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Contact Problems in Bending of Elastic Plates
I. Chudinovich! and C. Constanda'

Summary
An initial-boundary value problem for bending of a piecewise homogeneous
thermoelastic plate with transverse shear deformation [1] is considered. The unique
solvability in distributional spaces is proved by means of a combination of the
Laplace transformation and variational methods. This is the first, and essential, step
in the construction of boundary element methods for numerical approximations of
the solution. The model without thermal effects has been studied in [2]-[6].

Formulation of the Problem
We consider a thin elastic plate of thickness iy = const > 0, which occupies a

region S x [—ho/2,ho/2] in R, § C R?. The displacement vector at a point x’ at
timet > 0isv(x',t) = (vi(¥',1),v2(x',1),v3(x',£))T, where the superscript T denotes
matrix transposition, and the temperature in the plate is 6(x’,7). Let X' = (x,x3),
with x = (x1,x) € S. In plate models with transverse shear deformation [2], it is
assumed that v(x',¢) = (x3u1 (x,1),x3uz(x,1),u3(x,¢))’. If thermal effects are taken
into account, we also define the “temperature moment” averaged across thickness,
by [1]

ho/2

M@ozwmrj‘ 0(x,xs,1) dxs, W= h3/12.

—ho/2
Then U (x,t) = (u(x, )T, ug(x,1))7, where u(x,t) = (u1 (x,),us(x,1),u3(x,t))7, sat-
isfies the equation

LU (x,t) = Bod?U (x,1) +B1dU (x,t) + AU (x,1) = Q(x,1), (x,¢) €S x (0,00).

Here, By = diag {ph?,ph*,p,0}, d, = d/dt, p > 0 is the constant density of the
material,
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0o = d/dxy, 00 = 1,2, and s, 7, and 1 are positive constants, which are expressed
in terms of the thermal conductivity k, thermal expansion ¢, specific heat c,, den-
sity p, reference temperature 6y, and the Lamé constants A and u by the equalities

e=k/(pe), v=(GA+2w)a, 1= (3A+2u)a/k.

The right-hand side in the above partial differential equation is a combination of the
forces and moments acting on the plate and its faces, and g4 (x,¢) is a combination
of the averaged heat-source density, temperature, and heat flux on the faces.

Without loss of generality [6], we assume that the initial conditions are homo-
geneous: U(x,0) =0, du(x,0)=0,x €S.

In what follows, we consider a piecewise homogeneous infinite plate consist-
ing of two homogeneous parts that occupy, respectively, the regions S* and S~
interior and exterior to a simple, closed, C>-curve dS. All geometric and physical
parameters, external forces, heat sources, displacement vectors, temperature, dif-
ferential operators, and initial data relating to the plate sections in S and S~ are
designated by subscripts + and —, as appropriate. Our aim is to solve the problem
(TC) that consists in finding vector fields Us = (u],us4)" € C?(ZX)NCH(E )
in Z* = §* x (0,0) which satisfy the system of equations, initial conditions, and
transmission (contact) boundary conditions

0)=0, xeS*,

LiUi(x,t) = Qi(x,t),
0, du(x,
- U:(x,z) —F(nt), (ToUs) (n6)— (T_U-)" (x,1) = G(x,1),

(x, t)ezi
)=

where the superscripts &+ denote the limiting values of the corresponding functions
as (x,¢) tends to " from inside =¥, respectively,

(ToUs)(x,1) = ((Tiui)(x,t) —hi?’in(x)ui,zl(x,t)) _ <(Ti,eUi)(x,l)>’

Outts 4(x.1) (TeoUs) (x.1)

T, are the boundary moment-stress operators defined by

R [(As 42440101 + penaos], W% (Agnidh + Uinyoy) 0
W2 (Usny b+ Arny o) hL (A +2u)nds +pama] 0 |,
Hiny Hinp .uian

n=n(x) = (n1(x),na(x))7 is the outward unit normal to 95, and 9, = d/dn. To
keep the notation simple, we have also denoted by n(x) the three-component vector
(n1(x),n2(x),0)7. Finally, we assume that h2y, n;' = h>y_n_", which, since it
seems natural to expect that A, = h_ and 6y . = 6y _, yields k, = k_.
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Solvability of the Problem
In what follows, we denote the Laplace transforms of functions by a superposed

hat and the transformation parameter by p. The transition to Laplace transforms
with respect to ¢ in (TC) leads to problem (TC,,) that depends on p and consists in

finding U.. € C*(S*)NC! (gi) which satisfy the equations and boundary conditions

Ls pUs(x,p) = p*Bo+U=(x, p) + pB1 20+ (x, p) + A+U(x, p)
:Qi(X,p), xGSi,
U—i—"-_(xvp) - U—_(xvp) - ﬁ(xvp)v (T+U+)+(xvp) - (T—U—)_(xvp) - G(xvp)'
Here and below, we use the superscripts + to denote the limiting values of the

corresponding functions as x tends to @ from inside ST, respectively.
For m € R and p € C, we introduce the following functions spaces:

