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ABSTRACT

In this paper, we investigate the end-to-end performance of intelligent reflecting surface (IRS)-assisted wireless
communication systems. We consider a system in which an IRS is deployed on a uniform planar array (UPA)
configuration, including a large number of reflecting elements, where the transmitters and receivers are only
equipped with a single antenna. Our objective is to analytically obtain the achievable ergodic rate, outage probability,
and bit error rate (BER) of the system. Furthermore, to maximize the system’s signal-to-noise ratio (SNR), we design
the phase shift of each reflecting element and derive the optimal reflection phase of the IRS based on the channel
state information (CSI). We also derive the exact expression of the SNR probability density function (p.d.f.) and
show that it follows a non-central Chi-square distribution. Using the p.d.f., we then derive the theoretical results
of the achievable rate, outage probability, and BER. The accuracy of the obtained theoretical results is also verified
through numerical simulation. It was shown that the achievable rate, outage probability, and BER could be improved
by increasing the number of reflecting elements and choosing an appropriate SNR regime. Furthermore, we also
find that the IRS-assisted communication system achieves better performance than the existing end-to-end wireless
communication.
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1 Introduction

With the evolution of modern communication systems, the beyond fifth-generation (B5G) and
forthcoming sixth-generation (6G) are expected to provide ultrahigh throughput, massive connectivity,
intelligent features, and high resource utilization [1–3]. The intelligent reflecting surface (IRS) is con-
sidered an emerging enabling technology for future wireless communications [4–6]. IRS is a low-cost
planar array consisting of a large number of passive reflecting elements, which enables reconfiguration
of the wireless propagation environment through a programmable controller. Furthermore, compared
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to conventional wireless communications systems, the IRS-assisted system can attain higher ergodic
capacity, better outage probability, and lower BER [7,8].

The existing research on IRS-assisted MIMO communication systems is focused on system
performance analysis, design optimization algorithms, and system architecture configuration. For
system performance analysis, Han et al. [9] deduced the closed-form upper bound expression for the
ergodic capacity of IRS-assisted communications in the Rice fading channel. For Rayleigh fading
channels, Xu et al. [10] also showed that the received signal power could be approximated as the
sum of two Gammas and two non-central Chi-squares and considered IRS-assisted communication
system performance. With the results in [10], an analytical expression of the spectrum of wireless
communication systems assisted by multiple IRS was obtained in [11], where the channel elements
were assumed to follow a Gamma distribution. The research results showed that the IRS-assisted
MIMO communication system could significantly improve system performance. The work in [12]
studied the IRS-assisted communication channel model and showed that the equivalent channel of
the IRS-assisted system follows the F distribution. The above research works are mainly based on
statistical fading channel models such as Gaussian, Gamma, Rayleigh, or Rice random distributions.
Nevertheless, experimental results show that the actual channels do not necessarily follow the assump-
tion of independent and identical distribution. The channel behavior is also significantly affected by
the carrier frequency and the configuration of the antenna array at the base station (BS) and the IRS.
This is because the energy of wireless signals is often concentrated in a limited space, resulting in the
existence of near- and far-field signals. The authors in [13] also investigated the secrecy performance of
the simultaneously transmitting and reflecting reconfigurable intelligent surface under the Nakagami-
m fading channels. They then derived analytical expressions for the secrecy outage probability (SOP)
and showed that the system secrecy performance can be improved by increasing the number of
configurable elements. In practice, an accurate channel model is a necessary condition for accurate
analysis of the channel capacity. Furthermore, one needs to verify if the original research methods and
the experimental conclusions are consistent. Therefore, it is an immediate need to establish an accurate
channel model to characterize the performance limits of IRS-assisted mmWave MIMO systems.

