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A Simple Locking-Alleviated 4-Node Mixed-Collocation
Finite Element with Over-Integration, for Homogeneous

or Functionally-Graded or Thick-Section Laminated
Composite Beams
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Abstract: In this study, a simple 4-node locking-alleviated mixed finite element
(denoted as CEQ4) is developed, for the modeling of homogeneous or function-
ally graded or laminated thick-section composite beam structures, without using
higher-order (in the thickness direction) or layer-wise zig-zag theories of compos-
ite laminates which are widely popularized in current literature. Following the
work of [Dong and Atluri (2011)], the present element independently assumes a
5-parameter linearly-varying Cartesian strain field. The independently assumed
Cartesian strains are related to the Cartesian strains derived from mesh-based Carte-
sian displacement interpolations, by exactly enforcing 5 pre-defined constraints at
5 pre-selected collocation points. The constraints are rationally defined to capture
the basic kinematics of the 4-node element, and to accurately model each deforma-
tion mode of tension, bending, and shear. A 2 by 2 Gauss quadrature is used when
each element is used to model a piece of a homogeneous material or structure,
but over-integration (using a higher-order Gauss Quadrature, a layer-wise Gauss
Quadrature, or a simple Trapezoidal Rule in the thickness direction) is necessary
if functionally-graded materials or thick-section laminated composite structures
are considered. Through several numerical examples, it is clearly shown that the
present CEQ4 is much more accurate than the well-known Pian-Sumihara (1984)
element as well as the primal four-node element, for the modeling of homogeneous
beams. For functionally-graded materials, the presently-developed element can ac-
curately capture the stress distribution even when very few elements are used; but
the Pian-Sumihara element fails, because the assumption of linearly-varying stress-
field is generally invalid unless a very fine mesh is used in the thickness direction.

1 Department of Engineering Mechanics, Hohai University, China.
2 King Abdulaziz University, Jeddah, Saudi Arabia.
3 Center for Aerospace Research & Education, University of California, Irvine, Distinguished Ad-

junct Professor, KAU, Saudi Arabia.



50 Copyright © 2014 Tech Science Press CMC, vol.40, no.1, pp.49-77, 2014

For thick-section laminated composite beams, reasonably accurate solutions (for
axial as well as transverse stresses) are obtained even when only one CEQ4 element
is used in the thickness direction. Without using higher-order theories or layer-wise
zig-zag assumptions for displacement or stress fields in the thickness direction, for
thick-section laminates, the present method can accurately compute the jumps in
axial stresses at the interfaces of layers. Extension of the present CEQ4 concept to
C0 elements of higher-order, for plates and shells as well as for multi-physics will
be pursued in future studies.

Keywords: mixed FEM, collocation, beam, functionally-graded material, thick-
section composite laminates

1 Introduction

1.1 Locking of low-order isoparametric primal elements

It is known that primal finite elements, based on low-order isoparametric displace-
ment interpolations, suffer from shear locking for beam-shaped structures. This
is mainly because of the incompleteness of FEM displacement interpolations, as
well as the incompleteness of the strains derived from the interpolated displace-
ment fields. Consider a four-node quadrilateral element as an example (see Fig. 1),
wherein the physical Cartesian coordinates as well as the Cartesian displacement
components are interpolated using the same Lagrange shape functions:

xi = x(1)i N(1)+ x(2)i N(2)+ x(3)i N(3)+ x(4)i N(4)

ui = u(1)i N(1)+u(2)i N(2)+u(3)i N(3)+u(4)i N(4)

N(1) = (1−ξ
1)(1−ξ

2)/4

N(2) = (1+ξ
1)(1−ξ

2)/4

N(3) = (1+ξ
1)(1+ξ

2)/4

N(4) = (1−ξ
1)(1+ξ

2)/4

(1)

where the subscript i (=1,2) denotes the index of the Cartesian coordinates, and the
superscripts 1 to 4 denote the nodes of the 4-node isoparametric element.
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From such a mesh-based interpolation, we have:

