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ABSTRACT

The formation of convective flows in a rotating cylindrical layer with an inclined bottom and free surface is stu-
died. Convection is driven by localized cooling at the center of the upper free surface and by rim heating at the
bottom near the sidewall. The horizontal temperature difference in a rotating layer leads to the formation of a
convective flow with a complex structure. The mean meridional circulation, consisting of three cells, provides
a strongly non-uniform differential rotation. As a result of the instability of the main cyclonic zonal flow, the train
of baroclinic waves appears in the upper layer. The baroclinic waves provide most of the heat transfer in the mid-
dle radii and are responsible for strong temperature and velocity fluctuations. It is shown that the inclination of
the bottom is a crucial factor for the structure of the convective cells and the dynamics of the baroclinic waves.
The increase in the inclination angle leads to a significant increase in the energy of the waves. The obtained results
may be important for heat and mass transfer in various geophysical and industrial systems, including transport of
various additives and impurities in rotating crucibles, and crystallization processes.
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1 Introduction

The rotating convection covers a wide range of problems related to the science of materials, crystal
growth, thermal engineering, meteorology, oceanography, geophysics, and astrophysics. The horizontal
temperature difference in a rotating fluid layer results in the instability of the basic flow and transition to
the baroclinic wave regime and further to the disordered behavior in the form of so-called ‘baroclinic
chaos’, which provides an important form of chaotic transition in fluid dynamics [1]. This is of particular
geophysical relevance to the problem of the large-scale circulation of the Earth and other terrestrial
planets [2–6]. Also, the main features of this kind of instability are important to industrial processes, e.g.,
the Czochralski technique for the growth of crystals from the melt [7–11]. In the present study, we mainly
focus on the geophysical aspects of the baroclinic waves in a rotating convective layer.

Laboratory analogs of atmospheric flows allow, on the basis of well reproducible experiments, to study
the fundamental basis of complex dynamic processes, test existing hypotheses, find new effects, formulate
topical problems, and build theoretical models [1,2]. The main laboratory model for mid-latitude circulation
was developed in [12] and consists of a rotating annular vessel with three concentric cylinders, where the
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narrow gap of the outer annulus is filled with warm fluid, the inner cylinder is filled with cold fluid and the
central part is the experimental chamber filled with water. This configuration has been successfully used for
many years to study various aspects related to baroclinic wave formation in mid-latitudes [2]. Recent studies
are focused on the influence of mechanical and thermal inhomogeneity on the baroclinic wave formation
[13,14], and the generation of different waves in the barostrat instability experiment [15]. First laboratory
studies of mid-latitude circulation in a frame of a polar amplification scenario [16,17] showed that a
decrease in the meridional temperature difference slows down the eastward propagation of the jet stream
and complexifies its structure. Laboratory models can be used to study extreme temperature fluctuations
of the mid-latitude atmospheric circulation [18,19]. The use of vertical isothermal walls in the model [12]
imposes a number of limitations [2]. An attempt to avoid the main limitations of the model [12] was
made in [20], where the heat source was located at the periphery of the bottom and the disk cooler was
located in the upper part of the central region of the cylindrical gap.

Another important factor is the geometry of the layer. In models [12] and [20], the aspect ratio (layer
height to cylindrical gap width) was 1 and 0.65, respectively. In [21], a new laboratory model was
implemented in which the rim heater is displaced from the sidewall and for a much smaller value of the
aspect ratio a ≈ 0.09. The new laboratory model reproduces the main features of the global atmospheric
circulation, namely, the anticyclonic flow at low latitudes, the cyclonic circulation in the region of middle
and polar latitudes, the formation of large-scale baroclinic vortices, and the three meridional cells
(analogs of Hadley, Ferrell, and polar cells). In [22], a comparative analysis of different configurations of
laboratory atmospheric general circulation models is presented.

Strong variation of the Coriolis force (beta effect) in the real atmosphere leads to the formation of large-
scale waves, usually called Rossby waves [1]. They are localized predominantly at low latitudes, but can
propagate at higher latitudes as well, affecting the mid-latitude circulation and baroclinic waves. A flat
horizontal bottom, typical of most laboratory models of the general circulation of the atmosphere,
excludes the formation of Rossby waves, but modeling of the beta effect in laboratory conditions is
possible using a sloping bottom.

This paper presents the first results of mathematical modeling in a setting approximating [21], for a
larger layer thickness (a ≈ 0.17) and in the presence of a bottom slope modeling the beta effect.

