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Mixed Convection in Horizontal Internally Finned Semicircular Ducts

A. M. Ben-Arous1 and A. A. Busedra1

Abstract: The problem of combined free and
forced convection in horizontal semicircular ducts
(flat wall at the bottom) with radial internal fins
is investigated from a numerical point of view.
The wall of the duct is assumed to have a uni-
form heat input along the axial direction with a
uniform peripheral wall temperature (H1). The
analysis focuses on the case of hydrodynamically
and thermally fully-developed laminar flow. The
governing equations for the velocity and tempera-
ture are solved by using a control-volume-based
finite-difference approach. The fluid flow and
heat transfer characteristics are found to be de-
pendent on the Grashof number, the fin length and
the number of fins. It is also found that the heat
transfer rate increases with the Grashof number
and is more intense with respect to the case of fin-
less semicircular ducts. The most remarkable out-
come of the present study is that, for each number
of fins an optimum fin length exists at which the
Nusselt number attains a maximum.

Keyword: Laminar Mixed Convection, Semi-
circular Ducts.

1 Introduction

Internally finned ducts are used extensively in
compact heat exchangers, solar collectors, and
nuclear reactors. The semicircular duct is a clas-
sical example of ducts used in compact heat ex-
changers. It may be used also as a stand alone
duct, because of the presence of a flat wall. More-
over, the additional surface provided by the inter-
nal fins can enhance the heat transfer. Some rel-
evant literature on the subject is discussed in the
following.

Dong and Ebadian (1995) have studied the effect
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of radial internal fins on heat transfer and pres-
sure drop for laminar fully developed mixed con-
vection in vertical semicircular ducts with the H1
thermal boundary condition.

Prakash and Patankar (1981) studied the fully
developed laminar mixed convection in a verti-
cal tube with internal fins for the same thermal
boundary condition. Mirza and Soliman (1985)
obtained numerical solutions in horizontal tubes
with two vertically oriented fins. Rustum and
Soliman (1990) extended this analysis to a wide
geometrical range in terms of fin lengths and num-
ber of fins. In both investigations, the presence of
the fins was found to delay and suppress the free
convection effects compared to finless tubes.

Laminar mixed convection in horizontal tubes
with longitudinal internal fins was also investi-
gated from an experimental point of view by Rus-
tum and Soliman (1988). Their investigation in-
cluded the pressure drop and heat transfer in the
fully developed region.

Nandakumar, Masliyah and Law (1985) studied
the fully developed mixed convection with the
aforementioned H1 thermal boundary condition
in a horizontal finless semicircular duct with the
flat wall at the bottom. Lei and Trupp (1990a)
studied the same problem with the flat wall on
top. Their results showed that the values of Nus-
selt number for the flat wall on top are approxi-
mately the same as for the flat wall at the bottom.

Chinporoncharoenpong, Trupp and Soliman
(1993) analyzed also the same problem by
rotating the semicircular duct from 0° (the flat
wall on top) to 180° (the flat wall at the bottom)
with an incremental angle of 45°. They disclosed
that, orienting the flat wall of the semicircular
duct vertically 90° up to 135ogave the highest
heat transfer rate among the other orientations.
Busedra and El-Abeedy (2003) extended the
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analysis of Chinporoncharoenpong et al. (1993)
by inclining the semicircular duct at a fixed
angle and a single value of the Reynolds number.
They reported that, the effect of inclination
on the orientation is important in heat transfer
enhancement.

Busedra and Soliman (1999) elaborated some the-
oretical results for laminar fully developed mixed
convection in heated semicircular ducts (with
the flat wall in vertical position) with buoyancy-
assisted and buoyancy-opposed inclinations using
two thermal boundary conditions, H1 and H2 (ax-
ial uniform heat input combined with uniform cir-
cumferential wall heat flux). They investigated
the effect of inclination on the axial velocity and
temperature as well as the heat transfer and the
pressure drop. They found that, the location of
the maximum Nu at high Gr shifts to lower values
of the inclination angle.

Busedra and Soliman (2000) have studied also the
combined free and forced convection experimen-
tally for laminar water flow in the entrance region
of a semicircular duct with upward and down-
ward inclinations within±20°. They oriented the
flat wall in vertical position and compared their
experimental results with their theoretical predic-
tions. Recently, El-Hasadi, Busedra, and Rus-
tum (2007) have analyzed numerically the lam-
inar mixed convection in the entrance region of
horizontal semicircular ducts with the flat wall on
top. Their results, for Pr = 0.7, have provided lo-
cal Nusselt number as well as the axial velocity
and temperature fields at different axial locations.

