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Abstract: Functional statistics is a new technique for dealing with data that
can be viewed as curves or images. Parallel to this approach, the Near-Infrared
Reflectance (NIR) spectroscopy methodology has been used in modern chem-
istry as a rapid, low-cost, and exact means of assessing an object’s chemical
properties. In this research, we investigate the quality of corn and cookie
dough by analyzing the spectroscopic technique using certain cutting-edge
statistical models. By analyzing spectral data and applying functional models
to it, we could predict the chemical components of corn and cookie dough.
Kernel Functional Classical Estimation (KFCE), Kernel Functional Quan-
tile Estimation (KFQE), Kernel Functional Expectile Estimation (KFEE),
Semi-Partial Linear Functional Classical Estimation (SPLFCE), Semi-Partial
Linear Functional Quantile Estimation (SPLFQE), and Semi-Partial Linear
Functional Expectile Estimation (SPLFEE) are models used to accurately
estimate the different quantities present in Corn and Cookie dough. The
selection of these functional models is based on their ability to construct
a forecast region with a high level of confidence. We demonstrate that the
considered models outperform traditional models such as the partial least-
squares regression and the principal component regression in terms of pre-
diction accuracy. Furthermore, we show that the proposed models are more
robust than competing models such as SPLFQE and SPLFEE in the sense
that data heterogeneity has no effect on their efficiency.
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1 Introduction

As arapid, easy, and non-destructive approach, NIR spectroscopy is commonly used for the quan-
titative examination of high dimension samples in a variety of disciplines, including the environment,
pharmaceutical analysis, fuels, and foods [1-4]. However, because of background noise and overlap-
ping bands, chemometrics must be used to build a suitable model to relate the intrinsic relationship
between spectra and a specific component concentration [5—7]. As a result, multivariate calibrations
are gaining popularity in quantitative NIR spectroscopy analysis.
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On the other hand, thanks to increased storage capabilities that allow massive data to be recorded,
a tremendous revolution in computer development has occurred over the last two decades. This
technological advancement has aided the development of the statistical branch devoted to functional
data analysis (FDA), both in terms of theoretical and methodological advancements as well as the
diversification of application domains. As a result, strategies for treating observations as functional
random elements have been devised. In this context, we provide some definitions that can be utilized
to correct the terminology. To begin with, remember that a functional random variable is essentially a
random variable with values in the space of potentially infinite dimension denoted by [&]. For example,
this functional space may be a space of functions, linear operators, and so on; and the fact that these
observations are intended to correspond to such a space is the domain’s main source of difficulty.

Regression models the relationship between a functional (or scalar) response and a functional (or
scalar) regression component. The plague of dimension, however, is a drawback to these techniques
(where the speed of convergence of the estimators is a decreasing function of the dimension of
the covariates). The research of the nonlinear regression model in this situation is significantly
more recent than that of the linear case. Indeed, [9] obtained the initial results; the authors were
interested in a nonparametric estimate of the mode of distribution of a functional variable satisfying
a fractal criterion. When the observations are independent and identically distributed, [10] established
the almost complete convergence of a kernel estimator of the regression function under the same
conditions. However, these methods suffer from the curse of dimensionality (when analyzing a high
number of covariates, where the speed of convergence of the estimators decreases as the dimension of
the covariates increases). To overcome this issue, semi-parametric models, which provide a compromise
between a nonparametric model and a fully parametric model, were studied. Their key advantage over
nonparametric regression is faster estimator convergence.

The partial linear model is one of the most popular semi-parametric models in this litera-
ture. Reference [11] who created a semi-functional partial linear regression model, were the first
to introduce this approach to the FDA. They developed estimators for each model component
(parametric and nonparametric) and demonstrated their asymptotic characteristics. In addition, [12]
used the model to forecast functional time series. Furthermore, using cross-validation and Bayesian
techniques, [13,14] proposed and investigated bandwidth selections. Reference [15] suggested a k-
nearest-neighbors (k-NN) approach and obtained the asymptotic performances of k-NN estimators,
whereas [16] investigated a semi-functional partly linear regression model with random responses.
Reference [17] investigated semi-functional partial linear regression for spatial data and obtained
asymptotic normality of the parametric component as well as probability convergence with the rate of
the nonparametric component.

