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From Geometric Transformations to Auxetic
Metamaterials

Ligia Munteanu', Veturia Chiroiu' and Viorel Serban’

Abstract: The paper introduces a new alternative towards fabrication of auxetic
metamaterials (materials with negative Poisson’s ratio) controlled by geometric
transformations. These transformations are derived from the theory of small (in-
finitesimal) elastic deformation superimposed on finite elastic deformations. By
using this theory, a cylindrical region filled with initial deformed foam is trans-
formed through deformation into a cylindrical shell region filled with auxetic meta-
material. As an example, the realization of the seismic cloak device becomes a
practical possibility.
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1 Introduction

The primary aim of this paper is to discuss the auxetic metamaterials controlled by
geometric transformations. These geometric transformation are derived from the
theory of small (infinitesimal) elastic deformation superimposed on finite elastic
deformations [Toupin and Bernstein (1961); Bradford and Pi (2012)]. This the-
ory is used for describing the deformation of a cylindrical region filled with initial
deformed foam. Finally, a cylindrical shell region filled with auxetic metamate-
rial is obtained. Auxetic behavior (negative Poisson ratio) exists across an enor-
mous range of conditions, from near absolute zero and densities of approximately
10~ gem =3 for plasma ion crystals to above 10°K and densities of 10" gecm ™3 for
crystals [Baughman (2003); Lakes (1986, 1987, 1991)]. The term auxetic is com-
ing from the Greek word auxetos, meaning that which may be increased. The direct
effect of a negative Poisson’s ratio is to cause an expansion that decreases density
during streching. Baughman and Galvao (1993) have found a negative Poisson’s
ratio in cubic crystals when they are stretched along the [110] and [110] direction.
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Auxetic materials with lower symmetry can have giant strain amplification factors
in comparison with the non-auxetic ones [Lakes and Elms (1993); Scarpa et al.
(2005); Bezazi and Scarpa (2007); Donescu et al. (2009); Munteanu et al. (2012)].
However, auxetic materials can have a Poisson’s ratio about 40 times larger than
that for most materials; for example the porous polytetrafluoroethylene has a Pois-
son’s ratio up to —12 [Baughman (2003)].

In addition to traditional auxetic materials, auxetic metamaterials undergoe enor-
mous flexibility and sustain a wide range of deformations which vary at differ-
ent frequencies. Their buckling makes no much difference between 1kHz (A4
=300km) and 1THz (A=0.3mm). The structure of auxetic metamaterials is atomic
and the arrangement of meta-cell is about 107 !m, just as required for seis-
mic cloaking [Chiroiu et al. (2014)]. The problem is related to the current re-
search in invisibility cloaks via geometric transformations [Milton (2007); Milton
and Nicorovici (2006); Schurig, Pendry and Smith (2006); Munteanu and Chi-
roiu (2011); Munteanu (2012)] and sonic composites [Hirsekorn et al. (2004);
Munteanu and Chiroiu (2010); Choudhury and Tha (2013); Chiroiu et al. (2013);
Munteanu et al. (2014)].

Pendry et al (2006) and Leonhardt (2006) deduced from a geometric transforma-
tion in the Maxwell system a cloak that renders any object inside it invisible to
electromagnetic radiation.

In acoustics, the idea of the invisibility cloak is that the sound sees the space dif-
ferently [Dupont et al. (2011); Qiu et al. (2009)]. Cummer and Schurig (2007)
analyzed a 2D acoustic cloaking for pressure waves in a transversely anisotropic
fluid, while Novitsky et al. (2009) proposed a method for spherical invisibility
cloaks, in which we do not need to know or use the coordinate transformation. By
virtue of the cloak-generating function, all the parameters of the radially anisotropic
spherical cloak are determined analytically and uniquely.

Norris (2008) presented a theory of transformation acoustics that enables the real-
ization of pentamode acoustic materials having anisotropic density and finite mass.
This theory permits considerable freedom in choosing the transformation from
physical to virtual space. Scandrett, Boisvert and Howarth (2010) extended this
work by considering a range of cloaks, from those comprised of fluid layers which
are isotropic in bulk moduli with anisotropic density to those having anisotropic
bulk moduli and isotropic density.

Starting from the same work, Cipolla, Gokhale and Norris (2010) investigate 3D
acoustic materials composed of combinations of simple geometric shapes, e.g., a
cylinder with spherical end-caps. Certain classes of transformations for the design
of such shapes are described and also, conditions under which these transforma-
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tions result in materials which minimize acoustic reflections. The standard process
for defining cloak materials is to first define the transformation and then evalu-
ate whether the materials are practically realizable. The same authors, Cipolla,
Gokhale and Norris (2012) have inverted this process by defining desirable mate-
rial properties and then deriving the appropriate transformations which guarantee
the cloaking effect.

Another approach is to develop materials with normal elastic behavior that approx-
imate the Cosserat material [Cosserat and Cosserat (1909)]. Preliminary work in
this direction has been considered by Norris and Shuvalov (2011). The general
theory has been applied to the case of cylindrical anisotropy for arbitrary radial
transformation.