The present study deals with the case in which the
flat wall of the semicircular duct is located at the
bottom. We investigate the effect of radial internal
fins on the heat transfer rate using the H1 thermal
boundary condition.

1.0.1 Analysis and Modeling

The problem considered is that of fully developed
laminar mixed convection in a horizontal semicir-
cular duct with N radial fins, each with a length
l. They are spaced around the circumference of
the semicircular duct. The fins are also assumed
to be of negligible thickness, and highly conduc-
tive. Fig. 1 shows the cross section of the finned

semicircular duct.
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Figure 1: Geometry of a semicircular duct with
internal fins

The fluid is assumed to be incompressible and
Newtonian, and the flow is steady, laminar, and
fully developed hydrodynamically and thermally.
Viscous dissipation and axial heat diffusion are
assumed to be negligible. Fluid properties are as-
sumed to be constant, except for the variation of
density in the buoyancy term, which varies with
temperature according to Boussinesq approxima-
tion.

ρ = ρw (1−β (t − tw)) (1)

The fluid pressure decomposition is given by An-
derson, Tannehill and Pletcher (1984) as follows:

p(r,θ , z) = p1 (z)+ p2 (r,θ) (2)

where p1 is the cross-sectional average pres-
sure, which is assumed to vary linearly in the z-
direction, while p2(p∗2 = p+

2 ρwgr sinθ ) provides
the driving force for the secondary flow within the
cross-section. The problem dimensionless param-
eters are:

R = r
r0

, Z = z
r0

, U = ur0
ν , V = υr0

ν ,

W = w
wm

, L = l
r0

, f = D
− ∂ p1

∂z
2ρw2

m
,

P1 = p1r0
ρνwm

, P2 = p∗2r2
0

ρν2 , T = t−tw
q′/( π

2 k) ,

Re = Dwm
ν , Pr = ρνCp

k , Gr = gβq′r3
0

π
2 kν2

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(3)



Mixed Convection in Horizontal Internally Finned Semicircular Ducts 257

The governing equations can be written in dimen-
sionless form as:
Continuity equation:

∂ (RU)
∂R

+
∂V
∂θ

= 0 (4)

Momentum equations:
R-direction:

U
∂U
∂R

+
V
R

∂U
∂θ

=

− ∂P2

∂R
+∇2U − 2

R2

∂V
∂θ

− U
R2 +

V 2

R
+GrT sinθ

(5)

θ−direction:
(

U
∂V
∂R

+
V
R

∂V
∂θ

)
= − 1

R
∂P2

∂θ
+∇2V +

2
R2

∂U
∂θ

− V
R2 −

UV
R

+ GrT cosθ (6)

Z-direction:

U
∂W
∂R

+
V
R

∂W
∂θ

=

1
2

f Re+
1
R

∂
∂R

(
R

∂W
∂R

)
+

1
R2

∂ 2W
∂θ 2 (7)

Energy equation

Pr

(
U

∂T
∂R

+
V
R

∂T
∂θ

)
= ∇2T −

(
2
π

)
W (8)

The associated boundary conditions are given as:
W = V = U = 0 on the fins and on the walls
T = 0 on the walls
Where ∇2 is:

∇2 =
1
R

∂
∂R

(
R

∂
∂R

)
+

1
R2

∂ 2

∂θ 2 (9)

1.1 Parameter of Interest

The following definition of the Nusselt number,
Nu is used in present study:

Nu =
hD
k

=
π

(π +2)

(
1

−Tb

)
(10)

In the above equation the diameter of the circular
duct is used as the reference length. This defini-
tion makes it easier to compare results for finless
and finned ducts.

1.2 Solution Technique

The dimensionless governing partial differential
equations (Eqs. 4–8) have been discretized by
using a finite control volume approach (Patankar
(1980)), and a power law scheme has been used
for the treatment of the convection and diffu-
sion terms. The velocity-pressure coupling has
been handled using the SIMPLER algorithm of
Patankar (1980). A staggered grid has been used
in the computations with uniform subdivisions in
the R and θ directions.

