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Abstract: The main idea behind the present research is to design a state-feedback
controller for an underactuated nonlinear rotary inverted pendulum module by
employing the linear quadratic regulator (LQR) technique using local approxima-
tion. The LQR is an excellent method for developing a controller for nonlinear
systems. It provides optimal feedback to make the closed-loop system robust
and stable, rejecting external disturbances. Model-based optimal controller for a
nonlinear system such as a rotatory inverted pendulum has not been designed
and implemented using Newton-Euler, Lagrange method, and local approxima-
tion. Therefore, implementing LQR to an underactuated nonlinear system was
vital to design a stable controller. A mathematical model has been developed
for the controller design by utilizing the Newton-Euler, Lagrange method. The
nonlinear model has been linearized around an equilibrium point. Linear and non-
linear models have been compared to find the range in which linear and nonlinear
models’ behaviour is similar. MATLAB LQR function and system dynamics have
been used to estimate the controller parameters. For the performance evaluation of
the designed controller, Simulink has been used. Linear and nonlinear models
have been simulated along with the designed controller. Simulations have been
performed for the designed controller over the linear and nonlinear system under
different conditions through varying system variables. The results show that the
system is stable and robust enough to act against external disturbances. The con-
troller maintains the rotary inverted pendulum in an upright position and rejects
disruptions like falling under gravitational force or any external disturbance by
adjusting the rotation of the horizontal link in both linear and nonlinear environ-
ments in a specific range. The controller has been practically designed and imple-
mented. It is vivid from the results that the controller is robust enough to reject the
disturbances in milliseconds and keeps the pendulum arm deflection angle to zero
degrees.
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1 Introduction

The rotary inverted pendulum (RIP) is an unstable system with nonlinear dynamics. RIP is the
underactuated mechanical system with lesser control inputs than the degree of freedom. The control of
such a system is a more challenging task, and the system becomes a classical benchmark for designing,
testing, estimating, and comparing different control techniques [1-5]. The RIP controller design is a
crucial problem with the inherent instability feature. Undoubtedly, the RIP has gained importance in the
research community in the field of control engineering because of its effectiveness in testing the
performance and robustness of different control techniques [6—8]. The objective of the proposed work is
contributed in 3 parts: Background Literature Review and Analysis; Proposed Work and Novelty Aspects;
Experimental Results.

1.1 Background Literature Review and Analysis

It is a multivariable nonlinear dynamical system having two links. One link revolves around an axis in
the horizontal plane so that the other can balance itself upright [9,10]. Due to its nonlinear behaviour, the RIP
control helps design the altitude controller of rockets and satellites. RIP control plays a vital role in real-life
applications ranging from robotics to aerospace, locomotive to marine systems, and flexible to pointing
control systems. Additionally, studying the dynamics and control of an inverted pendulum helps maintain
the equilibrium of tall buildings [11-15].

Model-based control techniques have been used frequently, but fuzzy and non-model-based approaches
have been utilized too. Newton’s laws or energy balance approaches have been used to formulate the
dynamic model [16-19]. The fuzzy cascade control based on Hierarchical Fair Competition-based
Genetic Algorithms has been used in [20]. The fuzzy cascade control approach has been designed as a
nonlinear system with higher disturbance and settling time. It consists of two fuzzy controllers placed in a
cascade manner, and their parameters are optimized using a genetic algorithm. The inner loop controls the
position of the rotating arm, while the outer loop provides the appropriate input to the inner loop due to a
change in the angle of the vertical arm. Simulation has been performed, and the results have been
validated on the real hardware. The counter-based approach has been used to design swings, while pole
placement with an integrator has been used to stabilize the vertical arm [21]. The study shows a settling
time of 4.5s for the swing-up controller. Similarly, stabilization of the vertical arm has been shown
through simulation.