The equations of motion for the transformed Cosserat material have been expressed
in Stroh format, suitable for modeling cylindrical elastic cloaking. It is shown that
there is a preferred approximate material with symmetric stress that could be a
useful candidate for making cylindrical elastic cloaking devices.

Parnell (2012) has shown that cloaking of objects from antiplane elastic waves can
be achieved by employing nonlinear elastic pre-stress in a neo-Hookean elastomeric
material. This approach would appear to eliminate the requirement of metama-
terials with inhomogeneous anisotropic shear moduli and density. Waves in the
pre-stressed medium are bent around the cloaked (cavity) region by inducing in-
homogeneous stress fields via pre-stress. The equation governing antiplane waves
in the pre-stressed medium is equivalent to the antiplane equation in an unstressed
medium with inhomogeneous and anisotropic shear modulus and isotropic scalar
mass density.

Transformation elasticity, by analogy with transformation acoustics and optics,
converts material domains without altering the wave properties. Milton and
Cherkaev addressed in 1995 the following question: What are possible elasticity
tensors of anisotropic materials? The answer is based on the arguments that any
positive-definite tensor can be realized as the effective elasticity tensor. So far,
pentamodes proposed by Milton and Cherkaev have been purely theoretical. The
word penta is derived from ancient Greek and means five. In the case of water,
the five shear parameters equal zero, and only one parameter, compression, dif-
fers from that value. Following this theory Kadic et al. (2012) and Biickmann et
al. (2012) have investigated and fabricated pentamode metamaterials by optical
lithography. More recently, a elastostatic cloak was made by Wegener’s group for
pentamode materials. Intensive work was made by the same group to try to control
all quantities that usually characterise the mechanical materials [Stenger, Wilhelm
and Wegener (2012); Kadic et al. (2012)]. A multilayered radar absorbing structure
(RAS) has been presented by Narayan, Latha and Jha (2013) based on transmission
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line transfer matrix method for millimeter wave applications.

Geometric transformations cannot be applied to equations which are not invari-
ant under coordinate transformations and, consequently, if cloaking exists for such
equations (for example the elasticity equations), it would be of a different nature
from acoustic and electromagnetic [Milton, Briane and Willis (2006)]. The exis-
tence of an acoustic cloaking indicates that cloaks might possibly be built for other
wave systems, including seismic waves that travel through the earth and the waves
at the surface of the ocean [Cummer et al. (2008)]. Farhat et al. (2009) discussed
a special case of thin-elastic plates, for which the elasticity tensor is represented in
a cylindrical basis by a diagonal matrix with two (spatially varying) non-vanishing
entries. In a similar manner, Brun et al. (2009) derived the elastic properties of a
cylindrical cloak for in-plane coupled shear and pressure waves.

So, the following question arises: What kind of geometric transformations can be
used for controlling elastic wave? To answer this question, we will reconsider the
transformation itself and examine how the field and material are transported to a
new compressed space, by using the theory of small (infinitesimal) elastic defor-
mation superimposed on finite elastic deformations [Toupin and Bernstein (1961)].

In this paper, the theory of small (infinitesimal) elastic deformation superimposed
on finite elastic deformations is applied to deform a cylindrical region r < R, filled
with initial deformed foam in the original space € into a cylindrical shell region
Ry <7 <R, filled with auxetic metamaterial in the compressed space €. In the
original and final domains, the outer radius R; is fixed.

The paper is organized as follows: Section 2 is devoted to geometric transforma-
tions derived from the theory of small (infinitesimal) elastic deformation superim-
posed on finite elastic deformations. In Section 3, equations of motion for conven-
tional foams are derived, and in Section 4 the transformed relations are developed.
Section 5 is devoted to calculation of the material constants. The Lamé functions
behavior is explained through the crazing phenomenon which is a failure mode met
at the bulk polymers. The Section 6 is devoted to seismic cloaking. Buildings and
foundations can be protected from earthquakes by surrounding them with special
designed shells made of auxetic material. Conclusions are found in Section 7.

2 Geometric transformations

Let us consider the geometric transformation (pull-back) from the stretched coor-
dinate system (x',y’,7') of the compressed space to the original coordinate system
(x,y,2), given by x(x',y,7), y(¥',y',Z’) and z(¥',y’,Z). The change of coordinates
is characterized by the transformation of the differentials through the Jacobian J,
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of this transformation, i.e.

" o 95,32
dy :‘]Xx/ dy/ N J)C)c/ = m. (1)
dZ dz/ 7)’ I

From the geometrical point of view, the change of coordinates implies that, in the
transformed region, one can work with an associated metric tensor [Zolla et al.
(2007); Guenneau et al. (2011); Nicorovici (1994);Torrent and Sadnchez-Dehesa
(2008)]

T
Jxx’ S

N det(']xx’) ' @

In terms of the acoustic parameters, one can replace the material from the original
domain (homogeneous and isotropic) by an equivalent compressed one that is inho-
mogeneous (its characteristics depend on the (x',y’,7") coordinates) and anisotropic
(described by a tensor), and whose properties, in terms of J,/,, are given by

p’ :Jx‘/;r p-Joldet(Jyy), K = Kkdet(Jyy), 3)
or, equivalently, in terms of J,y

/ pu— J4;, i p i JX/X K/ = K . (4)
det(Jxx/) ’ det(Jxx/)

Here, p’ is a second order tensor. When the Jacobian matrix is diagonal, (3) and
(4) can be more easily written. The cloak properties in transformed coordinates are
given by (4) where J,,, = dr'/dr.
The mapping given by (1) can be interpreted as a deformation applied to the initial
space Q in order to obtain the deformed space ©'. In other words, a point and
its infinitesimal region in ' is obtained from an affine deformation applied to an
initial point and its infinitesimal region in Q.

