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ABSTRACT

The aim of this paper is to introduce the concept of a generalized Pythagorean fuzzy soft set (GPFSS), which is a
combination of the generalized fuzzy soft sets and Pythagorean fuzzy sets. Several of important operations of GPFSS
including complement, restricted union, and extended intersection are discussed. The basic properties of GPFSS are
presented. Further, an algorithm of GPFSSs is given to solve the fuzzy soft decision-making. Finally, a comparative
analysis between the GPFSS approach and some existing approaches is provided to show their reliability over them.
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1 Introduction

In 1965, Zadeh [1] proposed the concept of a fuzzy set (FS) to depict uncertain information in
decision-making problems. Atanassov [2] also presented the notion of an intuitionistic fuzzy set (IFS)
(i.e., in which the elements of an IFS satisfy the following condition: 0 < a+ b < 1, where a is a
membership degree and b is a non-membership degree). But there are shortcomings in intuitionistic
fuzzy decision-making. For example, if a DM expresses that his/her support for membership of x is
0.9 and the support against membership of x is 0.7, then it can be found that the sum of membership
and non-membership is bigger than 1. Hence, the ordered pair (0.9, 0.7) is not allowable for an IFS. To
remedy this shortcoming, Yager [3] proposed the notion of a Pythagorean fuzzy set (PFS) (i.e., in which
the elements of a PFS satisfy the following condition: 0 < ¢*+b* < 1, where a € [0, 1] is a membership
degree and b € [0, 1] is a non-membership degree). Therefore, a PFS has been widely applied to many
fields, for example, multi-attribute decision-making [4] and multi-attribute group decision-making [5].

In 1999, Molodtsov [6] presented the concept of a soft set (SS) to deal with uncertainties. Many
researchers are developing new methods for SS. For example, Maji et al. [7,8] presented several
concepts, operations, and examples of SS and gave an application to solve soft decision-making.
Maji et al. [9] proposed the notion of the fuzzy soft set, followed by studies on Pythagorean fuzzy soft
sets [10], generalized Pythagorean fuzzy soft set [11], the possibility Pythagorean fuzzy soft set [12],
and the possibility Pythagorean bipolar fuzzy soft sets [13]. In addition, several expansion models
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of PFSS are very quickly developed, for example, the decision-making method related to PFSS with
infectious diseases application [14], the novel entropy measure of PFSS [15], the parameter-reduction
of PFSS and corresponding algorithms [16], the Q-PFS expert set and its application in the multi-
criteria decision-making process [17], and the aggregation operators of PFSS with their application
for green supplier chain management [18].

There are some shortcomings in the methods used to solve the decision-making problem by
using the possibility fuzzy soft set [19] and the PFSS [10]. We will present the concept of generalized
Pythagorean fuzzy soft sets (GPFSSs) as a combination of the two above-mentioned models. Further-
more, we study the properties and operations of GPFSSs. We also explore a MADM application under
the GPFSS framework. In the end, we provide a comparative analysis between the developed hybrid
model and some existing approaches.

This paper is structured as follows: In Section 2, we give several notions of Pythagorean fuzzy sets,
soft sets, fuzzy soft sets, and Pythagorean fuzzy soft sets. In Section 3, we present the novel notion of
GPFSSs and discuss their properties. In Section 4, we introduce an application of GPFSSs to solve
fuzzy soft decision-making. In Section 5, we give a comparison between the proposed approach and
some existing approaches. Finally, in Section 6, the conclusion is given.

2 Preliminaries

We will present a short survey of five needed definitions in this paper as indicated below.

2.1 Pythagorean Fuzzy Sets, Soft Sets, and Fuzzy Soft Sets

Definition 2.1. (Cf. [3]). Suppose that % be the set. The Pythagorean fuzzy set (PFS) is repre-
sented as

Y ={<wa,w,p,w>lue¥},

such that «, € [0,1] (i.e., the degree of membership) and B, € [0,1] (i.e., the degree of non-
membership) satisfy the following condition

0 S (a]//)z + (ﬁ\//)z S 1:

Vu € 7% . The set of all Pythagorean fuzzy sets over % is denoted by PF% .
Definition 2.2. (Cf. [3]). Let

v ={<u,o,Ww),B,u) >lue¥}ePF”,

and

X = {< u, o, (u), B, (u) > ue %} e PF”.

