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Lagrangian Equilibrium Equations in Cylindrical and Spherical Coordinates

K.Y. Volokh'

Abstract: Lagrangian or referential equilibrium equa-
tions for materials undergoing large deformations are of
interest in the developing fields of mechanics of soft bio-
materials and nanomechanics. The main feature of these
equations is the necessity to deal with the First Piola-
Kirchhoff, or nominal, stress tensor which is a two-point
tensor referring simultaneously to the reference and cur-
rent configurations. This two-point nature of the First
Piola-Kirchhoff tensor is not always appreciated by the
researchers and the foral covariant derivative necessary
for the formulation of the equilibrium equations in curvi-
linear coordinates is sometimes inaccurately confused
with the regular covariant derivative. Surprisingly, the
traditional continuum mechanics literature does not dis-
cuss this issue properly, except for some brief notions on
the two-point nature of the Piola-Kirchhoff tensor. We
aim at partially filling this gap by giving a full yet sim-
ple derivation of the Lagrangian equilibrium equations in
cylindrical and spherical coordinates.

1 Introduction

Lagrangian scalar equilibrium equations in cylindrical
and spherical coordinates for materials undergoing large
deformations are rarely discussed in the literature. The
most influential monographs on nonlinear elasticity and
continuum mechanics, including Antman (1995); Chad-
wick (1976); Ciarlet (1988); Eringen (1962); Green and
Adkins (1970); Green and Zerna (1968); Gurtin (1981);
Haupt (2000); Jaunzemis (1967); Liu (2002); Lur’e
(1990); Malvern (1969); Marsden and Hughes (1983);
Ogden (1984); Truesdell and Toupin (1961); Truesdell
and Noll (1965); Wang and Truesdell (1973); Wilman-
ski (1998), do not address this issue. However, the La-
grangian equilibrium equations in cylindrical and spher-
ical coordinates can be very useful in solving nonlinear
problems analytically or semi-analytically. Sometimes,
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it is possible to assume incompressibility of the material
what allows for using a simpler Eulerian description for
obtaining some elementary analytical solutions. This is
not the general case, however, where we need the La-
grangian equilibrium equations of the form

DivP =0 ey
in cylindrical and spherical coordinates. These equations
can be derived from the total covariant derivative of the
1*" Piola-Kirchhoff stress tensor P. Though this way may
be elegant we prefer a more straightforward “pedestrian”
way, which, however, does not require any knowledge of
the general tensor calculus from the reader.

2 Cylindrical coordinates

We introduce orthonormal basis in cylindrical coordi-
nates (Malvern, 1969) for the reference configuration

Kz = (cos0,sin®,0)";
Ko = (—sin®,c0s0,0)";

Kz = (0,0,1)". (2)
By direct calculation we have
oKr JKe
— =Ko; —— =—Ki. 3
0 % 90 K ©

All other derivatives of the base vectors are equal to zero.

Analogously, we have for the current configuration:

Kk, = (cos9,sin0,0)”;
ko = (—sin®,cos0,0)”;

k.= (0,0,1)", )
K o o _
a0~ o G = K- ®

Now, we write the divergence operator in the form
(Malvern, 1969)

oP
oR

oP oP
K+ =Ko+ 5 K7.

DivP = RO oz

(6)
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The plan is to compute the right-hand side of this equa-

tion term by term.

We start with the first term on the right hand side of Eq.

(6)

P
oR

=

/—\

"R GR aR @ Kg + Prk, @ aKR) Kg

0% ®Ko + Prok, @ e )KR
’Zk @Kz + Pz aR ® Kz 4+ P.zk, ®8KZ>KR
ko ®KR+P9R3—‘,§ ® K + Porke @ 5% )KR

boke @ Ko + Poo 22 @ Ko + Paoke ® A2 )KR

U U
~u w‘w w};u

P2k @ Ky + Poy 32 @ Ky, + Posko @ %z )KR

QJ

aPRk ®KR+PZR aR ®Kg + PRk, ® 2 R )KR

ek, @Ko + Po % @Ko+ Pok. © %52 ) K

+ o+ + + o+ + o+ o+

/—\/—\/—\/—\/—\/—\/—\/—\

aPZk ®Kz +Pzz aR ® Kz + Pk, ®8KZ>KR,
@)

where k,, @ Ky = k, KJ,.