In terms of designing optimization algorithms, the researchers designed active beamforming
techniques at the BS and/or passive beamforming at the IRS. They then constructed an objective
function to maximize performance indicators such as energy efficiency, spectral efficiency, latency,
outage probability, bit error rate (BER), or computational complexity. In [14], the authors proposed
an algorithm based on alternating optimization to design the optimal passive IRS beamforming
to maximize energy efficiency. To reduce the computational complexity, Wu et al. [15] adopted the
branch-and-bound method along with an exhaustive search method. They also proposed a unit-
by-unit optimization algorithm to obtain passive beamforming assuming discrete reflection phase
shifts. In [16], the authors also utilized the fixed-point iterative method and the manifold optimization
algorithm to design the optimal passive beamforming and maximize system spectral efficiency. The
computational complexity of the proposed method in [16] is however high due to multiple iterations.
In [17], the authors converted the system spectral efficiency maximization problem into an SINR
maximization problem and used the alternating direction multiplier method to derive the optimal IRS
beamforming. By applying the power allocation scheme, Huang et al. [18] adopted the gradient descent
algorithm and designed the optimal IRS beamforming to maximize energy efficiency. Furthermore,
You et al. [19] proposed a channel estimation algorithm by controlling the overhead of IRS and joint
optimization of the reflection phase shift. They then designed the transceiver that greatly improves
the energy efficiency of the system. In the above research work, the authors utilized an ideal constant
modulus phase based on the IRS reflection unit, where the base stations are assumed to have access
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to the perfect CSI. However, in the actual design, the IRS reflection unit has a discrete phase and
it is difficult for the base station to obtain the perfect CSI. Therefore, the channel estimation and
beamforming of mmWave massive MIMO systems in the case of inaccurate CSI and IRS discrete
phases need to be investigated. In terms of system architecture configuration, Wang et al. [20] analyzed
the IRS-assisted millimeter-wave massive MIMO system by joint optimization of the quantization
phase shift for the analog and digital coding matrices assuming using IRS at the base stations.
For this system, they then minimized the mean square error between the received symbols and the
transmitted symbols. In [21], the authors studied the hybrid precoding design of multi-user IRS-
assisted mmWave MIMO systems and performed MSE minimization by using the gradient projection
method. Nevertheless, these works assume an all-digital high-precision analog-to-digital converter
(ADC) architecture. In practice, however, the core high-precision ADC devices are not only expensive
but also often consume lots of energy, especially for large bandwidths.

In this paper, we investigate the end-to-end performance of an IRS-assisted wireless commu-
nication system. In the considered system, the IRS is deployed to a uniform planar array (UPA)
configuration with a large number of reflecting elements, and the transmitters and receivers are
equipped with a single antenna. Our objective is to calculate the analytical expression of the achievable
ergodic rate, outage probability, and BER of the system. To maximize the system’s SNR, we also design
the phase shift of each reflecting element and derive the optimal reflection phase of the IRS in terms of
the channel state information (CSI). We further derive the exact expression of the probability density
function (p.d.f.) of the SNR, which follows non-central Chi-square distribution. Using p.d.f., we then
derive the achievable rate, outage probability, and BER, and further verify their accuracy through
numerical simulation.

Regarding the notation, bold upper and lower case letters such as A and a denote matrices and
vectors, respectively. The vector or matrix transpose and conjugate transpose are represented by AT

and AH , and get the real and imaginary parts from the corresponding vector or matrix, respectively.
Additionally, diag [A] is a diagonal matrix only containing the diagonal elements of A. The inverse
of the sine function is denoted by A−1. The expectation operator is denoted as E{·}. The Kronecker
product is denoted by A ⊗ B.

2 System Model

We consider a single-cell centralized IRS-assisted wireless communication system, where there is
no direct communication between the base station and the user. The IRS is utilized to assist wireless
communication between the BS and users as shown in Fig. 1. In particular, the IRS is mounted on the
walls of the surrounding tall buildings. We also assume that there is a single-antenna base station that
transmits signals and serves single-antenna users. The IRS consists of N reflecting elements and the
reflecting elements are arranged within a rectangle. In practice, the IRS can be installed on the walls
of buildings or roadside structures to help with signal transmission. Supposing that the transmitting
signal is a Gaussian signal, the received signal assuming a high-precision ADC is

y = √
ph�gx + n, (1)

where h ∈ C
1×N denotes the vector of channel gains between the user and the IRS, g ∈ C