For given values of the input parameters Pr and
Gr, computations have been started from an ini-
tial guess of the fields (U, V, W, T). Typically, the
initial guess used was U = V = W = T = 0 at all
mesh points.

The discretized equations have been solved simul-
taneously for each radial line using the tridiag-
onal matrix algorithm [TDMA], and the domain
has been covered by sweeping line by line in the
angular direction.

At the end of each iteration, a correction proce-
dure has been applied to W , using the conserva-
tion of mass, in order to ensure that the mean
value of the dimensionless velocity, Wm is equal to
1. This correction procedure follows the method
outlined by Patankar and Spalding (1972): the
converged velocity profile must satisfy the con-
dition:
∫ π

0

∫ 1

0
W RdRdθ =

π
2

(11)

The following convergence criterion for the three
velocity components and the temperature at all
grid points has been used:
∣∣∣∣φnew−φold

φnew

∣∣∣∣ ≤ 10−6 (12)

It has been found that a selected grid size of
61×141 (R× θ ) for finless semicircular ducts is
capable of producing Nuo value of 6.689 and
(fRe)o value of 42.218 for pure forced convec-
tion. These values show that excellent agreement
has been reached between the present study and
the exact values of Lei and Trupp (1990b) (Nuo =
6.690 and (fRe)o = 42.232). In generating the final
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Table 1: Comparison of Nuo and (fRe)o for forced convection

Number of fins Fin Length
Nuo (fRe)o

Present Dong and Present Dong and
Ebadian (1995) Ebadian (1995)

0.2 7.571 7.531 53.022 53.345
3 0.4 12.177 12.171 87.985 87.943

0.6 25.040 24.816 142.06 141.762

results for semicircular ducts with radial internal
fins, a selected mesh size (61×141) for N = 3 and
9 was considered. The accuracy of the results was
also compared with Dong and Ebadian (1995) for
the case of fully developed forced convection in
case of N = 3 with different fin lengths, as shown
in Tab. 1

2 Results and Discussion

A single value of Prandtl number, Pr = 7 has been
used in all computations with Gr up to 106. The
secondary flow patterns and temperature profiles
as well as fRe and Nu have been examined.

2.1 Secondary Flow Pattern

Figure 2 represents the secondary flow pattern for
N = 3 and N = 9 with fin lengths of 0.2 and 0.6.

Fig. 2-a shows the secondary flow pattern con-
sists of two identical counter rotating secondary
flow cells appearing in the lower corners of the
semicircular duct.

The fluid in the upper central part moves upward
around the tip of the lower two fins and then along
the curved wall towards the upper central fin.

The trend does not change as the number of fins
increases to N = 9, as shown in Fig. 2-b. How-
ever, increasing the fin length to L = 0.6 causes a
complicated secondary flow pattern, as shown in
Figs. 2-c and 2-d.

2.2 Temperature Distribution

Figure 3 shows the temperature distribution.

Fig. 3-a, with short fins and N = 3, shows that
the cooler fluid core shifts to the lower part of the
duct. As a result, an important temperature gradi-
ent is observed there. Such a gradient leads to a
much more effective heat transfer with respect to
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Figure 2: Secondary flow pattern for L = 0.2 and
0.6 with N = 3 and 9 at Gr = 1×106
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heat trransfer established in the upper part. The
underlying reason is that, the circulation of the
secondary flow is more intense in the lower part
than in the upper part. A similar trend can be seen
in Fig. 3-b for N = 9 with L = 0.2.
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Figure 3: Temperature distribution for L = 0.2 and
0.6 with N = 3 and 9 at Gr = 1×106

At the same Grashof number (e.g; Gr = 1×106)
Figs. 3-c, and 3-d show the effect of the sec-
ondary flow on the temperature distribution in the
semicircular duct with long fins. It can be seen
that the cooler fluid core is split in several parts
by the fins. In particular, Fig. 3-c shows that the
temperature values are approximately the same in
the lower corners and in the two upper bays. A
similar behavior can be seen in Fig. 3-d with N =
9.