∂x1

∂ξ 1 = a1 +a2ξ
2,

∂x2

∂ξ 2 = b3 +b2ξ
1

∂x1

∂ξ 2 = a3 +a2ξ
1,

∂x2

∂ξ 1 = b1 +b2ξ
2

∂u1

∂ξ 1 = α1 +α2ξ
2,

∂u2

∂ξ 2 = β3 +β2ξ
1

∂u1

∂ξ 2 = α3 +α2ξ
1,

∂u2

∂ξ 1 = β1 +β2ξ
2

(2)

where:

 a1 b1
a2 b2
a3 b3

= 1
4

 −1 1 1 −1
1 −1 1 −1
−1 −1 1 1




x(1)1 x(1)2

x(2)1 x(2)2

x(3)1 x(3)2

x(4)1 x(4)2


 α1 β1

α2 β2
α3 β3

= 1
4

 −1 1 1 −1
1 −1 1 −1
−1 −1 1 1




u(1)1 u(1)2

u(2)1 u(2)2

u(3)1 u(3)2

u(4)1 u(4)2


(3)

The Cartesian strain components are derived by using the following chain rule:

εi j =
1
2

(
∂ui

∂x j
+

∂u j

∂xi

)
=

1
2

(
∂ui

∂ξ k
∂ξ k

∂x j
+

∂u j

∂ξ k
∂ξ k

∂xi

)
(4)

where repeated indices indicate summation.

From Eq. (2), we clearly see that, ∂u1
∂ξ 2 ,

∂u2
∂ξ 1 are “locked” to ∂u1

∂ξ 1 ,
∂u2
∂ξ 2 respectively,

because of the shared coefficients α2,β2. Thus, it is impossible to have a linearly-
varying bending strain in the element without producing shear strains. This leads
to the so-called phenomenon of “shear locking”. Typically primal four-node ele-
ments are “too stiff” for bending, and a very fine mesh is necessary if beam-shaped
structures are to be modeled.

1.2 Selective reduced-order integrations

Equations for primal FEMs are derived from the symmetric Galerkin weak-form
or the equivalent principle of minimum potential energy, see [Atluri (2005); Dong,
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Alotaibi, Mohiuddine and Atluri (2014)]:

∑
e

keqe = ∑
e

fe

ke =
∫
Ωe

BTDBdΩ

fe =
∫
Se

t

NT t̄dΩ+
∫
Ωe

NT b̄dΩ

(5)

where ke, fe,qe are element stiffness matrix, load vector, and displacement vector
respectively. N is the shape function for displacement interpolations, B is the de-
rived matrix for strain interpolations, D is the matrix of elastic stiffness. And t̄, b̄
represent applied tractions and body forces respectively.

For a homogeneous-material 4-noded quadrilateral element, it is clear that at least
a 2 by 2 Gauss quadrature is necessary to exactly-evaluate ke. However, be-
cause fully-integrated 4-node elements are too stiff for bending problems, selective-
reduced-order integrations are typically used in commercial FEM codes to improve
their performance. This method firstly decomposes

∫
Ωe

BTDBdΩ into a shear part ke
s

and a dilatational part ke
d. Then ke

d is evaluated with 2 by 2 Gauss quadrature, and
ke

s is evaluated with 1 point quadrature. For homogeneous and isotropic materials,
such a decomposition is simple, by expressing the strain energy density function
using Lamé constants. For anisotropic materials, the decomposition of strain en-
ergy density into dilatational and shear parts is not straight-forward, see [Hughes
(1980)]. Moreover, if each element represents a piece of an inhomogeneous mate-
rial, such as the functionally-graded or a thick-section laminated composite beam
considered in this study, over-integration is necessary instead of under-integration.
In this sense, rigorously formulated hybrid and mixed finite elements are more
favorable as compared to the numerical tricks of reduced-order integrations, to al-
leviate shear-locking in 4-noded quadrilaterals.