2 Numerical Simulation

The problem formulation is similar to experiments [21], which makes it possible to compare the results
obtained by different approaches. The study was performed by direct numerical simulation of thermal
convection in a rotating cylindrical layer filled with silicon oil (PMS-5) using the freely distributable
computational fluid dynamics package OpenFOAM v2106. Fig. 1 shows a scheme of the computational
domain.

Figure 1: Scheme of the computational domain
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The system of equations describing the motion of incompressible fluid in the rotating system in the
Boussinesq approximation is as follows:

r � u ¼ 0;

@u
@t

þ u � rð Þuþ 2Ω � u ¼ �r p

q0

� �
þ mr2uþ b T � T0ð Þgez;

@T

@t
þ u � rð ÞT ¼ vr2T ;

(1)

where u ¼ ux; uy; uz
� �

–velocity, T–temperature, p–pressure, b–the thermal expansion coefficient, χ–the
thermal diffusivity, g–gravitational acceleration, Ω ¼ �ez–rotation rate, T0–mean temperature (averaged
over fluid volume), ez–vertical unit vector directed against gravity. The system of Eq. (1) was solved
using the modified solver buoyantBoussinisqPimpleFoam in which the Coriolis force was added.

The computational uniform mesh is a multi-block structured mesh with a total number of control
volumes of 2.8 million allows to resolve of boundary layers and small-scale convective structures [23].
Time integration was performed according to an implicit Euler scheme of second-order accuracy. The
integration step was adaptive and the Courant-Friedrichs-Levy criterion did not exceed 0.4. For the
discretization of convective and diffusive terms, a second-order approximation central difference scheme
was used (in the case of OpenFoam this scheme is called Gauss linear). To solve the system of linear
algebraic equations obtained after discretization of the equations, the bi-conjugate PBiCG gradient
method with DILU preconditioner (for velocity and temperature) and the GAMG method for pressure
were used.

The non-slip condition is applied to the sidewalls, the bottom (including the heating area) and the cooler
(at the upper boundary):

uj�s
¼ uj�c

¼ uj�h
¼ 0: (2)

At the upper surface (excluding the cooling area), there is a free-slip boundary condition:

uzj�f
¼ @ux

@z

����
�f

¼ @uy
@z

����
�f

¼ 0: (3)

The sidewalls and the bottom (except the heating area) are adiabatic:

@T

@n

����
�s

¼ 0: (4)

The heating at the bottom and cooling at the upper surface is realized by constant heat flux:

@T

@z

����
�h

¼ Ph

kSh
;
@T

@z

����
�c

¼ Pc

kSc
;
@T

@z

����
�f

¼ Ph � Pc

kSf
; (5)

where Ph–heating power, Pc–cooling power, Sh–heating area, Sc–cooling area, Sf –free-surface area and k–
thermal conductivity.

As non-dimensional governing parameters, following [11], we use the thermal Rossby number RoT, the
Taylor number Ta, and the Ekman number E:

RoT ¼ gbHDT

�2R2
; Ta ¼ 4�2R5

Hm2
; E ¼ m

�H2
;
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where m–the kinematic viscosity, DT–the temperature difference between heater and cooler, R–the layer
radius, H–the layer height. Please note, that in case of a bottom tilt H is not constant and we use its
maximal value to estimate values of non-dimensional parameters. The main parameters of the numerical
simulation are presented in Table 1. It should be noted that in the presented numerical simulation we
neglect thermocapillary effects on the free surface, which can provide a noticeable change in the velocity
distribution near the upper boundary of the silicone oil [24]. However, a comparison of laboratory
experiments and numerical simulations [21] has shown that thermocapillary effects are not crucial for the
structure of baroclinic waves.

3 Main Results

One of the most interesting applications of the system under consideration is the modeling of the general
circulation of the atmosphere. The laboratory analogue of the general circulation of the atmosphere in the
dishpan configuration is a rotating liquid layer with an aspect ratio noticeably less than unity, with a
localized rim heater located at the bottom periphery and a disk-shaped cooler placed in the central part, at
the upper boundary of the fluid layer [21]. The rim heater simulates heating in the equatorial region and
cooler, cooling in the polar region. The heater is specifically offset from the sidewall to minimize its
influence, through interaction with non-slip boundary, on the formation of flows. In addition, the
displacement of the heating area from the side wall leads to the formation of zonal flows (analogs of east
and west winds) that are typical for the equatorial region. Due to the transfer of angular momentum, the
radial flow directed to the periphery forms an anticyclonic circulation (opposite to the rotation of the
model), and the convergent flow (directed to the center) leads to the appearance of intense cyclonic
motion. A detailed description of the laboratory model can be found in [21,22].