The energy-based method achieves swing-up and vertical stabilization [22]. The H,/H, has been used
to reduce oscillations and stabilize the system. Compared to the feedback controller, fewer oscillations have
been observed with the proposed controller. The only drawback is the control signal is not optimal and
requires a higher value for smaller fluctuations. Kharitonov polynomial has been formed with a
proportional-integral (PI) controller transfer function [23]. Routh Hurwitz criteria have been utilized to
design a stable controller, and stability has been analyzed using the Nyquist plot. A swing-up controller
has been designed in [24]. It is based on energy control and feedback linearization. Simulation has been
performed to show the effectiveness of the proposed approach. The value of gain has been associated
with energy convergence to zero. The higher gain means faster convergence. Another control approach
has been reported in [25]. It consists of a backstepping controller for swing-up and linear state feedback
controllers for stabilization. The quadratic Lyapunov system and Sylvester’s criterion have been used to
determine a sufficient stability margin around the equilibrium point. A comparison has been developed
between the proposed method and the classical scheme. The results have been evaluated in percentage to
show the effectiveness of the proposed approach.
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1.2 Proposed Work and Novelty Aspects

Fig. 1 depicts the rotary inverted pendulum module coupled to the Quanser SRV02 plant in the correct
configuration. SRV02 has a direct current (DC) motor enclosed in an aluminum frame and is equipped with a
planetary gearbox. The module is attached to the SRV02 load gear, and the pendulum arm is linked to the
module body. The linear quadratic regulator (LQR) has been designed to stabilize the pendulum. The
LQR is an excellent approach that provides optimal feedback to make a closed-loop system robust and
stable. It also provides a local approximation to develop optimal control for nonlinear systems [26].

Figure 1: Rotary inverted pendulum

To our knowledge, no efforts have been reported in the literature so far in which an optimal controller for
a nonlinear system such as a rotatory inverted pendulum has been designed and implemented using Newton-
Euler, Lagrange method, and local approximation. In the current research work, the following are the key
contributions:

e The system has been modelled.

e The resulting model has been linearized around an equilibrium point.

e The comparison of the two models has been made in Matlab and Simulink to find the local
approximation.

e The linearized state-space model has been used to estimate the parameters of the LQR controller.

e The controller has been implemented for both models, and its performance and stability have been
analyzed.
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1.3 Experimental Results

The proposed work has been implemented, and the hardware is developed, as shown in Fig. 1. From the
experimental results, it is seen that theoretical results are well verified from the experimental results.

The paper is organized as follows. In Section 2, mathematical modelling has been developed, and
linearization has been done around the equilibrium point. The simulation result of the comparison to find
a local approximation has been described in Section 3. The controller design has been discussed in
Section 4. Section 5 highlights the performance and stability of the controller. The conclusion of the
paper has been given in Section 6.

2 System Model Development

The Lagrange method has been used to develop the mathematical model of this underactuated nonlinear
unstable system Newton-Euler. Newton-Euler equations describe the translation and rotation of a rigid body.
These equations show the relation among forces and torques acting on a rigid body in the form of matrices
[27]. Lagrange establishes the relationship between the net energy of the system and forces or torques acting
on it through partial differentiation. Thus, it becomes convenient to develop a mathematical model of the
system using its potential and kinetic energy [28].

A free-body diagram of RIP mounted on a box having the reference frames is presented in Fig. 2. The
horizontal link with length r is rotating with an angle 0, and the vertical arm of length L and mass m swings
with an angle a. Reference frames have been attached to the moving links for the calculation of the position
vector (P) with respect to a fixed frame. All the symbols used in the mathematical modelling are given in
Table 1.

Figure 2: Free body diagram of the pendulum with reference frames



CSSE, 2023, vol.46, no.1 857

Table 1: List of symbols used in system modelling

Symbols Description

Length to pendulum’s center of mass
Mass of pendulum arm

Rotating arm length

Servo load gear angle (in degrees)

Pendulum arm deflection (in degrees)

SR D Y I I~

Distance of pendulum center of mass from the ground

gk

Moment of inertia of motor, gear, and arm

2.1 Design Parameters

The potential energy (PE) &, of the inverted pendulum is given by [29]:
&, = mgLcosa (1)
where m is the mass of the pendulum arm, g denotes the force of gravity, L represents the length of the

pendulum’s center of mass, and « is the deflection of the pendulum arm. The kinetic energy (KE) &; of
the inverted pendulum is given by [30]:

