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Solvability of a Plane Integral Geometry Problem and a
Solution Algorithm
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Summary
In this work we deal with solvability and aproximation to the solution of the

two dimensional integral geometry problem for a family of regular curves of given
curvature. Solvability of the problem is proved by using the Galerkin method and
an algorithm is developed to compute the approximate solution of the problem.
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Introduction
Solvability of a two dimensional integral geometry problem (IGP) is considered

by reducing it to the equivalent inverse problem for the general transport equation
and an efficient aproximation method proposed for the solution of IGP. To demon-
strate the computational feasibility of the given approximation method, some com-
putational experiments are performed and the results are presented at the end of the
paper. Investigating the solvability of problems of integral geometry by reducing
them to equivalent inverse problems for differential equation was first carried out
in Lavrent’ev and Anikonov [5]. Similar reduction is demonstrated for IGP formu-
lated below. It is assumed that in a domain D, a family of regular curves is given
by curvature such that curvature of the curve passing from each point x € D, in any
direction v = (cos @, sin@) is K(x, @) = f2(x) cos @ — fi(x)sin@ and there exists a
curve passing from every x € D in the arbitrary direction v, with endpoints on the
boundary of D. Suppose lengths of these curves in D are upper-bounded by the
same constant. Let us denote the family of these curves by {T'}.

IGP. Find a function A(x) in a domain D from the integrals of A along the
curves of a given family of curves {T'}.
Suppose that A (x) € C(R?) vanishes outside D. Introduce an auxiliary function

u(x, @) = /y s (1)

where y(x, ) is the curve passes through x in the direction v and has the curvature
K (x, ). Differentiating (1) in the direction v at x,

Lu = uy, cos @ +uy, sing + K(x, @)uy = A(x), (2)
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is obtained (see Amirov [2], p.11). By the hypothesis of IGP, u(x, ¢) is 27-periodic
in @ and is known forx € I'; = dD x (0,27), i.e.

u‘l"l - MO(xv (p)v u(xv (P) - u(x, ¢ —1—27'5) 3)

Problem 1. Find a pair of functions (u,A) from the equation (2) provided that the
Sfunction K (x, @) is known and the solution u(x, Q) satisfies conditions (3).

Given the function K (x, ¢), a set of curves {I'} such that K (x, @) is the curva-
ture at x € D of the curve that passes through x € D in the direction (cos @, sin @) can
be constructed. Integrating both sides of the equality (2) along the curve y(x, ¢) and
observing (3), IGP is obtained. Thus, it is proved that in the corresponding spaces
(see Theorem 1 below), IGP is equivalent to Problem 1, where K (x, @) is a given
sufficiently smooth function (see [2]).

One of the applications of integral geometry problem is computerized tomogra-
phy. Namely, problems of integral geometry provide the mathematical background
of the computerized tomography. The goal of the tomography is to recover the
interior structure of a nontransparent object using external measurements. The ob-
ject under investigation is exposed to radiation at different angles, and the radia-
tion parameters are measured at the points of observations. The basic problem in
computerized tomography is the reconstruction of a function from its line or plane
integrals and there are many applications related with computerized tomography;
geophysics, X-ray tomography, diagnostic radiology, astronomy, seismology, radar
and many other fields (see [3], [4], [7]).

Definitions and Solvability of the Problem

Based on the works by Amirov [1, 2], let us introduce some definitions and
notations, which will be used throughout the paper. Let C>(Q) denote the set of
real-valued functions u(x, @) that are 27-periodic in ¢ and three times continu-
ously differentiable on Q with respect to all arguments, where Q = {(x, @) : x €
DCR? ¢ €(0,2r), D € C3}. Letintroduce the scalar product (#,7)1 = (u,2)1 +
Jo (tx,02x,p + UypZap) dQin Ca(€), where (1,2)1 = [q (UZ+ ty, 2y, + 20, + UgZe) AQ
and dQ = dxd ¢.

Set [lully = [(u,u)1])"/? and |jul|; . = [(u,u);]'/% Let HT (Q), H} (L), and
HT,(Q) be the completions of Cj (€2) with respect to the norms || - ||1 ¢, || - || am (m =
1,2) and || - || 2 respectively, where ||ul|12 = [(u,u)12])"/? and (u,u)1 2= (u, 1)1+
JouppdQ.

