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A General Equation for Stress Concentration in Countersunk Holes
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Abstract: A detailed and accurate three-
dimensional finite element stress analysis was
conducted on countersunk rivet holes in a plate
subjected to tension loading. The analysis in-
cluded a wide range of countersunk depths, plate
thicknesses, countersunk angles and plate widths.
The study confirmed some of the previous re-
sults, addressed their differences, provided many
new results, and investigated countersunk angle
and width effects. Using the detailed FE results
and the limiting conditions, a general equation for
stress concentration was developed and verified.
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Nomenclature

b straight-shank depth

C countersink depth (r — b)

E Young’s modulus

FEA  finite element analysis

h one-half height of plate

K; maximum stress-concentration factor
along bore of hole under tension

r radius of straight-shank portion of hole

SCF stress concentration factor
SS straight-shank

t plate thickness

w plate half-width

x,y,z  Cartesian coordinate system
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\Y Poisson’s ratio
0. countersink angle
o) applied remote tension stress

1 Introduction

Riveting is a common method of joining struc-
tural components. Joining introduces discontinu-
ities (stress risers) in the form of holes, change in
load path, and additional secondary loads such as
rivet bearing and bending. Because of these rea-
sons, local stresses at the joint are elevated com-
pared to structural nominal stresses. Wherever the
aero/hydro dynamic surfaces are required, coun-
tersunk rivets are often used. Countersinking fur-
ther complicates the stress flow and causes addi-
tional elevation of local stresses. These problems
require a three dimensional (3-D) analysis. Accu-
rate determination of local stresses is essential to
predict joint strength and fatigue life of the com-
ponent.

Exhaustive studies on stress concentration in
holes and notches for two-dimensional (2-D) bod-
ies subjected to a wide variety of loadings have
been reported in the literature and in handbooks
[Pilkey (1997), Savin (1961)]. Three-dimensional
(3-D) results have been reported for plates with
circular (straight-shank) holes subjected to remote
tension [Green (1948), Neuber (1946), Sternberg
and Sadowsky (1949), Folias and Wang (1990),
Shivakumar and Newman (1992, 1995), Whaley
(1965)]. All these solutions were limited to wide
plates. A summary of these are listed below.

1. Stress concentration is due to hoop stress
along the bore of the hole.

2. Stress concentration factor (SCF) depends
on the dimensionless parameters (z/r) and
(z/t), where z is the thickness co-ordinate di-
rection and ¢ is the plate thickness.
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3. Stress concentration is highest in the mid-
thickness of the plate for thin to moderately
thick plates, but for thick plates, the stress
concentration peaks near the free surface, (at
about ¢/10)

4. The state-of-stress is nearly plane-strain in
the central region, is nearly plane-stress at
the free surface and is intermediate in the
transition region. Thus, the stress flows into
the central region of the plate causing higher
stress concentration than at the plate surface.

5. The stress concentration is about 4 to 7%
higher than plane-stress value (K; = 3) and it
increases with plate thickness. Plane-stress
value is recovered for very thin plates. The
stress concentration is about 10% lower than
plane-stress value at the free surface.

Only few papers have been published for coun-
tersunk rivet holes that directly relate to stress
concentration. The first was by Whaley (1965),
using birefringent coating on aluminum plates.
He measured the stresses on the surface of the
plate instead of measuring in the interior of the
hole. The other experimental work was by Cheng
(1978); he used stress freezing technique to ob-
tain stress through the thickness of plate with a
countersunk hole. He investigated a total of 13
configurations with different countersink angles
and depths; seven specimens for tension load-
ing and six for bending loading. Cheng’s re-
sults showed conclusively that the highest stress
concentration is at the edge of the countersink.
In early 1990, Shivakumar and Newman (1992,
1995) conducted a detailed 3-D FE analysis of
countersunk holes in a wide plate subjected to ten-
sion, bending and wedge loadings. Their study
included a wide range of countersink depth to
thickness ratio (Cs/t), plate thickness to radius ra-
tio (t/r), and a countersunk angle (6,) of 100°.
Numerical results were presented in the form of
charts, tables along with a simple FORTRAN pro-
gram including an interpolation method to deter-
mine K; for a wide plate and countersunk angle of
100°. In 1993, Young and Lee (1993) conducted
an independent 3-D FE analysis of plates with
countersunk holes subjected to tension load and
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proposed a design equation by combining their FE
results and British Aerospace’s 2-D design equa-
tion. Young and Lee’s solutions were based on
a very coarse FE model and their equation even
did not reduce to 2-D solution in literature. Fur-
thermore, Shivakumar and Newman’s and Young
and Lee’s solutions differed widely for C,/t = 1.
Therefore, the present study is undertaken to ver-
ify the two results, provide new results, and then
to develop an accurate stress concentration factor
equation that satisfies the limiting conditions of
the configurations. An exhaustive 3-D FE study
with very fine modeling will be conducted by dif-
ferent countersunk angle (6,), thickness to radius
(t/r) ratio, countersink depth to thickness (Cs/1)
ratio and plate width to radius (w/r) ratio. Based
on these results and limiting configurational con-
ditions, an equation for SCF in countersunk hole
will be developed. Results and equations obtained
from the preliminary studies conducted by the
authors have already been presented in Shivaku-
mar, Bhargava and Hamoush (2006). This paper
presents an improved equation compared to the
previous equation.