1.3 Hybrid & mixed finite elements

In order to overcome the shear locking, hybrid and mixed elements independently
assume a stress/strain/displacement field, and derive FEM stiffness matrices using
multi-field variational principles, see [Pian (1964); Atluri (1975); Atluri, Gallagher
and Zienkiewicz (1983)]. One of the most popular is the hybrid-stress type of
element, see [Pian (1964); Pian and Chen (1983); Rubinstein, Punch and Atluri
(1983); Pian and Sumihara (1984); Punch and Atluri (1984); Xue, Karlovitz and
Atluri (1985); Pian and Wu (1988)]. Among the many variants of four-node hybrid-
stress elements developed by Pian, the Pian-Sumihara (1984) element is currently
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considered to be among the best-performing four-noded elements. Through a ge-
ometrical perturbation analysis, [Pian and Sumihara (1984)] concluded that it is
rational to assume the following distribution of Cartesian stress components within
the element:

σ11
σ22
σ12

=

 1 0 0 a2
1ξ 2 a2

3ξ 1

0 1 0 b2
1ξ 2 b2

3ξ 1

0 0 1 a1b1ξ 2 a3b3ξ 1


 γ1

...
γ5

 (6)

However, this is exactly equivalent to assuming the following distribution of the
contra-variant components of the stress tensor, as independently given in [Xue,
Karlovitz and Atluri (1985)]:

σ̂11

σ̂22

σ̂12

=

 1 0 0 ξ 2 0
0 1 0 0 ξ 1

0 0 1 0 0


 γ1

...
γ5

 (7)

where σi j = σ̂αβ (ĝα · ei)
(
ĝβ · e j

)
, with ei being the Cartesian base vector, and ĝα

being the co-variant vase vector evaluated at the center of the element.

Rewriting the stress-field assumption as σ = Pγ , the stiffness matrix of the hybrid-
stress element can be obtained by using Reissner’s variational principle [Reissner
(1950)]:

ke = GT H−1G

H =
∫
Ωe

PT D−1PdΩ

G =
∫
Ωe

PT BdΩ

(8)

Numerical examples have shown that the Pian-Sumihara element performs excel-
lently for homogeneous isotropic beams if undistorted rectangular elements are
used. But its accuracy is reduced when the mesh is significantly distorted. Many
later works have tried to improve the Pian-Sumihara element by using different in-
dependently assumed fields, and different variational set-ups, see [Simo and Rifai
(1990); Weissman and Taylor (1992); Yuan, Huang and Pian (1993)]. However,
very similar results were obtained by all these researchers for a four-node quadri-
lateral element.

Moreover, if we consider varying material properties within each element, such as
functionally graded materials or thick-section laminated composite materials, the
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assumption of linear stress distribution is generally invalid if a coarse mesh is used.
It is shown in the numerical examples of this study, that the Pian-Sumihara element
fails for functionally graded materials and laminated structures, even in the most
simple problem of pure tension. With this being understood, it is clear that assumed
linearly-varying strains are more favorable than assumed stresses.

Another disadvantage of the current variational frameworks for hybrid/mixed ele-
ments is their questionable stability, because continuous Lagrange multiplier test
functions are used to enforce the compatibility between the independently assumed
stress/strain fields and those derived from mesh-based displacement inter-polations.
Brezzi (1974) analyzed the existence, uniqueness, stability and convergence of sad-
dle point problems and established the so-called LBB conditions. Inability to sat-
isfy LBB conditions a-priori, in general would plague the solvability and stability
of hybrid/mixed finite element equations. [Rubinstein, Punch and Atluri (1983);
Punch and Atluri (1984); Xue, Karlovitz and Atluri (1985)] used sophisticated
group theories to develop guidelines for selecting least-order stress interpolations
which satisfy the LBB conditions for an undistorted element. For distorted ele-
ments, there is generally no rational approach to satisfy the LBB condition a-priori.

In this study, we develop a new type of four-node quadrilateral element, which we
denote as “CEQ4”. We demonstrate that, without using any multi-field variational
principle or selective reduced-order integration, the CEQ4 gives much more accu-
rate locking-alleviated and distortion-insensitive solutions than the Pian-Sumihara
element for the modeling of homogeneous beams. We then combine CEQ4 with
over-integration in the thickness direction, to model the deformation of functionally-
graded or laminated thick composite beams. It is shown that, without using higher-
order theories [Lo, Christensen, and Wu (1977); Reddy and Robbins (1994)] or
zig-zag displacement/stress assumptions [Carerra (2003)], the present CEQ4 can
reasonably capture the correct distributions as well as jumps of in-plane stresses in
the thickness direction, for functionally-graded or thick-section laminated beams,
even if only a few elements are used. By using the equilibrium equations of elas-
ticity, the transverse normal and shear stresses for thick-section laminates can be
computed easily, from the computed in-plane stresses and their variation in the
thickness direction. Detailed formulations and numerical examples are presented
in the next 2 sections.
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2 Detailed Formulation for the Present Locking-Alleviated, Almost-Distortion-
Insensitive, 4-Node Planar CEQ4 Element:

