683961.

4. Abdelkawy, M. A., Sabir, Z., Guirao, J. L., Saeed, T. (2020). Numerical investigations of a new singular
second-order nonlinear coupled functional Lane-Emden model. Open Physics, 18(1), 770-778. DOI
10.1515/phys-2020-0185.

5. Kiltu, G. G,, Roba, G., Hailu, K. (2017). Fifth order predictor-corrector method for solving quadratic
riccati differential equations. International Journal of Engineering and Applied Sciences, 9(4), 51-64. DOI
10.24107/ijeas.349872.

6. Sabir, Z., Sakar, M. G., Yeskindirova, M., Saldir, O. (2020). Numerical investigations to design a novel
model based on the fifth order system of Emden—Fowler equations. Theoretical and Applied Mechanics
Letters, 10(5), 333-342. DOI 10.1016/j.tam1.2020.01.049.

7. Adel, W, Sabir, Z. (2020). Solving a new design of nonlinear second-order Lane-Emden pantograph delay
differential model via Bernoulli collocation method. The European Physical Journal Plus, 135(5), 427. DOI
10.1140/epjp/s13360-020-00449-x.


https://doi.org/10.4236/ajcm.2012.24042
https://doi.org/10.1002/mma.8726
https://doi.org/10.1155/2020/1683961
https://doi.org/10.1515/phys-2020-0185
https://doi.org/10.24107/ijeas.349872
https://doi.org/10.1016/j.taml.2020.01.049
https://doi.org/10.1140/epjp/s13360-020-00449-x

218 CMES, 2023, vol.136, no.1

8. Wang, B., Wang, Y., Gomez-Aguilar, J. F.,, Sabir, Z., Zahoor Raja, M. A. et al. (2022). Gudermannian neural
networks to investigate the Lienard differential model. Fractals, 30(3), 2250050.

9. Zhang, Z. F,, Ding, T., Huang, H. W. (1985). Qualitative theory of differential equations. Peking: Science
Press.

10. Harko, T., Lobo, F. S., Mak, M. K. (2014). A class of exact solutions of the Liénard-type

ordinary nonlinear differential equation. Journal of Engineering Mathematics, 89(1), 193-205. DOI
10.1007/s10665-014-9696-3.

11. Kumar, D., Agarwal, R. P,, Singh, J. (2018). A modified numerical scheme and convergence analysis for
fractional model of Lienard’s equation. Journal of Computational and Applied Mathematics, 339, 405-413.
DOI 10.1016/j.cam.2017.03.011.

12. Feng, Z. (2002). On explicit exact solutions for the Lienard equation and its applications. Physics Letters
A, 293(1-2), 50-56. DOI 10.1016/S0375-9601(01)00823-4.

13. Matinfar, M., Hosseinzadeh, H., Ghanbari, M. (2008). A numerical implementation of the variational
iteration method for the Lienard equation. World Journal of Modelling and Simulation, 4(3), 205-210.

14. Matinfar, M., Mahdavi, M., Raeisy, Z. (2011). Exact and numerical solution of Liénard’s equation by the
variationalhomotopy perturbation method. Journal of Infermation and Computing Science, 6(1), 73-80.

15. Sun, J., Wang, W., Wu, L. (2003). A note on “on explicit exact solutions for the Liénard equation and its
applications”. Physics Letters A, 318(1-2), 93-101. DOI 10.1016/j.physleta.2003.07.027.

16. Kaya, D., El-Sayed, S. M. (2005). A numerical implementation of the decomposition method for the Lienard
equation. Applied Mathematics and Computation, 171(2), 1095-1103. DOI 10.1016/j.amc.2005.01.104.

17. Sure, K., Aytekin, E., Mehmet, T. A. (2016). A numerical approximation to some specific nonlinear
differential equations using magnus series expansion method. New Trends in Mathematical Sciences, 4(1),
125-129. DOI 10.20852/ntmsci.2016115660.

18. Matinfar, M., Bahar, S. R., Ghasemi, M. (2012). Solving the Lienard equation by differential transform
method. World Journal of Modelling and Simulation, 8(2), 142-146.

