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Prediction of the behavior of RC Beams Strengthened with FRP Plates

Ricardo Perera1

Abstract: Epoxy-bonding a composite plate to the ten-
sion face is an effective technique to repair reinforced
concrete beams since it increases their strength and rigid-
ity. In this paper, the structural behavior of reinforced
concrete beams with fibre reinforced polymer (FRP)
plates is studied numerically. For it, a numerical damage
model is used in order to predict their strength, stiffness
and failure modes observed in experimental tests taking
into account the influence of different variables such as
the amount of steel reinforcement, the type and amount
of external reinforcement, the plate length, etc. The con-
sideration of concrete cracking and the yielding of the
steel rebars allows to predict in a realistic way the behav-
ior of the strengthened beams and especially the debond-
ing failure mode. In that sense both end and midspan
debond can be represented since the model is able to re-
produce the tension stiffening phenomenon.

keyword: Fiber reinforced plastics (FRP); strengthen-
ing; damage mechanics; reinforced concrete

1 INTRODUCTION

Nowadays, it is needless to emphasize the importance of
advanced composite materials for repairing in aerospace
[Park, Ogiso and Atluri (1992), Atluri (1997), Wen, Ali-
abadi and Young (2002)] and civil engineering [Holl-
away and Leeming (1999), Teng, Chen, Smith and Lam
(2002)]. In particular, in civil engineering, from the first
investigations performed in the middle of 80’s at the
Swiss Federal Laboratory for material testing (EMPA)
[Meier, Deuring, Meier and Schwegler (1993)] for the
flexural strengthening of RC beams using CFRP plates,
fiber reinforced composites are increasingly becoming
important in the construction industry because of their
advantageous properties not available from other ma-
terials [ACI Manual of concrete practice: Part 5 –
ACI 440.2R-02 (2003)]. It is of special interest and
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widespread acceptance the bonding of fiber-reinforced
plastic (FRP) plates to critical areas of a concrete beam
subjected to tension as an excellent method to increase
the flexural and shear strength of the member [Teng,
Chen, Smith and Lam (2002)]. This method has many
advantages over the traditional techniques since it in-
creases the capacity of the beam altering minimally its
dimensions through a material of easy installation (in
fact, the work can be carried out while the structure is
still in use), high corrosion resistance and with a high
strength/weight ratio.

In strengthening reinforced concrete beams with FRP
plates, different failure modes have been reported for
full composite action. For flexural failure, the ultimate
strength of the beam is mainly controlled by rupture
of the plate or compression crushing of concrete. This
failure mechanism is desirable from a structural perfor-
mance point of view especially if the rupture of the plate
is reached since, in this case, its maximum capacity is
used [Hollaway and Leeming (1999)].

However, although the plate bonding technique has
many practical advantages, its application can produce
also a local failure mode of the strengthened beam
by loss of composite action due to the debonding of
the composite plate and the beam [Saadatmanesh and
Ehsani (1991), Sharif, Al-Sulimani, Basunbul, Baluch
and Ghaleb (1994)]. This failure mode is due to high
interfacial stresses and occurs suddenly and in a brittle
manner and, therefore, it should be avoided since it not
only decreases the strengthening potential of externally
bonded plates but it is not acceptable from a point of
view of structural safety. Debonding occurs commomly
in the concrete, adjacent to the adhesive-to-concrete in-
terface, since the weakest point in the bond between the
FRP plate and the concrete is in the concrete layer near
the surface.

Methods of elastic analysis, traditionally used, predict
that peak shear and peel interfacial stresses occur at the
plate ends [Malek, Saadatmanesh and Ehsani (1998),



154 Copyright c© 2004 Tech Science Press CMC, vol.1, no.2, pp.153-171, 2004

Ravinovich and Frostig (2000)]. The abrupt termina-
tion of the plate can result in a strong concentration of
shear and vertical normal stresses which causes the plate
to peel off towards the centre of the beam. Therefore,
this narrow area close to the bonded plate edge is a very
critical part of the strengthened beam. However, when
flexural cracking in concrete is considered [Arduini and
Nanni (1997), Ravinovich and Frostig (2001)], the dis-
tribution of these interfacial stresses changes from that
of the elastic phase. In the cracked areas, high stress
concentrations originate because of the presence of the
FRP plate. As a consequence of it, the local failure
mechanism can initiate at any flexural crack, away from
the plate ends, and propagates from there to the ends
of the plates [Sebastian (2001), Rahimi and Hutchinson
(2001)]. Midspan debond is initiated by the transmission
of high shear stresses, due to the tension stiffening in the
cracked concrete, from the plate through the adhesive to
the cover concrete. Other phenomena, like the corrosion
of the embedded steel, can contribute also to midspan
debond action.

Therefore, the influence of cracking in the concrete beam
and phenomena like the steel corrosion have to be consid-
ered on the load-carrying capacity and the failure mode
of the strengthened member.