2.3 Friction Factor and Nusselt number

The ratio fRe/(fRe)o, where (fRe)o corresponds to
pure forced convection for the same geometry is
presented in Fig. 4 for N = 3 and 9 with differ-
ent lengths (L = 0.2 and 0.6). These results show
that fRe/(fRe)o remains close to unity up to a criti-
cal Gr beyond which fRe/(fRe)o increases slightly
with increasing Gr. This critical Gr increases as
L increases and fRe/(fRe)o decreases with increas-
ing L at any given Gr.
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Figure 4: The effect of Gr on fRe/(fRe)o for N = 3
and 9 with L = 0.2 and 0.6

Figure 5 shows the variation of Nu/Nuo with Gr,
where Nuo corresponds to pure forced convection
for the same geometry. The prevailing trends are
similar to those illustrated for the friction factor in
Fig. 4, but the amount of increase in Nu/Nuo val-
ues is much larger. This is due to the influence of
free convection currents on the temperature distri-
bution.

Moreover, at any given value of Gr, shorter fins
have higher values of Nu/Nuo than the longer
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fins. It is worth highlighting that the way by
which variations in N and L influence Nu/Nuo and
fRe/(fRe)o are consistent with the results of Rus-
tum and Soliman (1990).
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Figure 5: The effect of Gr on Nu/Nuo for N = 3
and 9 with L = 0.2 and 0.6

The ratio Nu/Nuo as a function of all considered
values of N and L is presented in Fig. 6.

For each number of fins, an optimum fin length
exists at which Nu/Nuo reaches a maximum. The
optimum fin length increases as the number of fins
increases.

A pronounced enhancement of heat transfer can
be obtained by using shorter fins. The Values
of Nu/Nuo with shorter fins (L = 0.2), for Gr
= 1×106, as compared with finless semicircular
ducts of Chinporoncharoenpong, Trupp and Soli-
man (1993) are higher by 6.3% and, 32% for N
= 3, and 9 respectively. Thus Fig. 6 ascertains
that increasing the fin length in these cases is not
necessary for heat transfer enhancement.

3 Conclusions

Fully developed laminar mixed convection in hor-
izontal semicircular ducts (flat wall at the bottom)
with radial internal fins and with the well-known
H1 thermal boundary condition has been investi-
gated.

The effect of the number of fins and fin length on
the heat transfer has been clarified. The results
show that the semicircular duct geometry has a
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Figure 6: Values of Nu/Nuo for N = 3 and 9 with
different lengths at Gr = 1 × 106

strong influence on the secondary flow currents,
which is in turn reflected on the temperature dis-
tribution and heat transfer rate.

Remarkably, at Gr=1×106 with longer fins the
secondary flow is suppressed in the bays delim-
ited by the fins.

The circulation exhibits a larger magnitude in the
lower part of the section with respect to the up-
per part. As a result, a considerable temperature
gradient is established there. Such a gradient is
responsible for heat transfer much more intense
in the lower region than in the upper region.

The ratio Nu/Nuo has been found to increase with
Gr in all cases. For each number of fins, an op-
timum fin length exists at which Nu/Nuo reaches
a maximum. By comparing the results of finless
semicircular ducts with those for finned ducts, it is
evident that the heat transfer is enhanced by using
short fins (this means that increasing the fin length
is may be regarded as not necessary for heat trans-
fer enhancement).

Nomenclature

Cp specific heat, J/kg k
D diameter of the semicircular duct (= 2ro), m
f fanning friction factor
g gravitational acceleration, m/s2

Gr Grashof number
h average heat transfer coefficient, W/m2 k
k thermal conductivity of the fluid, W/m k
l fin length, m
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L dimensionless fin length
N number of fins
Nuaverage Nusselt number
P Pressure N/m2

p1 cross-sectional average pressure, N/m2

p2 cross sectional excess pressure, N/m2

P1 dimensionless cross-sectional average pressure
P2 dimensionless cross-sectional excess pressure
Pr Prandtl number
q′ rate of heat input per unit length, W/m
r radial coordinate, m
ro radius of circular wall, m
R dimensionless radial coordinate
Re Reynolds number
t temperature, K
T dimensionless temperature
Tb dimensionless bulk temperature
u radial velocity, m/s
U dimensionless radial velocity
v angular velocity, m/s
V dimensionless angular velocity
w axial velocity, m/s
W dimensionless axial velocity
z axial coordinate, m
Z dimensionless axial coordinate

Greek Symbols

β coefficient of thermal expansion, k−1

θ angular coordinate, radians
ν kinematic viscosity, m2/s
ρ Density of the fluid, kg/m3

Subscripts

m mean value
o corresponding to Gr = 0
w at the wall
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