Then, the subset, equal, union, intersection, and complement, are defined, respectively, as
follows:

(1) ¢ € xifforallu e %,a,(u) < a,(u) and B,(u) > B, (u).
Q) ¢y =xif¢y C xand x C .

(3) ¥ U x = {u, max{e, (u), o, (w)}, min{B, w), B, (W)} | u € %}.
@ ¥ N x = {u, min{a, (W), a, ()}, max{B, w), B, W)} | u e «}.
G v ={<upB, W, >lueu}
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Definition 2.3. (Cf. [6,7,9]). Suppose that % (i.e., be the set) and & (i.e., be the set of parameters).
For &7 C &, then

() 7 : o — P(U) (i.e., P (%) is the power set of %) is called soft set (SS) over % .

(2) F : o/ —> FS¥ (i.e.,, FS™ is the collection of all fuzzy subsets of %) is called fuzzy soft set
(FSS) over % .

2.2 Pythagorean Fuzzy Soft Sets

Definition 2.4. (Cf. [10]). Suppose that % (i.e., be the set) and & (i.e., be the set of parameters).
For &7 C &, then .7 : &/ —> PF™ is called Pythagorean fuzzy soft set (PFSS or (PF)#) over % (or
(Z, 7)) and we can write

9(6) == {< uaa‘?(e)(u)’ ﬁ?(c’)(u) >| ue %} )
foreach e € &7, a s (u) € [0, 1] (i.e., the degree of membership) and B, (u) € [0, 1] (i.e., the degree
of non-membership) satisfies the condition 0 < (a e (u))2 + (,3 Z© (u))2 <1

Definition 2.5. (Cf. [10]). Let (#, &), (¥4, %) € (PF)¥ and &/, % C &. Then,

(1) (Z, o) is a soft subset of (¢, &), denoted as (F, o) C (4, B) if o/ C B and Ve € o, F (e)
is a Pythagorean fuzzy subset of 4 (e).

(2) (ZF, ) is a soft equal of (¢, %), denoted as (F, ) = (¥,B) if (F,)C(¥,PB) and
(9,%) C(F,4).

(3) The intersection of (%, .«7) and (¥, &) represented as (Z, .«/) N (¥4, PB) is a PFSS (., )
where € = &/ N B # Band 7 (e) = F(e) NY(e) foralle € €.

(4) The union of (%, &) and (¥, &) represented as (F, o) U (4, B) is a PFSS (A, €) where
C=d IR

7 (e), if eecd\RB
H(e) = 19 (e), if e B\

Fe)UY(e), if ecdNAB
foralle € %.

(5) The complement of (%, &) is denoted by (%, /), where .%* : o/ — FF* is a mapping given
by Z#(e) = (¥ (e)) foralle € &.

(6) A PFSS (#, &) over % is known as a null PFSS represented as .%, if for all e € &, %,(e) = 0

where 0 denote the null PFS, Z,(e) = [ (Oul) |ue % ]

(7) A PFSS (#,&) over % is known as an absolute PFSS represented as .%,, if for all e €

&, Fy(e) = T where 1 denote the absolute PFS, %, (e) = {ﬁ |uew }

3 Generalized Pythagorean Fuzzy Soft Sets
In this section, we define the notion of generalized Pythagorean fuzzy soft sets as indicated below:

Definition 3.1. Suppose that % (i.e., be the set) and & (i.e., be the set of parameters). For an
arbitrary # C &,then ¥, : # — (PF)¥ x FS* (ie,¥ : & — (PF)? andu : & — FS%)
is called generalized Pythagorean fuzzy soft set (for short, GPFSS or (GPF)#) over the soft universe
(% ,&), and we can write
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“,(e) = {(g( o ),M( e)(u )) lue %’
forall e € # and u(e)(u) € [0, 1].