The aim of this paper is to investigate the suitability
of FRP for externally bonded reinforcement of concrete
structures subjected to flexural loading. For it, a good
simulation of the stresses at the concrete/FRP interface
has to be performed since the failure is governed in
many cases by local failure. Many numerical studies
proposed in the literature assume a linear elastic be-
havior for concrete which represent a very limited ap-
proach. On the other hand, most of numerical studies
[Malek, Saadatmanesh and Ehsani (1998), Ravinovich
and Frostig (2001)] considering cracking focus only on
the end debond mode in which delamination initiates at
the ends of the plate. In this study, a detailed nonlin-
ear FE analysis has been carried out with the purpose of
studying the possible critical failure modes considering
the influence of parameters such as the amount of inter-
nal flexural reinforcement, geometric and material prop-
erties of the FRP plate and the RC beam that influence
the performance of the strengthened beam. It will help to
understand the relationships among these variables and
the failure mechanisms associated with these structures.

Since the nonlinear behavior of concrete is dominated by

the progressive cracking a damage model is used which
allows to take into account the effect of the flexural mi-
crocracks on the plate debonding. The model can prop-
erly describe the interfacial stress distributions that arise
during loading of the RC beam. The model is calibrated
through comparison with some experimental results and,
then, it is used to investigate the behavior of the strength-
ened beam and the possible failure modes.

2 ANALYTICAL MODEL

The constitutive laws of the four materials, namely steel,
concrete, adhesive and FRP, are considered in the numer-
ical model. The stress-strain relationship of reinforcing
steel is assumed to be bilinear. For the FRP plates, a
linear elastic relationship up to failure is assumed. The
adhesive is considered perfectly linear elastic. This as-
sumption is justified in the case of adhesives for civil
engineering use. A non-linear stress-strain relationship
based on damage mechanics is assumed for concrete,
which is described next.

2.1 Concrete

The nonlinear behavior of concrete under load is con-
trolled by cracking. Computationally, the cracking sim-
ulation of brittle structures is performed usually using
two procedures: the discrete and the smeared crack ap-
proaches. In the first procedure, cracks are incorporated
in the model adapting the solid geometry and keeping
a linear elastic behavior for the solid. With this model
the position and direction of crack growth must be pre-
defined which represents a limiting factor. On the other
hand, in the smeared crack formulation the geometry is
kept fixed and cracking is considered through the consti-
tutive equations. Cracks are incorporated within a fixed
model through a stiffness and strength reduction. In this
method, it is impossible to predict local fracture since the
crack formation is spread over the entire structure.

More recently, damage models have been used exten-
sively for simulating nonlinearity effects in brittle ma-
terials. Introduced for creeping problems [Kachanov
(1958)], their use has been extended to simulate the pro-
gressive failure observed in some materials such as con-
crete through the evolution of the mechanical properties
of the continuum as microcracking develops. In a dam-
age analysis, a damage variable d is defined to model the
local effects of concrete microcracking. This variable,
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bounded by 0 and 1, represents the effective surface den-
sity of microdefects.

( co, co)

( to, do)

Figure 1 : Concrete response curve for monotonic load-
ing

In this work, an isotropic damage model has been
adopted for concrete in order to try to represent accu-
rately the strain-softening response of concrete (Fig. 1)
and, moreover, damage values allow to define the pro-
gression of microcracks inside the concrete member. Al-
though with an isotropic model all the damage modes
cannot be described, its implementation is easier and
its results are acceptable without high confining pres-
sure and under loading monotonic [Mazars and Pijaudier-
Cabot (1989)], which corresponds to the study performed
here.

According to the damage mechanics, the constitutive
equations for a damaged material are formulated through
the strain equivalence principle [Lemaitre (1996)]:

σ = (1−d)De : εe (1)

where σ is the Cauchy stress tensor, εe the strain tensor
and De the isotropic elastic moduli.

To define completely the constitutive equation (1) it is
necessary to specify a damage evolution law.

For it, the Mazars isotropic damage model [Mazars and
Pijaudier-Cabot (1989)] has been adopted. In this model,
degradation in both tension and compression is allowed
and its formulation is performed according to the ther-
modynamics of irreversible processes. For it, in order to
check if damage occurs, it is necessary to define a load-
ing surface. The loading surface used is based on the
criterion of maximum principal strain and is given by

f (ε,εdo) = ε̃−εdo (2)

where εdo is the threshold value above which damage oc-
curs, ε̃ is the equivalent strain which is defined as

ε̃ =

√
3

∑
i=1

(〈εi〉+
)2

(3)

where εi are the principal values of ε.

In Eq.(2), when ε̃ > εdo damage starts growing. If dam-
age occurs, two types of damage are considered, one for
tension (dt) and other for compression (dc). The total
damage is the weighted sum of both of them:

d = αtdt +αcdc (4)

the weights α t and αc being functions of the strain
state defined by the following expressions [Mazars and
Pijaudier-Cabot (1989)]:

αt =
3

∑
i=1

Hi
εti(εti +εci)

ε̃2 αc =
3

∑
i=1

Hi
εci(εti +εci)

ε̃2

(5)

where

Hi =
{

1 i f εti +εci ≥ 0
0 i f εti +εci < 0

(6)

and εt ,εc the strain tensors associated to the positive and
negative principal stresses, respectively.