Meshless methods have been developed in ref-
erences Lil, Shen, Han, and Atluri (2003), and
Chen and Chen (2005), to solve problems in
three-dimensional elasticity with singularities and
material discontinuities.

2 Configuration and Material

Figure 1 shows a configuration of a plate with a
countersunk rivet hole subjected to tension. All
the geometric parameters used in this study are
defined in the figure. The Cartesian coordinates
x —y — z represent the reference coordinate sys-
tem. The plate width and the height are, respec-
tively, 2w and 24, and the thickness is ¢. The plate
is subjected to a remote tensile stress, 6y. The
countersunk hole consists of a straight-shank part
(thickness b) and a countersunk part (thickness
C,). The total depth ¢ of the hole, which is also
the thickness of the plate, is related to » and C; by
t = b+ Cy. The radius of the SS part of the hole
is r and the countersunk angle is .. A common
angle of countersink used in aircraft construction
is 100°; the K; results evaluated for this angle are
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Figure 1: Configuration and Nomenclature of a Countersunk Rivet Hole: (a) x — y Plane; (b) y — z Plane; (c)

z—x Plane; (d) 3-D Configuration

considered to be the baseline. The variation of
parameters Cy, t and 6, will simulate all cases of
hole configurations from SS (C;/t = 0) to knife-
edge (Cs/t =1).

The material is assumed to be homogeneous and
isotropic with £ = 68.9 GPa and v = 0.3. Any
value of E is acceptable, because in an isotropic
problem subjected to force boundary conditions
the resulting stresses are independent of E. Thus
the SCF is independent of E. However, the Pois-
son’s ratio v may influence the results but its ef-
fect is secondary and neglected.

3 Definition of Stress-Concentration Factor

The 2-D stress concentration factor definition is
given in many classical books on theory of elas-
ticity and in stress concentration handbooks. For
3-D configurations, the stress concentration varies
along the bore of the hole. Therefore, the stress
concentration becomes a function of z coordinate
along the line formed by the intersection of y =0
plane and the hole. The line connecting the points

A,B,C in Figure 1 (b) and (c) defines the path of
interest. The stress concentration K;(z) is the ra-
tio of hoop stress o,, along the line A-B-C and
the remote stress 0y, K;(z) = 0y(z)/0p. The stress
concentration factor K; is the maximum of K;(z).

4 Finite-Element Analysis

A commercial FE analysis code, ANSYS Version
10, was used for geometric modeling, FE model-
ing and analysis of the problem. ANSYS Para-
metric Design Language (APDL) programs were
written to automatically generate geometric and
FE models, imposition of loading and boundary
conditions, and conducting the analysis in a batch
mode.

4.1 Geometric Models

The various geometric parameters considered in
the study have been presented in the previous sec-
tion 2. Because the geometry and the loading are
symmetric (Fig. 1), only the symmetric-quarter
of the model was considered. Figure 2 illustrates
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Figure 2: Quarter Symmetric Geometric and FE Models Showing the Effect of C;/t: (a) Straight-Shank
Hole (w/r=h/r=35, Cs/t =0, t/r =1); (b) Countersunk Hole (w/r =h/r =15, C;/t =0.5,t/r =1); (c)

Knife- Edge Hole (w/r =h/r=5,Cs/t =1,t/r=1)

J

Figure 3: Quarter Symmetric Geometric and FE Models of Narr
t/r=1)

ow Width (w/r =6, h/r =15, C,/t = 0.5,
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the three possible countersink rivet hole configu-
rations, namely, SS ((C;/t) = 0), typical counter-
sink, and knife-edge ((C,/f) = 1). Figure 3 shows
a narrow width model used for conducting a study
on width effect.

4.2 FE Models

Three-dimensional hexahedron elements
(solid45) were generated over the volumes
using the iso-parametric mapping concept. Care
was taken in generating the elements so that only
hexahedron elements were generated. The FE
mesh idealization was finer in the high stress
gradient regions and coarser at the low or no
stress gradient regions. Three levels of mesh re-
finements were used to conduct the convergence
study. Results of the convergence study will be
presented later. The Figs. 2 and 3 illustrate the
typical FE meshes used for SS, countersunk and
knife-edge geometries, and narrow width plates.