2.1 Independently assumed strain field

It is postulated in the present paper that, instead of using assumed stresses, assumed
strains are of fundamental interest for the development of FEMs. Thus, the local
Cartesian components of the strain tensor are independently assumed as:

ε∗11
ε∗22

2ε∗12

=

 1 0 0 x̄2 0
0 1 0 0 x̄1
0 0 1 0 0


 γ1

...
γ5

 (9)

In Eq. (9), x̄1− x̄2 is a local Cartesian coordinate system with its origin located at
the center of the element. Thus, the local direct strains are assumed to be varying
linearly with respect to Cartesian coordinates, in order to capture the basic bending
deformation modes of the element, and the local shear strain is assumed to be a
constant.

We further rewrite (9) in a matrix-vector notation for convenience:

ε
∗= Aγ (10)

2.2 Enforcing the compatibility between the independently assumed strain and
displacement fields

It is also understood that if a two-field variational principle is used to enforce the
compatibility between the independently assumed ε∗i j, and the εi j derived from the
mesh-based displacement interpolations, the developed FEM will be plagued by
the LBB condition. In [Dong and Atluri (2011)], it was proposed to enforce the
compatibility between ε∗i j and εi j at a set of pre-selected collocation points. Similar
methods were used in the context of Mesheless-Local Petrov Galerkin approaches
in [Atluri, Han and Rajendran (2004); Avila, Han and Atluri (2011)].

In the work of [Dong and Atluri (2011)], the following 5 collocation points are
preselected to relate γ1, . . . ,γ5 to nodal displacements (see Fig. 1):

A : ξ
1 = 0, ξ

2 =− 1√
3

; B : ξ
1 = 0, ξ

2 =
1√
3

;

C : ξ
1 =− 1√

3
, ξ

2 = 0; D : ξ
1 =

1√
3
, ξ

2 = 0;

E : ξ
1 = 0, ξ

2 = 0.

It should be noted that, A,B are the quadrature points of two-point Gauss integration
along the axis ξ 2, C,D are the quadrature points of two-point Gauss integration
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 Figure 1: CEQ4: enforces 5 pre-defined constraints at 5 preselected collocation
points.

 
(a) 

 
(b) 

 
Figure 2: (a) Stretch of an infinitesimal fiber (b) Change of the angle between two
infinitesimal fibers.
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along the axis ξ 1, and E is the quadrature point of one-point Gauss integration for
the element. [Dong and Atluri (2011)] simply enforce ε∗11 = ε11 at A,B, ε∗22 = ε22
at C,D, and enforce ε∗12 = ε12 at E. Although the LBB conditions are avoided,
the performance of the thus developed elements was similar to earlier hybrid-stress
versions. In this study, we define a set of more rational collocation equations, to
improve the performance of the derived elements.

The fundamental idea is to capture the basic kinematics of the 4-node element, to
accurately model each deformation mode of tension, bending, and shear. In order
to do this, we first study the infinitesimal deformation of an infinitesimal fiber
ABin Fig. 2(a). As illustrated in many textbooks of solid mechanics, such as [Fung
and Tong (2001)], the ratio of stretch in the direction of the fiber’s axis can be
calculated as:

δ AB

lAB =

(
uB−uA

)
·nAB

lAB = nAB · ε ·nAB

= ε11nAB
1 nAB

1 + ε22nAB
2 nAB

2 +2ε12nAB
1 nAB

2

(11)

where lAB denotes the length of AB, δ AB denotes the stretch of the fiber in the axial
direction, and nAB denotes the unit vector in the direction of AB .