In addition to the loading surface it is necessary to de-
fine two damage evolution laws, one for tension damage
and the other for compression damage. These laws are
chosen through an expression that describes the stress-
strain curve for uniaxial tensile and compression tests
performed on concrete specimens when damage initiates
which occurs when ε̃≥ εdo. The expression of this curve
is as follows [Mazars and Pijaudier-Cabot (1989)]:

σ = E

[
εdo(1−A)+

Aε̃
exp [B(ε̃−εdo)]

]
(7)

where A=Ac and B=Bc characterize the compression be-
haviour and A=At and B=Bt characterize the tensile be-
haviour and they depend, therefore, on each particular
concrete. It must be noted that for the tensile test, ε̃ coin-
cides with the uniaxial strain, while for the compression
test ε̃ is obtained from the transverse tensile strains in-
duced by the uniaxial compression strain; ε do is the uni-
axial tensile strain from which a decrease in the stiffness
appears.
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Comparison between Eqs (1) and (7) for uniaxial tension
and compression allows the identification of the damage
laws for tension and for compression, respectively.

3 PLATE DEBONDING

Generally, brittle failure modes fall into two groups:
those initiated by delamination of concrete cover near
flexural cracks in the midspan area of the repaired beam
and those in which concrete delamination progresses
from the ends of the plates inwards.

Midspan debonding is dominated by high shear stresses
concentrations around flexural cracks. When these
stresses exceed the strength of the weakest material,
usually concrete, local debonding occurs by propaga-
tion of an horizontal crack in the concrete adjacent to
the adhesive-to-concrete interface towards the plate end.
This situation is very similar to that observed in simple
shear tests.

On the other hand, debonding starting from the plate
end is believed to be controlled by the interfacial shear
and normal stresses [Malek, Saadatmanesh and Ehsani
(1998)] although, from the theory proposed by Täljsten
(1997) , it has been verified [Zarnic, Gostic, Bosiljkov
and Bokan-Bosiljkov (1999)] that, for sufficiently thin
plates, the influence of normal stresses is very small.
Previous analytical approaches [Roberts (1989); Malek,
Saadatmanesh and Ehsani (1998)] have proposed a
debonding prediction model based on the shear and nor-
mal stresses concentrations at the plate cutoff end. These
models appear to be too complex for the practical day-
to-day design. Due to it, a new practical design approach
using the interface shear stress as the primary criterion
has been proposed recently to predict local debonding
failure in a strengthened RC beam [Mukhopadhyaya and
Swamy (2001)]. Through the analysis of various pub-
lished experimental data, it has been found that the end
debonding can be also controlled by a limiting interface
shear stress. This approach constitutes a promising de-
sign criterion and, therefore, it will be used in this study.

The interfacial shear stress between FRP plate and adhe-
sive can be calculated by equilibrium of an infinitesimal
part of the FRP plate. The following equation is obtained
[Malek, Saadatmanesh and Ehsani (1998)]

τp = tp
dσp

dx
(8)

where τp is the shear stress and t p, σp are the thickness

and the axial stress of the plate, respectively, and x is the
distance along the plate.

According to Eq.(8), local shear failure will initiate in
areas where high axial stress gradients in the plate ap-
pear which occurs near concrete flexural cracks (midspan
debonding) or at the plate ends (end debonding). The
possibility of one failure mode occurring over the other
is dependent on many factors and it will be studied in the
next sections.

4 PARAMETRIC STUDY

4.1 Materials and geometry

A parametric study was conducted on the behavior of
simply supported reinforced concrete beams strength-
ened with FRP plates under four-point bending (Fig. 2).
Due to the symmetry of the beam, only half of the beam
was analyzed with appropriate constraints at the center-
line. For 2D analysis, concrete beams and FRP strips
were modeled with four-noded quadrilateral isoparamet-
ric elements. The adhesive layer was modeled with a sin-
gle row of four-noded elements. For the internal rebars,
two-noded bar elements smeared onto the concrete ele-
ments were used. Finer mesh discriminations were made
at the vicinity of the plate ends and at intermediate re-
gions since the largest stress concentrations can occur at
those areas. A typical mesh definition of the test beam is
shown in Fig. 3.

In the study, different parameters were considered to
study the behavior of the repaired RC beam. Firstly, we
took in consideration the parameters affecting the geom-
etry and properties of the non repaired RC beam. For it,
two rectangular beams (beams A and B) with different
cross sections (Fig. 2) were considered (Table 1). The
shear span to depth ratios for both beams are 4.36 and
6.19 , respectively. The reference beam A, except in the
length of the FRP strip, is that tested at the University
of Arizona, Tucson, and described in Saadatmanesh and
Ehsani (1991).