The theory of small (infinitesimal) elastic deformation superimposed on finite elas-
tic deformations given by Toupin and Bernstein in 1961 is used to deform a cylin-
drical region r < R, filled with traditional foam in the original space € into a cylin-
drical shell region Ry </ < R, filled with auxetic metamaterial in the compressed
space Q'. In the original and final domains, the outer radius R, is fixed.

To develop such a map, three simultaneously distinct configurations of the material
points with the same origin O are introduced:

- natural or stress-free configuration Cy ( position of a point P has coordinates

Eu(P)),
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- initially deformed equilibrium configuration C ( position of a point P has coordi-
nates X4 (P)),

- present configuration C(t), where ¢ is the time (position of a point P has coordi-
nates x;(Pr).
A motion of the material body is one parameter family of mappings

xi:xi(§7t)ﬂ éﬂ:éﬂ<xﬂt)7 (5

giving for each time ¢, a one-to-one relation between the present coordinates and the
natural coordinates of each material point. The initial configuration is the present
configuration at some timet, so that knowing the relation between the coordinate
systems, we may deduce from (5) relations of the form

XA:XA(&)? éﬂ:’é#(X% xi:xi(th)’ XA:XA(X’I)' (6)

The equations of the theory of small deformations superimposed on an initial finite
deformation are derived from the general equations of the homogeneous elastic
materials

tij,j = PXi, )

(X OW(E) 0x 9x;
Vo E OEu, 9&, 9y’
axi .. . axi(éat)
7t+xl,jxj7 Xi = Ta

1 8x,~ 8x,~
=3 (5,08, o)

()
p = PO g ’ pO = COHSt’a

()=~ (3)

In (5) we used the following notations:

X =

t;; components of the Cauchy stress tensor in C(¢),
p the present density of mass in C(t),
Po the density of mass in the natural configuration Cy,

X; components of the velocity vector,
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X; components of the acceleration vector,

aa g" the deformation gradient of the present configuration relative to the natural
n

configuration,

E,. the set of six independent finite strain measures which vanish if and only if the
motion from Cy to C(¢) is rigid,

W is the stored elastic energy per unit underformed volume or elastic potential,
Ouv the Christoffel symbol.

We assume that the elastic potential W (E) is a polynomial in the finite strain mea-

sures

1
W(E) = EcuwlgEqulga (8)

where C,y, ¢ are the second-order elastic constants.

We introduce the first order Piola-Kirchhoff non-symmetric stress tensor

o (x dEy 3
Tip = <§> ijfu’ )

where g—i’; is the inverse of %' The potential energy is given by

- axi )

1% =W(E), (10)
< ISy

since E is determined by g g" . We have
m

aw
Ty = N (11)
d (&
(%)
Equations of motion (7); may to transformed to
%x;(E .t
Ty :Poal(tf)- (12)

To obtain the equations of motion for a small deformation about the initial defor-
mation, we consider the present coordinates x;(P) as functions x;(X;,X,,X3,t) of
the initial coordinates X4 (P), in the present frame

xi(Xat):Xi+ui(Xat)v (13)
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where each component of the gradient g;’_ of the displacement u; of the present
J
configuration relative to the initial configuration is small
8 u; ~
<<1 for t>7 14
X, 21, (14)

with 7 time corresponding to the initial configuration. In other words, we assume
that both the rotations and strains of the present configuration measured relative
to the initial configuration remain small for all time after the initial configuration
of the material points has been achieved. The functions X4(&)are satisfying the
equilibrium equations corresponding to a biaxial deformation of the material

Fuu =0, Fy— W
iwu =Y, Tig 3(3;’;)7

5)

where g ? is the deformation gradient in the initial configuration C.
o

The stress tensort;, expands as follows
W
Tip = Tip P (31?[ ) pa) (@)
&, d&

By setting

Uy, + higher order terms in (gradu). (16)

*w

&kviu:diwkv:a<§§li>a<gg)a

a7

and using (15) we see from (12) that the linearized equations of motion for u; have
the form

- d%u
(Cigkviio) u = POT;- (18)

Eqgs. (18) are the natural form of the motion equations. Egs. (18) may to transform
to the initial form of the equations of motion for small displacement u;

~ - 82ui
(AirnurN) v = P Epe (19)

where p = p ( %) s the density of mass in the deformed configuration C, and

~ <X>_1 Xy 0Xw .

