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A Modified Multiscale Model for Microcantilever Sensor
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Abstract: In this paper, an existed model for
adsorption-induced surface stress is modified with
physical clarity, based on the equilibrium of force.
In the proposed multiscale model, a four-atom
system is used, instead of the existed three-atom
system which did not consider the force equilib-
rium. By analyzing the force state of an atom,
the thickness of the first layer atoms can be deter-
mined. Thus, the proposed model does not need
to determine the layer-thickness by experiments
or artificially. The results obtained from the pro-
posed model agree very well with the experimen-
tal data. This paper is helpful to investigate the
atomistic theory of the microcantilever sensor.
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1 Introduction

The microcantilever detection approach has at-
tracted much attention as it can detect the
biomolecules by measuring the deflection of
the bending microcantilever (Shekhawat, Tark,
Dravid, 2006). The bending of the microcan-
tilever is induced by the adsorption of atoms on
a single side of the microcantilever (Chen, Thun-
dat, Wachter, Warmack, 1995). The origin of
the nanoscale bending of the microcantilever is
due to the change in surface stress induced by
adsorption. The exact atomistic mechanism of
adsorption-induced bending is still on the way.
Recently, multiscale methods (Chen, et al., 2007;
Ma, et al., 2006; Mebatsion, et al., 2006; Park, et
al., 2006; Haasemann, et al., 2006; Hasebe, 2006;
Kaczmarczyk, 2006; Li, et al., 2006; Dawson,
et al., 2005; Kadowaki, Liu, 2005; Shen, Atluri,
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2004b, c; Tewary, Read, 2004) have been exten-
sively studied since its advantages over the con-
tinuum method and the molecular dynamics: it is
more accurate than the continuum method, mean-
while it is computationally cheaper and more ef-
ficient than the molecular dynamics. By means of
a multiscale method, Dareing and Thundat (2005)
explained the deflection of the microcantilever in
terms of the atomic potential energy and the elas-
tic energy. They proposed a simulation model for
adsorption-induced stresses based on the atomic
interaction, in which the minimum of the total po-
tential energy is used to define the relationship
between the curvature of the microcantilever and
the adsorption of the atoms. The total potential
energy is the potential energy of a selected sys-
tem, which consists of the atomic potential and
the elastic bending potential.

In this paper, the model proposed in Dareing and
Thundat (2005) is modified with physical clarity,
based on the force equilibrium. In the proposed
model, a four-atom system is used, instead of the
three-atom system which is employed in the ex-
isted model. By analyzing the force state of an
atom, the thickness of the first layer atoms can
be determined. Thus, this model avoids to deter-
mine the layer-thickness by experiments or artifi-
cially. It is readily to find that the results from the
proposed model agree very well with the experi-
mental data. This paper is helpful for people to
investigate the atomistic mechanism of the micro-
cantilever detection.

2 The Modified Model

Similar to Dareing and Thundat (2005), the modi-
fied model is still based on the energy potential in
the first layer of atoms attached to one surface of
a microcantilever and the elastic potential in the
microcantilever itself. Experiments show that the
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first atomic layer on the cantilever surface plays a
dominate role in microcantilever deflection (Mar-
tinez, Augustyniak, Golovchenko, 1990; Schell-
Scorokin, Tromp, 1990). In our modified model,
atoms are located on the microcantilever surface
as depicted in Fig. 1. The Lennard-Jones po-
tential is employed to describe the interaction be-
tween atoms in the adsorbed film and the micro-
cantilever:

w(r) = − A
r6 +

B
r12 (1)

where r is the distance between atoms. The dis-
tance b between two atoms in the beam is known
for certain atoms. The distance a between the
adsorbed film and the microcantilever, i.e. the
layer-thickness, will be determined according to
the force equilibrium of each atom in the film.
However, in the existed model, the layer-thickness
a was determined by experiments or artificially.

According to the Lennard-Jones potential (1), the
force between two atoms can be obtained as

F(r) = −∂w(r)
∂ r

= −6A
r7 +

12B
r13 (2)
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Figure 1: Atoms on the microcantilever surface

For the atom B, the force equilibrium along the
direction BE can be written as

F(rBD)cosϕ +F(rBF )cosϕ +F(rBE) = 0 (3)

Thus, by substituting Equation (2) into Equation
(3), the thickness a of the adsorbed film (atomic
monolayer) can be determined according to the
following equation
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a2 +b2
)7 +

12B(√
a2 +b2

)13

⎤
⎥⎦ a√
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− 6A
a7 +

12B
a13 = 0 (4)

where A and B are the Lennard-Jones constants.