To study the effect of the original reinforcement ratio on
the strength of repaired beams, two different amounts of
steel reinforcement were considered, S1 and S2. The first
corresponds to a high steel reinforcement ratio for the
considered beam sections while the second is character-
istic of underreinforced beams which require strength-
ening. The shear reinforcement is maintained constant.
The reinforcement details of the beams are summarized
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Figure 2 : Details of the geometry of the RC beams
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Figure 3 : Typical 2D FE model of RC beam with FRP plate
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Table 1 : Geometry of the beams

Beam hxb (mm
2
) L (mm) LFRP (mm)

A1 4175 
A

A2
455x205 4575 

4475

B1 4175 
B

B2
320x205 4575 

4475

Table 2 : Steel reinforcement details of specimens

Steel 

reinforcement 
Tension Compression Number of stirrups 

S1 2 25mm 2 13mm 34 13mm@150mm 

S2 2 10mm 2 8mm 34 13mm@150mm 

Table 3 : Mechanical properties of FRP and adhesive

Material E (MPa) ft (MPa) Thickness (mm) 

FRP1 6 
GFRP

FRP2
37230 400 

2

FRP3 6 
CFRP 

FRP4
165000 2800 

2

Adhesive AD 814  1.5 

in Table 2.

The average compressive strength specified for these
beams was 35 MPa and the average measured yield stress
of the bars was 456 MPa.

For the strengthening, two different FRP materials were
considered (Table 3). Firstly, GFRP plates with an aver-
age modulus of elasticity of 37230 MPa and an average
ultimate strength of 400 MPa and, secondly, CFRP plates
with values of 165000 MPa and 2800 MPa, respectively.
The thickness of both FRP plates was varied from 0.002
m to 0.006 m . Two different lengths of the FRP plate
were considered, 4.175 m to 4.475 m.

For the adhesive (Table 3), epoxy was used with a mod-
ulus of elasticity of 814 MPa. The adhesive thickness,
although not specified in the original source, was taken
equal to 1.5 mm according to the value specified in
Malek, Saadatmanesh and Ehsani (1997) for the same
specimens; in any case, this is a parameter difficult to
control on site.

4.2 Calibration of the analytical model

Before beginning the parametric study, it was necessary
to select the unknown parameters, At , Bt , Ac and Bc,
defining the damage model. These values are obtained
from the properties of concrete. The Young’s modulus
and the compressive strength are known. However, the
concrete tensile strength is, usually, unknown and the
numerical results can be particularly sensitive the value
used. For it, the proposed numerical model was cali-
brated with experimental tests reported by Saadatmanesh
and Ehsani (1991). The beam A-S1-FRP1 with a plate
length of 4.26 m, corresponding to one of the experimen-
tal tests, was adopted for comparison.

After some numerical tests and comparing the load-
deflection curves with the results from the experimental
test, the most accurate numerical solution was obtained
with a concrete tensile strength of 3.5 MPa which was,
therefore, adopted for the calculations.

The best numerical prediction of the load-deflection re-
sponse of the strengthened beam along with the experi-
mental results is shown in Fig. 4. Although, the numeri-
cal model underpredicts the strength compared to the ex-
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Fig. 4-Load versusmidspan deflection (beam A-S1-FRP1) 
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Figure 4 : Load versus deflection (beam A-S1-FRP1)
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Figure 5 : Load versus strain in steel rebars (beam A-S1-FRP1)

perimental test, an acceptable agreement can be observed
between both results. The reduction of the stiffness of
the beam after the first microcracks was perfectly repre-
sented by the model. However, in the numerical model
the steel rebars yielded at 155 kN while in the experimen-
tal results yielding was reached at 185 kN; the numerical
model yields a less stiff structure specially after the yield-
ing. Such discrepancies are due to some assumed proper-
ties used in the model, such as the stress-strain relations
in the concrete and the reinforcement steel hardening.

Fig. 5 shows the numerical and experimental load versus
strain curves in steel rebars. After cracking of concrete,
the strain in the steel rebars increased and the stiffness
of the beam reduced which is represented by the model.
Then, the strain increases linearly until the steel rebars

yield.

In Fig. 6, the measured and calculated load versus strain
in the composite plate are shown. The higher rate in the
strain increment in the plate after the cracking and after
the steel rebars yielding are reflected also in the numeri-
cal model.

With the purpose of evaluating the validity of the model
for other different specimens, comparisons were done
for other set of experimental data available in litera-
ture. In particular, beams B6 and B8 reported by Rahimi
and Hutchinson (2001) were taken for comparison. The
beams were 2.3-m long x 0.2-m wide x 0.15-m deep with
a medium internal reinforcement ratio. Beam B6 was ex-
ternally reinforced with a CFRP plate with the follow-
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Figure 6 : Load versus strain in FRP plates (beam A-S1-FRP1)
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Figure 7 : Load versus deflection for beam B6

ing values: E=127000 MPa and strength=1532 MPa. On
the contrary, beam B8 was externally reinforced with a
GFRP plate with the following values: E=36000 MPa
and strength= 1074 MPa. The concrete compressive
strength was of 54-69 MPa and the same value of 3.5
MPa was adopted for the tensile strength. Figs. 7 and
8 show the comparison between the numerical and ex-
perimental load-midspan deflection curves for the beams
B6 and B8, respectively. The agreement between both
curves can be considered good enough, specially for the
beam with a higher stiffness plate, and the maximum
strength was predicted by the numerical model. A varia-
tion appears between both curves after the first yielding
of the steel reinforcement since no steel hardening was

considered for the numerical model. From the results, it
can be concluded that a value of 3.5 MPa for the concrete
tensile strength provides also in this case a good correla-
tion with the experimental results and, therefore, it will
be adopted in the calculations.