With account of orthonormality of the base vectors we

have
oP 0P ok,
aRNR= g Bt Prge
0Pgr okg OPj ok,

+—ke+PeRa—R a—sz-i-PzRa—R- (®)
Differentiating the Eulerian basis, we get

ok, 78&3 ak,a_e akrﬁia_e

OR  oroR 90 0R 9z OR OR

aﬁ okg or 0kg 00 Okg 0z _3_9

OR ~ 0r 0R ' 90 dR ' 9z OR )

ok _ ok, 0r  Ok.00 ok, 3 _

R~ roR "0 azar ©
Now, substituting Eq. (9) in Eq. (8) we have
P (O, Y
oR 7\ or "%ROR) T

00 0Py P
+<PrRa + == R )ke B—sz' (10)
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Analogously to Egs. (7)-(10) we calculate the last two
terms on the right-hand side of Eq. (6)

I
=
/-\

rRa@ ®KR+PRk & a@>K®

’@k ®Ke +Pr®a@ Ko + Prok, © 2 Se )Ke

’Zk ®KZ+PrZa® ®Kz+ Pzk, ®8KZ>KG)
9Pk @ K + Por 22 ®KR+PeRke®%)K@

toke @ Ko + Poo 3¢ @Ko + Pooke ® e )Ke

%\w wg-f

ke®Kz+Peza RKz + Pyzkg ® a®>K@
Pk, @ Kp+ P2 @ Kp + Pk ®3KR)K@

aP@k ®Ke +Pz®a@ ® Ko + Pok; ®BK@>K®

+ 4+ o+ 4+ o+ o+ o+ o+
==
/—\/—\/—\/—\/—\/—\/—\/—\

asz ®KZ +PzZa@ ®KZ+Psz ® 20 )KG)a

(11)
oP Prrk; +8Pr@k +PoSe
%
%K@:E +Porke + Z2Kg + P @ag (12)
BP
+Prk; + 55k, +Pz® a@
ok ok O Ok 00 Ok 0 00
00 0r o0 0000 0700 00
aﬁ dkg or Jkg 00  OJkg Oz B 3_9 K
00 0ro® 0000 09z 00 00 "
ok _ Ok Or Ok 00 Ok 0z -
00 0ro® 0000 09z 00
P (Pr o P
RO ° RO® R 00
Po 30 | Por | OPoo Pr OPo
+< R0 "R +R8®>ke+< T roe )
(14)



Lagrangian Equilibrium Equations 39

oP h
K we have
7 d d d
P.r 0 Pr Po
2% @ Kg + Pk, ®3KR)K DivP = —P R
( "5 ©Ke+Prr d v R R TR TR
0 55 az ® Ko + Pok;, ®8K@>Kz _P698_6+8Pr2 _p 29 K
R 00 oz '%yz)™

aP’Zk @Ky + Py % az ® Kz +P.zk, ® )Kz

86 aPeR Pr@ 86 P OR
aP + rR X

Rk TR 50

ko @ K + Por 32 @ Kg + Parke @ % )Kz
oP 0Pse  OPyz 00 K
A 6®K®+Pe®fzi®K®+Pe®ke® )KZ +Ra@+ FYA ‘|‘Prza—z o+
Poz oP. P, oP. oP.
ke QR Kz + Pyz 89 QR Kz —I—Pezke® A )KZ ZR LR 20 Z Kk 19
“ ’ R R0 "oz ) (19

2k, @ Ky + Py @ Ke+ Pk, © %) Ky
oP. 3 Spherical coordinates
k. ®Keg +Po% az © Ko + Pok, ® 2 7 )Kz

We introduce orthonormal basis in spherical coordinates

o (%
+(3
“
o
(%
#(3
(5
#(3

a
sz WKz + Pz az ®Kz+P.rk. ®2 0 ) Kz, (Malvern, 1969) for the reference configuration
(15)