Similarly, for the infinitesimal deformation of two infinitesimal fibers AB and AC,
the change in the angle between the two fibers is:

∆θ
CAB =ε11

(
nAB

1 nAB
2 −nCD

1 nCD
2
)
+ ε22

(
nCD

1 nCD
2 −nAB

1 nAB
2
)

+2ε12
(
nCD

1 nCD
1 −nAB

1 nAB
1
) (12)

Thus in order to model the basic kinematics modes of the four-node element, the
following scheme of collocation is used in this study:

At point A :

ε
∗
11nA1A2

1 nA1A2
1 + ε

∗
22nA1A2

2 nA1A2
2 +2ε

∗
12nA1A2

1 nA1A2
2

= ε11nA1A2
1 nA1A2

1 + ε22nA1A2
2 nA1A2

2 +2ε12nA1A2
1 nA1A2

2

At point B:

ε
∗
11nB1B2

1 nB1B2
1 + ε

∗
22nB1B2

2 nB1B2
2 +2ε

∗
12nB1B2

1 nB1B2
2

= ε11nB1B2
1 nB1B2

1 + ε22nB1B2
2 nB1B2

2 +2ε12nB1B2
1 nB1B2

2

At point C :

ε
∗
11nC1C2

1 nC1C2
1 + ε

∗
22nC1C2

2 nC1C2
2 +2ε

∗
12nC1C2

1 nC1C2
2

= ε11nC1C2
1 nC1C2

1 + ε22nC1C2
2 nC1C2

2 +2ε12nC1C2
1 nC1C2

2
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At point D:

ε
∗
11nD1D2

1 nD1D2
1 + ε

∗
22nD1D2

2 nD1D2
2 +2ε

∗
12nD1D2

1 nD1D2
2

= ε11nD1D2
1 nD1D2

1 + ε22nD1D2
2 nD1D2

2 +2ε12nD1D2
1 nD1D2

2

At point E:

ε
∗
11

(
nE1E2

1 nE1E2
2 −nE3E4

1 nE3E4
2

)
+ ε
∗
22

(
nE3E4

1 nE3E4
2 −nE1E2

1 nE1E2
2

)
+2ε

∗
12

(
nE3E4

1 nE3E4
1 −nE1E2

1 nE1E2
1

)
= ε11

(
nE1E2

1 nE1E2
2 −nE3E4

1 nE3E4
2

)
+ ε22

(
nE3E4

1 nE3E4
2 −nE1E2

1 nE1E2
2

)
+2ε12

(
nE3E4

1 nE3E4
1 −nE1E2

1 nE1E2
1

)
where the points A1,A2,B1,B2,C1,C2,D1,D2,E1,E2,E3,E4 are denoted in Fig. 1.
For example, A1A2 represents the line of ξ 2 = − 1√

3
, which passes through the

collocation point A.

With these 5 equations, the five parameters of γ1, · · ·γ5 are determined as:

γ = Cq (13)

The strain fields are thus related to the nodal displacements by:

ε
∗= ACq = B∗q (14)

The stiffness matrix is determined from the strain energy stored in the element:

ke=
∫
Ωe

B∗T DB∗dΩ (15)

The presently developed four-node quadrilateral element is denoted as CEQ4.

2.3 Some remarks on CEQ4

Remark 1: For the assumed linearly-varying strain filed, one can find an equivalent
displacement field:

{
u∗1
u∗2

}
=

[
x̄1 0 0.5x̄2 x̄1x̄2 −0.5x̄2

2
0 x̄2 0.5x̄1 −0.5x̄2

1 x̄1x̄2

] γ1
...

γ5

+{ ū1
ū2

}
(16)

where ū1, ū2 represent rigid-body displacements. Thus, one can also relate γ1, · · ·γ5
to q1, . . . ,q8 by enforcing that: (1) the axial stretch of A1A2, B1B2, C1C2 and D1D2,
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(2) the change of the angle between E1E2 and E3E4, derived independently from u∗i
and ui, should be exactly the same, under the assumption of infinitesimal strains.

Without much derivation, one can verify that this method is entirely equivalent to
the assumed strain formulation with the collocation scheme presented in the last
subsection.

Remark 2: Because of the assumption of linearly-varying strain fields, it is obvious
that a 2 by 2 Gauss quadrature is necessary if each element is used to model a
piece of a homogeneous material. However, if a non-homogeneous material within
the element is considered, such as functionally-graded materials or thick-section
laminated composites, we can use “over-integration” to accurately compute the
stiffness matrix. For continuously graded materials, 3 by 3 Gauss quadrature is
good enough. However, for very-thick laminates, it is more convenient to either
use a layer-wise 2 by 2 Gauss quadrature, or use a simple Trapezoidal rule in the
thickness direction, with the number of sampling points depending on the number
of plies in the thickness, to evaluate the stiffness matrix of the element.