4.3 Design flexural strengthening

Previously to perform all the numerical analysis, a step-
by-step procedure as recommended in ACI Manual of
concrete practice:Part 5 – ACI 440-2R-02 (2003) was
performed on the beams studied in the previous section
to determine the design flexural strength. The following
assumptions were made: Plane sections before loading
remain plane after loading; there is no relative slip be-
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Figure 8 : Load versus deflection for beam B8

tween FRP plate and the concrete; the contribution of the
adhesive layer is neglected; the ultimate concrete com-
pressive strength is 0.003; the tensile strength of concrete
is neglected and the FRP reinforcement has a linear elas-
tic stress-strain relationship to failure.

In addition to the typical failure modes, FRP debond-
ing is also considered in ACI Manual of concrete prac-
tice:Part 5 – ACI 440-2R-02 (2003) through a bond-
dependent coefficient.

From the step-by-step analysis, the predictions of the ul-
timate load for the three analyzed beams previously, A-
S1-FRP1, B6 and B8, reached values of 121.5, 45 and 33
kN, respectively, and the maximum strength was limited
by the FRP debonding in the three cases. Compared to
the experimental results (Figs. 5, 7 and 8), the closed-
form solutions underestimated the strength of the beams.

4.4 Strength

With the parameter values of the damage model deter-
mined previously through the calibration of the beam
A-S1-FRP1, a parametric study was performed in order
to consider the influence of different variables (geomet-
ric and material properties) on the performance of FRP
soffit-plated RC beams. In Figs. 9, 10, 11 and 12 numer-
ical results for the specimens A and B are shown in terms
of applied load-midspan deflection.

It can be observed from these figures that all beams with
FRP reinforcement performed better than the unplated
beams in terms of strength. The strength increase is

strongly influenced by the amount of external reinforce-
ment and the FRP stiffness. When the strengthening
is performed with CFRP plates, for the type S1 beams,
with a high conventional reinforcement ratio, the effec-
tiveness of bonded external reinforcement, in terms of
ultimate load of the repaired beam and ultimate load of
the unrepaired beam, is not so evident when compar-
ing with beams with a lower internal reinforcement ratio,
specially for type A beams. In case of shallower beams
(type B beams) the strength increase provided by the ex-
ternal reinforcement is more evident even in beams with a
higher steel reinforcement. When CFRP plates are used,
the strengthening technique is, therefore, particularly ef-
fective for beams with relatively low steel reinforcement
ratios which is natural since only underreinforced beams
require strengthening. In general, the two main con-
sequences of flexural strengthening of RC beams using
CFRP plates with a high axial stiffness are the strength
gain and the ductility reduction. In general, ductility is
refered to the ability of a RC section to sustain its peak
strength capacity over a range of displacements which
occurs after the first yield in the steel rebars since, then,
the response stiffness is very small. On the contrary, for
RC beams strengthened with FRP plates, after yielding
of steel reinforcement the stiffness is also considerable
due to the elastic contribution of the strengthening plate.
In spite of it, ductility can be defined in an a rough way as
the ratio between the ultimate displacement and the dis-
placement corresponding to the first yielding of the steel
reinforcement.
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Figure 9 : Load-deflection behavior (Type A1 beam)
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Figure 10 : Load-deflection behavior (Type A2 beam)
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Figure 12 : Load-deflection behavior (Type B2 beam)

Small cross-sectional areas of external CFRP increase
significantly the failure load. However, this strength in-
crease can be accompanied by a change of the failure
mode from ductile to brittle because of the plate debond-
ing which is undesirable since the failure is sudden with
no or very little warning. To avoid this, the ductility in-
dex should exceed a certain value. In general, the higher
the FRP stiffness and its thickness, the higher the strength
improvement but the lower the ductility and vice versa.
Because of it, a compromise must be reached between
both of them. According to the ACI Manual of con-
crete practice: Part 5 – ACI 440-2R-02 (2003), adequate
ductility is achieved if the strain in the steel at the point
of failure is as least 0.005. If not, a higher reserve of
strength must be provided.