Amv=% ) = =@ 20
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3 Cosserat equations

The behavior of conventional foams is described by Cosserat theory [Cosserat and
Cosserat (1909); Mindlin (1965); Gauthier (1982); Donescu et al. (2009)]. Chi-
ral materials are not invariant to inversions: there is a distinction between right-
and left-handed material [Lakes (1986, 1987, 1991)]. An elastic chiral material
(noncentrosymmetric material) is isotropic with respect to coordinate rotations but
not with respect to inversions. Chiral effects cannot be expressed within classical
elasticity since the modulus tensor, which is fourth rank, is unchanged under an
inversion

Cry = o P &o HXp
My dg dog dg ™7 Q1)

= (_1)5im(_1)5j (_1)5ok(_1)6plcmnop = (_1)4Cijkl = Cijkl

Materials may exhibit chirality on the atomic scale, as in quartz, sugar and in bi-
ological molecules. Materials may also exhibit chirality on a larger scale, as in
bones, porous materials, composites containing twisted or spiraling fibers, com-
posites with helical or screw-shaped inclusions. Materials such as piezoelectrics,
represented by tensors of fifth rank, are also chiral.

A chiral Cosserat material has three new elastic constants in addition to the six
considered in the isotropic micropolar solid. Tensor properties of odd rank are zero
if there is inversion symmetry, and can only be nonzero if there is handedness.

In the following we shortly present the theory of chiral Cosserat medium in the
absence of body forces and body couples written in a Cartesian coordinates sys-
tem (x,x2,x3) [Eringen (1966, 1968); Lakes and Benedict (1982)]. The motion
equations are written as

Ok —Plit =0, My, + &0l —PjP =0, (22)

where oy, is the stress tensor, my,; is the couple stress tensor, u is the displacement
vector, @ is the microrotation vector which in Cosserat elasticity is kinematically
different from the macrorotation vector ry = %eklmum?l, p is the mass density and
Jj is the microinertia and &, is the Levi-Civita permutation tensor. The quantities
¢y refers to the rotation of points themselves, while r; refers to the rotation asso-
ciated with the movement of neighbouring points. An index followed by a comma
denotes partial differentiation with respect to space variables, while a superposed
dot indicates the time derivative.

The constitutive equations are

Ox = Aep O+ (U + K)exs + K€k (rm — @) + C1 900 + Co @i +C301
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My = QO+ BOrs + YO+ CreyOu + (Co+C3)ew + (C3 — Co) € (Tm — ),
(23)

where ey, = 1/2(ux; +u; ) is the macrostrain tensor, A, and u are the Lamé elastic
constants, K is the Cosserat rotation modulus (kK = 0 corresponds to decoupling of
the rotational and translational degrees of freedom, while k¥ — oo corresponds to
incompressibility), a,f,y are the Cosserat rotation gradient moduli, and C;, i =
1,2, 3 are the chiral elastic constants associated with noncentrosymmetry. For C; =
0, the isotropic micropolar elasticity constitutive laws are obtained, while for o« =
B =y =x =0, the classical isotropic linear elasticity case is retrieved. The internal
energy must be nonnegative (the material is stable) and, therefore, the following
restrictions on the micropolar elastic constants are obtained: 0 < 34 +2u + K,
0<2u+x,0<k,0<3a+B+7 —7<B <%, 0< v[Gauthier (1982); Lakes
and Benedict (1982); Eringen (1966, 1968)].

The initial conditions attached to (22) are given by
Mj(x,y,Z,O):u?(X,y,Z), (Pi(x>yaZa0):07 i:17273a

m;j(x,y,2,0) =0, 0;(x,y,2,0) =0, i=j#3. (24)

Egs. (23) are similar in the form to equations of linear piezoelectricity. This cor-
respondence can be useful to be used to define the Cosserat coefficients and the
manner they are linked to the material itself.

The material is characterized by nine material constants, i.e. Lamé elastic constants
A and u, Cosserat rotation modulus k, Cosseratgg rotation gradient moduli &, 3,7,
and chiral elastic constants C;, i = 1,2,3 .

Determination of Cosserat elastic constants can be achieved by the method of size
effects for torsion and bending in the case of rods. The method consists in studying
the variation of the rigidity divided by the square of the diameter with respect to
the square of the diameter.

A more simple way to compute the material constants is to determine them directly
from the expression of the potential energy of deformation per unit volume y

1 1
Y =Ay+Au€u+ EAklmngklgmn + B Ot + = Biimn Pt Pmn + Citmn€ Pmpn-  (25)

2
as
Ay = Lo¥ _ v
1 dy 2’y %y

Citmn =

By=-=—"Bum=5——=5—, s
729 Okl “ OOk 10 O €10 P
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where &y = ex + Eim(Fm — Om)-

Eringen (1968), Gauthier and Jahsman (1975), and Lakes (1995) presented some
technical constants for C; = Oin terms of physical insight, derived from the tensorial
constants:

S _ (Qu+x)(3A+2u+x)
Young’s modulus E = B TR
shear modulus G = 2”—;’2

. ‘Sratio V — —— A
Poisson’s ratio v = YRy
characteristic length for torsion /; = 2@4—?:(’

characteristic length for bending I, = , /Z(Tywc) (a slender bar with cross sectional

area having the same order to [, is stiffer than expected classically),

coupling number N = Z(Tik') <1 (for N=1 or kK — oo i.e. incompressibility, the
Cosserat theory is reduce to Mindlin and Tiersten theory (1962),
polar ratio y = aﬁ;ﬁy.