)
m?  J,,0
Ep=—+"2— 2
k 5 + 5 (2)
V= 20?7 + L?sin*a0* + L?6% — 2rLcosads 3)
Substituting Egs. (3) in (2), we get
2
1 . 1 . 1 . Jey0
Er = imrzﬁz + EmLzsinzocH2 + EmLzo'c2 — mrLcosals + =44 — @)
The Lagrangian L; g, is given by:
Liag =& — &y (5)
1 . 1 . 1 . 1 .
Liagr = Emr202 + EmL2sin2(a)62 + EmLzo'c2 — mrlcosafd + 5J6q02 — mgLcosa. (6)
Now by simplification of Eq. (A21) from Appendix A.1, we got the following results:
; 1 T 5. . s . , 2 ,
0 = ¥ = — 2I%sinacosafs — rLsinad” + rLsinocos ol + rgcosasing @)
<sin2oc.(L2 +r?)+ ﬂ) m
m
Substituting the value 0 in Eq. (A19) in Appendix A.1:
. rCcosa - - . . ) , 2 .
o= 7 [Z — 2L*sinacosal o — rLsinaa” + rLsinacos“af + rgcosozsmoc}
L|:Sin20((L2 +7?) —|—ﬁ] 8)

+ sinocosa? + % sino
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2.2 Linearization Around an Equilibrium Point

Mathematical modelling uses the Newton-Euler, Lagrange method to design a controller. The resulting
model was nonlinear, so linearization was required, which was done around an equilibrium point. Following
are the assumptions from Eqs. (7) and (8):

- 1 T . o . 21
6= 7 [_ — L2sin2005 — rLsinoé? + rLsinocos’al + ErgcosocsinZoc] )
sino(L2 + r2) =2 | L
m

. 7coso T 5. . . ) y 22 1
o= 7 — — Lsin200a — rLsinad” + rLsinocos ol + Ergstoc +

Lsin2o (L2 + 12) + =4 ) " (10)

m

g .
=sin
—i—L o

where 0 = f1 and o = f,. The linearized system is given by (see derivation in Appendix A.2):

0 0 1 0 07Te 0
il _|o 0 %= ks
=10 00 1 ]a + 15 |7 1n
gl L0oo s(1em) of[a] |
[1 0 0 0 g
M —lo 01 0 (12)
2 o
L &
The motor torque is given by:
. KK . . KKK (K JCEK,,
T = Tgear _Bqu = 7;,’”g ﬂmﬂg(U—’Cm’CgQ) _Bqu = émg ’7m’7gU—9<T‘i’1m'lg+Beq (13)

where U is the input voltage and is a control signal. Substitute the value of 7 in the state-space model, and we
get:

j 01 0 0 0
g. 0 0 ™ 0 z KKt 2
_ Jeq Rme _ ]
1 =10 0 0 2 1 o + OKIC n[ n Uu ol - 0 (14)
g [0 0 #(1emt) of[a] | e b
where:
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0 010 0770 0

. m.r.g . tNogmllg

9 - 0 a T 0 9 7RmJE

=10 0 0" 2 1a+0mqu (15)
7 . riCiKet,y

o 0 b %(1+ Z) 0] e LR;}eqng

where, B, denotes the viscous damping of the motor, 7, is the efficiency of the gear, 7,, represents the
efficiency of the motor, R,, is the resistance of the motor, K; is the torque constant of the motor, &, is
the gear ratio, /C,, is the damping constant, /C,,. is the encoder constant, and I/ is the control voltage.

3 Estimation of Local Approximation for Nonlinear System

To find the range of angle («) for which a nonlinear model behaves linearly around an equilibrium point,
i.e., local approximation, to develop optimal control of a nonlinear system, a comparison of linear and
nonlinear models has been performed in MATLAB Simulink and the setup is shown in Fig. 3.
Comparison has been made by setting the initial value of 1° of  in both models without any input. The
vertical arm will start falling under the influence of gravity. The value of angle o will begin rising. The
result of the comparison is given in Fig. 4. It can be seen that the variation in « is the same until 20° for
both models, and the difference is 0°. After that nonlinear model behaves differently, and the angle
difference starts rising. It has given an excellent local approximation, and control must be done in this
range, i.e., from —20° to 20°. The controller has been designed with a much smaller range than the

THETA

estimated range.
> 180/pi Izaél
i alpha
T—>T Scoped
dTHETA dTHETA A Gain
F dalpha .
3

Non-linear

L~ |

Linear

U

dTHETA
Drive1

Figure 3: System setup for the local approximation evaluation

Scope1
T

Gain2

4 Controller Design and Parameters Estimation

MATLAB (2018a, MathWorks, MA, USA) has been used to evaluate the parameters of the LQR
controller. Matrices A and B have been assessed using the system setup parameters and initial conditions
in Table 2. These parameters are for rotary inverted pendulum hardware developed by Quanser. Q matrix
has weights on the states of the system. Similarly, controller vector K has been evaluated using the same
parameters and MATLAB LQR function.