4.3 Boundary Conditions, Loading and Analy-
sis

Symmetry boundary conditions were imposed on
the model by constraining u, displacement in y-
direction on y = 0 plane and the u, displacement
in x-direction on x = O plane. To arrest the rigid
body motion in z-direction, the u, displacement
was restrained at anode at x =z=0and y =r.
The plane y = h was loaded with a uniform stress
op = 1. All other boundary regions were allowed
to deform freely. A linear FE stress analysis was
conducted. Deformation, stress and strain field
were examined. The hoop stresses along the nodal
line A-B-C, (see Fig. 1 (c)) were extracted from
the APDL program. These stresses directly gave
the stress concentration, K;(z) and the maximum
value of K; (z) is the stress concentration factor K;.

4.4 Mesh Convergence Study

A mesh convergence study was conducted to eval-
uate the accuracy of the K; results. The geometric
model employed for this study was ¢t/r =1, w/r
=3 and (C,/r) = 0.75. The three specific meshes
were studied: baseline, finer and finest. To pro-
vide a clear picture of the refinement, the mesh
regions around the countersunk hole are enlarged

and shown in Fig. 4. The finer mesh was obtained
by doubling the number of divisions in all three
directions. The finest mesh was also obtained by
doubling the divisions but only in the area of in-
terest. The mesh convergence approach used was
similar to the patch test defined in Zienkiewicz
and Taylor (1989). Figure 5 shows K; for the three
meshes and note that the finest mesh result has
almost reached the asymptotic value. The base-
line and the finer mesh K; differed by 1.4 and 0.2
percent, respectively compared to the finest mesh.
These errors are small and are assumed to be ac-
ceptable. Therefore, the baseline mesh was used
in all other studies. Details of this study are given
by Bhargava (2006).

5 Comparison of Present FE Results with
Literature

The K; results from the present finite element
models are compared with other finite element
and experimental results in the literature.

5.1 Comparison with Other FE Results

The present baseline FE model results were com-
pared with Shivakumar and Newman’s (1992 and
1995) revised FE results (which had some minor
mistakes) for different thickness-to-hole radius ra-
tios (t/r) of 0.5, 1, 2 and 4 with w/r = 15 and 6,
= 100°. The present FEA results and Shivaku-
mar and Newman’s results agreed very well for
all cases, the difference was less than 1%.

Young and Lee’s FE results are compared with the
present FE results by plotting the variation of K;
as a function of (C,/t) for different plate widths
of w/r =3, 4,5 and 6, in Fig. 6. The present
FE are represented by solid symbols and joined
by solid lines while Young and Lee’s FE results
are represented by hollow symbols. From Fig. 6
it is clear that for all values of Cs/r > 0.5, Young
and Lee’s results are consistently higher than the
present FE results. The difference is largest and is
about 32% for Cs/t = 1 with w/r = 3. The reason
for this difference is be due to coarseness of the
FE mesh used in Young and Lee’s study.
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Figure 4: Mesh Sizes Used for the Convergence Study: (a) Baseline; (b) Finer; (c) Finest
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Figure 6: Comparison of Present and Young and Lee’s FE K; Results
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Table 1: Comparison of K; from Cheng’s Experimental Results with Current FEA

0. K; Percent
Model # Degrees G/t wir hir tr Cheng’s Expt. | Present FEA | Difference
1 60 040 | 7.14 | 22.01 | 4.15 3.44 3.79 -9.2
2 80 040 | 7.14 | 22.01 | 4.78 3.50 4.07 -14.0
3 82 0.40 | 10.00 | 30.70 | 5.79 3.48 4.10 -15.1
4 82 040 | 7.14 | 22.01 | 4.15 3.54 4.02 -11.9
5 82 040 | 5.00 | 1528 | 2.88 3.13 4.02 -22.1
6 82 055 | 7.14 | 22.01 | 4.15 343 4.34 -21.0
7 90 040 | 7.14 | 22.01 | 4.15 3.41 4.11 -17.1

5.2 Comparison with Experiments

Finite element models for all of Cheng’s experi-
mental models were generated and the stress con-
centration factor was determined. Cheng’s exper-
imental configurations, his results, and the present
FEA results are listed in Table 1. The percent
differences for all seven models are also sum-
marized. The percent difference is defined as
(Kteq. — Kirea) /Kirea % 100. Cheng’s experimen-
tal results were 9% to 22% lower than the FE
results. These differences are due to experimen-
tal inaccuracies which are because of the number
of variables involved in the stress-freezing tech-
nique, for example the cutting of the specimens
into slices, the subsequent measurements of the
isochromatic fringes and the difficulty in measur-
ing the stresses at the countersunk edge.