Gauthier and Jahsmann (1975) have demonstrated that £ and v are determined from
a tension test of rods as in the classical case, while cylindrical bending of a plate
gives E and [,. Size effect occurs in torsion, and the Cosserat constants G,[;, N
and y can be obtained from size effect data for torsion of rods of circular section.
Bending of circular section rods of different size gives E, [, N.

The chiral coefficients are involved in the magnitude of couple stresses arising from
chirality. Following Lakes (2001), the measurement of m,, by a torque sensor in the
compression of a glued slab gives (C} + C, 4+ C3). The axial couple stress equation
is m;; = (C1 4+ Cy + C3)e where e is the strain. By measuring the moment due to
myy in the side constraint by a torque sensor, we can determine C; via equation
my, = C1e. Measurement of the shear force gives (C, + C3). The modulus k can
be determined in the lubrificated slab compression test by measurement of oy, by a
shear force sensor via equation G, = —K@..

Let us consider a cylindrical cube r < R, filled with conventional foam. The con-
stitutive equations (23) of the foam are rewritten in cylindrical coordinates (Lakes
and Benedict 1982)

1 1
[T1] = Aepr + (2u +K) [E1] +C1;(F<Pr),r+ P00+ ¢t (C2+C3) [91], (27)

(L] = (1 + &) [E2] + 1 [E5] + Ca [¢2] + C3 (93],

[M)] = a%(”q)r),r‘f‘ %(Pe,e + @+ (B+7)[91] + Cr&i + (C2+C3) [En],
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[My] = B [¢5] +7[93] + C2[E2] + 3 [E5],
where
[T\] = [0/, 066, 0]",  [E1] = [€:€00, 2", [01] = [@rr, Poo, @=)"

)

[TZ] = [O're, Orz, 061, 00z; Ozrs GZG]Ta [EZ] = [Sreagrza 89r,36z78zr>8z6]T7
1
_ T _ T
- L . — T 3% ) » g )
[E3] [Eer 8zragr67€z6a8r2789z] ) [(PZ] [ r(PBa(PrZa(PG r P07, P r7¢z 9] s

1
[¢3] = [‘Pe,r, Oz r) —;909, (Pz,Ga q)r,za (Pe,z]T

Y

[Ml] = [mrrvmeeamZZ]Ta [MZ] = [er7mrzam9r7m927mzr;mze]T,

I,

1
[‘Pé] = [;(p@’ Orz, Po.r, Po.z, Pz ¢Z79

1
[¢3/] = [@o.r, O-.r, ;(Pea(Pz.,Ga(Pr,Za(PB,z]T-

The micropolar strains in terms of the displacements # and microrotations ¢ are
given by

1
Er=Urr, Egp= ;Mry Er=Uz;, Eog=Ug,r—Q;, Ez=Uzr+ Py, Eg;=—0r,
1
€or = _;ue + @, Er=Urz;—QPo, Ep9=uUg;+Qr

The motion equations (22) become

Grr,r 1 Orr — Opo iy
Cror | + - Cr9+0or | =P | llg |,
Orz,r Oy liz
- i (28)
My r 1| Mrr— Moo Op; — Oz0 Or
Mgy | + v mrg +me, | + Ozr — Oy =pj| Po
L Mrzr My Or9 — Opr ?;

The cylindrical cube is filled with conventional foam which has pores with average
diameter around 900um and a substantially isotropic distribution of the principal
axis of the cells in the various directions. This foam has a positive Poisson’s ratio
By deforming it, we try to obtain initially deformed foams which can be auxetic or
not. For example, Bezazi and Scarpa (2007) have obtained by manufacturing pro-
cess foams with v =0.25 at an initial compressive strain of 10%, which decreases
sharply with the increase of compressive loading, to become slightly negative from
60 to 80% of tensile strain.
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4 Transformed relations

An auxetic material with large absolute value of negative Poisson’s ratio is difficult
to realize. The highly negative Poisson’s ratio material about v = —10 with ex-
tremely high permittivity is a good candidate for auxetic metamaterials. To obtain
such a material, it is necessary to deform the foam (compression) virtually isotrop-
ically regardless of the deformation, nearly zero shear strain. An efficient auxetic
metamaterial must allow the highest effective permittivity out of a given dielectric
material.

We start to transform a cylindrical region filled with conventional foam into a cylin-
drical region filled with initial deformed foam.

The idea is to deform the cylindrical cube in the [111] direction, which is repre-
sented in Figure 1, by axis Xparallel to OD (diagonal of the cube) and normal to
ABC. The deformation can be analyzed easily by considering the three sets of axes
with the same origin O and described in Section 2:

- natural or stress-free configuration Cy ( position of a point P has coordinates
Eu(P)),

- initially deformed equilibrium configuration C ( position of a point P has coordi-
nates X4 (P)),

- present configuration C(t), where ¢ is the time (position of a point P has coordi-
nates x;(Pr).