Kz = (sin@cos®, sin@sin®, cos©)”

Ko = (cos@cos ®, cosOsin®, —sin®)”

Ko = (—sin®,cos®,0)”. (20)
a_PKZ = aP_’Zkr+ Prz% + Poz 0+ Pezaﬁ By direct calculation we have the following nonzero
9Z aP 9Z ok. 9Z 9z 9z derivatives of the base vectors

7Z
Pa o 10 K, “Ke; XKoo k. %k _ioKe:

0 " e O bo *

oK oK

qu) = cos OKop; qub = —sin®Ky — cos OKg.

(21)
ok, ok, or N ok, 00 N ok, 0z 8_9
dZ  orodZ  000Z 0z 0Z oZ Analogously, we have for the current configuration:
ko _ dko Or , Jko 00 | dke 0z _ 99
0Z ordZ 000Z 09z9Z  9Z Kk, = (sinBcos¢,sinBsind,cosB)”
k. _ Jk; or + ok 00 | ok dz _ 0, (17) ko =(cosBcosd,cosBsing, —sin@)”
aZ ar aZ ae aZ aZ aZ k(b — (—Sin¢,COS¢,0)T, (22)
K, k k, .

by _ = kg; ) = —k,; ok, = sin0ky;

20 20 00
P, = (%2 _p, %)\ ok ok
0z 2~ oz 29z )" a—qf = cos 0Ky; a—qj) = —sin0K, — cos Okg. (23)

oP, 00 oP.
+ (a—gz +Prza—z> kg + aézkz- (18)
We will use the following abbreviation for the sake of

simplicity

Finally, substituting Egs. (10), (14), and (18) in Eq. (6) S=sin®; C=cos®; s=sinf; c¢=cosH. 24)
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Now, we write the divergence operator in the form Now, substituting Eq. (28) in Eq. (27) we have
(Malvern, 1969)

5 5 5 oP K <8PrR P 20 P o0} ) K
P P P ;B8R = | 35 —f6rR7, oRS, | Kr
DivP = — Ky + Ko + Ko. (25) 9R oR oR oR
oR ROO® RSO® OPor 20 30
P. Por— | k

o . . . +<8R TIRGR T C¢RaR> 0
The plan is again to compute the right-hand side of this 9P 2 RS
equation term by term. + ( aj;R +sPp— R +cPop 8R> k. 29)
We start with

oP
oR

Analogously to Egs. (26)-(29) we calculate the last two
terms on the right-hand side of Eq. (25)

|
5

I
/—\

”RBR ®KR+PrRk ® R )K

)K

”’@kr @Ko +Pro % @Ko+ Prok, © 5

%k, @Ko + Pro 5 © Ko + Prok, ®BK‘D)K
Lt Rke @ Kg + Por 813 @ Kg + Porko ® %5 B )K

boke ® Ko + Poo %8 @ Ko + Paoke ® 2 )

rRaG) ®KR+PrRk & aKR>K®

Lok, ©Ke + Pro 2 © Ko + Prok, ®BK@)

’d)k QKo + P, rd)aé R Ko + Prok, ® )

Pk @ Kp + Por 28 © Ky + Pork )K
k9®KCI>+P9CI>31?®KCD+P9CDk9® aR> 20 0 O Kg+ 6Ra®® R+ FPor 6® 20 (0]

[«5] [«5]

J
k¢®KR—|—P¢R a1§ ®KR—|—P¢Rk¢® 9Ky )K & ko ©@ Ko + Poo 55 ®K@+Pe®ke® 6 )K@

9Py

bo ko @ Ko + Poo 22 © Ko + Pooke @ %X )
a—k¢®K®+P¢® aR ; @Ko + Pyoky ® aR) 6 @Ko ecba@ o 1+ Pooke ® 55