19. Kiltu, G. G., Duressa, G. F. (2019). Accurate numerical method for Liénard nonlinear differential equations.
Journal of Taibah University for Science, 13(1), 740-745. DOI 10.1080/16583655.2019.1628627.

20. Sabir, Z., Raja, M. A. Z., Khalique, C. M., Unlu, C. (2021). Neuro-evolution computing for nonlinear
multi-singular system of third order Emden-Fowler equation. Mathematics and Computers in Simulation,
182, 799-812. DOI 10.1016/j.matcom.2021.02.004.

21. Sabir, Z., Raja, M. A. Z., Guirao, J. L., Shoaib, M. (2020). Integrated intelligent computing with neuro-
swarming solver for multi-singular fourth-order nonlinear Emden—Fowler equation. Computational and
Applied Mathematics, 39(4), 1-18. DOI 10.1007/s40314-020-01330-4.

22. Guirao, J. L., Sabir, Z., Saced, T. (2020). Design and numerical solutions of a novel third-order
nonlinear Emden—Fowler delay differential model. Mathematical Problems in Engineering, 2020. DOI
10.1155/2020/7359242.

23. Sabir, Z., Guirao, J. L., Saeed, T. (2021). Solving a novel designed second order nonlinear Lane—
Emden delay differential model using the heuristic techniques. Applied Soft Computing, 102, 107105. DOI
10.1016/j.a50¢.2021.107105.

24. Umar, M., Sabir, Z., Raja, M. A. Z., Amin, F., Saced, T. et al. (2021). Integrated neuro-swarm heuristic
with interior-point for nonlinear SITR model for dynamics of novel COVID-19. Alexandria Engineering
Journal, 60(3), 2811-2824. DOI 10.1016/j.a¢j.2021.01.043.

25. Umar, M., Raja, M. A. Z., Sabir, Z., Alwabli, A. S., Shoaib, M. (2020). A stochastic computational
intelligent solver for numerical treatment of mosquito dispersal model in a heterogeneous environment.
The European Physical Journal Plus, 135(7), 1-23. DOI 10.1140/epjp/s13360-020-00557-8.


https://doi.org/10.1007/s10665-014-9696-3
https://doi.org/10.1016/j.cam.2017.03.011
https://doi.org/10.1016/S0375-9601(01)00823-4
https://doi.org/10.1016/j.physleta.2003.07.027
https://doi.org/10.1016/j.amc.2005.01.104
https://doi.org/10.20852/ntmsci.2016115660
https://doi.org/10.1080/16583655.2019.1628627
https://doi.org/10.1016/j.matcom.2021.02.004
https://doi.org/10.1007/s40314-020-01330-4
https://doi.org/10.1155/2020/7359242
https://doi.org/10.1016/j.asoc.2021.107105
https://doi.org/10.1016/j.aej.2021.01.043
https://doi.org/10.1140/epjp/s13360-020-00557-8

CMES, 2023, vol.136, no.1 219

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Umar, M., Sabir, Z., Amin, F., Guirao, J. L., Raja, M. A. Z. (2020). Stochastic numerical technique for
solving HIV infection model of CD4+ T cells. The European Physical Journal Plus, 135(5), 403. DOI
10.1140/epjp/s13360-020-00417-5.

Sabir, Z., Raja, M. A. Z., Wahab, H. A., Shoaib, M., Aguilar, J. G. (2020). Integrated neuro-evolution
heuristic with sequential quadratic programming for second-order prediction differential models. Numerical
Methods for Partial Differential Equations. DOI 10.1002/num.22692.

Sabir, Z., Raja, M. A. Z., Guirao, J. L., Shoaib, M. (2021). A novel design of fractional Meyer wavelet neural
networks with application to the nonlinear singular fractional Lane-Emden systems. Alexandria Engineering
Journal, 60(2), 2641-2659. DOI 10.1016/j.a¢j.2021.01.004.