Example 3.2. Let Z = {u,, u,, u;} be three of elements and & = {e,, e., €3, €,} be four of parameters.
The GPFSS (¥,, 8) , where # = {e,, e,, 5} C & are defined as

u U, U

no = |(wa5504) (@5509) (e )|
U U, Us

ner={ (gaom ) (ase?)- (755509 |
u U, Us

o= | (we) (wem) (w507) |

Definition 3.3. Let (4,, %) , (/,,¢) € (GPF)¥, where 8,4 C &. Then, (¥,, %) is called GPFSS
subset of (J, %), is denote by (¥, Z) C (H,,€) if B C € and Ve € B, u(e) is fuzzy subset of v(e)
and ¥ (e) is PFS subset of 77 (e).

Example 3.4. (Continued from Example 3.2). The GPFSS (%, ¥) , where € = {e,, ¢,,e;} C & are
defined in the following:

U U, U
= |(a359°0) (eaow ") (055m05) )
U, U, Us
7= | (s ) (@ios ) (wive0) |
U, U, Us
s (e) = { ((0.7,0.2)’0‘5) : ((0.6,0.6)’0'6) : ((0.5,0.5)’0‘8) }

Thus, (¥,, B) € (H#,C).

Definition 3.5. Let (¥, #) , (., €) € (GPF)¥, where ,¢ C &. Then, (4,, %) is called GPFSS
equal of (J,€) , is denote by (¥,, B) = (£, €) if (¥,, B) C (J,,€) and (J,€) C (9,, B).

The complement of a GPFSS is elaborated in the Definition 3.6.

Definition 3.6. Let (9,, %) € (GPF)¥. The complement (¥,, %) of (9,, %) is defined as

u
G (e) = {(gc(e)(m, 1 - M(e)(u)) lue %} :
where ¥°(e), Ve € 4 is defined in Definition 2.5 (4) and 1 — u(e)(u) € [0, 1].

Example 3.7. (Continued from Example 3.2). The complement (%, %’) “of (%, %) is computed as

, _ U, U, U,
(o) = [((0.9,0.2)’0'6)’ ((0.8,0.3)’0'5) ((0 81,04 6)}
, U Uy Us
s (a5 ) (o) (w7 09) |
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: U Uy Us
%o ={ (@25709) (w7550 (@509 }

Definition 3.8. (1) A null GPFSS over (%, &), denoted by (¥, &) is a GPFSS, is defined as

- u
Bo(e) = {(m,()) | u e %}

(2) An absolute GPFSS over (%, &), denoted by (@1, 5’) i1s a GPFSS, is defined as

U () = {(ﬁl) |ue@/}.

Example 3.9. (Continued from Example 3.2). The null and absolute of GPFSSs are computed,
respectively, as follows:

- U, u, Us
Moo = K(o,l)’o)’((o,n’o)’((o,u’o)]’
(o) = i ((0 ' O) ((0 D’ 0)

@0(63)— { ((0 1) ,0

and
U\ (e)) = 1 ( 1w 1) ( Lo
l(el) - ((1 O) )5 (1 O)a B (1,0)5 s
__ U, Uy
“ie) = (10> 1) ((1,0>’1)’(<1,0>’1)}’
7o ={(75) (@) (@)
“ieO=1\ao ') \ao')\ae') |
Proposition 3.10. Let (@0, é") and @l,é") be the null and absolute of GPFSSs over (%, &),

respectively. Then
M (@.€)) = @ ).
Q) (7. &) = (%15)
(3) (@l,éf') = (@, &).