The set of axis (&, &y, &3) are parallel to three sides of the cylindrical cube, and the
axes (X1,X2,X3) are obtained from (§;,&,,&3) with a 45° rotation around &3 = X;.
The axes (x,x2,x3) are obtained from (X, X2,X3) with a rotation around X, = x»
of an angle

1

0 = arcsin —. 29

7 (29)
Figure 1a presents the cylindrical cube filled with conventional foam, and figure
1b, representation of the sets of axes (&;1,&,&3), (X1,X2,X3) and (x1,x2,x3), used
to study the cylindrical cube in a biaxially deformed state. The angle 0 is defined
in (29).
It can be easily shown that the transformation map from (&;,&;,&3) to (X1,X2,X3)
is

Gi+&+6& X_—51+52 X_—§1—§z+2§3
N Y T Y

The pores in the underformed cylindrical cube may be specified by three coordi-
nates (&1,&,,&3) which are integer or half-integer multiples of the constant a, the

X1 = (30)
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only restriction being that &; + &, + &; must be an integer multiplier of a. Applying
(30) we find that the corresponding coordinates in the (X, X»,X3) reference system
are

la ma na
Xlz\ﬁ, Xzzﬁa X3:ﬁu (31

where /,m,n are integers, the only restrictions being that m and n must have the
same parity

23:X3
X3 Xy
c G
K
F z Xy =x;
gl & —
o
045“ B K
50
N i
E
—_— 2 —= X1

Figure 1: a) A cylindrical cube filled with conventional foam of side a; b) Repre-
sentation of the sets of axes (&1,&2,&3), (X1,X2,X3) and (x1,x2,x3).

= - a , _2a
plane X;=0 plane X, = I (plane ABC) plane X;= " (plane EFG )

Figure 2: Representation of the cylindrical cube in (X1, X,,X3) reference system.
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Figure 2 shows a possible arrangement of pores into the cylindrical cube, as ob-

tained from (31), for the plane ABCx| = % and the two neighboring planes x; = 0

and x| = % of a central pore. Figure 2 shows all pores positions shown in Figure
1, except for the point D, which lies in the plane x; = % Using (31) is it easy to
represent the eight’ nearest neighbors’ of the central pore (say the pore at O).

In Figure 3 we show them schematically both in the (&;,&;,&3) and (X;,X2,X3)
systems of axes. In the underformed cylindrical cube they are located at a distance

a
7 from O.

In the (x1,x2,x3) system, a biaxial deformation in the [111] direction can be de-
scribed by the transformation

X1:X1(1+8/), X2:X2(]+8), X3:X3(1+8), (32)

where X; are the coordonates of the pore positions in initial deformed state C.

The transformation (32) can be used to obtain the coordinates after the biaxial de-
formation, for twelve nearest neighbours shown in Figure 3. Alternatively, Figure
3 is used directly to read the coordinates, with the proviso that, in the equations of
the planes, a becomes a(1+ €’) and, in the planes themselves, a becomes a(1 +¢).

Relations (30) and (32) allow transforming the foam in the configuration Cy into
foam with initial deformation in the configuration C. This conventional foam is
characterized by the material constants given by (20).

Next, we couple the above transformation with a linear geometric transformation
(1) applied to the foam in the configuration C. This transformation maps the cylin-
drical cube r < R, filled with initial deformed foam (auxetic or not) into the cylin-
drical shell R; < ¥/ < R, filled with a new material. The transformation is given
by

Ry —R,

=Ry +r 7 Ose<im =09, =z (33)
2

where 1/, @', 7/ are radially contracted cylindrical coordinates r, ¢, z. The Cartesian
basis (x1,x,x3) is defined as x; = rsin 0 cos @, x, = rsin @sin @, x3 = rcos 6. The

Jacobian of the transformation from cylindrical to stretched cylindrical coordinates
‘S o _ 93

is given by J,» = )

This new material is an auxetic metamaterial characterized by material functions
Al given by

-
) Sy - Aimikn vy

: = 34
iMKN detdy) (34)
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Figure 3: Representation of the twelve nearest neighbours (a) in the (&1,&,&3)
system and b) in the (X;,X>,X3) system.

where Ay are defined in (20)

_ X\ ' 09Xy 90Xy .
Aimin = <§> ETE,\,%MV

We are concentrated in next section to the properties of auxetic metamaterial. The
interaction of meta-cells may be a way to understand this material. The auxetics
gain its properties from its structure rather than directly from the composition. The
meta-cells are much smaller in physical size than the wavelength. The material
functions reflect the small scale anisotropy, heterogenity and large scale homo-

(35)
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geneity. Metamaterials offer new propagation modes which can be explored as
media for data exchange [Stevens (2013)] or resonators for the implementation of
effective media metamaterials [Naqui, Martin (2014)]. New concepts in the area of
hybrid metamaterials are presented by Sonkusale, Xu and Rout (2014).

5 Computation of the auxetic metamaterial functions

We derive general formulae for calculation the material functions. We adopt the
Delsanto model (1992) in which the potential energy of deformation per unit vol-
ume Y given by (26) equals the Born-Mayer ion-core repulsive energy written as

E

y=0g E= To, Y exp(—B.R), (36)
R

where Q is the cylindrical cube volume and «,, 8, are the repulsive energy param-

eter and respectively the repulsive range parameter. The sum is extended to all

the nearest neighbors which are meta-cells located at distances R™ . The material

constants are determined from (26)

1oy _ d%y 19y
Akl—iav Akzmn—m, Bkl_ia(sz’
’ 37
B %y _ dMy
klmn - a(PkJa(PmJZ’ klmn - agkla(Pm/n7

where &y = e + €m(rm — Pm), and y given by (25)

1 1
Y =Ag+ A€y + EAklmngklgmn + B + EBklmn Oc1Pmn + Ctmn€kt Pmn-  (38)
Starting with (36)- (38), Delsanto proceeded to determine the elastic constants
based on the formula

) 1,4

0
36— 3 Kig - TXi5), &= ew+ En(rm — @n)- (39)
ij J !