Sabir, Z., Raja, M. A. Z., Shoaib, M., Aguilar, J. G. (2020). FMNEICS: Fractional Meyer neuro-evolution-
based intelligent computing solver for doubly singular multi-fractional order Lane-Emden system. Compu-
tational and Applied Mathematics, 39(4), 1-18. DOI 10.1007/s40314-020-01350-0.

Sabir, Z., Zahoor Raja, M. A., Baleanu, D. (2021). Fractional mayer neuro-swarm heuristic solver for multi-
fractional order doubly singular model based on Lane-Emden equation. Fractals, 29(5), 2140017. DOI
10.1142/S0218348X2140017X.

Garai, G., Chaudhuri, B. B. (2004). A novel genetic algorithm for automatic clustering. Pattern Recognition
Letters, 25(2), 173-187. DOI 10.1016/j.patrec.2003.09.012.

Zhang, C., Wong, A. K. (1997). A genetic algorithm for multiple molecular sequence alignment. Bioinfor-
matics, 13(6), 565-581. DOI 10.1093/bioinformatics/13.6.565.

Yu, W, Li, B, Jia, H., Zhang, M., Wang, D. (2015). Application of multi-objective genetic algorithm to
optimize energy efficiency and thermal comfort in building design. Energy and Buildings, 88, 135-143. DOI
10.1016/j.enbuild.2014.11.063.

Adeli, H., Cheng, N. T. (1994). Augmented lagrangian genetic algorithm for structural optimization. Journal
of Aerospace Engineering, 7(1), 104-118. DOI 10.1061/(ASCE)0893-1321(1994)7:1(104).

Buriol, L. S., Resende, M. G., Ribeiro, C. C., Thorup, M. (2005). A hybrid genetic algorithm for the
weight setting problem in OSPF/IS-IS routing. Networks: An International Journal, 46(1), 36-56. DOI
10.1002/(ISSN)1097-0037.

Marian, R. M., Luong, L. H., Abhary, K. (2006). A genetic algorithm for the optimisation of assembly
sequences. Computers & Industrial Engineering, 50(4), 503-527. DOI 10.1016/j.cie.2005.07.007.

Lu, J., Zhao, T., Zhang, Y. (2008). Feature selection based-on genetic algorithm for image annotation.
Knowledge-Based Systems, 21(8), 887-891. DOI 10.1016/j.knosys.2008.03.051.

Kozek, T., Roska, T., Chua, L. O. (1993). Genetic algorithm for CNN template learning. /EEE Transactions
on Circuits and Systems I: Fundamental Theory and Applications, 40(6), 392-402. DOI 10.1109/81.238343.
Ip, W. H., Huang, M., Yung, K. L., Wang, D. (2003). Genetic algorithm solution for a risk-based
partner selection problem in a virtual enterprise. Computers & Operations Research, 30(2), 213-231. DOI
10.1016/S0305-0548(01)00092-2.

Cai, J, Yan, C., Tao, Y., Lin, Y., Wang, S. G. et al. (2021). A novel and unified full-chip CMP model aware
dummy fill insertion framework with SQP-based optimization method. IEEE Transactions on Computer-
Aided Design of Integrated Circuits and Systems, 40(3), 603-607.

Hoppe, F., Neitzel, 1. (2021). Convergence of the SQP method for quasilinear parabolic optimal control
problems. Optimization and Engineering, 22, 2039-2085.

Babar, M. 1., Ahmad, A., Fayyaz, S. (2020). A hybrid sine cosine algorithm with SQP for solving convex and
nonconvex economic dispatch problem. Mehran University Research Journal of Engineering and Technology,
39(1), 31-46. DOI 10.22581/muet1982.