Proof. Follows from Definitions 3.6 and 3.8.
Definition 3.11. Let (%, ,Q%) , (I, B) € (GPF)? over (% ,&). For ¢ = o/ N A # {, then
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(1) The restricted union, denoted by (%, %) = (4., /) U (£, %) is defined by

Jii(e)z%(e)U%i(e)z[( . ),r(e>)| ue%],

(maX {ag(e) (Z/l), a:%”(e) (u)} ’ min {ﬁg(e) (l/l), ﬂ%(e)(u)}
where 7(e) = max(u(e), v(e)).
(2) The extended intersection, denoted by (%, %) = (¥,, &) U (£, #) is defined by

Dzme):%(em%(e):[( a ),A<e))| ue%],

(min {ag(e) (l/l), a:%”(e) (Z/l)} ) max {ﬁg((f) (l/l), ﬂﬂ(e)(u)}

where A(e) = min(u(e), v(e)).

Example 3.12. (Continued from Examples 3.2 and 3.4). By Definition 3.11, the restricted union
and extended intersection are computed as

U Uy us
% (el) - {(m’06)’ (ma 07), (m, 05)}:
u, " "
m,o.l) , (m,O.S) , (m’oﬁ) }’

U U, U
((0.7,0.2)’0‘5) : ((0.6,0.6)’0'6) ’ ((0.5,0.5)’0'8) }

ul u2 u3
=55 04) (@55 09) (@aom 04)|
u U, Uy
[ ((0.8,0.25)’0'1) ’ ((0.4,0.9)’0'3) ’ ((0.5,0.7)’0‘5) }
U, U, Uy
o) = { (m"“) ’ (m“) ’ (m(”) }

Proposition 3.13. Let (¥, ) , (J, B) , (X, €) € (GPF)¥ over (%, &). Then the following four
properties hold:

() (9., )0, B) = (A, 5) 0
Q2) (4. o)\ (A, B) = (S, PB)N
3) (9., ) 0 (A, 8) 0 (A, F))

@) (9., ) O ((H, B) N (K, 6))

(G, )
(G, )
= (9., 2) 0, 8) 0 (4, %)
= (9., ) N (A, B)) N (., 6) .
Proof. Follows from Definition 3.11.

Proposition 3.14. Let (9,, &) , (A, B) , (#,,€) € (GPF)¥ over (% ,&). Then the following two
properties hold:



CMES, 2023, vol.136, no.3 2867

() (9, ) 0 (A, BN (A, 6)) = (9., ) O, B) N (9. o) U (KA, F))
2) (9., )" (A, 8 0 (A, 6)) = (9., o)\ (A, B) 0 (9. )N (H,F))

Proof. Follows from Definition 3.11.

4 An Application of GPFSSs to Solve Fuzzy Soft Decision-Making Problems

Based on the notion of GPFSSs and using the comparison tables [20] and the algorithm proposed
by Dinda et al. [21], we will give an application of GPFSSs to solve fuzzy soft decision-making
problems as indicated below.

Example 4.1. Assume that there are three different universities in universe % = {u,, u,, u;} and the
parameter set & = {e, e,, €3, €4, €5, ¢}, Where ¢, stands for “modern”, e, stands for “international”, e,
stands for “big”, e, stands for “beautiful”, es stands for “full day”, and e; stands for “high efficiency”.
Suppose Mr. Z wants to choose a good university for his daughter on the basis of his wishing
parameters between those listed above. Our aim is to find out the most suitable university for his
daughter. Consider the GPFSSs defined as follows:

U, U, U
o) = { (m‘”) ’ (m“) (m 0. 6) ]

) = {(<09 025) )(«):—O%M)(méuﬁos)}

B {(<07 0.7) )(ﬁw) ((03u04> 035)}

% :{(«)3 0.9)° ) (m%) (<05u—085> 06)]

Fules) = { ((09 0.25)" )(ﬁm) (m;{W 05)}
|

U, us
9, 025), ————,0.39 ———,0.49
(e) = ((O 35,0.65)° ) ((0.65, 0.73) ) ((0 32,0.51)° ) }
Then, we define the following new GPFSSs (i.c., reduced the GPFSSs):

u
gxe):{( )m%},
8 G (e)(u) x p(e)(u)
forall e € £ and u(e)(u) € [0, 1]. Therefore, we get the new GPFSSs as