Let C2) = {y : y|yp =0,y € C3} and select a set {®, 07, 03,...} CC3,
which is complete and othonormal in L,(€2). It may be assumed that the linear
span of this set is everywhere dense in HF, (), where HT,(Q) is the completion of

C3, with respect to the norm || - ||; . We denote the orthogonal projector of L, (€2)
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onto .#, by &,, where ., is the linear span of {w;,w,,...w,}. Furthermore, let
Au = LLu, where

~ 02 d

FIEr R A

d d : d d
SR (cos @) (8—x2 —f1%> — (sing) (8—x1 —f2%> :

I (A) is the set of all functions u(x, @) € L,(Q) such that for any u € I"'(A) there
exists y € L,(Q) such that (1,A*1)1,q) = (¥, M) 1,(q), holds for every 1 € C(Q)
where, A* is the differential expression conjugate to A in the sense of Lagrange;
y %/ Au and (#,v)1,(q) is a scalar product of functions u and v in L, (€2).

Take a subset I'(A) C T"(A) such that for any u € T'(A) there exists a se-
quence {u} C Cy(Q) such that uy — u weakly in Ly(Q) and (Aug,ux)z, ) —
(Au,u)p,q) as k — oo. T'(A) is the closure of Cj(Q) with respect the norm
”””r(A) = ”””Lz(g) + HAuHLz(Q). Itis clear that " (A) CT(A) CT"(A) and T (A) N
H{TL CT(A) C L (Q).

Since the unknown function A depends only on x, Problem 1 is overdetermined
and this problem can be replaced by the following determined problem;

Problem 2. Find a pair of functions (u,A) defined in Q that satisfies

Lu = A(x,9), (4)
u‘rl = U, u(xv (P) = u(x, (p—|—27T) (5)
IA =0 (6)

Here the equation (6) is satisfied in generalized functions sense. If ug € C3(T)
and 9D € C? then, Problem 2 can be reduced to the following problem (see Amirov
(2], p-20);

Problem 3. Find a pair of functions (u,A) defined in Q that satisfies

Lu = A+F, (7)
u‘l"l = 0, u(x,(p) - u(x,(p—l—Zn:), (8)
LL = 0. 9)

Theorem 1. If fi(x), f2(x) € C>(D),Yx € D fiy, + fox, > 0 and F € HY(Q) then
Problem 3 has a unique solution (u,A), that satisfies the conditions u € T'(A) N
HT(Q), A € Ly(), and the inequality ||ul| e () + 12|, () < CUIF |l 0 +[|Fol| )
holds, where C > 0 depends on D and D is the closure of D.
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Proof. To prove the uniqueness part of the theorem, we show that the correspond-
ing homogeneous linear problem has only trivial solution satisfying the conditions
of the theorem. If we apply L to the equation (7) and take into account (9), we
get Au = 0. Since u € I'(A), there exists a sequence {ux} C C3 such that uy — u
weakly in 1,(€2) and (Aug, ug)p,(q) — 0 as k — oo, It is easy to show that

0 Ju, 0 0
—Aukuk a (Luk) 81 81 <a (Luk)uk> (10)
and
—2 (Aug, ur) () = /[(ukxl g f2)? + (e, + ko 1) + i (fix + for,)]dQ

Q
(11)
since the divergent terms are all zero. It is clear that, if fi,, + far, > O, then the
quadratic form J(Vuy) in (uge, + uref2), (ukx, + ke f1), ke is positive definite,
where

J(Vug) = (ke + g f2)? + (ks + 1k 1) + 1 (fiy + frva)-
Since the domain D is bounded and uz = 0 on Ty, we have |[ug||* < C[J(Viur)dQ
Q

where C > 0 depends on D. From (11) and the definition of T'(A) we get

HuH = hm ””k” < Chm/J (Vug)dQ = —2C11m (Auk,uk)Lz(Q) 0. (12)

Inequality (12) implies ||u|| = 0, i.e., u = 0 and equation (7) implies A = 0. This
completes the proof of uniqueness part.
Secondly we will prove existence of the solution of the problem in the same set
: T(A). From (7)-(9), we obtain the following problem: Find u defined in Q that
satisfies
Au = LF =2, (13)
u‘rl = 0, u(xv (P) :M(X,(p+2ﬂ?). (14)
An approximate solution of order N of the problem (13)-(14)

N

Uy = ZaNiWi(xv(p); oy = (avaasz'"vaNN)a
i=1

is defined as a solution to the following problem: Find the vector ¢y from the
system of linear algebraic equations