To determine the deflection of the microcan-
tilever, the energy transfer between the atomic en-
ergy and the bending energy should be considered
(Ibach, 1997; Raiteri, Grattarola, Butt, Skladal,
2001), by minimizing the sum of the Lennard-
Jones potential and the elastic energy in the mi-
crocantilever, similar to that in Dareing and Thun-
dat (2005). The chemically homogeneousness of
the surface of the microcantilever leads the uni-
form distribution of the adsorbate atoms over the
surface. As indicated before, the second and
higher layers of atoms play a minor role in de-
flecting the microcantilever. A representative unit
of the microcantilever consists of four atoms, with
the length b, which is the atomic space between
two atoms, as shown in Fig. 2.
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Figure 2: The deflected cantilever and the repre-
sentative unit

The atomic potential of the representative unit,
Ur, in terms of the beam curvature 1/R per the
Lennard-Jones potential can be expressed as

Ur =w(rAB)+w(rAE)+w(rBD)

+
1
2

w(rAD)+
1
2

w(rBE)

=2

⎛
⎜⎝ −A{

a2 +[b− (z+ z′)]2
}3

+
B{

a2 +[b− (z+ z′)]2
}6

⎞
⎟⎠

(5)
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− A

(b− z)6 +
B

(b− z)12 −
−A
a6 +

B
a12

where

z = φ (a+c) , z′ = φc, φ = b/R

According to the beam theory, the elastic bend-
ing potential, Ub, of the representative unit can be
written as

Ub =
1
2

EI

(
1
R

)2

b (6)

The equilibrium configuration is determined by
minimizing the total potential energy

U = Ur +Ub

Thus, we have

dU
d (c/R)

= 0 (7)

The above equation can be rewritten as
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By solving the above equation, we can obtain c/R,
which defines the curvature of the microcantilever
beam. Then, the transverse deflection of the end
of the cantilever can be determined by

W = R(1−cosθ ) (8)

where θ = l
R with l the length of the cantilevel.

Now, we turn to illustrate why the microcantilever
can be used as a sensor. The effects of the magni-
tude of the two Lennard-Jones constants A and B
on the beam curvature, c/R, can be used to evalu-
ate the type of the adsorbates attached to the can-
tilever surface, since the physical property of the

Figure 3: The effect of constant A on the beam
curvature, B=1.0Jm12×10134

adsorbates is determined by the parameters A and
B. This is the mechanism of the microcantilever
sensor.

Consider a typical microcantilever beam
of 200μm length, with the cross section
30μm×1μm. The Young’s modulus is taken
to be 1.79×1011Pa. The distance between two
atoms on the surface is b=0.5nm. Figs. 3 and
4 show the influences of the Lennard-Jones
constants A and B on the curvature, respectively.
From these figures, it can be concluded that the
beam curvature increases with the parameter A
while it reduces with increases in the parameter
B. This is physically reasonable since the pa-
rameter A represents the attractive effects and the
parameter B represents the repulsive effects.

3 Validation of the Model

This modified model is validated by comparing
the simulated results with the experimental data in
Dareing and Thundat (2005). In that experiment,
mercury vapor was adsorbed on the cantilever sur-
face, which has 40-nm-thick layer of gold. The
V-shaped cantilever is with 200μm length, 40μm
width per leg, and 0.7μm thickness. The micro-
cantilever is completely covered with a monolayer
of mercury, the deflection of the beam is about
W=300μm.

For mercury, A=2.8377 ×1077Jm6, B=
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Figure 4: The effect of constant B on the beam
curvature, A=1.0Jm6×1077

1.943×10134Jm12. The Lennard-Jones con-
stants between gold and mercury are assumed to
be the same as mercury-mercury. The Young’s
modulus is 1.79×1011Pa, and b=0.4nm.

From the modified model proposed in this pa-
per, the beam curvature can be determined as
c/R=4.9671×106. The corresponding tip deflec-
tion of the cantilever is W =284nm, which agrees
very well with the experimental result. Compared
with the predicted result (W =269nm) in Dareing
and Thundat (2005), this result is closer to the
measured deflection data.

4 Conclusions

We modified the model proposed by Dareing and
Thundat (2005) for adsorption-induced stress due
to molecular adsorption on a microcantilever sur-
face, with physical clarity, based on the force
equilibrium. The modified model consists of four
atoms, which is more reasonable than the three-
atom system employed in the existed model. This
model determines the thickness of the monolayer
by analyzing the force equilibrium of an atom,
unlike in the existed model, where the layer-
thickness is determined by experiments or arti-
ficially. The result from the proposed model in
this paper agrees better with the experimental data
than that from the existed model. This paper sheds
light on the atomistic mechanism of the micro-

cantilever sensor. By combining with the multi-
scale method in Shen and Atluri (2005, 2004a),
the more accurate mechanism and more complex
molecular adsorption of the microcantilever sen-
sor can be explored. Also, some other multiscale
methods (Liu, et al., 2007; Wallstedt, Guilkey,
2007; Ma, et al., 2005; Chung, et al., 2004) can
be applied to investigate this problem.
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