Shivakumar and Newman (1992, 1995) and
Young and Lee (1993) have also compared their
FE results with Cheng’s (1978) experimental data.
For model #7, Shivakumar and Newman’s result
was 5% higher, and Young and Lee’s result was
7% lower than the present FE results.

6 Stress Concentration Results from FE
Analysis

As previously mentioned, a detailed three-
dimensional finite element analysis was con-
ducted for a wide range of (C,/1), t/r, 6, and
w/r parameters to evaluate their effect on SCE.
Throughout the analysis, 4/r = 15 was used so
that the loading (op = 1) could be considered re-
mote with no or very little influence on the hole
geometry. The values of (C;/r) were O (straight-

shank hole), 0.25, 0.5, 0.75 and 1.0 (knife-edge)
and the ¢ /r values were 0.5, 1, 2 and 4. The plate
width-to-hole radius ratio, w/r, was varied from
2.5 to 15 and the countersunk angle 6, was var-
ied from 60° to 130°. The influence of 6, on the
SCF was first assessed by performing the analy-
sis for O, values ranging from 0° through 170°
in increments of 10° for C,/t = 0.25 and t/r =
1.0. Additional analyses were also conducted to
evaluate the effect of 6, in combination with the
countersunk depth ratio (Cy /1) and the plate thick-
ness ratio (¢/r) on K;. Secondly, the effect of C; /1
and 7 /r were assessed for a wide plate (w/r = 15)
with 6. = 100° by performing analyses by vary-
ing Cy/t and t/r. Finally, the effect of the plate
width-to-hole radius ratio w/r was assessed for a
countersink configuration with 6, = 100° by per-
forming an analysis for w/r = 2.5 to 15. The re-
sults of the analyses are presented in the follow-
ing sub-sections. Although the SS hole configura-
tion is different from that of the countersunk hole,
for the purpose of presentation and discussion it is
considered to be a special case of the countersunk
hole with C;/t = 0. The stress concentration K;(z)
along the bore of the hole (ABC of Fig. 1) was
examined. The maximum value of K;(z), that is
K;, was extracted for further analysis.

6.1 Effect of countersunk angle (6.)

Figure 7 shows the variation of K;(z) along z/t
for 0. values ranging from 60° to 120° (including
the results for 6, = 100°) for h/r=w/r=15,t/r
=1 and C/t = 0.25. The K;(z) is maximum at
the countersink (B) and it decreases towards both
the free edges. The K;(z) decreases much more
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Figure 9: Effect of Countersunk Depth on Stress Concentration Distribution for a Wide Plate (¢ /r =1)
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rapidly towards the countersunk part (B-C) than
towards the straight shank part (B-A). The K;(z) at
C is lower than that at A. The K;(z) at B increases
with 6,. This trend is in agreement with Shiv-
akumar and Newman’s (1992, 1995) results while
Young and Lee’s (1993) results showed an oppo-
site trend. The difference in K; between 6, = 90°
and 100° and between 6, = 100° and 110° is
about 1%:; therefore, for a small deviation (£10°)
of 6, from 100°, K; can be assumed constant. Fig-
ure 8 presents the K; for a larger range (0° to 180°)
of 6, for (Cs/t)=0.25and ¢ /r = 1. The K, for 6,
=0 is from the SS hole for#/r =1 and the K, value
for 6, of 180° is extrapolated from the following
equation for the loss of plate thickness equal to
Cs/t.

Ki@g,=00

1—C./1 W

Ki@o.=1800 =
The K; has a nonlinear relation with 6.; however,
for a range of 60° < 6, < 130°, 6, effect can be
approximated by a linear relation as illustrated by
the broken line in Fig. 8. The reason for the
monotonic increase in K; with 6., is because of
continuous channeling of load towards the coun-
tersink edge and around the hole as 0, increases
[Bhargava (2006)].

6.2 Effect of countersink depth (C;/t)

The distribution of K;(z) along z/t for varying
countersink depths is shown in Figure 9 to 13 for
t/r = 1. For thin plates (t/r < 1), the maximum
of K;(z), that is K;, occurs at the countersink edge.
For thicker plates (t/r =2 and 4) and C,/t < 0.25,
K; occurs not at the countersink edge but slightly
away from the edge (5% of t) and towards the SS
portion of the hole. This trend continues for all
shallow countersink configurations. The K; val-
ues generated for different values of Cy/f and t/r
are listed in Table 2 and plotted in Fig. 10. These
results show that K; increases monotonically with
C,/t until C/t is equal to about 0.8 and then de-
creases for all plate thicknesses less than 2r. For
thick plates, ¢t > 2r, K, continues to increase with
C,/t (including the knife-edge case), as also noted
by Shivakumar and Newman (1992, 1995). Fig-
ure 10 also shows that K; increases monotonically
witht/r.