In the present work, we focused on studying the role of bottom inclination on flow formation. The
magnitude of inclination in the shallow layer is restricted by its depth, so in order to consider a relatively
large inclination angle (up to 10o) we increase the layer depth to 60 mm, and the aspect ratio to a ≈ 0.17
(in [21], a ≈ 0.17). It can be expected that changes in the geometry and interactions of different types of
waves can lead to significant variations in the flow structure and temperature distribution. We limit
ourselves to the consideration of the average characteristics of the flows for two particular regimes. The
first one is for a relatively slow rotation (Ω = 0.11, rad/s), at which in case of the horizontal bottom the
basic flow is stable and baroclinic waves do not appear. The second regime for a fast rotation (Ω = 0.37,
rad/s) corresponds to an “atmospheric” regime that resembles the structure of general atmosphere
circulation, including baroclinic waves [21]. The mean (averaged over time and azimuthal coordinate)
meridional circulations for slow and fast rotation are presented in Fig. 2. In case of fast rotation, despite
increase in the aspect ratio, the mean circulation resembles global atmospheric circulation and includes
analogs of polar cell (near the axis of rotation), Ferrel cell and Hadley cell at the periphery. The fourth,

Table 1: Main parameters of numerical simulation

b �, rad/s DT , K RoT Ta E

0 0.11 21.1 0.69 1.68 × 109 0.0039

0.37 23.4 8.58 1.50 × 108 0.013

5 0.11 21.6 0.70 1.68 × 109 0.0039

0.37 22.8 8.34 1.50 × 108 0.013

10 0.11 23.1 0.75 1.68 × 109 0.0039

0.37 23.0 8.42 1.50 × 108 0.013
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additional cell is a result of shifting of the heater from the sidewall. In the slow rotation regime the analog of
polar cell is very weak, and the middle radii cell dominates, but the mechanism of this cell is different. In case
of fast rotation the middle radii cell is produced by baroclinic waves, so we called it the analog of the Ferrel
cell. At slow rotation rate the baroclinic waves are absent and the intensive middle radii cell has a convective
nature. Most of the cold fluid in the upper layer moves to the middle radii and descends there providing
formation of this cell.

The obtained results showed that relatively small bottom tilt (5°) does not lead to qualitative changes in
the meridional circulation structure both in the case of slow and fast rotations (Figs. 2a–2d), but a significant
change in the layer thickness (especially near the rotation axis), affects the quantitative characteristics of the
flow. The further increase in inclination results in noticeable changes in the mean flow structure (Figs. 2e–2f).
Specifically, in case of slow rotation most of the cold fluid descends near the axis of rotation and the intensive
polar cell is formed. Small cell, which is adjacent to polar cell, at this regime is produced by waves (we show
it below).

In case of fast rotation the analog of Ferrel cell becomes smaller and analog of polar cell substantially
larger. This remarkable transformation of the polar cells is a result of the downhill cold flows due to
noticeable tilt. Another important question concerns the structure of mean zonal flows. The zonal flows
are produced by the transport of angular momentum by radial flows and baroclinic waves. In all
considered regimes the zonal cyclonic circulation dominates except sidewall region (see Fig. 3) despite
the different structure of the meridional circulation. Such distribution of zonal flows is necessary to
achieve angular momentum balance. This problem was previously described in [25,26]. The injection of

Figure 2: Streamlines of the mean (averaged in time and azimuthal coordinate) meridional circulation, for
the aspect ratio a ≈ 0.17 and for different bottom inclination angles (0°, 5°, 10°), in the case of slow rotation
(Ω = 0.11, rad/s)–left column, and fast rotation (Ω = 0.37, rad/s)–right column. The magnitude of velocity is
shown by color bar in mm/s
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angular momentum into the layer occurs near the sidewall, where an intense anticyclonic motion is formed.
Since the upper boundary is free, the angular momentum sink (a cyclonic flow near the solid boundary)
necessary to balance angular momentum fluxes should be located in the bottom area. Therefore, during
non-stationary stage the cyclonic flow grows until it achieves the bottom. The meridional circulation in
the quasi-stationary state only redistributes the cyclonic angular momentum but cannot change the sign of
the azimuthal motion. The noticeable change in the structure of zonal flows appears at a strong tilt (10°)
due to the transformation of meridional circulation (Figs. 3e and 3f). The downhill flows near the bottom
result in the anticyclonic flows in the lower layer. Also, we note that the magnitude of zonal flows
decreases with tilt for both slow and fast rotation. To illustrate the location and intensity of wave motion,
the energy distribution of radial velocity fluctuations is given (see Fig. 4). The waves for all regimes are
located in the upper layer because of damping in the Ekman layer near the bottom. For slow rotation
without tilt the waves are located only near the axis of rotation.