When plates with low elastic modulus, such as GFRP
plates, are used for strengthening the same conclusions
are not obtained. Even for type S2 beams the influ-
ence of the GFRP plates is not so important in terms of
strength. For this type of strengthening, using plates with
a low elastic modulus, the strength increase is accompa-
nied by a strong displacement increase reaching the ul-
timate load in a ductile way. The axial stiffness of the
FRP plate is low and can be insufficient to limit the de-
flections of the plated beams. This phenomenon is im-
portant since non acceptable deflections can be reached
under service loads. In most of these cases the typi-
cal failure mode is rupture of the FRP plate which oc-
curs following the yielding of the longitudinal steel bars.
Yielding of steel, which is characterized by the change
of the slope, is clearly apparent when low stiffness plates

are used, differently to high stiffness plates where only
a slight change occurs. The failure strain is, usually,
higher than when using CFRP. When the modulus of
elasticity of FRP is low, its thickness has to be higher
to obtain a strength improvement. The same remark can
be made for beams with a low steel ratio strengthened
with FRP4 plates. Their lower thickness compared to
FRP3 plates implies more ductility and less strength. In
general, more ductile behavior is observed in shallower
beams and beams strengthened with FRP plates of low
axial stiffness EFRPAFRP. A higher ratio between ulti-
mate load of the reinforced beam and the ultimate load
of the RC one is also observed for shallower beams.

4.5 Stiffness

From Fig. 9, 10, 11 and 12 it is clear that FRP plates do
not produce an increase in stiffness in the elastic range
of the beams . When cracking of beams initiates the in-
crease in stiffness for plated beams compared with un-
plated beams is clear and the effect is even more ev-
ident when steel yields indicating that , at this point,
practically the composite plate alone resists further in-
crements of the tensile component of the moment. How-
ever, as it is expected, the postcracking stiffness increase
is strongly dependent on FRP stiffness and the amount
of internal reinforcement. In general, in beams plated
with GFRP plates, high deflections can be reached under
service loads which is an important factor to consider in
the design. The same phenomenon occurs for RC beams
with low steel reinforcement (S2) and strengthened with
FRP4 plates; the postcracking stiffness is not very high
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since the steel and FRP4 stiffnesses are not very high.
However, with high steel reinforcement (S1) or when the
internal reinforcement is low (S2) but the RC beam has
been strengthened with FRP3 plate the postcracking stiff-
ness decrease is very low.

On the other hand, the beam stiffness after the steel be-
gins to yield is dependent on the relative stiffness be-
tween FRP plate and that provided by steel reinforce-
ment in tension. When the stiffness provided by the ex-
ternal reinforcement is high, the effect of steel yielding
on the load-deflection response is low since the contribu-
tion of the strengthening plate is still considerable after
the yielding. However, when the plate stiffness is consid-
erably lower than the stiffness provided by the internal
reinforcement in tension the drop in the global stiffness
after the steel yielding is more evident , especially for
shallower beams. It is the case of S1 beams strengthened
with FRP1, FRP2 and FRP4 plates.

4.6 Variation of Stresses in Steel Reinforcement, FRP
Plates and Concrete/External Plate Interface

A benefit of the nonlinear damage analysis of the
strengthened beam is the ability to examine the local
behavior at the adhesive-concrete interface considering
flexural cracking of the RC beam. The influence of
cracking in the concrete beam is essential on the distribu-
tion of the interfacial stresses and therefore on the failure
mode of the repaired beam. As is is well known, in RC
beams the tension stiffening, caused by the bond between
the tension reinforcement and the cracked concrete, is a
source of axial stress gradient in the rebars. The same
phenomenon must also occur in the FRP plate bonded
onto the cracked concrete. Taking into account that shear
bond stresses are generated by axial stress gradients in
the plate (Eq. 8), tension stiffening produces high shear
bond stresses at the midspan which are transmitted to the
concrete through the adhesive. Elastic numerical mod-
els cannot represent the natural nonlinearities (concrete
damage) and they always predict maximum stresses at
the plate ends [Malek, Saadatmanesh and Ehsani (1998)].
However, with a concrete damage model it is possible to
represent the effects due to flexural cracking.

The distribution of interfacial stresses is very complex
and, therefore, such as it was remarked in previous sec-
tions, many factors influence the possibility of occurring
end peel failure mode or midspan debond. Among them,
three factors are considered: the FRP plate stiffness, the

plate length and the shear span-beam depth ratio.

In order to study the influence of the plate stiffness on the
interfacial stress distribution, the shear distribution at the
adhesive-concrete interface as a function of the position
along the beam axis is shown in Fig. 13 at the maxi-
mum load level for different beam types. As it was com-
mented in a previous section, an interface shear stress
criterion has been used to predict plate debonding. In
all the figures shown in this section, a limiting interfacial
shear stress value of 1.5 MPa has been obtained at the
concrete-plate interface beyond failure occurs. It can be
observed that stiffer plates attract higher shear stresses at
the plate ends encouraging the end peel; with less stiff
plates (GFRP plates or CFRP plates with low thickness)
peak shear stresses tend to occur near midspan where
concrete cracking appears.

Related to the plate length (Fig. 14), when FRP is lo-
cated far from supports (A1 and B1 beams) the end
peel mode is encouraged (predominant) since higher ax-
ial stress gradients are produced at the plate end and
therefore the end shear stress is also higher. However
long plates (plates located near the supports) (A2 and B2
beams) tend to minimize end peel. This phenomenon can
be observed in Fig. 14 for type A1-S2-FRP4 and A2-S2-
FRP4 beams and for type B1-S2-FRP4 and B2-S2-FRP4
beams. The shear stress distribution is practically similar
for beams of the same type except at the plate ends where
the values of shear stress increase with the distance of the
plate free end from the beam supports.