Ko

+ 4+ o+ 4+ o+ o+ o+ o+

/—\/—\/—\/—\/—\/—\/—\/—\

P¢®k¢®Kq>+P¢c1> %y ®K¢+P¢¢k¢® Ko ) k¢ ® Kg ‘|’P¢R a@ ¢ @Kg +P¢Rk¢® 56 )K@

(26) S ko © Ko + Ppo 55 @ Ko + Paoky © 58 ) K

an, ko @Ko +P¢cl> a * @Ko + Pyoky © 2 56 )
With account of orthonormality of the base vectors we

have
a—PKR aP”Rk PrRakr aPeR ke PRk, + BP,@k +Pr® a@ +P9Rk9
OR OR OR ' OR P N ok
—Ko=~| +58ke +Pe® + PorKy ;
P aﬁ apﬁk P BL 27 RJ© R BP@ Bae
Trgr TR et gr 27) + 55K + Poo 5
31)
Differentiating the Eulerian basis, we get
o o dr KD B 20y N U B e el B, 0,
OR ~ 9r OR " 98 R ' 90 oR oR P TU9R® 0 9r00 9000 000 900 50"
Ok dkoor koo dkodo 0, . 0 ko dkodr ko0 k0 30, . 3
R~ 9rdR " 90 0R 90 oR  oR TR Q0 9r 00 9000 000 090 ‘90"
Oky _ ko Or kyod Okyd0 09 00  Oky _okyOr k00  0ky 90 _ a¢k 00,
R~ 9r R " 90 0R " 90 oR R SOR 90~ 9r 00 000 000 90 e %
(28) (32)
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O _(Pr OPo Pp® Ped) oP
RI® ° \'R "RI® R d©® R 30" RSOD ¢
Por , 9o  Fro 00 Foe 9 _(Br CPo , 0Po  Pow 08 5Py 90
"\ % "TRe T R0 SR o) R ' RS "RSO® RSO® RS 0D) '
Por  OPso P 00 Ppo 0O 4 Por  CPeo  OPsw  Pro 00  cPyo 90 Kk
N e tre R ke ke 3 R ' RS RSOD RSOD RS 0D
n % CPyo aP¢q> sP.o a_¢ cPyop a_¢ K
R RS RSO® RS 0® RS 0®
oP (37)
Soon Bo
RSO® Finally, substituting Egs. (29), (33), and (37) in Eq. (25)
s ( k% @ Kg + Pk, ® B2 ) Ko  we have
+ 75 (%K, @Ko + Po % © Ko + ok, © 252 ) Ko DivP
BP,R 20
PGR SPR
+ RLS ( r®dp BCD ®KCI> +Prcl>k ® 8K¢> _|_2 P,R + aP,@ Peg 00
= Ao 90 e k300 | K
+ 75 (ap"Rke @ Kg + Por aqf @ Kg + Porko ® o ) Ko —S R 56+ T+ pess
RA
+l<apﬁke®Ke+Pee % Ko + Pooke © 2 )ch K
RS \ 90 20 £ ajm 4P B _ Py 32 I
+ 5 (Sheko © Ko + Poo 22 © Ko + Pooko © %2 ) Ko . 2P9R+?§9g+ B 20 ke
P —CR 56+ e+ e
+RLS<8_¢k¢®KR+P¢R8cI> O Kg + Porky © acp)ch P 20 P 00
P RS 9® ~— RS 0®
+ RLS (—kq) ® Ko —I—Pq)@ a ¢ @Ko + Pyoko ® 2 ey ) 3P¢R +SPrRaR +cPr 3 el
P oP aq)
1 oP, _|_2 ¢R _|_ 900 _|_ r@
t R ( o k¢ “Ke +hoo a£ “Ke +P¢q>k¢ ® £ ) Ko, +c j@ IfeCPq;@ 8?’?@ k¢' (38)
(34) Py 00l 00 O
+&s 96 T &s o0
4 Conclusion
BP,
SP rRk +CP ok, + 55 kr Lagrangian equilibrium equations in cylindrical (Eq. 19)
opP = 1| +Pege acb +SP eRke "'CP bo ke and spherical coordinates (Eq. 38) have been derived in
RSO® RS aja—ke —I—Pecb af‘q; + SPq)qu) ’ the present work.
+CPyoky + Gtk + Poo 5t
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