/Z(LuN—F)wde:O, j=1,2,..,N, dQ=dxdo. (15)
Q
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We shall prove that there exists a unique solution ay of the system (15) for any
F € H}(Q) under the hypotheses of the theorem. To this end, it suffices to prove
that the homogeneous version of system (15) has only trivial solution. Assume
the contrary. Let the homogeneous version of system (15) have a nonzero solution
oy = (0, 0n,, ..., Oy, ). In the system (15) with F = 0, substituting &y for oy,
multiplying the ith equation by —2dy, and summing with respect to i from 1 to N,
we obtain

—Z/ZLﬁNﬁNdQ =0 (16)

Q

N
where iy = Y, ayw;. By (11) and (16),
i=1

/[(ﬁzvxl +itng f2)? + (N, +itng 1) + ity (fix, + fox,)JdQ = 0.
Q

Therefore, since J(Vuy) is positive definite and iy = 0 on I'j, we have iy = 0 in
D, and since {w;} is linearly independent we get &, = 0. This contradicts the
condition @y, # 0. Thus, system (15) has a unique solution oty for any F € H} (Q).
Now we estimate the solution uy of system (15) in terms of F. For this purpose,
we multiply the ith equation of (15) by —2ay, and sum the obtained relations with
respect to i from 1 to N, we have

—2/uNZ(LuN)dQ = —2/uNZFdQ. (17)
Q Q

Since uy|r, = 0, the right hand side of (17) is as follows:

- 2 15}
-2 /MNLFdQ S 6—/|F(p|2dg+ g/‘vx,luN‘de'
Q 0 Q Q

Then, using (10), (11), (17) and Schwartz inequality for sufficiently large 8o > 0,
we get

2 o
/J(VuN)dQ < 8—/F£d£2—|— 70/ V. uy|* dQ
Q 0 Q Q
or

/\LuN\deSC, /\quN\deSCé/u%deSC.
Q Q Q

This implies that the sets of functions {uy} and {Luy} are bounded in L,(€2) and
HuNHﬁ{z(Q) <C HF(PHLZ(Q)‘ Since L, (Q) is a Hilbert space, the sets{uy} and {Luy }
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are weakly compact in L,(Q). Therefore, there exist subsequences (we again de-
note them by {uy} and {Luy}) such that uy — u, Luy — A (N — o) weakly con-
verge and this implies the inequality | u|| ar@) <€ HF(p H 12 (Q)" If we take into con-
sideration the fact that the operator L is weakly closed, we see that A = Lu. Since
un|r, =0, and uy — u we have u|r, = 0. Multiplying the equations (15) by § € R!,
and taking into account the condition MN\rl = 0, and calculating the action of Lw;
on f3, for N > j, we obtain f(LuN F)L(Bw;)dQ = 0. Since the linear span of

{w;} is dense on the space H] ,2(9)7 we get

/(Lu—F)anQ:o, (18)
Q

for every n € Hl’rz(Q) If we put A = Lu — F, we obtain |||, q) < Cl[ul|yzq) +
1|1, (q)- From (18), we get LA = 0 in the sense of generalized functions.

To complete the proof of the theorem, we have to show (Auy,un);,q) —
(Au, u)Lz(Q) as N — oo, From the equation (17), we obtain ZyAuy = Py.7 . Since
the system {w;,ws,...,wy} is orthogonal in L, (Q), &y.%# converges strongly to .7
in the sense of L, as N — oo, in other words we get PyAuy — % = Au as N — oo,
Then, since we have uy — u weakly and PyAuy — Au in L, as N — o, we ob-
tain (PyAuy, MN)Lz(Q) — (Au, u)Lz(Q) as N — . By the definitions of &y and uy
(since Py is self adjoint in L,(L2)) we obtain

(PNAuN,uN) () = (Aun, Pyun) 1, @) = (Auy, Pyvun) ) = (Auy,un) Q) -

Hence (Auy,un),q) — (Au,u);,(q) as N — e which completes the proof of the
theorem. O

Solution Algorithm and Some Numerical Results
To be able to define the solution algorithm, the domain Q = D x (0,27) (where

= (—1,1) x (—1,1)) is selected. Approximate solution uy is written in the fol-

lowing form:
N

uy =Y (Qijavija+Bijwijx) 1 (x) (19)
i,j,k=0

wheren(x)_{ (1_x1)0(’1—x2) i;g '

{vi N k}ivj i_o and {w; ;. k}ivj 1o are complete systems in L, (Q) where v; jx =

xix) sin(ke) and w; j; = xix)cos(kg). In expression (19), unknown coefficients
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Qi ji>and f; ;. i, j,k=0,...,N are determined from the following system of linear
algebraic equations:

N
i]%O(A (O‘i.,j-,k"i-,j.,k+ﬁi,j,kWi,j,k)H,Vi/,j/,k/ﬂ)Lz(Q) = (F,vi/,j/,k/n)Lz(ngo.a)
N
l-];:o (A (0 javije+Bijawijic) mwijam), o = (Fwijam),,§20b)

where 7/, j', k' =0,...,N.