0 1 0 0
4— 0 —-2038 54.06 0
{0 0 0 1

0 —19.22 109.56 0
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0

35.84
B_O

33.81

1 0 0O

01 00
Q_OOIO

0 0 0 1

Q matrix contains 1 in the main diagonal, which means the angular velocities, i.e., (9, &) have also been
considered in the evaluation.

K — -1 -2.02 27.68 3.56

100
— a Nonlinear /
90| — Difference / /
80 — o Linear

Angle (deg)
8
A

30 //
20 e
10 7
0 —
-10
0.1 0.2 0.3 0.4 0.5 0.6 0.7
Time (sec)

Figure 4: Comparison of variation in « for the linear and nonlinear system

Table 2: List of system setup parameters

Parameters Parameters description Values
L Length of pendulum’s center of mass in meter 0.1675
m Mass of pendulum in kg 0.125
r Length of rotating arm in meter 0.158
Jeq Moment of inertia (motor, gear, arm) 0.0036
Beg Viscous damping of the motor 0.004
Ng The efficiency of the gear 0.9

N The efficiency of the motor 0.69

(Continued)
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Table 2 (continued)

Parameters Parameters description Values
R Resistance of the motor 2.6
Ky Torque constant of the motor 0.0077
Kq Gear ratio 70
Kon Damping constant 0.0076
Kene Encoder constant 0.0015

5 Controller Validation

The designed controller has been simulated in Matlab Simulink. Simulation has been performed for both
models, and the controller’s performance has been presented in this section. The plots show the variation in
angles along the vertical axis vs. time along the horizontal axis. These plots have been generated by varying 0
and o. Results have been presented first for the linear system and then for the nonlinear system.

5.1 Linear System

Fig. 5 shows the simulation setup for the linear model along with an LQR Controller in Simulink. Fig. 6
shows the performance and stable behaviour of the RIP. Both angles are zero at the beginning of the
simulation. Then, the RIP was disturbed by rotating 0 at 5.7° (0.1 rad) after 5 s. The vertical arm swings
at an angle of approximately 0.19° due to the horizontal link’s motion and returning to its initial stable
position, i.e., it stays upright. The variation in angle o due to the change in 6 has been adjusted by the
controller as shown in Fig. 6. The system is stable at the new orientation of 0, and the vertical arm is still
maintaining zero inclination, i.e., it is not falling in any direction rightward or leftward.

27.683°|‘

-, .y
] | . J
: ' ’ THETA
- i alpha
> ] |
. —» dTHETA dTHETA
Subsystem?1 dalpha
| Linear
3.55571«

Figure 5: Simulation of a linear model with a controller in MATLAB simulink

Similarly, the vertical arm of RIP has been shaken by setting «5.7° (0.1 rad) at the beginning as the
initial condition, as shown in Fig. 7. The controller rotates the horizontal link from zero to approximately
—13° to balance the vertical arm and brings it to its stable upright position. 6 angle has been brought
back to zero in 5 s. It shows that the controller adjusts the variation in both variables of the system and
maintains the vertical arms in a stable upright position. The presentation of the results validates the
designed controller.
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Figure 7: Stability analysis by varying the o

5.2 Nonlinear System

Fig. 8 shows the simulation setup for the nonlinear model along with LQR Controller. The performance
of the LQR has also been tested on the nonlinear model because it provides a local approximation to develop
an optimal controller for nonlinear systems.

In Fig. 9 0 has been moved from 0° to 5.7° for initial five seconds, and then it has been rotated back to 0°.
The vertical arm’s angle o has swung twice, but the controller has brought it back to its stable vertical
position, as shown in Fig. 9.

Similarly, the performance of the controller has been evaluated by changing both variables of the system,
i.e., (0 and o), as shown in Fig. 10. In the beginning, the controller adjusts the « to 0°, which was given an
initial value of 5.7° (0.1 rad). The corresponding rotation of 6 is shown in Fig. 10. After 5 s, the 0 has been set
at 5.7° (0.1 rad) « has been brought back to 0° by the controller.