Another important parameter to take into account is the
shear span to beam depth (a/h) ratio. There exists a strong
dependence between the shear stress distribution and the
a/h ratio (Fig. 13 and 14). Two different ratios have been
considered, 4.36 for type A beams and 6.19 for type B
beams. With type B beams, end interfacial shear stresses
are higher while shear stresses are lower at intermediate
regions. Therefore, shallower beams tend to maximize
end peel tendencies.

Although, at low load levels, when concrete has not
cracked, the peak shear stresses occur at the plate ends,
as expected, when load increases the distribution changes
and the location of the peak shear stress can move to-
wards intermediate regions depending on factors as those
enumerated previously. With the purpose of investigating
the changes in interfacial shear stress when the concrete
flexural cracks propagate, in Fig. 15, 16 and 17 and Fig-
ures 18, 19 and 20, the predicted variation of axial stress
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Figure 13 : Interfacial shear stress distribution (Influence of the plate stiffness)
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Figure 14 : Interfacial shear stress distribution (Influence of the plate length

with applied load for type A1-S2 and B1-S2 beams with
FRP4 external reinforcement along the tensile steel rein-
forcement and the FRP plates as well as the interfacial
shear stress evolutions are shown. As it is expected the
largest strains in the steel rebars and FRP plates occurred
at midspan of the beams. The numerical damage distri-
bution at the tension face of concrete obtained with the
proposed model is also represented for both cases (Fig.
21 and 22). This distribution is very important since it
shows where concrete cracks initiate and how they prop-
agate which is essential to consider the stiffening effect
and its influence on the shear stress distribution. In gen-
eral, from the figures, for this damage model the highest

gradients of stress at the internal and external reinforce-
ments appear when the damage reaches a value of, ap-
proximately, 0.7 and, therefore, it can be assumed that
this value represents concrete cracking. Observing the
damage distribution for different levels of load and com-
paring with the curves shown in Fig. 15 and 18, in re-
gions where damage reaches a high value (cracking re-
gions) axial stress gradients in the steel reinforcement ap-
pear along the loading process. In these regions, the ax-
ial stress in the FRP plate increases at a much faster rate
indicating the major contribution of the composite plate
to resist tensile stress in areas affected by the damage
since part of the tensile stresses released by the cracked
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Figure 15 : Variation of axial force along the tensile steel rebar (A1-S2-FRP4)
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Figure 16 : Variation of axial stress along the external plate (A1-S2-FRP4)

concrete are transferred to the FRP plate. These stresses
decrease away from the crack zone. Therefore, the loca-
tion of the highest axial stress gradients is consistent with
the areas where damage reaches the maximum value. In
any case, the axial stress gradients in the plate induce
through the adhesive, for equilibrium, high shear bond
stresses (Fig. 17 and 20) which can produce, as the ap-
plied load increases, midspan debond depending on some
factors such as it was studied previously. For it, when the
interfacial shear stresses reach a critical value, debond-
ing initiates around the crack causing the failure of the
beam by propagation towards one of the plate ends. In
the Fig. 15, 16 and 18, 19 it can be observed also that
when steel yields, another source of axial stress gradi-
ent originates in the FRP plate by the same reason as

before. It locates in the section where the bottom steel
rebars yield and moves to the left as the load increases
because of the yield penetration. However, by the same
reasons indicated in previous sections, the magnitude of
these gradients is dependent on the relationship between
the FRP stiffness and the steel reinforcement stiffness.

In both cases (A1-S2-FRP4 and B1-S2-FRP4) the max-
imum intermediate shear stress appears near the loading
point due to the sudden drop in the plate tensile force
outside the region of constant moment since a distributed
damage model has been used and, therefore, the tension
stiffening in the region of constant moment cannot be
represented. Such analysis implies that the considera-
tion of a discrete model is not able to represent local
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Figure 17 : Variation of shear stress distribution along the concrete/FRP plate interface (A1-S2-FRP4)
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Figure 18 : Variation of axial force along the tensile steel rebar (B1-S2-FRP4)

FRP LONGITUDINAL STRESS B1-S2-FRP4

0.E+00

5.E+05

1.E+06

2.E+06

2.E+06

3.E+06

3.E+06

0 0.5 1 1.5 2 2.5

Distance (m)

S
tr

e
s
s
 (

k
P

a
)

30 kN

70 kN

100 kN

125 kN

Figure 19 : Variation of axial stress along the external plate (B1-S2-FRP4)
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Figure 20 : Variation of shear stress distribution along the concrete/FRP plate interface (B1-S2-FRP4)
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Figure 21 : Variation of damage distribution (A1-S2-FRP4)

CONCRETE DAMAGE B1-S2-FRP4

0

0.2

0.4

0.6

0.8

1

1.2

0 0.5 1 1.5 2 2.5

Distance (m)

D
a

m
a

g
e

30 kN

70 kN

100 kN

125 kN

Figure 22 : Variation of damage distribution (B1-S2-FRP4)
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microcracks in the area of constant moment. However,
in spite of this limitation, the model is perfectly suitable
to show if midspan debond can become critical since, in
fact, experimental tests have shown that many flexural
cracks form in the midspan region of a concrete beam
and, therefore, the exact location of initiation of debond-
ing cannot be predicted.