In (39) X; are the coordinates corresponding to configuration C, and x; are the final
coordinates. It is important to note that, in applying of (39) the coordinates X; are
constants since they refer to a predefined initial state. Using (39) it is straightfor-
ward to prove that the following relation holds for a differentiable function f(r),

<3f (r)

0 Exl

) = kIR~ SR+ (R 2 (@0)
r=R
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azf(r) — 1 /! /
<9Sk138ij)r_R_R3[Rf (R)_f(R)]Yulir f( VZijkt

af(r) 1 ., / I
( s )rR = w3 R (R) = [ (R)Ya + o f (R) Zua,

2 f(r) Lo ., p,
@%@%)R—mme—HMmmumeQW

where

Ya=XiX1, Yiju=XiX;Xi X1,

Zy = XiXp O +X;Xi6jk,  Zijiu = XiXx 01 + XiXi 8jx + XX 8t + X X1 6,

R=\/X}+X7+X3.

From (39)-(43) it then follows that
Ay =ay —ay,  Akimn = brimn — Blgyns  Bri = cui — Clys
Bklmn = dklmn - dl,dmn? Cklmn = €klmn — e;clmn?

where

ag = Zf k17 ajy = Zg kl’

Ukl—Zf l]k17 l]kl_zg thl’

cw=Y "+ =Y (1" +5")z.

n n

dij =Y (f 1 gy f (")16§237 =Y (f (n) +g("))g(”)25’1317

n n

et = Y (F" gV ey =Y (10 4 gz

(n)
) _ (R — a0(0) BR™
K aff
() _ o)y — _
g g(R"™) R = eXP(= BR™M), K= 50"

4D

(42)

(43)

(44)

(45)

(46)

47

(48)

(49)

(50

(5D

(52)

(33)

(54)

Quantities Y, Z(") and R™ are calculated for the th nearest neighbour. Further,
we present in Figure 4 the variation of the Lamé functions, A (black) and u (red)
with respect to the strain. The Lamé functions were evaluated for strains between



From Geometric Transformations to Auxetic Metamaterials 193

-10% and 10%. This figure raises some questions. If consider the linear elasticity,
A= (l_vﬁﬁ is related to the bulk modulus; it can be negative in principle, and

the shear modulus y = ﬁ must be positive. The (1 + v)factor reduces to zero
for v=—1. For v — —eo, 1, 1 — 0 the material seems to weaken in terms of these

properties. Figure 4 shows that the shear modulus can be negative for certain strain.

Let take an arbitrary strain in Figure 4, say -0.055. Our computations show that
the Poisson’s ratio is —12, and the Lamé functions have values A =0.2517 and
U = —0.136, respectively. These values correspond to E = 3GPA. The strange
behavior of the Lamé functions shown in figure 4 can receive an explanation.

Lamé functions

iy

-05[

L L L L L L L L L L L L L L L L L L
-0.1 -0.09 -0.08 -0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -001 0 001 0.02 0.03 0.04 005 0.06 007 008 009 0.1
€

Figure 4: Plots of the Lamé function A (black) and u (red) in the (x1,x7,x3) system
as a function of the strain. The units are 1 GPa.

Caddock and Evans (1989) have investigated auxetic microporous polymeric ma-
terials and obtained expanded auxetic forms with Poisson’s ratio larger in absolute
value than —12. They explain the large Poisson’s ratio by complex microstruc-
ture of the material characterised by nodules interconnected by fibrils. The domi-
nant deformation mechanism for significant auxetic behavior is done by the nodule
translation through hinging of the fibrils.

Kinloch and Young (1999) have observed a new phenomenon which appears dur-
ing deformation of microporous polymeric materials. It comes the crazing phe-
nomenon which is a failure mode met at the bulk polymers. During predominant
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uniaxial tensile loading, the bulk forms denser ligaments (or fibrils) while preserv-
ing its continuity.

Hence, the behavior of the Lamé functions in figure 4 can be explained through the
crazing phenomenon. The cracks are bridging the pores by such fibrils of about
10~'%m . This phenomenon is an important mechanism which works to the benefit
of the metamaterial. Also, such fibres play an important role for energy dissipation
in the auxetic metamaterial.

The auxetic material does not break at macro level; contrary have intrinsic porosity
with fibres in order to achieve a large negative Poisson’s ratio. This material needs
fibres to allow pores to behave as hinges to flex, or nodules to spread out and so on.
The material needs space to allow meta-cells to behave as hinges to flex, or nodules
to spread out and so on. On the optimization of microstructures using the material
design, see Li et al. (2006).

6 Seismic cloaking

Buildings and other structures can be protected from earthquakes by surrounding
them with cloaking structures made of auxetic metamaterial. The cloaking struc-
tures can effectively convert the destructive seismic waves into a different type of
wave whose intensity dissipates quickly.