CSSE, 2023, vol.46, no.1 863

1
Non-linear
J THETA
Vm
* u Vv alpha |-
) O T >
dTHETA |

> - —» dTHETA

>+
dalpha —‘

3.5557 [«
2.0214 <

Figure 8: Simulation of a nonlinear model with a controller in MATLAB simulink
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Figure 9: Variation in 0 for the nonlinear system

6 Hardware Implementation and Analysis

The designed controller has been tested over an inverted pendulum, shown in Fig. 1, and the results are
shown in Figs. 11 and 12. These plots depict the comparison in a real and simulated environment. Fig. 12
shows the variation in angle 6, and Fig. 11 shows the corresponding angle a. The blue line with dots
represents the measured value, and the green is of simulation results. It is vivid from that the actual
measured values are very close to the simulated values. These results validate the proposed controller.
The controller adjusted the disturbance and kept the pendulum in a stable upright position, as shown in
Fig. 11, by rotating the horizontal link of the pendulum.
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Figure 12: Servo load gear angle 6

7 Conclusion & FutureWork

In the proposed research work, we have designed a state-feedback controller for the inverted rotary
pendulum utilizing the LQR techniques. A complete set of analyses has been developed to provide a
validation of the designed system. The performance of the designed controller is measured for the linear
and the nonlinear system using the local approximation. It is evident from the simulation results that the
designed controller is giving optimal performance and is robust enough to keep the pendulum in an
upright, stable position. The performance has been evaluated by varying the angles of the horizontal and
vertical arms of the RIP. From the simulation results, it can be seen that the controller stabilizes the
pendulum arm under various disturbances in a specific range. The simulation results have been validated
over a real, inverted pendulum. In future, a fuzzy controller will be implemented to compare the
performance of the two controllers.
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Appendix
Appendix A

A.1 Derivation of 0and i

To evaluate v, a position vector P of mass must be defined as,

X [cosf —sinf O]

r 1 0 0 0

P=1|y| =|sin0 cosd 0 Ol +1|0 cosax sina 0 (Al)
E4 K 0 1 0 0 —sina coso —L
[x] [cos® —sinf® 07 [~

P=|y| =|sin0 cosd 0 —Lsino (A2)
| Z | K 0 1| [ —Lcosa
[x] [ rcosO + Lsinfsino

P = |y| = |rsind 4 LcosOsina (A3)
E4 | —Lcoso

where 7 denotes the length of the horizontal link. To evaluate v, we need to differentiate the position vector P
of m as,

X —rsin@@ + Lcosﬁsinoct? + LsinOcosad
v=P= |y| = | —rcosff + Lsinfsinad — LcosOcosas (A4)
z —Lsinog

V=2 437+ 2 = (—rsinf0 + LeosOsinad + Lsin@cosocdc)2 (A5)
. . 2
+ (—rcos@@ + Lsin0Osinal) — Lcos@cosocdc) + (—Lsinag)
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V= 207 + L2sinab? + L*cos?as® — 2rLeosab + L sinuc?

Taking the differential of Eq. (6) with respect to 0 to get,

0 . , . ,

r [L1agr] = mr?*0 + mL?sin*a6 — mrLcosas + Jo 0
Now taking d/dt of Eq. (A7) to get:

2 _ mrLcosa i+ Jeqb

dr \s0
Taking the differential of Eq. (6) with respect to 6 to get:

d (o . . ..
— (— [ELagr]> = mr*0 + 2mL?sinocosodé + mL*sin?ol) + mrLsinad

0

sg [Lrar] =0

where:

d (o 0

i (G o)) = 55 o) =T

where 7 denotes the torque. By inserting Eqs. (A8) and (A9) in (A10) to get:
mr?0 + 2mL*sinacosads + mLsin0l + mrLsinad? — mrLcosod + Jeqé =T

Now differentiating Eq. (6) with respect to o and & respectively to get:

0 . : Y .

