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Summary
The main target of the present paper is the analysis of the fracture mechanics

behavior of delaminated composite structures actively repaired through piezoelec-
tric patches. The aim at issue has been achieved by using a boundary element code
implemented to study piezoelectric solids, including, as limiting case, the applica-
bility to linear elastic anisotropic materials. The assembled structures, made up of
the damaged composite components and the piezoelectric patches, have been mod-
eled through the multidomain technique. To take into account for the adhesive layer
among the host structure and the active patch, an interface spring-model has been
also implemented. The multidomain technique coupled with the spring-model has
also allowed the modeling of delamination cracks. The fracture mechanics behav-
ior of bimaterial cracks has been characterized in terms of the total Energy Release
Rate (ERR) and the phase angle Ψ, which provide information about the mix be-
tween mode I and II of fracture. The numerical results obtained have provided
useful information on the design of piezoelectric devices used in the field of the
active-repair technology.

Introduction
It is well known that delamination represents one of the most dangerous fail-

ure mode of composite laminates [1]. It appears as an interlaminar fracture arising
between two anisotropic fiber-composite as a consequence of the high interlaminar
stresses caused by geometric discontinuities or mismatch in the material properties.
Since it represents basically a 3D problem, for which no closed form solution ex-
ists, numerical methods, such as the finite element method [2, 3] and the boundary
element method [4, 5] are used to analyze interlaminar stresses and consequently
to better understand the behavior of delamination cracks. When left unattended,
delaminations can grow at an alarming rate due to the singularity in stresses and
strains near the damaged region. Delamination detection is then a primary concern
in order to avoid the deterioration of the structural performances [6] and even catas-
trophic failures. In most conditions, the service lifetime of a damaged component
can be extended with repairs instead of immediate replacement. The increasing
development of the Smart Materials opens new opportunities for improved repair
techniques as an alternative to the conventional repair methods like bonded or riv-
eted patches. Among this emerging methods, the "active repair" technology ap-
pears to be the more attractive. Active repairs, obtained by using piezoelectric
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patches, are based on the converse piezoelectric effect, according to which, the
strain induced by an applied electric field across the piezoelectric patch can help
the structure to reduce the crack opening and consequently to increase its fatigue
life [7]. In the field of composite materials, the active repair technology has been
recently applied to delaminated beam by Duan et al. [8]. They studied actively
repaired delaminated beam through the finite element method instead of the simple
beam theory proposed by Wang et al.[9]. In this paper, a multidomain boundary
element code implemented for 2D piezoelectricity has been employed to study the
fracture mechanics behavior of delaminated composite structures actively repaired
through piezoelectric active patches. Parametric analyses, based on the patch posi-
tion, have been performed on a drop-ply delaminated structure previously studied
by Beuth [10] and Narayan et al. [11] to represent a bi-dimensional simplifica-
tion of the adhesive joints between composite aircraft fuselage skins and stiffeners.
The numerical results obtained have served to provide information on the design of
piezoelectric materials for the active repair of delaminated structures.

Numerical Model and adhesive modeling strategy.
The boundary integral formulation is developed for a two-dimensional piezo-

electric domain Ω with boundary ∂Ω lying in the x1 x2 plane under the hypothesis
of generalized plain strain elasticity and in-plane electrostatic [5, 7]. The numeri-
cal model of the problem is then obtained by using the boundary element method,
which provides a linear algebraic resolving system expressed in terms of general-
ized displacements and tractions nodal values δδδ and P, respectively

Hδδδ +GP = 0 (1)

To achieve the modelling of assembled heterogeneous structures, made up by
the damaged composite components and the piezoelectric repairs, the multidomain
technique is implemented. It is based on the division of the original domain into
homogeneous subregions so that Eqs. (1) still hold for each single subdomain [7].
The solution of the whole problem is then obtained by restoring the displacement
continuity and traction equilibrium conditions along the interfaces between con-
tiguous subdomains. The modelling of the adhesive layer among the host structure
and the active repair can be achieved by assuming displacement jumps in normal
and tangential directions across the interface that can be expressed, according to
the spring-model [7], as function of the respective interface tractions through the
compliance interface constants in normal and tangential direction, kN and kT .

ΔδN = kNPN , ΔδT = kT PT (2)

being ΔδN and ΔδT the displacement jump components in normal and tangential
directions. The elastic interface conditions, expressed by Eqs. (2), represent an un-
coupled behavior between interlayer tractions and displacement jump components
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characterized by the compliance constants kN and kT . For this reason the modeling
of the bonding layer through an equivalent zero-thickness elastic interface may be
achieved by linking the mechanical properties of the adhesive to the compliance
interface constants. Due to the small thickness of the bonding layer and by virtue
of the generalized plane strain hypothesis, it may be assumed that the non zero
components of the strain field, characterizing the adhesive layer, are ε22 and γ12.
It follows that, by assuming the x2 axis along the thickness direction, the isotropic
adhesive constitutive equations are written as

ε22 = S∗22σ22 with S∗22 = (1+ν)(1−2ν)/E(1−ν)
γ12 = S∗66τ12 with S∗66 = 1/G

(3)

In Eq.(3) E, G and ν are the Young’s Modulus, the Shear Modulus and the
Poisson’s ratio of the adhesive. The link between the aforementioned quantities and
the spring interface compliance constants kN and kT can be obtained by comparing
Eq.(2) and Eq.(3). Both equations represent in fact the adhesive constitutive laws
which relates the peel and the shear stresses and tractions at the interface to the
respective strains and displacements. It follows that the interface compliance elastic
constants kN and kT can be obtained from S∗22 and S∗66 of Eq. (3), see [7], by
considering that S∗22 and S∗66 represent compliance coefficients per unit thickness,
thus one can write

kN = taS∗22, kT = taS∗66 (4)

being ta the adhesive thickness.