6.3 Effect of thickness to radius ratio (t/r)

Figures 11 illustrates the effect of #/r on K;(z) for
(Cs/t) = 0.5. Values of t/r = 0.5, 1 and 2 rep-
resent the practical range of hole configurations
used in the aircraft industry and #/r > 2 is used
for thick structures such as those found in marine
applications. The K;(z) increases monotonically
with 7 /r on the SS portion of the hole except near
the free edge, while it decreases with #/r on the
countersunk portion of the hole. But the K; in-
creases with 7/r as illustrated in Figs. 11 and 12.
As also noted in the previous section, K; increases
with plate thickness (¢/r) and countersunk depth
(Cy/t). The variation of K; is nonlinear and cou-
pled with both C/t and ¢ /r.

6.4 Effect of width to radius ratio (w/r)

The rate of change of K;(z) and K; with w/r is
higher for smaller w/r and is small for larger
w/r. More details for different C;/t are in Bhar-
gava (2006). The K; plot is shown in Fig. 14.
Here also, K; increases rapidly for w/r < 3 and
becomes infinity for w/r = 1, as predicted. For
w/r > 6, K; is nearly constant indicating that for
wide plates K; is independent of w/r. The plot
also includes Heywood’s (1952) 2-D solution; the
differences between the two are due to the 3-D ef-
fect, which is not much. Such a close agreement
indicates that Heywood’s width correction equa-
tion could be used for countersunk holek;.

The K; versus w/r for different (C;/¢) values with
t/r=1and 6, = 100° are shown in Fig. 15 and the
values of K; are listed in Table 3. As shown in the
figure, the K, increases rapidly as w/r becomes

smaller and it becomes almost constant for w/r >
6.

7 3-D Equation for Stress Concentration Fac-
tor (K;)

Results of FE results can be summarized as fol-
lows:

1. The K; occurs at or near the countersink.

(a) K is a function of ¢ /r for SS holes.
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Table 2: Stress Concentration K; (w/r = h/r = 15) from FEA

C,/t t/r
s 0.00 | 0.40 | 0.50 | 0.67 | 1.00 | 2.00 | 4.00 | 10.00
0.00 3.000 3.072 3.083 3.101 3.134 3.183 3.160 3.121
0.25 3.000 - 3.261 - 3.384 3.526 3.711 -
0.50 3.000 - 3.510 - 3.767 4.036 4.368 -
0.75 3.000 - 3.616 - 4.026 4.526 5.095 -
0.85 3.000 - - - 4.056 - - -
0.90 3.000 - - - 4.040 - - -
1.00 3.000 - 3.580 - 3.952 4.533 5.530 -
Table 3: The K; Results for Finite Width Plates from FEA
w/r values
G/t 5 | 2 | 3 | 4 | 5 | 6 5
0.00 5.670 4.231 3.532 3.323 3.233 3.187 3.134
0.25 - - 3.880 3.623 3514 3.457 3.384
0.50 - - 4.428 4.078 3.931 3.857 3.767
0.75 - - 4.827 4.398 4.220 4.130 4.026
1.00 - - 4.834 4.381 4.178 4.073 3.952
2. K, is a coupled nonlinear function of (C;/r) K; equation is
and 7 /r, and the two effects cannot be sepa-
rated. K =
Kss(t/r) X Keg (Cs/t,t/r) x Ky (w/r) X Kg, (6,)

3. K; can be approximated by a linear function
of 0. over the range of angles 60° < 6, <
130° with as the baseline data.

4. K; increases as w/r decreases and it be-
comes a constant value for large w/r. The
width (w/r) effect can be represented by
Heywood’s width correction equation for 2-
D problems.

Based on these results and limiting solutions (will
be stated later), a general K; equation is developed
here so that a designer can use it in their prelimi-
nary designs.