Naithani, D., Chaturvedi, M., Juneja, P. K., Joshi, V. (2021). Designing of fractional order controller using
SQP algorithm for industrial scale polymerization reactor. In: Advances in manufacturing and industrial
engineering, pp. 445-453. Singapore: Springer.


https://doi.org/10.1140/epjp/s13360-020-00417-5
https://doi.org/10.1002/num.22692
https://doi.org/10.1016/j.aej.2021.01.004
https://doi.org/10.1007/s40314-020-01350-0
https://doi.org/10.1142/S0218348X2140017X
https://doi.org/10.1016/j.patrec.2003.09.012
https://doi.org/10.1093/bioinformatics/13.6.565
https://doi.org/10.1016/j.enbuild.2014.11.063
https://doi.org/10.1061/(ASCE)0893-1321(1994)7:1(104)
https://doi.org/10.1002/(ISSN)1097-0037
https://doi.org/10.1016/j.cie.2005.07.007
https://doi.org/10.1016/j.knosys.2008.03.051
https://doi.org/10.1109/81.238343
https://doi.org/10.1016/S0305-0548(01)00092-2
https://doi.org/10.22581/muet1982

220 CMES, 2023, vol.136, no.1

44, Xu, B., Zhang, Y., Zhu, Z., Zhang, X., Miao, X. et al. (2020). Economic dispatch of micro-grid based on
SQP—Validation and results. IOP Conference Series: Earth and Environmental Science, 446(4), 042019.
45. Wang, Y., Veeresha, P, Prakasha, D. J., Baskonus, H. M., Gao, W. (2022). Regarding deeper properties of the

fractional order Kundu-Eckhaus equation and massive thirring model. Computer Modeling in Engineering
& Sciences, 133(3), 697-717. DOI 10.32604/cmes.2022.021865.

46. Veeresha, P, Tlhan, E., Prakasha, D. G., Baskonus, H. M., Gao, W. (2021). Regarding on the fractional
mathematical model of Tumour invasion and metastasis. Computer Modeling in Engineering & Sciences,
127(3), 1013-1036. DOI 10.32604/cmes.2021.014988.

47. Silambarasan, R., Baskonus, H. M., Anand, R. V., Dinakaran, M., Balusamy, B. et al. (2021). Longitudinal
strain waves propagating in an infinitely long cylindrical rod composed of generally incompressible materials
and its jacobi elliptic function solutions. Mathematics and Computers in Simulation, 182, 566—602. DOI
10.1016/j.matcom.2020.11.011.

48. Sabir, Z. (2022). Stochastic numerical investigations for nonlinear three-species food chain system. Interna-
tional Journal of Biomathematics, 15(4), 2250005. DOI 10.1142/S179352452250005X.
49. Sabir, Z., Ali, M. R., Sadat, R. (2022). Gudermannian neural networks using the optimization procedures

of genetic algorithm and active set approach for the three-species food chain nonlinear model. Journal of
Ambient Intelligence and Humanized Computing, 1-10. DOI 10.1007/s12652-021-03638-3.

50. Sabir, Z. (2022). Neuron analysis through the swarming procedures for the singular two-point boundary
value problems arising in the theory of thermal explosion. The European Physical Journal Plus, 137(5),
638. DOI 10.1140/epjp/s13360-022-02869-3.

51. Sabir, Z., Wahab, H. A., Ali, M. R., Sadat, R. (2022). Neuron analysis of the two-point singular
boundary value problems arising in the thermal explosion’s theory. Neural Processing Letters, 1-28. DOI
10.1007/s11063-022-10809-6.

52. Yu, Q., Kong, S. (2021). Travelling wave solutions to the proximate equations for LWSW. Applied Mathe-
matics and Nonlinear Sciences, 6(1), 335-346. DOI 10.2478/amns.2021.2.00008.

53. Zheng, Y., Yang, L., Sauji, F. (2021). The incomplete global GMERR algorithm for solving sylvester
equation. Applied Mathematics and Nonlinear Sciences, 6(2), 1-6. DOI 10.2478/amns.2021.1.00005.

54. Bulut, H., Ismael, H. F. (2022). Exploring new features for the perturbed chen-lee-liu model via (m+1/G’)-
Expansion method, proceedings of the institute of mathematics and mechanics. National Academy of
Sciences of Azerbaijan, 48(1), 164—173.

55. Du, Q., Li, Y., Pan, L. (2021). Wheelchair size and material application in human-machine system model.
Applied Mathematics and Nonlinear Sciences, 6(2), 7-18. DOI 10.2478/amns.2021.1.00009.