Remark 3: If only a few elements of CEQ4 are used to model thick-section beams,
the transverse normal and shear stresses directly computed by Eq. (9) may be
inaccurate. In this study, following the work of [Timoshenko and Goodier (1970)],
we use a stress-recovery approach to compute the distribution of transverse stresses,
by considering the equilibrium equations of linear elasticity. With bending stresses
σxx computed by Eq. (9), the distribution of transverse stresses can be obtained by
numerically evaluating:

σxy =−
∫ y

y0

σxx,xdy

σyy =−
∫ y

y0

σxy,xdy
(17)

where y = y0 denotes the lower edge of the beam. By several numerical exam-
ples in section 3, it is demonstrated that this approach gives excellent solutions for
transverse stresses, even for very-thick-section laminated beams.

3 Numerical Examples

3.1 Homogeneous cantilever beams

In this subsection, we consider an isotropic and homogeneous cantilever beam sub-
jected to a unit bending load or a unit shear force at the free-end. As shown in Fig.
3, the length and height of the beam is 5 and 1 respectively. A plane stress con-
dition is considered, with Young’s modulus E = 1.0 and Poisson’s ratiov = 0. An
exact solution for this problem is given in [Timoshenko and Goodier (1970)]. We
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Figure 3: A homogeneous cantilever beam subjected to a bending load or a shear
force at the free-end, modeled by 2 distorted elements.

Figure 4: Computed vertical displacement at point A of the homogenous cantilever
beam subjected to bending load.
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Figure 5: Computed bending stress at point B of the homogenous material can-
tilever beam subjected to bending load.

Figure 6: Computed vertical displacement at point A of the homogenous cantilever
beam subjected to shear load.
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Figure 7: Computed bending stress at point B of the homogenous material can-
tilever beam subjected to shear load.

Figure 8: Computed transverse shear stress of the homogenous material cantilever
beam subjected to shear load.
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solve this problem with different meshes, in order to study the sensitivity of various
methods to mesh distortion. The distortion ratio is defined by the ratio of lengths of
the lower and upper two edges of the first element, i.e. 2.5+e

2.5−e . 2 by 2 Gauss quadra-
ture is used for evaluating the stiffness matrix of each element. The computed
vertical displacement at point A, and the bending stress at point B, are normalized
to the exact solution, and are shown in figures 4-7. It is clearly seen that the pri-
mal four-node element suffers severely from locking. The Pian-Sumihara element
and the present CEQ4 element can both yield very accurate solutions when perfect
rectangular elements are used. However, when elements are severely-distorted, the
present method gives much higher accuracy than the Pian-Sumihara element. The
distribution of shear stresses are also computed using the stress-recovery approach
as discussed in section 2.3. Two undistorted elements are used, and the transverse
shear stress, which is invariant with respect to x, is plotted against y in figure 8.
Accurate computed results are obtained as compared to the exact solution of [Tim-
oshenko and Goodier (1970)].

3.2 Functionally-graded materials

In this subsection, we study structures composed of functionally-graded materials.
The first example is a functionally-graded square plate subjected to a tensile load
along the upper side. The analytical solution for this problem is given in [Kim
and Paulino (2002)]. As shown in Fig. 9, the plate has a unit height, width, and
thickness. A plane stress condition is considered. The Young’s modulus is expo-
nentially varying in the x direction, i.e. E = eβx,β = log5 . Thus, we have E = 1
at the left side, and E = 5 at the right side. We also consider v = 0 for illustration
purposes. This problem is solved by using the primal quadrilateral element, the
Pian-Sumihara element, and the mixed-collocation element (CEQ4) presented in
this study. The plate is modeled by only one element. Because of the exponen-
tially varying material parameters, 3 by 3 Gauss quadrature is used for evaluating
the stiffness matrix. The computed vertical displacement along the upper side,
and computed tensile stress along the lower side, are given in Figs. 10-11. It is
shown that, even for this most simple problem, the stress distribution is not linearly
varying. Thus the Pian-Sumihara element yields large computational errors for the
stress distribution. On the other hand, exact solution is obtained by the assumed
strain mixed collocation element presented in this study.