The downside of classical regression, according to another section, is that the regression function
estimation is sensitive to outliers and may be incorrect in some instances, such as when the distribution
is multimodal or extremely asymmetric. This lack of robustness can be addressed by forecasting using
conditional quantiles, as examined by [18,19]. Unfortunately, these conditional models are not always
satisfactory and are difficult to calculate due to the non-continuous loss function; Its high sensitivity
to extreme values, in particular.

It is possible to combine the concepts of least squares regression with conditional quantiles to
create a new measure of risk known as expectile. The conditional expectile has been widely investigated,
with pioneering works in [20,21].

The main goal of this study is to forecast various chemical components using a functional Near-
Infrared Reflectance (NIR) spectroscopic approach and some recent statistical models based on
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functional kernel estimation and semi-partial linear functional processes. Corn and cookie dough are
examples of NIR spectroscopy datasets used in this investigation. In particular, for this type of data,
we propose six models: KFCE, KFQE, KFEE, SPLFCE, SPLFQE, and SPLFEE.

The remainder of the paper is as follows. We detail the materials and methods, including collected
samples based on spectrometry and chemometric analysis in Section 2. We also introduce the modern
statistical models we used for the analyses in the same section. The results and discussion of this study
are presented in Section 3. Finally, we conclude our study in Section 4.

2 Materials and Methods
2.1 Data Description

This study made use of two tiny NIR spectral datasets. In addition to NIR spectra and moisture,
oil, protein, and starch levels, 80 corn samples were analyzed using three spectrometers. There are
two methods employed in this study: NIR spectrometer mp6 and protein content. 700 variables are
captured in the wavelength range of 1100-2498 nanometers (nm) with a 2 nm digitization interval in
each (w,...,wy) spectrum. The “Data Availability Statement” section includes a link to the data.
This dataset is used in this study for the primary discussion (it was previously analyzed by [22]).

The second set of datasets examined here is the results of an experiment to assess the feasibility
of using NIR spectroscopy to determine the composition of biscuit dough bits from 72 cookie
dough samples (formed but unbaked biscuits) for possible online implementation. (See [23] for a
detailed description of the experiment.) In a simpler term, two similar sample sets were created,
with the standard recipe being changed to provide a wide range for each of the four ingredients
under investigation: fat, sucrose, dry flour, and water. Each dough piece has its own NIR reflectance
spectrum.

The original spectral data set consists of 700 points taken in 2 nm steps from 1100 to 2498 nm. The
absorption X; (w) of light is measured for each wavelength w and each samplei. X; (_1),..., X; (_700)
represent the i th discretized spectrometric curve. The spectrometric curves are depicted in Figs. |
and 2.
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Figure 1: Corn 80 samples of near-infrared spectra
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Figure 2: 72 samples of near-infrared spectra from cookie dough

Itis obvious that all of these curves, even if observed at discrete places, have a continuum character.
This continuous property is referred to as functional data. Figs. | and 2 illustrate a typical set of such
data for the food business.

In chemometrics, functions—such as absorbance or emission spectra provided for food samples—
are frequently employed to determine the concentration of specific components. Using spectra is often
far less expensive than other types of chemical analysis.

2.2 Statistical Models

The objective is to create an equation that predicts response values Y from the spectral data X
and vectorial parameter Z for future samples where Y is unknown but X and Z can be measured
economically and promptly. Which we assume that those variables are linked by the following
regression formula,

3
Y=r(Z,2.2,X) + e =m(X) + >_Zf" +e, (1)
k=1
where the response variable Y is consider to be the protein content for the corn datasets and the
percentage of fat content for the cookie dough datasets from the corresponding contents Z =
(Z', 72, 7°)" of moisture, oil, starch for the corn datasts and sucrose, dry flour, water for the cookie
dough, as well as from the near-infrared absorbance spectra X (Figs. 1, 2 and Table 1 describe those
datasets). 8', 8%, B* and m (-) are unknown modelling the relationship between Z', Z>, Z*, X and Y;
The statistical difficulty is to come up with a suitable estimator.

In this section, we will concentrate on regression models such that E(e¢|Z', Z2, Z°, X) = 0).

The main objective of this study is to show and explore various methods for modeling nonlinear
relationships in datasets comprising functional data. A scalar response to functional and vectorial
explanatory variables is a specific example that we focus on here. Using both traditional and robust
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methods, we will propose two approaches: functional nonparametric regression and semi-functional
partial linear regression.