The K, equation may be represented as a product
of four functions, namely, Kss(¢/r) for thickness
effect in SS hole, K¢y ((Cs/t), t/r) for counter-
sunk effect, Ky (w/r) for plate width effect, and
Kg, (6.) to account for 6. correction. The general

2)

The finite width effect is introduced through Hey-
wood’s 2-D stress concentration equation. The 2-
D SCF varies from 3 for large w/r to e for w/r =
1. The width effect equation is

—r/w)’

This equation was verified later by a 2-D FE
analysis in Bhargava (2006). Having selected
Ky (w/r), the remaining three functions become a
correction to 2-D SCF due to the 3-D and counter-
sink geometry effects. The functions K, K¢, and
K, must vary from unity to a finite value depend-
ing on the hole geometry. The limiting conditions
that these three functions have to satisfy are:

3)

a) SS hole ((Cs/t) =0)
Kcs = Kg, = 1 and Kgg = 1 for plane stress
(t/r — 0) and plane strain (t/r — o) condi-
tions.
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b) Countersunk hole (Cy/t # 0)
ke, = 1if 8, = 100° and kg, # 1 if 6, # 100°.

The K, Kcs and Kg, are determined by fitting
equations to the FE results generated in the previ-
ous section. The K, is obtained from SS data, K¢
from countersink data for 6, = 100°, and finally
Kg, from one countersunk hole geometry with dif-
ferent 6, values. The FE results used for fitting the
K and K¢ equations are listed in Table 2.

7.1 The K,; Equation Fit

The SS hole ((C;/t) = 0) results in Table 2 are nor-
malized by 3 (2-D SCF) and used to perform the
K equation fit. The form of the function cho-
sen is such that it satisfies the limiting conditions
that Kgs = 1 for t/r — 0 (plane-stress) as well as
t/r — oo (plane strain). The equation is written in
the form

a(e/r)™

KSS(I/F):I-FW

“)

The four constants a, b, m; and m, are deter-
mined by the minimization of error between the
equation and the FE results and the subsequent
reduction of the constants to a simple form. Note
that constants a, b, m; and m; are temporary vari-
ables chosen for curve fit and they do not have
any meaning beyond this section. The resulting
K, equation is

0.5(t/r)®

KSS(t/r):l"i'W

&)

A comparison of the Eq. (5) with the FE results is
shown in Fig. 16. The K, Eq. (5) agrees within
0.5% of the FE results and the correlation factor
of the fit was greater than 0.98.

7.2 The K¢s(Cy/t,t/r) Equation Fit

The FE K; results for the countersink hole in Table
2 are normalized by SS (C,/t = 0) data and these
results were used to perform a multi-parameter fit
in#/r and Cy/t to obtain the K¢, equation. A sim-
ple quadrating polynomial in (C;/¢) multiplied by

the ¢ /r power function was chosen.

e (1)
a(F)0) () 0 @

Through the multi-parameter fit, the constants ay,
ap, by and by were determined. These constants
were further simplified to arrive at simple values.
The resulting equation is

C, 1
KC*‘(T’?) B
140.4 (%) (;)0'6—0.1 (CT)Z (;)03 7

Figure 17 compares the equation K; = 3 X Kgg X
K¢ with the FE data in Table 2 for different val-
ues of (C,/t) and ¢ /r. The solid lines represent the
equation and the symbols represent the FE data.
The maximum difference between the equation
and the FE data is about 3% and the correlation
factor of the equation with the FE data is greater
than 0.99. Thus, the K¢, equation is sufficiently
accurate to account for the effect of countersunk
depth and plate thickness.

7.3 The Ky, Equation Fit

As illustrated in Figs. 7 and 8, the FE results
show that K; is independent of the countersink an-
gle 6, for small variations (£10°) from the base-
line case of 6. = 100°. However, for large varia-
tions of 6., is a function of 6, and over the range
60° < 6, < 130° it can be represented by a linear
equation (see Fig. 8). Therefore, Kg, is repre-
sented by

®)

Kec(ec)—{urw}

Ki@6,=1000
where m is the slope of K; versus 6, plot and
Ki@o.=1000 is the SCF for 6, = 100°.

Ki@o.=1000 = Kss(t /1) x Kcg (Cs /1,1 /1) X Ky (w/r)
)
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Figure 18: Comparison of 2-D SCF from Various Solutions for Finite Width Plate
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Table 4: Summary of all m Values for Different C /¢ and 7 /r Values with w/r = 15

t/r G/t

000 | 025 | 05 | 075 | 100
0.5 0.0 0.0027 0.0064 0.0093 0.0085
1.0 0.0 0.0032 0.0084 0.0141 0.0153
2.0 0.0 0.0036 0.0104 0.0175 0.0205
4.0 0.0 0.0053 0.0146 0.0258 0.0385