N×1 denotes
the vector of channel gains between the base station and the IRS, x is represents the input signal using
M-ary phase shift keying (MPSK) modulation, and n is a white Gaussian noise n ∼ C N (0, N0), and
� denotes the phase shift matrix of the IRS, which is represented by

� = diag
[
ejθ1 , ejθ2 , . . . ejθN

]
. (2)
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In the above, θn denotes the phase shift of the n-th element of the IRS. It is usually assumed that
the phase shift of the ideal reflection unit can be adjusted continuously. In practice, however, the phase
shift of the reflection unit can only take discrete values within the [0, 2π) interval.

Figure 1: A point-point wireless communication system with IRS configuration

In this paper, we assume ideal IRS reflection elements without power loss. A cascade channel
consists of two channels from the BS to the IRS and from between the IRS and the user. The wireless
channel also follows the Rayleigh fading where gi, hi ∼ C N (0, 1). The channel vectors between the
BS and the IRS and between the IRS and the user are therefore [22]

g = [g1, . . . gn . . . gN]T , (3)

and

h = [h1, . . . hn . . . hN], (4)

where gi = βie−jϕi , hi = αie−jφi , ϕ, and φ represents the angle of arrival (AoA) of the signal to the smart
reflector and the angle of departure (AoD) from the base station to the smart reflector and from the
smart reflector to the user, respectively.

In communication systems, analytical results can effectively characterize the system performance
and the physical parameters can explore the performance trend and system parameters, e.g., the
number of IRS elements, the number of transmit antennas at the base station, the number of users,
and the transmit power of the base station. These parameters can accurately characterize the system’s
achievable theoretical performance limits. Besides, we can utilize the derived analytical results as the
benchmark and further optimize the physical parameters to boost the system performance under
certain requirements. In the following section, we investigate the end-to-end performance of IRS-
assisted wireless communication systems, where the IRS is deployed to a UPA configuration with a
large number of reflecting elements.

3 Performance Analysis

In this section, we derive a closed-form expression for the p.d.f. of SNR. Using the p.d.f. of the
SNR we then analytically obtain the effective rate, outage probability, and BER.
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3.1 SNR Analysis
The IRS results in the co-existence of direct and indirect links. Here, however, we ignore the direct

path and only consider the reflected path as in the slowly varying and flat fading channels. The received
baseband signal reflected via the IRS with N passive elements is

y = √
p

N∑
i=1

αiβiej(θi−φi−ψi)x + n. (5)

Using (1), the instantaneous SNR at the user end is expressed as

γ = p |h�g|2

N0

=
p

∣∣∣∑N

i=1 αiβiej(θi−φi−ψi)
∣∣∣2

N0

, (6)

where p is the average transmitted energy per symbol and N0 is the variance of the noise n.

To order to analyze the performance of the system, it is necessary to obtain the p.d.f. of SNR in
(6). The problem formulation is as the following:

P1 : max
θi

γ =
p

∣∣∣∑N

i=1 αiβiej(θi−φi−ϕi)
∣∣∣2

N0

,

s.t. θi ∈ [0, 2π), ∀i, (7)

where N0 denotes the noise power that is a fixed value. To maximize γ , it is necessary to obtain the

optimal IRS reflection phase θi for each, to maximize the received signal power p
∣∣∣∑N

i=1 αiβiej(θi−φi−ϕi)
∣∣∣2

.

The SNR of the received signal is then maximized within a limited range. Note that we also need to
obtain θi = φi + ϕi such that γ is maximized. The corresponding SNR is

γ = p |h�g| 2

N0

= p
∣∣∑N

i=1 αiβi

∣∣ 2

N0

= pX
N0

. (8)

For the sake of brevity, let X = ∣∣∑N

i=1 αiβi

∣∣2
, where αi and βi are independent Rayleigh distributed

random variables and E[αiβi] = π

4
VAR[αiβi] = 1 − π 2

16
[23]. Noting the definition of the non-central

Chi-squared distribution [24], the p.d.f. is then written as

fY(y|σ , λ) = 1
2σ 2

( y
λ2

)(n−2)/4

e
−(y+λ2)