Numerical applications and discussion.
The active repair performances of piezoelectric patches and the correspond-

ing fracture mechanics behavior of the drop-ply delaminated composite structure,
shown in Figure 1, are discussed in this section. As mentioned before, this kind of
geometry has been chosen since it can be used for the modeling of skin-stiffener
delamination problem [10, 11].

The geometry of the host structure is characterized by the following dimension:
L3=50.8mm, L2=35.6mm, H1=5.08mm, H2=3.18mm, H3=1.9mm. An edge delam-
ination, having length a=10.2mm, is located at the interface between the stiffener
flange and the skin. Moreover, the analyzed structure is clamped at the left side and
a distributed shear force per unit length P=21.0 KN/m is applied on the right hand
side of the skin. For both the multi-layered and bimorph patch configurations ana-
lyzed, shown in Figure 1, a thickness h=1.5mm and a length Lp= 2a are considered.
In the case of the multi-layered patch, obtained by stacking 10 piezoelectric layers
in series configuration, the active repair is achieved through the elongation of the
patch that induce a bending moment into the host structure. If the bimorph config-
uration is used, the applied voltage directly induce bending deformations allowing
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Figure 1: Drop-ply configuration and piezoelectric patch configurations.

the active repair with less shear stress transfer at the interface between the patch and
the damaged structure. The material properties of the adhesive used for the bonding
refer to the typical value characterizing epoxy resin, E=3GPa and ν= 0.4. By con-
sidering an adhesive thickness ta= 0.1mm and according to the adhesive modeling
strategy adopted in the present paper [7] the compliance interface constants corre-
sponding to the material properties of the adhesive layer are kN=1.56 *10−5m/GPa
and kT = 9.33*10−5m/GPa. The material properties of both the piezoelectric patch
and the unidirectional lamina are listed in Table 1.

Table 1: Material properties.

The boundary element model of the analysed structure is obtained by using
the multidomain technique. The boundary element mesh for the host delaminated
structure consists of 434 linear elements and is obtained by assembling 3 subre-
gions. Mesh refinement is also used at the crack tip in order to caught the stress
singularities and to obtain an accurate prediction of the total energy release rate.
The multi-layered patch model consists of 250 linear elements and 10 subregions
are used to stack the active repair. On the other hand, 50 linear elements are used
to model the bimorph patch.
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Multi-layered patch configuration
With the aim of determining the best repair conditions for the multi-layered

patch, the active repair performances and the fracture mechanics behavior of the
repaired structure are investigated for different position of the piezoelectric device
with respect to the tip.

Figure 2: ERR distr. (left); GT /G0 and Ψ for ξ=0 (right: solid adhesive, dashed
perfect).

Parametric studies are then performed in terms of the parameter ξ = (XG −
XT )/a, representative of the relative position between the crack and the patch. XG

and XT are, in fact, the coordinates along the x1 axis of the crack tip and of the
patch geometric centre, respectively. The fracture mechanics response of the re-
paired structure is studied in terms of the total energy release rate (GT ), see Figure
2 (left), and, according to the Energy based repair criterion, the structure is con-
sidered to be repaired when GT reaches its minimum value. Moreover, due to the
mode mix usually associated to delamination at bi-material interface, the phase an-
gle Ψ is also investigated, see Figure 2 (right). In Figure 2 (left) the total energy
release rate distribution versus the applied voltage is plotted for different values
of the distance parameter ξ . The total ERR is expressed in dimensionless unit by
dividing GT to G0, being G0 the total ERR characterizing the fracture mechanics
behavior of the unrepaired structure. It is worth nothing that the computed value of
G0= 1.43*10−4MPa-m agrees very well to that found by Narayan et al.[11] through
a finite element analysis. From Figure 2 it can be pointed out that the best position
for the patch corresponds to ξ=-0.6 since for a given applied voltage the minimum
value of GT is obtained. The effect of the adhesive layer between the host structure
and the patch, shown in Figure 2 (right) for ξ=0, is to reduce the repairing perfor-
mance of the piezoelectric device by increasing the repair voltage, Vr, of about the
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20%.

Bimorph patch configuration
As previously discussed, the bimorph patch undergoes bending deformation

under an applied voltage and for this reason, considering the same number of piezo-
electric laminae to arrange the repair, these configuration appears more effective
than the multilayered one. To quantify the differences between the two configu-
rations let’s consider a bimorph and a bi-layer patch at ξ= 0.3. The two patches
have the same number of plies but the repair voltage of the bimorph results 64%
less than the bi-layer one. For a better understanding of the bimorph patch repair
mechanism, the total energy release rate distributions versus the applied voltage
are plotted in Figure 3. It can be pointed out that the best location for the bimorph
device is at ξ= 0.3 because the maximum reduction of the energy release rate is
obtained with the lowest repairing voltage. From the same figure it appears that,
by considering the bimorph patch located at ξ=-0.6, once the total ERR reaches
its minimum value it remains constant even when the applied voltage exceeds the
repairing one.

Figure 3: ERR distr. (left); GT/G0 and Ψ for ξ=-0.6 (right).

Conclusion
The fracture mechanics behaviour of delaminated composite structures actively

repaired through piezoelectric patches has been investigated by using a boundary
element code. The assembling of the host structures with the active repairs has
been achieved through the multidomain technique and a spring interface model has
been also implemented in order to take into account the adhesive layer. The anal-
yses performed on both the configurations and the positioning of the patches have
provided useful guidelines for the design of active repairs for damaged composite
structures.
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