85

The slope of the line (i) is 0.0032 over 60° <
0. < 130° for Cs/t =0.25and t/r=1. (see Fig. 8).
Calculated slopes (m) for different (Cy/t) and t/r
wide plates (w/r = h/r = 15) are listed in Table
4. The correlation factor of the fit was greater than
0.99. The plot of m versus ¢ /r for different (Cy /1)
values is shown in Fig. 12 by the use of symbols.
Since m varies with both Cy/t and t/r, a power
law equation in (¢/r) was proposed in the form

m(Cy/t,1/r) = Ay (t/r) (10)

where A; and A are functions of C;/t. The m re-
duces to ‘zero’ for (Cs/t) = 0 (SS hole). Through
a multi-parameter fit to (C,/t) and (¢ /r), the func-
tions for Ay and A were determined and they are

Ay (Cy/t) =

(%) [0.005 +0.039 (%) —0.029 (%)2]
(a1

ren=()-ss () ()
(12)

Finally the general K; equation for the counter-
sunk rivet hole of any (Cy/1), t/r, 6, and w/r is
given as

K: = Kgs(t/r) x Keg(Cy /1,1 /1) X Kn(w/r) x Kq,(6:)
(13)

Each of these functions are

0.5(¢/r)%6

10t/ “‘”

KSS(Z/I"):1+

24 (1—r/w)’
Ky (w/r) J;(_(r/rv/vv)V) 1o
and
6. — 100°
K00 = {1+ 5L 200 "

For special cases, the above equation simplifies
to:

(a) Countersink Angle (6,.) is 100°

K; = Ki@g,=100°
:KSS(Z/I") XKCS(CS/Z,Z/F) XKH (W/r)
(18)

(b) Wide Plate and 6, = 100°

Kt:?)XKSS(Z/r)XKCS(CS/Z,Z‘/F) (19)

8 Verification of K; Equation
8.1 Comparison with present FE Results

The K; Eq. (2) was verified by comparing it with
the FE results used for fitting the equation and by
the new data generated for this purpose. The com-
parisons were made first for the wide plate (w/r
=15) and 6, = 100°, then for the wide plate (w/r
=15) for different 6, values, and finally for finite
width plates.

(a) Wide plate (w/r =h/r=15) and 6, = 100°
Figure 19 shows the comparison of the FE re-
sults and Eq. (2) for different (Cy/f) and t/r
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Table 5: Percent Difference Between Eq. (2) and FEA for a Wide Plate (w/r = h/r=15

%Diff. = K% Kera 100
Cb/t t/rFEA
000 | 040 | 050 | 067 | 100 | 200 | 400 | 10.00

0.00 0.5 0.9 0.9 0.8 0.5 0.2 I 0.4
0.25 0.5 i 12 i 18 35 5.0 i
0.50 0.5 i 15 i 17 0.6 4.0 i
0.75 0.5 : 09 : 26 24 0.6 :
0.85 0.5 : : : 15 : : :
0.90 0.5 : : : 03 : : :
1.00 0.5 : 28 : 37 43 21 :

Table 6: Percent Difference Between Eq. (2) and FEA for Finite Width Plates (t/r=1; h/r = 15)

%Diff. = SO Krm 100
'FEA

Cy/t w/r

5 | 2 | 3 | 4 | 5 | 6 | 15
0.00 12.7 5.0 2.0 1.6 1.5 1.5 0.5
0.25 - - 1.5 1.9 22 23 1.8
0.50 - - 4.4 2.7 -1.9 -14 -1.7
0.75 - - 1.2 4.5 -32 2.6 2.6
1.00 - - -32 0.2 22 33 37

(b)

(©

values. The percent difference between the
two results is summarized in Table 5. The
maximum error in the equation is about 5%
fort/r =4 and C;/t = 0.25, and it is less for
all other cases analyzed.

Wide Plate and Different 6,

Figures 20 and 21 compare K; from Eq. (2)
with FE results for 6, = 60° and 130° for dif-
ferent values of C;/t and 7 /r. The percent er-
ror between the two is about 5% or less for
both extreme angles.

Finite Width Plate and 6. = 100°

Figure 22 shows a comparison between the
FE results and Eq. (2) for finite width plates
for different C;/r. The percent difference be-
tween the two results is summarized in Table
6. The difference is less than or equal to 5%
for all cases except for Cs/r =0.75 and w/r =
3, where the difference is about 7%. The er-
ror is large for a very narrow width plate w/r
= 1.5, which is not a practical case.

Based on the above comparison it is concluded
that the Eq. (2) is accurate for a wide range of ¢ /r,
Cs/t, w/r and 6,. The maximum error is about
5% or less for most of the cases, except for a few
configurations where the error could be as high as
7%.