Table 1: Inferential statistics of the datasets

Datasets Content 1Cys, Mean I** Qua Median 3 Qua Sd
bounds
Corn Moisture  lower 10.148% 9.817% 10.13% 10.336% 0.329%
upper 10.318% 10.108% 10.323% 10.597% 0.45%
Oil lower 3.458% 3.306% 3.451% 3.557% 0.153%
upper 3.537% 3.449% 3.556% 3.687% 0.209%
Protein lower 8.557% 8.23% 8.435% 8.823% 0.431%
upper 8.779% 8.428% 8.737% 9.333% 0.59%
Starch lower 64.512% 63.631% 64.574% 65.115% 0.71%
values upper 64.878% 64.544% 65.104% 65.519% 0.972%
Cookie Fat lower 17.847% 15.85% 17.54% 19.23% 1.691%
dough upper 18.772% 17.37% 19.14% 20.66% 2.355%
Sucrose lower 15.676% 11.81% 15.01% 18.55% 3.354%
upper 17.511% 14.67% 18.13% 21.42% 4.671%
Dry flour  lower 48.339% 45.86% 48.47% 50.09% 2.347%
upper 49.623% 48.19% 49.94% 51.95% 3.269%
Water lower 13.842% 12.6% 13.7% 14.94% 1.274%
upper 14.539% 13.7% 14.89% 15.3% 1.774%
2.2.1 KFCE

Ferraty et al. [8] were the first to investigate nonparametric estimation of functional regression
(see also [24]). They estimated this statistical model using the Nadaraya-Watson method. Specifically,
the function r (x) is written directly using the least square error criteria by

r(x) =argminE (Y — )’ |X = x). (2)

It follows that r (x) = E[Y|X = x]. As a result, for any fixed curves x, we forecast the response y
in relation to the criterion (2) by 1 (x) that is the classical kernel estimator of r (x), and defined by

" d (x, X))
Frrer (X) = ZH " (d ij ) 5 (3)
=k (F)

with K is a kernel function, 4,:4 is a nonnegative real sequence and d (., .) is semi metric that measures
the distance between the smoothed curves.
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2.2.2 KFQE (Resp. KFEE)

In robust regressions, risk (or loss) measures such as quantile and expectile have been utilized.
Quantile and expectile can characterize the entire distribution of a random variable, and there is no
missing information, which decreases the sensitivity of the quantile (or expectile) to noise and outliers.
Despite their variations in structure, quantiles and expectiles have similar qualities. A combination of
least squares and conditional quantiles is used to create the expectile regression, which combines the
advantages of both models. In order to build this regression models, one must solve the following
problem:

r(x) =argmin E (p, (Y — ) | X = x). 4
p, (1) = ‘P - H(msm’ 7| (resp. Py (1) = ‘P - H((t)sﬂ){ (t)z)a

with p, (Y — s) is the scoring function, the p € [0, 1] is called the asymmetry parameter level and I,
represents the event’s indicator function. The model (4) has been introduced in functional statistics by
[18] (rep. [25]). Its functional estimation is given as follow

Z?:]pp (K - S) K (@)
7 (x) = argmin o) 2 , (5)
» Zi:lK (d hn )

for both KFQFE and KFEE model.

2.2.3 SPLFCE

This last regression is an alternative semi-parametric regression which takes into consideration
the vectorial variable Z, introduced by [11]. It is defined as following

3
Fsprrce (2, X) = Msprrce (X) + Z Zk,BA/SCPLFCE: (6)
k=1
‘
where Bsprer = (B;PLFCE, [ E— ﬁ;,,LFCE) and z = (z',2%,2°)" is a fixed vector in R* and Bsprer =
(z2) z¥
with

and

>0 (Y= ZBonurer) K (

=k (F)

d (x, X))
i)

Msprrce (X) =
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2.2.4 SPLFQE (Resp. SPLFEE)

This final regression is a semi-parametric alternative to the least regression approach. It has only
been considered recently in functional statistics by [19]. Our estimators are as follows:

P (zx) =, () + D 2B, @)

k=1
for both SPLFQE and SPLFEE models, where p € [0, 1] and 1, (x), ,@1, are obtained by using three-
stage procedure:
Stage 1:

We obtain initial estimators of m, (X;) and B, (7, (X;) and B,) by reducing the local weighted
robust loss function given below

pr (Y, —m, (X)) — ZB,) K (—d(i’;X")).

l#/

Stage 2:

B, = argmin pr (Y, —m, (X)) —ZB,) .
Bp =1

Stage 3:

The final estimate of m, (x) is obtained by minimizing the following robust loss function

M, (x) = argmin pr (Y m, (x) — Z’,B,,) (d(x, Xi)).

mp(X) hn

we conclude our study in Section 4.