G (e)) = U, U, Us

w0 = 170.15,0.45) (0.24.0.51)” (0.3,0.51)
u U, Us

g, = 9 b

« (&) {(0.09,0.02) (0.09,0.27) (0.3,0.37)}
u u, U,

@' =

« (&) { (0.20.0.19)° (0.17.0.25)° (0.11,0.14) }
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G (o) = U, u, Us
w (0.21,0.47)° (0.24,0.51)" (0.18,0.48)
u u u
@ _ ( 1 2 3
i (e5) (0.09,0.02)" (0.24,0.28)" (0.28,0.3)
U U, Uy
% = .
« () = 110.09,0.16)° (0.25,0.28)" (0.16,0.25) }

After then, we compute the following in Table | (i.e, the reduced membership), Table 4 (i.e.,
the reduced non-membership), Tables 2 and 5 (i.e., the comparison tables), Tables 3 and 6 (i.e., the
comparison scores C* and C~), and Table 7 (i.e., the final decision scores) as

Table 1: Reduced memberships

€ €, €3 €4 €s €
U 0.15 0.09 0.20 0.21 0.09 0.09

U 0.24 0.09 0.17 0.24 0.24 0.25
Uy 0.3 0.3 0.11 0.18 0.28 0.16

Table 2: Membership comparison

u, Uy Us
U, 6 2 2
U, 4 6 3
Us 4 3 6

Table 3: Membership comparison scores

row total (r) columntotal (¢) Ct=r—c
u, 10 14 —4
U, 13 11 2
Us 13 11 2

Table 4: Reduced non-memberships

e e, e, ey es e
U, 0.45 0.02 0.19 0.47 0.02 0.16

U, 0.51 0.27 0.25 0.51 0.28 0.28
Uy 0.51 0.37 0.14 0.48 0.3 0.25
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Table 5: Non-membership comparison

u, u, U,
U, 6 0 1
U, 6 6 4
Us 5 3 6

Table 6: Non-membership comparison scores

row total (1) column total(¢c) C =r—c¢
u, 7 17 -10
U, 16 9 7
Us 14 11 03

Table 7: Decision scores
Cct C- D=C"-C"

u, —4 —-10 6
U, 2 7 5
Uy 2 3 1

Mr. Z will choose the university u,, where the score of u, has a high value from Table 7.
5 Comparison
In this section, we provide a comparison between (PF)? [10], the possibility fuzzy soft sets (PFS)*

[19], and the (GPF)? by using Example 4.1. Therefore, we obtain the following Table 8:

Table 8: Comparison with existing models

Hybrid models U, U, Us Rankings

(PF)Z [10] 4 -5 1 U > Uy > U,
(PFS)# [19] —4 2 2 Uy > Uy > Uy
(GPF)¥ (proposed) 6 5 1 Uy > Uy > Us

From Table &, we can see that the final results between (PF)# [10], (PFS)* [19], and our approach
(i.e., (GPF)#) are different. According to the ranking results of three alternatives in (GPF)#, u, is the
most accurate and finable. This is due to (PF)# [10] dealing with the (PF)# [10] without fuzzy set. But
our method (GPF)¥ depends on the (PF)# [10] with the fuzzy set. (PFS)* [19] is the combination
between a fuzzy set and fuzzy set, with fuzzy set and (GPF)# is more general than (PFS)* [19], which
makes our presented method more reasonable and effective as shown in Fig. 1.
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-4

-6 O

Figure 1: Comparison among the initiated (GPF) model (i.e., the green line), and existing (PFS)*[19]
(i.e., the red line) and (PF)*[10] (i.e., the blue line) models

6 Conclusions

We have given the novel model of generalized Pythagorean fuzzy soft sets. We have presented their
operations and properties. We have presented an application of GPFSSs in fuzzy soft decision-making.
In the future, we will provide a real application with a real data set for lung cancer disease [22] and
coronary artery disease [23]. Finally, we will discuss more future studies on the GPFSS information
to deal with decision-making problems (for example, [4,5,24,25]).
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