The tilt of the bottom causes the wave region to shift to larger radii. In case of a strong tilt the waves are
located at the middle radii. Tilting at the fast rotation results in the narrowing of the wave region, they become
more localized in the middle radii. The waves in considered regimes are a superposition of different modes
[21]. In Fig. 5, we present the distribution of wave mode energy for different bottom tilt. The radial velocity
component is decomposed into a Fourier series in the azimuthal direction:

ur t; r;4; z � Hð Þ ¼
X1
�1

umðt; r; z � HÞeim4; (6)

Figure 3: Mean azimuthal velocity fields (averaged in time and azimuthal coordinate), for the aspect ratio a
≈ 0.17 and for different bottom inclination angles (0°, 5°, 10°), in the case of slow rotation (Ω = 0.11, rad/s)–
left column, and fast rotation (Ω = 0.37, rad/s)–right column. The magnitude of velocity is shown by the
color bar in mm/s
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where m is the azimuthal wavenumber and the Fourier coefficients um are given by

umðt; r; z � HÞ ¼ 1

2p

Z2p
0

urðt; r;4; z � HÞe�im4d4: (7)

The energy of each azimuthal mode can be evaluated by

Em ¼ 1

R2

ZR
0

umum
�rdr

* +
t

: (8)

As we see the appearance of tilt leads to wave excitation (mode m = 2) in the case of slow rotation
(Fig. 5a). For the stronger tilt waves motion intensifies and mode m = 3 is dominant. At a fast rotation
simulating the atmospheric circulation regime, a significant intensification of waves occurs with
increasing inclination (Fig. 5b). It should be noted that in the present study, we do not separate the waves
of different nature (baroclinic waves and Rossby waves).

The mean and pulsating parts of the flow provide heat transfer and determine the mean temperature
distribution (see Fig. 6). We see that tilt results in decreasing temperature gradients and the temperature
fields become more homogeneous. This effect can be provided by the appearance of downhill flow and
enhanced convective circulation (convective mixing) or by the intensification of the wave motions that
also lead to an increase in the mixing of the fluid.

Figure 4: Energy of radial velocity fluctuations, for the aspect ratio a ≈ 0.17 and for different bottom
inclination angles (0°, 5°, 10°), in the case of slow rotation (Ω = 0.11, rad/s)–left column, and fast
rotation (Ω = 0.37, rad/s)–right column. The magnitude is shown by the color bar in mm2/s2
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4 Conclusions

The main purpose of the presented study is to investigate the influence of aspect ratio and bottom tilt on
the flow structure in a rotating layer with horizontal temperature difference. Two cases are considered: the
slow rotation regime, which is stable to baroclinic wave formation, and the fast rotation regime, or
“atmospheric” regime, which has a flow structure similar to the general atmosphere circulation, including
developed baroclinic waves. The mean flow without tilt is similar to the described in [21], so the increase
of the aspect ratio from a ≈ 0.09 to a ≈ 0.17 does not lead to crucial changes in the flow structure. The
relatively small tilt (5°) leads to quantitative changes in the flow that preserve the flow structure. Further

Figure 6: Mean temperature fields (averaged in time and azimuthal coordinate), for the aspect ratio
a ≈ 0.17 and for different bottom inclination angles (0°, 5°, 10°), in the case of slow rotation
(Ω = 0.11, rad/s)–left column, and fast rotation (Ω = 0.37, rad/s)–right column

Figure 5: Energy of different azimuthal modes for different bottom inclinations: (a)–slow rotation
(Ω = 0.11, rad/s), (b)–fast rotation (Ω = 0.37, rad/s)
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increase of tilt to 10° results in crucial changes both in the flow structure and intensity of the wave motions.
The strong impact on the flow structure has the formation of downhill cold flow due to bottom tilt. We assume
that the main factor that leads to the intensification of wave motions is the beta effect and the generation of
Rossby waves. The interaction of baroclinic waves and Rossby waves is not considered here but it is a very
interesting problem that we will address in a further study. Another interesting issue for our future studies is
an interaction between large-scale baroclinic waves small scale inertia-gravity waves with possible resonance
effects [15,27–30]. The transformation of the meridional circulation at large tilt results in noticeable changes
in zonal flows, in particular, to the formation of an anticyclonic circulation near the bottom. The general
changes in the flow structure and dynamics lead to remarkable changes in the mean temperature fields. A
large inclination results in a substantial decrease of temperature gradients and homogenization of
temperature fields.
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