3 Results and Discussions
3.1 Results
There is a strong correlation between the estimation accuracy of all the models listed above and

the selection of the semi-metric d (-, -) and bandwidth 4,: = & parameters. We considered (as suggested
by [8]) a class of semi-metrics based on derivatives {dq (,),9=0,1,..., 4}, were

@ () = ([ 60— )’ )

In this prediction problem, the smoothing parameter /i, has the greatest impact. As a result, the
optimal value 4,, is the data-driven bandwidth derived by a cross-validation procedure:

172

opt

" R 2
h,,, = argmin CV (h where CV (h) = Y —Y_. ),
gmin CV () =3 (vi-¥.)

i=1

with i](—i) the leave-one-out of the estimator 7¢c; (X)), ;'KFQE (X)), Prree (XD, Fsprrce (Zi, X), ;'SPLFQE (Zi, X3)
or lA”smu; (Z;, X;). Through this study, we take p = 0.75 and used the quadratic kernel K defined as
K (u) = 2 (1 =) Iy () . Two subsamples of the original dataset, {(Z' 22,2.,X,Y);i=1,...,n},
are taken to test the semi-partial linear functional regression’s predlctlon performance
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L={(z.2,2,X,Y);ie L} and T = {(Z!,22,72},X,,Y);ie T} with LUT = {1,...,n} and
LN T = ¢. The learning sample £ enables the estimation of estimators and the automatic selection
of the bandwidth 4, via a cross-validation technique. The mean squared error MSE of prediction is
provided by the testing sample:

MSE = ﬁ > (Y,- -~ 17(,-))2,

where, for all i in T, Y, is the value of the estimator #ysex (X)), Txror (XD)s Prrze (X)), Fsprece (Ziy X)),
;;SPLFQE (Z,, X)) of Fspree (Z;, X).

When the original data set is split into 100 equal parts, the Mean Square Error (MSE) values can
be computed and their distribution can be seen using a beanplot. Finally, for all datasets, the testing
sample T represents 25% of the total sample size. Figs. 3 and 4 show the accuracy of the forecasts
related to one run.

Figs. 3 and 4 display the response variable prediction produced from the testing sample: the
observed values vs. the projected values. They show that there is a significant benefit across semi-
partial linear functional models when compared to kernel functional models. The semi-partial linear
functional model for classical, quantile, and expectile regression outperforms the kernel functional
model for classical, quantile, and expectile regression.
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Figure 3: Predictive performance: Corn datasets

Figs. 5 and 6 show the mean squared error (MSE) of the predictions, respectively, as shown in
the bean-plots. The results of a comparison between the classical (SPLFKE, SPLFQE, SPLFEE) and
semi-partial (KFCE, KFQE, KFEE) methods of predicting the shape of spectrum curves show that
the latter models perform better.
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Figure 5: Bean-plots of the MSFE using four models: Corn datasets

The MSE values for the two semi-partial linear functional models, SPLFCE, SPLFQE, and
SPLFEE, are reasonably stable and less when compared to the kernel functional models, KFCE,
KFQE, and KFEE. Although the performance of the studied models varies, the variability of the MSE
for the three proposed models is relatively stable for the semi-partial linear functional for classical,
quantile, and expectile regression models as compared to the kernel functional for classical, quantile,
and expectile regression models.
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Figure 6: Bean-plots of the MSE using four models: Cookie dough datasets

It is worth mentioning that the functional semi-parametric regression approach includes a distance
measure d (., .). The most informative proximity measure d (., .) may change depending on the nature
of what we need to predict from spectrometric curves, as discussed in the preceding section, but we
never know which one is the most relevant in advance. For example, if one wishes to concentrate on
our spectrometric datasets, one can specify D = {dq; g=0,1,... ,4}. In this case, the family D is
simply indexed by the four leading integers. Table 2 indicates the amount of predictive power that can

be expected to improve.