H,,(R?): the standard Sobolev space of functions ¥4 on R?, equipped with norm
1/2
194l = {fRz(l +|& \2)’"\\74(@\2(1&} , where 74 is the (generalized) Fouri-

er transform of V.
H,,,(R?): the space that coincides with [H, (Rz)] as a set but is endowed with

. B 1/2
the norm (911 = { g (14+[E P+ |p2)"[7(8) Pa& } .
Hnp(R) = Ly (R2) X Hyy (B2), with 10 V] = 191+ 1]

alently, () -1,p = |p[1gll-1,p + 1Ga] -1-
Hyy(S%), Hy p(S): the spaces of the restrictions to S* of all elements V4 € H,,(R?)

and ¥ € H,, ,(R?), respectively, with norms ||fi4||,..s+ =inf, DA (R ] g =i [[04]|m

ms OF, equiv-

and ”ﬁ”mpsi - lnfvEHmp R2) V‘S:t =0 ”A”mp
A p(SF) =Hy p(SF) x Hy(55), with norm (||| st = [l pest +[1all s -

If p =0, then we write

H,,(R?) = H,0(R?) = [H.(R?)]”,
H(R?) = H,, (R?) x Hy,(R?) = [Ha(RY)]",
H,,(5%) = H,0(5%) = [Hu(55)]’,
Hy(S) = H, (S5) X Hy(S%) = [Ha(S9)].

Hy5(9S), H, 5 ,(dS): the spaces of the traces on dS of all iy € H| (5%) and all
ic Hl,p(Si), with norms

@4 08 = inf u4| 1;8+,
1 @all12:05 = . (p4” |
1®111/2,p:05 = inf ”””1 piSE-

1p(ST):dlgs =
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Hipp(0S)=Hip ,(9S) xH;(9S), equipped with norm |||F|[[11 a5 = |@1l1/2,05
+1Pall1 /2:05-

H_i5(dS), H_y,(9S), 1) ,(9S): theduals to the spaces H;/,(9S), H, ,(9S),
H )2,,(dS) with respect to the dualities generated by the inner products
(-, )05+ in L2(9S), [L2(8S)]3, [Lz(aS)]4,equipped with norms || 84| /2.9
”g:”—l/Z,p;a& Gl =1/2,p:95 = I8l -1/2,p:95 + I€4]| -1 /2:95 or, equivalently,
(G)_1/2.p:05 = P&l =1 /2, p:0s + 1| 841l =1 /2.5

The continuous (uniformly with respect to p € C) trace operators from H;(S%)
to Hy 5(9S), from H, ,(SF) to H; ), ,(dS), and from 7 ,(5%) to 4 5 ,(9S) are
denoted by the same symbols 7.

We denote by c all positive constants in estimates, which do not depend on the
functions in those estimates or on p € Cy, where C, ={p=0+if € C: 0 > k},
but may depend on K.

We say that U = {U,,U_}, Uy € 54 ,(SF), is a variational (weak) solution of
(TC,)if y*U,; —y U_=F and

Y-i-.,p(U-‘er-‘r) +Y—,p(0—7w—) = (Q7W)0 + (évw)O;BS VW € %,P(Rz)a

where

A L . . 12, /2.
Yo, (Us,Wy) = as (e, Wi) + (Vide 4, VDt 4) 0.5+ +P2(30{iui730{iwi)0;si

+ 30 Pl 4y Wi 4) o5t — B Ve (B 4, diVIWL ) g5 + N p(diviie, Wi 4)ois+,
ai(ﬁi,fvi) = Z/SiEi(ﬁi’wi)dx’
2E; (14, W) = WAE o(fie, Wi ) +hEps (hiis y +O1iis ) (hWr ) + 01 Win)

+ g (A 4+ O1iis 3) (W1 + 1 Wa 3) + (s o + By 3) (Wa o + I 3)],
Eyo(fie,Wy) = (Ae +2u1)[01i4 101Wx | + il 2024 5]

+As[01is 102W 2+ il 201 Wy 1],

BO,i = dlag {Pihia Pihia Pi}

Theorem 1 For any given functions Q = (¢7,4a)" € 7.1 ,(R?), F € H )2,5(99),
and G € K1 )2p(9S), p € Ck, kK >0, problem (TC,) has a unique solution of
components Uy (x,p) € 4 ,(S*), which satisfy the estimate

O pis= + 11Ol s < c((Q) -1+ [PIHNE N 2,p:05 +(G)-1/2.05) -

We introduce a few more function spaces for ¥ > 0 and k € R.
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H% k&, K(Rz) Hﬁ K(Si) Hﬁ 2.k, x

tions §(x, ), i(x,p), (x p) that define holomorphic mappings § : Cy —
H_|(R?),a:Cy— H;(5%), &: Cc = Hyy»(dS) and have norms defined by