56. Akkilic, A. N., Sulaiman, T. A., Bulut, H. (2021). Applications of the extended rational sine-cosine and sinh-
cosh techniques to some nonlinear complex models arising in mathematical physics. Applied Mathematics
and Nonlinear Sciences, 6(2), 19-30. DOI 10.2478/amns.2021.1.00021.

57. Rasheed, S. M., Nachaoui, A., Hama, M. F.,, Jabbar, A. K. (2021). Regularized and preconditioned
conjugate gradient like-methods methods for polynomial approximation of an inverse Cauchy problem.
Advanced Mathematical Models and Applications, 6(2), 89-105.

58. Qu, C.,, Sanchez, Y. G. (2021). Nonlinear mathematical modelling of bone damage and remod-
elling behaviour in human femur. Applied Mathematics and Nonlinear Sciences, 6(2), 53-64. DOI
10.2478/amns.2021.1.00008.

59. He, H., Song, Y., Xiao, T., Rehmab, H., Nie, L. (2021). Design of software-defined network experimental
teaching scheme based on virtualised environment. Applied Mathematics and Nonlinear Sciences, 6(2 ), 181—
192. DOI 10.2478/amns.2021.2.00005.

60. Pourghanbar, S., Manafian, J., Ranjbar, M., Aliyeva, A., Gasimov, Y. S. (2020). An efficient alternating
direction explicit method for solving a nonlinear partial differential equation. Mathematical Problems in
Engineering, 2020, 9647416. DOI 10.1155/2020/9647416.


https://doi.org/10.32604/cmes.2022.021865
https://doi.org/10.32604/cmes.2021.014988
https://doi.org/10.1016/j.matcom.2020.11.011
https://doi.org/10.1142/S179352452250005X
https://doi.org/10.1007/s12652-021-03638-3
https://doi.org/10.1140/epjp/s13360-022-02869-3
https://doi.org/10.1007/s11063-022-10809-6
https://doi.org/10.2478/amns.2021.2.00008
https://doi.org/10.2478/amns.2021.1.00005
https://doi.org/10.2478/amns.2021.1.00009
https://doi.org/10.2478/amns.2021.1.00021
https://doi.org/10.2478/amns.2021.1.00008
https://doi.org/10.2478/amns.2021.2.00005
https://doi.org/10.1155/2020/9647416

CMES, 2023, vol.136, no.1 221

6l.

62.

63.

64.

65.

Mohit, A., Amit, U. (2021). A modified iterative method for solving nonlinear functional equation. Applied
Mathematics and Nonlinear Sciences, 6(2 ), 347-360. DOI 10.2478/amns.2020.2.00055.

Bulut, H., Akkilic, A. N., Khalid, B. J. (2021). Soliton solutions of Hirota equation and Hirota-Maccari
system by the (m+1/G’)-expansion method. Advanced Mathematical Models & Applications, 6(1), 22-30.
Sulaiman, T. A., Bulut, H., Baskonus, H. M. (2021). On the exact solutions to some system of complex non-
linear models. Applied Mathematics and Nonlinear Sciences, 6(1), 29-42. DOI 10.2478/amns.2020.2.00007.
Veeresha, P. (2021). A numerical approach to the coupled atmospheric ocean model using a frac-
tional operator. Mathematical Modelling and Numerical Simulation with Applications, 1(1), 1-10. DOI
10.53391/mmnsa.2021.01.001.

Tariq, M., Ahmad, H., Sahoo, S. K. (2021). The hermite-hadamard type inequality and its estimations
via generalized convex functions of raina type. Mathematical Modelling and Numerical Simulation with
Applications, 1(1), 32-43.


https://doi.org/10.2478/amns.2020.2.00055
https://doi.org/10.2478/amns.2020.2.00007
https://doi.org/10.53391/mmnsa.2021.01.001

	Design of a Computational Heuristic to Solve the Nonlinear Lienard Differential Model
	1 Introduction
	2 Methodology
	3 Simulations and Results Performance
	4 Conclusion