2σ2 In/2−1

(√
y λ

σ2

)
. (9)

where λ and σ 2 represent the mean and variance of Y , respectively, n denotes the number of Gaussian
random variables, and Iv(·) is the modified Bessel function of the first kind, which is written as

Iv (y) =
∞∑

k=0

(
y

2

)v+2k

k! � (v + k + 1)
, (10)

In the above, �(·) is the Gamma function. We note that |α1β1| , |α2β2| , · · · , |αNβN| are independent

random variables with means
π

4
and variances 1 − π 2

16
. Therefore for N � 1, we can write∣∣∣∣∣

N∑
i=1

αiβi

∣∣∣∣∣
2

∼
(

Nπ

4
,

N
(
16 − π 2

)
16

)
. (11)
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Considering the definition of the non-central Chi-squared distribution, it is easy to show that
the random variable X follows a non-central Chi-square distribution with the degrees of freedom

n = 1, the mean of the non-centrality parameter λ =
(

Nπ

4

)
, and the variance of the non-centrality

parameter σ 2 = N
(
16 − π 2

)
16

. The p.d.f of the random variables X is then expressed as

fX(x) = 4
√

π√
N (16 − π 2)

e
− Nπ2

2(16−π2)
(

1
x

) 1
4

e
− 8x

N(16−π2) In/2−1

( √
x4π

(16 − π 2)

)
. (12)

For brevity, the p.d.f. of X is simplified as the following:

fX(x) = a
(

1
x

)1/4

e−bxIn/2−1

(
c
√

x
)

, (13)

where a = 4
√

π√
N (16 − π 2)

e
Nπ2

2(16−π2) , b = 8
N (16 − π 2)

, c = 4π

(16 − π 2)
. A simple transformation of

random variables shows that the series representation of Bessel functions I−1/2(·) can be given by

I−1/2(x) = 1√
2π

e−x + ex

√
x

. (14)

Therefore, the p.d.f of X can be further simplified to

fX(x) = a√
2cπ

(
1
x

)1/2

e−bx
(
e−c

√
x + ec

√
x
)

. (15)

In the following three sections, we will use the derived p.d.f. in (15) to analyze the key performance
of the communication system including the achievable ergodic rate, outage probability, and symbol
error rate.

3.2 Achievable Ergodic Rate Analysis
The achievable rate is an important service quality indicator in communication systems which

represents the maximum theoretical achievable rate at the receiver. The achievable rate of the system
using IRS assistance can be calculated from Shannon’s formula as

R = E{log2 (1 + pX)}, (16)

Using the p.d.f. of X , the system’s ergodic rate can be calculated as

R =
∫ ∞

0

log2(1 + pxfX(x))dx. (17)

As can be seen in (17), the exact derivation over the range of SNR regimes is mathematically
intractable and the expectation operation needs to be calculated through all vector realizations of the
random variables X involving the modified Bessel function of the first kind. Therefore, it is difficult to
directly derive an exact expression of the achievable rate. Alternatively, we attempt to infer a tractable
upper bound on the achievable rate using Jensen’s inequality. This enables us to draw engineering
insights into the system’s performance. Here we note that for X > 0, E{log2(1 + X)} is a concave
function [25]. Therefore, noting E{log2(1 + X)} < log2(1 + E{X}), we obtain the following upper
bound for the achievable rate:
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R<Ru = log2 (1 + pE{X}) = log2

(
1 + p

∫ ∞

0

xfX(x)dx
)

. (18)

By employing the derived p.d.f of X and substituting the (15) into (18), we have

Ru = log2

(
1 + pa√

2cπ

∫ ∞

0

x
(

1
x

) 1
2

e−bx
(
e−c

√
x + ec

√
x
)

dx

)

= log2

(
1 + 2pa√

2cπ
e

c2
4b

(∫ ∞

0

x2e−b(x+ c
2b)

2
dx +

∫ ∞

0

x2e−b(x− c
2b)

2
dx

))

= log2

(
1 + pa√

2cπ
e

c2
4b

1

b
√

b

(√
π + c√

b
e− c2

4b + c2
√

π

2b

))
, (19)

where a, b, and c were defined in (13). Therefore, we have derived an upper bound to the ergodic rate
and observed that the analytical result is the function of the SNR regime and the number of reflecting
elements. This reveals the tendency of physical parameters to change with the performance of the
system.