Table 2: MSE of the six models according to derivation degree q

Datasets q KFCE KFQE KFEE SPLFCE SPLFQE SPLFEE
Corn 0 0.140046  0.180314  0.141321  0.047479  0.060149  0.038829
1 0.132705  0.153369  0.117859  0.044554  0.052448  0.039988
2 0.143072  0.172831  0.134176  0.044524  0.053287  0.038016
3 0.142950  0.160119  0.126371  0.048978  0.058533  0.041505
4 0.129085  0.161383  0.119972  0.042774  0.049528  0.037037
Cookie dough 0 3.011332  4.161048  2.533001  0.001462  0.008604  0.000018
1 4512168  6.097559  3.917729  0.005593  0.026370  0.000011
2 4431158  6.300766  3.366549  0.000966  0.006512  0.000011
3 2.869686  3.779619  2.458226  0.007894  0.065315  0.000014
4 3.435075  4.627528  2.891879  0.005159  0.021796  0.000013

The previous three regression models appear to have done well and have a reasonable level of
accuracy for this prediction task. On the other hand, the performance of the analyzed models varies
according to the input vectorial variable Z. The MSE errors are summarized in Table 3.
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Table 3: MSE of the six models according to vectorial input variable

Datasets  Vectorial covariate Z KFCE  KFQE KFEE SPLFCE SPLFQE SPLFEE

Corn Oil (Z?), starch 0.1322  0.1496 0.1161 0.0530 0.0633 0.0452
values (Z°)
Moisture (Z'), 0.1290  0.1417 0.1087 0.0464 0.0547 0.0452
starch values (Z°)
Moisture (Z), 0.1301  0.1422  0.1095  0.1059  0.1351  0.1288
oil (Z?)
Cookie Dry flour (Z?), 4.6307  6.2975 3.8824 0.9471 1.0400 0.9300
dough water (Z°%)
Sucrose (Z'), 48707  6.5970 4.0496 0.1536 0.1606 0.1542
water (Z°)
Sucrose (Z'), 49172  6.6873 4.0675 0.3365 0.3399 0.3085
dry flour (Z?)

Table 3 show that the values of MSE are relatively more significant for the six proposed models,
namely KFCE, KFQE, KFEE, SPLFCE, SPLFQE, and SPLFEE, in the absence of moisture Z' for
the corn dataset. While for the Cookie dough dataset, the MSE of KFCE, KFQE, and KFEE (resp.
SPLFCE, SPLFQE, and SPLFEE) is more significant in the absence of water Z* (resp. sucrose Z').

3.2 Discussion

KFCE, KFQE, KFEE, SPLFCE, SPLFQE, and SPLFEE were examined and used to multivari-
ate calibration of two small NIR spectral datasets in nonparametric functional and semi-partial linear
functional statistics (80 observations of corn dataset and 72 observations of Cookie dough dataset).
Protein and fat levels were measured and ranged between 7.654% — 9.711% and 14.84% — 21.67%,
respectively. The primary purpose of this research is to forecast those examined parameters using near-
infrared spectra curves and the related moisture, oil, starch, and sucrose contents for corn datasets and
sucrose, dry flour, and water for cookie dough.

The comparison of both prediction plots in Figs. 3 and 4 show that the SPLFCE, SPLFQE, and
SPLFEE procedures outperform the KFCE, KFQE, and KFEE approaches. Asillustrated in Figs. 5-6
and Table 3, the SPLFCE, SPLFQE, and SPLFEE models, respectively, are the best models (with a
small MSE). In particular, semi-partial linear functional models with moisture quantities for corn
datasets and water for cookie dough produce the best results. To the contrary, the results in Table 2
show that using semi-metrics significantly increases predictive performance with the same sample size.

4 Conclusion

Modern statistics approaches for predicting scalar responses given functional variables are
examined in this paper. Corn and cookie dough quality can be predicted using cutting-edge statistical
models, such as the spectroscopic approach. By contrast to traditional methods which result in data
loss following transformation, the presented models do not suffer from this problem.
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This work extends the multidimensional framework by setting the response variable in a dimen-
sional space. The comparison of the generated estimator when there are outlier’s outputs is an
important natural issue that we would be treating and that has not been considered in this work (see,
for example, [17] and [26]). This research combines contemporary chemistry techniques with recent
developments in mathematical statistics to produce effective prediction processes that use the entire
curves as regressors. This research is conclusive. We may say that such a combination is economically
advantageous, as well as more adaptable, resilient, and speedy. New statistical methods have been
compared to traditional analytical methods as a quick and reliable alternative. For food analysis, those
methods have become increasingly common in the last decade. A list of references can be found here

(e.g., [27]).
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