We also consider a functionally graded cantilever beam subjected to a unit bending
load or a unit shear force at the free end. As shown in Fig. 12, the length and
thickness of the beam are 5 and 1 respectively. Young’s modulus is exponentially
varying in the y direction, i.e. E = eβy,β = log5. Thus we have E = 1 at the lower
side, and E = 5 at the upper side. We also consider that v = 0 for this problem.
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 Figure 9: A functionally-graded square plate subjected to a uniform tensile load,
modeled by 1 element.

Figure 10: Computed vertical displacement along the upper edge of the square
plate.
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Figure 11: Computed tensile stress along the lower edge of the square plate.

 Figure 12: A functionally-graded cantilever beam subjected to a bending load (by
1 element) or a shear force (by 5 elements).
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Figure 13: Computed bending stress along the left side of the functionally-graded
cantilever beam (pure bending case).

Figure 14: Computed bending stress along the line x = 0.5 (mid-span of the first
element) of the functionally-graded cantilever beam (end-shear case).
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Figure 15: Computed shear stress of the functionally-graded cantilever beam (end-
shear case).

For the pure bending case, we use merely one element to solve the problem, with
3 by 3 Gauss quadrature to evaluate the stiffness matrix. The computed bending
stress along the left side is given in Fig. 13, as compared to the analytical solution
of [Kim and Paulino (2002)]. Because of shear-locking, primal FEM gives mean-
ingless solutions. Moreover, the Pian-Sumihara element cannot accurately capture
the stress distribution because of its linear stress assumption. On the other hand,
an accurate solution is obtained by using the mixed-collocation FEM (CEQ4) pre-
sented in this study.

For the shear-load case, we use 5 even-sized elements along the length direction
to solve the problem. The computed bending stress along the line x = 0.5 (mid-
span of the first element) is compared to the analytical solution of [Zhong and Yu
(2007)], see Fig. 14. And computed transverse shear stress, which is invariant with
respect to x, is plotted against y in Fig. 15. Because of the inaccuracy of primal
FEM and the Pian-Sumihara element, only the results for CEQ4 are presented in
Fig. 14-15. Excellent agreement is found between the solution by CEQ4, and the
exact solution given in [Zhong and Yu (2007)].

3.3 Thick-section laminated composite beams

In this subsection, we consider examples of thick-section laminated beams. In
all of these examples, the Pian-Sumihara element and the primal 4-node element
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Figure 16: A simply-supported thick laminated beam subjected to sinusoidal lateral
load.

give very poor solutions unless a very fine mesh is used, thus only results by the
presently developed mixed collocation FEM are presented.

The first example is the classic problem of a 2-ply (0˚/90˚) laminated beam. Each
layer of the laminate is composed of a Graphite/epoxy composite, with the follow-
ing material parameters:

EL = 25×106 psi, ET = 1×106 psi,

GLL = 0.5×106 psi, GLT = 0.2×106 psi,

vLT = 0.25, vT T = 0.25,

where L denotes the fiber direction and T denotes the transverse direction.

The length and thickness of the beam are 12 inches and 1 inch respectively, so
that each ply is 0.5 inch in thickness. The beam is simply supported at the each
end, see Fig. 16. And it is subjected to a sinusoidal load q = q0 sin

(
πx
l

)
, where

q0 = 1 psi and l = 12 inch in this example. We solve this problem with 8 elements
in the length direction, and only 1 element in the thickness direction, using the
mixed-collocation FEM presented in this study. In Fig. 17-19, we compare the
computed normal stresses the shear stress with the analytical solution of Pagano
(1969). Excellent agreements are obtained between the numerical and analytical
solutions.

In the last example, we study a complex 50-ply ([0˚/90˚]25) simply-supported lam-
inated beam. We consider h = 1 for this laminated beam, thus each ply is 0.02
inch in thickness. And we consider two different aspect ratios: (a) l/h = 6 as a
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Figure 17: Computed in-plane normal stress at the mid-span of the 2-ply laminated
beam.