(dS): the spaces of three-component vector func-

I e =sup [ 1+ PPt )R de <
o>KkJ —oo
1R s = sup [ (1P e p) I} s dT <
o>KkJ —oo
|’é|’il/2,k,x;as—§‘;g/_ (1‘|"P‘z)k”é(xap)”il/z,p;asdf<°°'
HZ  (R%), HZ (5%), il/ZkK(aS): the spaces of all ¥4(x, p), di4(x, p), é4(x, p)

that define holomorphic mappings g4 : Cy — H_1(R?), fiy : Cx — H{(SF),
é4: Cy > Hyy5(dS) and have norms defined by

1941 e =sup [ (1 | ldsep) I de < o
o>KkJ —oo
IR s = sup [ (1 1o s ) s d7 <
o>kJ —oo
xR o= sup [ (1+ P16 p) R st < =

%—%kl K(Rz) H% k&, K(Rz) X Hi% K'( 2) ‘%ﬁlil.rc(si) Hﬁ K'(Si) XHT% K'(Si)’
c%”g/“l (98) = i1/2k (29) xHﬁ/u (29) of V.=1{9,0,},U = {a,i4},
éa {6,6’4} with norms |"V|"_1,k,1,,( = ”V”_l,k,K-F ”\”\4”—1,1,1(7

”A

Theorem 2 Ler k >0 and [ € R. I]‘QE%IHHK(R2) FEC%”I/NHHI (99),
Gen? e, (0S), then the components U (x, p) of the (weak) solution U (x, p)
of problem (TC,) belong to ‘%il?jl,]((si) and

Ul ktses:=
|1 g 051184l 1.0

O 2aess + O 105
< AN vas v+ ME 2051051005 + G- 1 2,051,005 -

Let k >0 and k,/ € R, and let R3. = R? x (0, ). By

Hle(R3) HllK'(R3) ‘%ﬁlklk( ) Hle(R3) 1[K(R3)
Hlkx(z) ]lK'(Ei) ‘%ﬁlklrc( ) Hle(zi)XHllK(zi)
Hil/ZkK(F)v Hil/ZIK(F)v f%ﬁlklrc( )= Hle( ) X lex(r)
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we denote the spaces consisting of the inverse Laplace transforms of the elements
of

HZ le(Rz)v H~ llK(Rz) ‘%ﬁlklk( ) HZ le(R)XH llK(Rz)a
H1 k, K'(Si)v Hl,l,K'(Si)v «%ﬁl Kl K'(S )= H1 k, K'(Si) X Hl,l,K(Si)v
il/2,k,K(aS)7 Hﬁ/Z,l,K(aS)v 1 kl K'(aS) Hﬁc,x(as) X Hﬁ,x(as)v

with norms
IVl =t = 01k vall=tae = Pall =t IV Itk = NV =1 k.0
ol =1 ez = Al =1 gests Nualli ez =18al1 705
U &tz = U1 k5%

lell1/2.0cr = llell 120095 leallc1/200r = 1€all+1/2,,x:050
& M1 /2000 = NE M £1/241,1:05-

Since no ambiguity occurs, the norms on HZ , (R?), H | (R?), 2%, | (R?),

and on HZ, sx(RY), H? ZIK(R3 ) c%”‘%k'l K(R3 ), are denoted by the same sym-
bols. We also extend the use of the symbols y* to the trace operators from X+ to T".
By y;~ we denote the trace operators from =¥ to §* x {0}.

We say that U(x,7) = {Us(x,1),U_(x,1)}, Uy € %%,BIK(Zi), is a weak so-
lution of (TC) if yfus =0, y*U, —y U_ = F(x,t), (x,t) €T, and for all W =
o /=3
{W+7W—} € CO (R-i-)v

Y (Us,Wa) +Y_(U-, W / {(QW)o+(G,W)ops} dt,
where
Yy (Ugp,Wy) = /:{ai(ui,wi) + (Vusr 4, Vwi 4)os+ — (Bg){ia,ui,B(l){iatwi)o;Si
— 200 (Ut 4, W 4)0:5+ — M3 Y (s 4, divwa )g.se — N (divies, dwa 4)o.5+ }dt.

Theorem 3 Let U(x,t) = £~ 'U(x,p) be the inverse Laplace transform of the
weak solution U (x, p) of problem (TC,). If Q€ % 1+1 1K 3), FG%”]/2 re D),

and G € c%”‘%/zl 14105, where k>0 andl € R, then Uy € f%ﬁﬁ%z,x(zi) and

N1 0z + U105
< Q=1 s+ 12+ IF N 205105160+ NG 21 2041 1T }-
If, in addition, | > 0, then U is a weak solution of problem (TC).

It can be further shown that the solution of (TC) supplied by this theorem is
unique.
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