Algorithm 1. INPUT : N, F (x1,x2,9), fi (x1,x2), fa(x1,%2).
OUTPUT : uy and Ay approximations to u and A.

Procedure SysA(i', j', k') (Construct the left side of (20.a))
Left :=0,fori=0,...,Ndo, for j=0,....,Ndo,fork=0,...,Ndo
begin Left := Left + (A (0t javijx + Bijawijik) M- vi/,j/,k/n)Lz(Q) end;
Procedure SysB(7, j/, k') (Construct the left side of (20.b))
Left =0, fori=0,...,Ndo, for j=0,...,Ndo, fork=0,...,Ndo
begin Left := Left + (A (i jxvijk + Bijxwijx) M- wi/,j/,k/n)Lz(Q) end;
Procedure SY'S (Construct the systems (20.a) — (20.b))
Set :=={}, # :=LF
fori=0,...,Ndo,for j=0,...,Ndo, fork=0,...,Ndo
begin
Set := Set U {SysA (i, j k)= (Z, Vi/-,j/-,k/n)Lz(Q) ,

SysB(i', j/,k') = (35 Wi/-,j/-,k/n)Lz(Q)} end;
Solve (SYS,{aijx},{Bijx}) (Solve the systems (20.a) —(20.b))
fori=0,...,Ndo, for j=0,...,Ndo, fork=0,...,N do
begin uy = uy + (ai,j,kvi,j,k —I—ﬁi,j,kwi,j,k) n end;
Ay =L(uy)—F
end. (End of the algorithm)

Two examples, whose approximate solutions obtained by Algorithm 1, are pre-
sented below, where Uy and A y are the approximations at N and N is the order of
sum in (19).

Example 1. Let Q= (—1,1) x (—1,1) x(0,27n), F (x1,x2,0) = (x?xz —xlxg) sin2(p%—|—
(xf+x3 — (x§xd +5) (xF +23) +8x7x3 +2) cos 2, fi (x1,x2) =x1 and f> (x1,x2) =
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X are given Then, the approximationat N =1,U; = ((1 —x%) (1 —x%) (x1 cos @ —x; sin (p)) ,
Ay =3 (x3 —xt+ (5 —x3) (x}xd — 1)) which is also the exact solution of the prob-
lem.

Example 2. In the domainQ ( 1,1) x (—=1,1) x (0,2m), according to the given

functions F(xl,xz,(p) (ex‘ ( ) (x1x2 —X]XQ) + v (x1 3) (x%xl —X1XQ)) sin(2¢)
+1 (e (2 —xf — 43 —|—x1 +1) (1 —x3)+e2 (¥ —x3 —4x3+x,+1) (1 —x3)) cos(29),

N (x1 ,x2) = x1 and f> (x1,x2) = X2, comparison of U, and Us with exact u is repre-

sented in Figure I (a)-(b) respectively ( Ay and A3 can be obtained easily from (7) ),

where the exact solutionis; u(xy,xy, (p) (1 —xl) (1—=x3) (x1€" cos p —xpe™ sin(p)

A(xr,x2,0) =3 (1=x3) (1+x1 =282 —x3 —x})e — (1 —x3) (1432 — 223 —x3 —x3)) €.

Figure 1: Comparison of approximate (dotted, yellow graph) and exact solution
(solid, blue graph) for Example2at ¢ = (a) N=1, (b) N = 3.

The computations are performed using MAPLE program on a PC with Intel
Core 2 T7200 2.00 GHz CPU, 1 Gb memory, running under Windows Vista. In
Example 1, approximation at N = 1 coincides with the exact solution and in Ex-
ample 2, as it can be seen from Figure 1b, approximation at N = 3 is very closed
to the exact solution. Consequently, the obtained results show very high accuracy
and the proposed method which is given by Algorithm 1, is an efficient method in
solving the IGP.
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