3.3 Outage Probability Analysis
The outage probability is defined as the point that a given ergodic rate is not supported if the

receiver power value falls below a threshold SNR. The outage probability is defined as

Pout = p (γ < γ0) . (20)

In wireless communications, the outage probability is an important quality of service indicator. If
the communication quality drops to a certain level, communication interruption occurs. This is defined
as the probability that the received SNR drops below the acceptable minimum threshold. To provide
insight into the system performance, the diversity order is often used to evaluate the outage behaviors
for communication systems. This measure describes how quickly the outage probability decreases with
the increase of the received power. By applying the definition of outage probability in (15), we write

Pout =
∫ γ0

0

pfX (x) dx, (21)

where γ0 represents the minimum acceptable SNR. Substituting (15) into (21) yields

Pout =
∫ γ0

0

pfX (x) dx

= p
∫ γ0

0

a√
2cπ

(
1
x

) 1
2

e−bx
(
e−c

√
x + ec

√
x
)

dx

= p
2

[
erf

(√
b

(
γ0 + πN

4

))
+ erf

(√
b

(
γ0 − πN

4

))]
, (22)

where erf(·) represents the error function [26] erf(x) = 2√
π

∫ x

0
e−t2dt. It is seen that the outage

probability is a function of the SNR regime, the number of reflecting elements. The threshold SNR
also significantly affects the outage probability.
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3.4 Symbol Error Rate Analysis
The symbol error rate is an indicator measuring the accuracy of data transmission within a

specified time. It is often defined as the frequency of bit errors in the transmission process. The research
on BER is of great significance to enhance the performance of wireless communication systems and
to improve the quality of data transmission. The formula for calculating the BER is as follows:

SER(p) =
∫ ∞

0

σ1Q
(√

2σ2px
)

pfX(x)dx, (23)

where σ1 and σ2 denote the modulation parameters and different values represent different modulation

modes, Q (·) represents the right-tailed function Q (x) = 1
2

erfc
(

x√
2

)
of the standard normal

distribution [27], and erfc(x) = 2√
π

∫ ∞
x

e−t2dt is the complementary error function [28]. Inserting (12)

into (5), we have

SER (γ ) = p
σ1

2
a√
2cπ

∫ ∞

0

erfc
(√

σ2γ x
) (

1
x

)1/2

× e−bx
(
e−c

√
x + ec

√
x
)

dx

= p
aσ1√
2cπ

∫ ∞

0

(
1 − erf

(√
σ2γ x

))
× e−bx2 (

e−cx + ecx
)

dx

= p
aσ1√
2cπ

(∫ ∞

0

e−bx2 (
e−cx + ecx

)
dx −

∫ ∞

0

erf
(√

σ2γ x
)

e−bx2 (
e−cx + ecx

)
dx

)
. (24)

From (24), one can see that it is hard to obtain the closed-form expression of the SER.
Alternatively, this result can be evaluated numerically by using standard software packages such as
Matlab or Mathematica.

4 Simulation Results

In this section, we simulate and compare the performance of the system from different perspectives
described in the previous section. We assume that the BS has a single antenna, the IRS is a
UPA composed of N passive reflecting elements, and g and h follow Rayleigh distribution. In our
simulations, different parameters, such as SNR and the number of IRS elements are set separately.

Fig. 2 depicts the total achievable ergodic rate vs. SNR for different numbers of reflecting
elements, including the theoretical analysis result, the upper bound, and the Monte Carlo simulation
provided in (17), and (19), respectively. It is seen that the total achievable ergodic rate is significantly
improved by increasing SNR. It is also seen that the analytical results are in good agreement with the
Monte Carlo simulations validating the correctness of the upper bound obtained in (19). Moreover,
the ergodic rate is significantly increased by increasing the number of emitted elements which indicates
that the high SNR regimes can bring significant performance gains. For comparison, we also present
the total rate of the system with different numbers of reflecting elements. It is seen that using a large
number of reflecting elements leads to significant performance gains.