8.2 Comparison with Young and Lee’s Design
Equation

In 1993, Young and Lee proposed a design
equation based on their FE analyses and British
Aerospace’s experimental design equation for the
width effect. The K; equation is represented by
K;,, and is given by

(Kcg (Cs /1))y, x (Kw(w/T))y,

K, (20)
where

(K, (Cy /1))y, = 0.959+0.673 (Cy /1)

(Kw(w/r))y, =
14.21 —7.48(w/r)+1.765(w/r)*—0.1413(w/r)?
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Note that K;,, is not a function of #/r and 6,, and
limited to w/r < 5. This equation was intended
for aircraft joint configurations. The Eq. (2) and
Young and Lee’s Eq. (5) were compared for four
plate thicknesses, namely, 7 /r=0.5, 1, 2 and 4, for
a wide range of w/r, (Cs/t) and 6, = 100°. Only
the comparison for 7/r = 1 is presented in Figs.
38. From this comparison, it can be concluded
that the two K; equations differ widely and this
difference may be as small as ‘zero’ or as large
as 55%. Because the present K; equation is based
on an accurate FE model results and a detailed
analysis, Eq. (2) is believed to be accurate.

8.3 Comparison of FE with Cheng’s Experi-
ment

Because K; Eq. (2) was developed using config-
urations different from those in Cheng’s experi-
ment, therefore the equation is verified by com-
paring it with FE results for these configurations.
Cheng’s experimental configurations and the as-
sociated FE results are listed in Table 1. The dif-
ference between FE results and the K; equation
are listed in Table 7. The difference is less than
5% except for very thick plate (1 /r = 5.79), where
the difference is about 5.9%. Thus, K; Eq. (2) is
accurate and can be used for a wide range of coun-
tersunk hole configurations in a plate subjected to
tensile loading.

9 Conclusions

A detailed three-dimensional finite element stress
analysis was conducted on countersunk rivet hole
in a plate subjected to tensile loading. The anal-
ysis included a wide range of countersunk depths
(0 < Cy/t < 1), plate thicknesses (0.5 <7/r < 10),
countersink angles (60° < 6. < 130°) and plate
widths (1.5 < w/r < 15). The stress concentra-
tion K, (z), along the edge formed by the intersec-
tion of y = 0 plane and the hole boundary was an-
alyzed. The maximum value of the stress concen-
tration is the stress concentration factor K;, and its
variation with hole geometries and plate width are
assessed.

The FE results show that K; is influenced by the
countersunk angle 6., the countersunk depth ratio

(Cy/1), the thickness ratio 7/r and the width ra-
tio w/r. The K; occurs at or near the countersink.
However, for thicker plates (z/r > 2) and shallow
countersink depths (C;/f < 0.25) holes, K; occurs
slightly away from the edge (5% of ), towards the
SS portion of the hole. The K; increases monoton-
ically with plate thickness (¢ /r) and C; /1 except at
C,/t = 1 for moderately thin plates /r < 2. Both
t/r and Cs/t have a nonlinear coupled relation-
ship with K;. The countersunk angle has a very
small impact on K; for small deviations (+=10°)
from 6, = 100°. However, for large variations of
0., K; increases with 6, and this variation over the
range 60° < 6, < 130° can be approximated by
a linear equation. The K; increases with decreas-
ing w/r and it becomes infinite as w approaches
r; whereas for w/r > 6, K; is unaffected by w/r.

The present FE results also confirm the results
and trends that are observed in the literature. The
present FE results for the straight shank hole in
wide plate agree with Sternberg and Sadowsky
and Shivakumar and Newman and they also agree
with revised results of Shivakumar and Newman
for countersink holes. Because of coarse FE mesh
used in Young and Lee, the equation grossly over-
estimates K; for many cases.

Based on the FE results and the limiting condi-
tions of configurations, a general K; equation for
SCF was developed. The equation is given by

K =
Kss(t/r) X Keg (Cs/t,t/r) x Ky (w/r) X Ky, (6,)
r 0.6
KSS(Z‘/F) = 1+%
—r/w)?
KH(W/"') = Zt(_l(r/fv))
and

Kec(ec)—{uw}

Ki@0,=1000

The K; equation is accurate within 5% of the finite
element data for a wide range of widths, counter-
sunk depths, plate thicknesses and 6., except for
a few cases where the error could be as large as
7%. Young and Lee’s equations varied consid-
erably from the present equation. The difference
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Table 7: Verification of Present K; Eq. (2) for Cheng’s Experimental Models

Model# 0. Degrees [—— AK’ B @ %Diff.= K—l% x 100
1 60 3.79 4.39 4.0
2 80 4.07 448 43
3 82 4.10 4.58 5.9
4 82 4.02 4.39 4.1
5 82 4.02 4.26 1.8
6 82 4.34 4.78 2.6
7 90 4.11 4.39 4.0

may be as small as zero or as large as 55%. In
summary, the stress concentration equation pre-
sented in this paper is general, accurate, and sat-
isfies all limiting cases.
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