Figure 18: Computed transverse normal stress at x = 3.5 (mid-span of the third
element), of the 2-ply laminated beam.
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Figure 19: Computed shear stress at x = 1.25 (right-side of the first element), of
the 2-ply laminated thick beam.

Figure 20: Computed bending stress at the mid-span of the 50-ply laminated beam
(l/h = 6) with 8 elements by the mixed-collocation FEM (CEQ4) presented in this
study.
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Figure 21: Computed transverse shear stress at x = 0.75 (right-side of the first
element), of the 50-ply laminated beam (l/h = 6) with 8 elements by the mixed-
collocation FEM (CEQ4) presented in this study.

Figure 22: Computed bending stress at the mid-span of the 50-ply laminated beam
(l/h = 12) with 8 elements by the mixed-collocation FEM (CEQ4) presented in
this study.
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Figure 23: Computed transverse shear stress at x = 1.5 (right-side of the first el-
ement) of the 50-ply laminated beam (l/h = 12) with 8 elements by the mixed-
collocation FEM (CEQ4) presented in this study.

Figure 24: Computed bending stress at the mid-span of the 50-ply laminated beam
(l/h = 6) with 375,000 Q4 elements by NASTRAN.
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Figure 25: Computed transverse shear stress at x = 0.75 of the 50-ply laminated
beam (l/h = 6) with 375,000 Q4 elements by NASTRAN.

very-thick-section laminated beam; (b) l/h = 12 as a slightly-thick-section lam-
inate beam. The same graphite/epoxy material as in the last example is consid-
ered for each lamina, and the same sinusoidal load is applied on the upper edge
of the laminated beam. We solve both cases using only 8 elements presented in
this study. In Figs. 20-23, the computed bending stresses and transverse shear
stresses are compared to the analytical solution of Pagano (1969). It is shown
that, reasonably-accurate bending and transverse shear stresses are obtained by the
mixed-collocation FEM presented in this study. The only slight discrepancy is
that, the present method gives a linear distribution of stresses in each of the 0˚ and
90˚ lamina, while analytical solution of Pagano (1969) demonstrates a slightly-
nonlinear trend of the bending stress, for the very-thick-section laminate beam
(l/h = 6). Extension of the present 4-node element to 8-node or 9-node planar
elements should be able to give a better approximation of stress distributions, see
[Bishay and Atluri (2012)].

Moreover, for the very-thick-section laminate beam (l/h = 6), the computed bend-
ing and transverse shear stresses obtained by NASTRAN with 375,000 Q4 elements
are also plotted in Fig. 24-25. The results obtained by using NASTRAN compare
well with those obtained by using the CEQ4 presented in this study, although the
number of elements used in obtaining the results from NASTRAN is about five
orders of magnitude more than the number of CEQ4 elements.
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4 Conclusion

A four-node mixed finite element is developed, following the initial work by [Dong
and Atluri (2011)]. The present element independently assumes a 5-parameter
linearly-varying Cartesian strain field. The 5 parameters for the assumed Carte-
sian strains are related to the Cartesian nodal displacements, by enforcing a set
of predefined constraints at 5 pre-defined collocation points. A scheme of over-
integration is also proposed, for evaluating the stiffness matrices if functionally-
graded or thick-section laminated composite materials are considered. Through
several numerical examples, it is clearly shown that, the CEQ4 is much more ac-
curate than the Pian-Sumihara element for the modeling of homogeneous beams.
For functionally-graded materials, the presently-developed element can accurately
capture not only the in-plane stress distribution and its variation in the thickness
direction, but also the transverse shear stresses, even when very few elements
are used. However, the Pian-Sumihara element fails because the assumption of
linearly-varying stress-field is generally invalid for such materials, if a very coarse
mesh is used. For thick laminated composite beams, reasonably accurate solutions
are obtained even by using only 1 element of CEQ4 in the thickness direction. The
methodology presented in this paper thus provides a very simple alternative to the
complex higher-order theories and zig-zag assumptions of displacements/stresses
in the thickness direction, for thick laminates. The approach presented in this paper
can be very easily extended to study the effects of Z-Pins and stitching on inter-
laminar stresses in laminated composites, for structural applications. These, and
the extension of CEQ4 to C0 elements of higher-order, for plates and shells as well
as to multi-physics will be pursued in future studies.
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