4.7 Corrosion

FRP plates have been also used as a rehabilitation tech-
nique for corroded reinforced concrete beams. This as-
pect has to be considered since steel corrosion can be-
come an important source of high stress gradients in the
plate and, therefore, can affect to the serviceability of the
structure.

Corrosion, which is more pronounced near the flexural
cracks, decreases rebar area inducing by equilibrium high
axial stresses and, then, according to Eq. (8), high inter-
facial shear stresses.

To simulate numerically the reinforcement corrosion ef-
fect, the areas of the tensile steel bars were reduced over
short lengths in the vicinity of midspan region. Ob-
viously, this is only a simplification suitable for this
study since the corrosion induces also hoop stresses in
the cover region which have not been considered. Con-
cretely, the tensile rebar diameter was reduced from 10
mm to 8 mm over a length of 0.1 m. To evaluate its effect
on the strength and the debonding mode of the strength-
ened RC beam two types of beams were studied: one,
type A1-S2-FRP3 beam, corresponds to a strengthening
with a FRP plate of high axial stiffness in which debond-
ing is initiated at the end of the plate; the other beam, type
A1-S2-FRP4 beam, corresponds to a beam strengthened
with a FRP plate of less axial stiffness in which debond-
ing initiates at an intermediate region.

For the type A1-S2-FRP3 beam the effect provided by
the steel corrosion can be neglected since the maximum
strength and a interfacial shear stress distribution similar
to the case of no corrosion are obtained. However, for the
type A1-S2-FRP4 beam, for the assumed limiting shear
stress value, the steel corrosion decreases the maximum
strength reached by the beam. When corrosion does not
exist a maximum value of 175 kN is reached while in
case of corrosion this value is only 120 kN. Represent-
ing the interfacial shear stress distribution in both cases
for the maximum strength (Fig. 23), we can observe that
corrosion tends to decrease the shear stress value at the

plate end while at midspan areas, where corrosion con-
centrates, higher values are obtained.

Therefore, we can conclude that the effect of steel cor-
rosion is especially important in those beams for which
midspan debond occurs.

5 CONCLUSIONS

The analytical studies performed on concrete beams
strengthened with FRP plates indicate that this strength-
ening method can be used to increase effectively the
strength and the stiffness of underreinforced beams. To
perform the study a concrete damage model has been
considered. The damage model is essential to obtain a re-
alistic interfacial shear stress distribution and, therefore,
to investigate the diffferent possible failure modes. The
following conclusions are drawn from the results of the
study:

• The strength and the stiffness of the RC beams
strengthened with FRP plates increase, especially
for underreinforced beams. The magnitude of the
performance is strongly dependent on the axial stiff-
ness of the FRP plate. More FRP axial stiffness im-
plies more increment of the strength and stiffness of
the beam.

• It is important to take into account that for beams
strengthened with FRP plates of low axial stiffness
the strength increase is accompanied by a strong
displacement increase which is a phenomenon to
consider since non acceptable deflections can be
reached under service loads.

• A design approach using the interfacial shear stress
as the primary criterion to predict local debonding
failure in a strengthened RC beam has been used.

• The interfacial shear stress distribution and, there-
fore, the location where debonding initiates depends
on many factors.

• The use of high axial stiffness plates encourages the
end debonding mode since they attract higher axial
stresses and, then, high bond stresses.

• Plate length has also an important influence on the
debonding mode. Plates located far from the sup-
ports tend to maximize the end peel since higher ax-
ial stress gradients are produced at the plate end and
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Figure 23 : Variation of shear stress distribution along the concrete/FRP plate interface (Corrosion vs No Corrosion)

therefore the end shear stress is also higher. On the
contrary, long plates, located near the supports, tend
to minimize end peel.

• There exists also a dependence between the shear
stress distribution and the a/h ratio. In general, shal-
lower beams tend to maximize end peel tendencies.

• When strengthening is performed on corroded rein-
forced concrete beams the effect of corrosion affects
especially those beams for which midspan debond
occurs.

• It can be remarked that the damage model predicts
in a reasonable way the main features of the be-
havior of a RC beam strengthened with composite
plates. For it, a good calibration with experimental
results was necessary since it was sensitive enough
to the value of the concrete strength.
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NOTATION

Ac= Parameter of the damage model (Compression)

At= Parameter of the damage model (Tension)

Bc= Parameter of the damage model (Compression)

Bt= Parameter of the damage model (Tension)

d = Damage variable

dc= Compression damage

dt= Tension damage

De= Elastic moduli

f = Loading surface

tp= Thickness of the FRP plate

αc= Weight function (compression)

αt= Weight function (tension)

εe= Elastic strain

εdo= Threshold strain

εi= Principal value of the strain

ε̃ =Equivalent strain

σ =Stress tensor

σp= Axial stress of the FRP plate

τp= Shear stress of the FRP plate
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