Sy [ELag,] = mL’sinocosa®? + mrLsinodi + mgLsing
o

5 2. ;

52 [ELagr] = mL"& — mrLcosa6

d
Now taking 7 of Eq. (A18) to get:

% (% [CLagrD = mL*% + mrLsina0s — mrLcosad

where:

d (o 0
—|=|£ agr — < |Liggr| = 0
4 (5 e ) = 5 ]
Now simplify Eq. (A15) to get:
mL?*% — mrLcosa0 — mL?sinacosal? — mgLsinoe = 0

Finally, we get two equations (i.e., Eqs. (A17) and (A18)) of the system as below:

; . ; Jow T
720 + 2L2sinacosadi + L2sinaf + rLsinod® — rlcoso i+ —2 0 = —
m m

(A6)

(A7)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(Al14)

(A15)

(A16)

(A17)
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L & —rcosal) — Lsinocosal? — gsing =0 (A18)
From Eq. (A18), the value of & is obtained as:
o= %cosaé + sinocosad® + % sino (A19)

Substituting the value of o from Egs. (A19) in (A17)

120 + 212 sinocosali + L2sin®af + rLsinog? — r*cos?ab) — rLsinacos’af? — rgcosasing
N Jeg i T (A20)
m m

Now simplifying Eq. (A20):

0 sin%c(L2 + rz) + ﬁ + 2L%sinacosadd + rLsinad? — rLsinacos?al? — rgcososing =

— (A21)
m m
A.2 System Linearization
The linear system can be expressed by:
i =Ax+Bu, y=Cx+Du (A22)
For the nonlinear system, the linearized system looks as follows:
K 1 0 0 i [0 i
i1 [h d o | |
0 5Bx:x,, ; X=x 50(x:x,, 5é(x:x,, ( 57;=x0
0| _ |00 00x Ofrmn O%=x |10 | Ofrn | (A23)
o 0 0 0 1 o 0
B R S S e
i 00x=x, 5('95:& O0tx=y, OBlx=x, i _5—7'{:)(0 i
(1 0 0 0 g
[yl] =0 0 1 0 (A24)
Y2 o
- o
The equilibrium point is given by:
0,
0 0 0 0
= = [Al=0; — =0; — =0 A25
w=g s glil =0 5 W=0 5 0 (25)
0 %o
5 1 2 - o . p
50 fil = [ —L2sin2a6+ 2rLsinacos?ad | (A206)

. J
sin2o(L2 + r2) + -4
m



870 CSSE, 2023, vol.46, no.1

) —2sinacosa(L? + r? T . o1
5y il = ( ; ) 5| < [— — L%sin2005 —rLsinad® + rLsinoccoszocH2 +§rgsin2fx]
m
[sinzoc(L2 +7?) +ﬂ}
m (A27)
1 2 .. ) 2 . .2
+ Ty X [—2L cos2006 — rLecosad”+ rLcos ol — 2rLsin®acosal) —|—rgcos2ac}
in2o (L2 2 —
sinfo(L? +7%) + -
0 mrg 0
i — - = A28
5“)_61)& [fi] ng ’ 5&_:& [fl] ( )
0 1 5 n: .
EVI] = 7 [ —L2sin20f— 2rLsinog | (A29)
sin2o(L2? + r2) + -4
m
0 1 1
5Tl = Too | m (A30)
sino(L2 + r2) + -4
m
0 | ) 0 0
= = —[h]=0; — —0; — =0 A31
5TE:}& [ﬁ] Jeq Y 50 [fi] ? 50_:_0 Vi] Y 50£:x0 [/‘2] ( )
0 7CoSu g _ .
5 ] = 5 [ —L%sin2a6 + 2rLsinacos?af | (A32)
L [sinzoc(L2 +r?) + ﬂ}
m
—Lrsino | sina(L? + 7?) +‘@
o0 = m B 2Lrsinocos’a(L? + 1?)
dou _ ANE . Jg\ 1
[L (s1n2a(L2 + %) + —) ] [L (sm%c(L2 +r) + —q> }
m m
T 2 . . ) . 2 2 1 .
— — L7sin200& — rLsinao” + rLsinocos o) + ~rgsin2o
m 2 (A33)
FCOSa. 5 . "
+ 7 [ —2L%cos2abd — rLcosos,
L (sinzoc(L2 +r?) + ﬂ)
m
3 .0 . ) D) 92 g
+ rLcos’af)” — 2rLsinacosal + rgcos2a] + cos2a o cosx
0 mr’g g §
-~ = 5o =0; A34
5“{:}& [fi] ngL + L’ 6“{:}& [fi] ’ ( 3 )
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0 r
ﬁizﬁ [fZ] B LJeq (A35)
0 rcosa o o
5% [h] = [ —L%sin200 — 2rLsinad | (A36)

J,
L [sinzoc(L2 +7) + ﬁ}

0 rcosa 1
o7 P = ik (A37)
L [sin2oc(L2 +72) + ﬁ}
m
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