Fig. 2 depicts the total achievable ergodic rate vs. SNR for the different numbers of reflecting
elements, which includes the theoretical analysis result, the upper bound, and the Monte Carlo
simulation provided in (17), and (19), respectively. It can be seen intuitively that the total achievable
ergodic rate improves significantly with the increase of SNR. Besides, we also see that the analysis
results are in good agreement with the Monte Carlo simulation results, which validates the correctness
of the upper bound of (19). Moreover, the ergodic rate increases significantly with the number of
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emitted elements which indicates that the high SNR regimes can bring significant performance gains.
For comparison, we also depict the total rate of the system with different numbers of reflecting
elements, showing that using a large number of reflecting elements can lead to significant performance
gains.

Figure 2: Total achievable ergodic rate vs. SNR for different numbers of reflecting elements

Fig. 3 shows the total achievable ergodic rate vs. the number of reflecting elements. It is seen that
the ergodic capacity significantly increases with the increasing numbers of reflecting elements. This
indicates that the use of a large number of reflecting elements can lead to significant performance
gains. Of course, when the number of reflected elements is small, there is a certain gap, but when the
number of reflecting elements is about 30, the gap almost disappears. This further indicates that the
use of a large number of reflecting elements brings significant performance gain.

Figure 3: Total achievable ergodic rate vs. the number of reflecting elements

Fig. 4 shows the outage probability of the system vs. the number of reflecting elements. In the
simulation, the minimum acceptable SNR and the average transmitted power p are both set to 1 dB. It is
seen that the outage probability decreases by increasing the number of emitted elements demonstrating
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a linear relationship. This implies that for a fixed transmit power, the outage probability can be
improved by including a larger number of reflecting elements.

Figure 4: The outage probability vs. the number of reflecting elements

Figs. 5 and 6 present the SER vs. SNR. In Fig. 5, the BPSK system is considered and the
performance is presented vs. the numbers of reflecting elements. In the simulations, the number of
reflecting elements is set to N = 16, N = 64, and N = 100, and we consider BPSK (σ1 = 1, σ2 = 1),

2FSK (σ1 = 1, σ2 = 0.715) and 4PSK
(
σ1 = 1, σ2 = sin2

(π

4

))
modes. It is seen that increasing N

greatly improves the SER. As expected, deploying a large number of reflecting elements results in a
higher ergodic rate verifying the conclusion drawn from Fig. 3. These observations further suggest that
the wireless communication system should use IRS technology. In Fig. 6, we also compare the above
three modulation techniques for different numbers of reflecting elements. It is seen that the number of
reflecting elements, N, has a significant impact on the system performance. It is also seen that it is close
to performance saturation and suffers a trifling performance when the average SNR is 10 dB. In such
a condition, the application of the IRS offers higher throughput and more reliable communication.

Figure 5: The binary phase shift keying (BPSK) vs. SNR for different numbers of reflecting elements
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Figure 6: The SER vs. SNR for different modulation techniques for N =16 and N =64

5 Summary

We studied the end-to-end performance of an IRS-assisted wireless communication system. To
maximize the system’s SNR, we designed the phase shifts of the reflecting elements and derived the
optimal reflection phase of the IRS based on the perfect CSI. The exact expression of the p.d.f. of
the SNR was also obtained, which follows a non-central Chi-square distribution. By utilizing the
p.d.f. of the SNR, we further analytically derived the achievable rate, outage probability, and bit error
rate and further confirmed their accuracy through numerical simulation. The obtained results showed
that the achievable rate, outage probability, and BER could be boosted by increasing the number of
reflecting elements, and the choice of SNR regimes. It was also seen that IRS-assisted transmission
effectively improves the received SNR and enables achieving reliable communication at extremely
low SNR regimes. These indicate that IRS-assisted wireless communication systems achieve better
performance than the existing wireless communication systems.
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