For seismic cloak we choose an auxetic metamaterial with Poisson’s ratio equals
—10 obtained for a strain equals -0.08. The Lame functions are the values
A =0.1731 and pu = —0.0952. The structure of auxetic metamaterial is atomic
and the arrangement of meta-cells is about 10~'°m

Let us consider a building foundation of height/, and the impulsive source (a seis-
mic weight drop source) acting on the ground surface at 300 m from the foundation
(Figure 5).

gelsmic
source

AL T - PR -

- 300m 4>*| foundation

Figure 5: The seismic source and the foundation.
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Our idea is to hide the foundation with a cloak whose function is to deflect the rays
that would have struck the foundation, guide them around it, and return them to
their original paths.

The cloak is composed by a number of Mcylindrical shells Ry < ¥ < R,, of length
[, arranged on a circle of radius R. The cloak is placed in the ground around the
structure in the plane of lower base of the foundation. The boundary of V which
encloses the foundation is denoted by S, and p is the distance from one shell struc-
ture to the next one. The cloak and the cross section are shown in Figure 6a, b. The
projection of foundation on the circle’s plane is shown in the middle of the circle
in Figure 6b.

The seismic invisibility conjures to the destructive interference, which is the
essence of the Stokes’s explanation [Stokes (1868)] for Leslie’s experiment [Leslie
(1821)]. In this experiment, the audibility of a bell ringing in a partly exhausted
bell jar is diminished by the introduction of hydrogen [Williams (1984)]. As in
seismic cloaking, the waves would not see the object and largely pass around it.

—

Figure 6: Seismic cloak structure. a) arrangement of M cylindrical shells on a circle
enclosing the foundation. b) cross section through the cloak.

In order to illustrate the efficiency of the proposed seismic invisibility cloak, we
have computed the surface wave field ¢ inside the cloak. The wave field is eval-
uated for a seismic source situated at 300 m from the foundation and 30 m depth
(see Figure 7). Any waves inside V have the potential ¢ which verifies the equation

9

P c2V2¢ =0, (55)
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With cg the velocity of S seismic waves cg = \/g , with u the Lamé constant and

p the density of the soil. The selection of the free space Green function G is made
from the Kirchhoff’s theorem

6(t—7)
(4mcr)’

r:\x—y], (56)

under the constraint that
9*G
or?
is valid for x and y lying within V. By integrating (55) and (57) we obtain the
interior wave field ¢ inside the cloak

_ a2 [[s09 ,9G
0= cSS/{Gan (pan}der, (58)

Where n the normal to that surface leading into the volume V containing the build-
ing. The integral (58) is evaluated fora =1 M, [ =1.5 M, R =6 M, d =0.355 and
p =2.355. After computing the integral (58) is ¢ = 3.5 x 10~#. This result shows
that the surface integral (58) almost vanishes within V.

— VPG =8(x—y,t—1), (57)

source

secure space

Figure 7: A 2D cross section of the ray trajectories in the cloak diverted within the
arrangement of shells. The secure foundation is hidden inside the secure space of
the cloak.

Since geometric transformation establishes a one-to-one correspondence between
spatial geometries and auxetic medium, invisibility can be visualized in terms of
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Figure 8: A 3D view of the cloak.

virtual geometries. Therefore, we have explained the main ideas of this paper in
terms of pictures.

Figure 7 shows the isolated cloak from the region situated outside of V. No rays
can get into the secure volume, nor can any rays get out. Any ray attempting to
penetrate the secure space is smoothly guided around by the cloak in order to travel
in the same direction as if it had passed through the empty volume of space. The
rays field ¢ generated by the seismic source essentially follows the Poynting vector
and it is smoothly confined on the cloak boundary region. The cloak is seismically
isolated and the surface waves are not detectable by observers inside the cloak
because the amplitudes on the boundary vanish.

A 3D view of the cloak is shown in Figure 8. The profile of the cloak is highly
anisotropic within the arrangement of the cylindrical shells and isotropic outside it.

7 Conclusions

The primary aim of this paper is to discuss the auxetic metamaterials controlled
by geometric transformations. These transformations are derived from the theory
of small (infinitesimal) elastic deformation superimposed on finite elastic defor-
mations. Using this theory, a cylindrical region filled with initial deformed foam
is transformed through deformation into a cylindrical shell region filled with aux-
etic metamaterial. For calculation of the material constants, the Delsanto model
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is adopted. In this model, the potential energy of deformation per unit volume is
given the Born-Mayer ion-core repulsive energy. The Lamé functions behavior is
explained through the crazing phenomenon which is a failure mode met at the bulk
polymers.

We show that the auxetic metamaterial is capable to create barriers that would cloak
buildings from the seismic waves of earthquakes by diverting the seismical energy
around building and foundations. The seismic waves traveling toward the build-
ing are directed around the building and leave the building unscathed. The auxetic
cylinders arrangement around the foundation manipulates the seismic waves in or-
der to destructively interferes and to counteract the effects of seismic waves. The
cloak can effectively convert the destructive seismic waves into a different type of
wave whose intensity dissipates quickly.
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