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An Inverse Problem for the General Kinetic Equation and
a Numerical Method

Arif Amirov!, Fikret Golgeleyen', Ayten Rahmanova?

Summary
This paper has two purposes. The first is to prove the existence and uniqueness

of the solution of an inverse problem for the general linear kinetic equation with a
scattering term. The second one is to develop a numerical approximation method
for the solution of this inverse problem for two dimensional case using finite differ-
ence method.
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Formulation of the Problem
We consider the linear kinetic equation

Lu={u,H}+1 (u)=A(x,v), (1)

“ (0H du 0H 0
{u,H} :Z{ ((9—\21(9_; — a—xla—:l) 1 (u) —G/K (x, vV ) u (x,V) d

in the domain
Q={(x,v):xeDCR' veGCR" ' n>1}

where the boundaries 0D, dG € C%, 0Q =T, UT,, I =dD x G, I, =D x G
and Ty, T, are the closures of Ty, I, respectively. H (x,v) is the Hamiltonian,
K (x,v,V') is a given function called scattering kernel and A (x,v) is a source func-
tion satisfying the equation
R R n 82
<7L,Ln>:0,L:Za— )
i=1

xiavi

for any n € H;»(Q) whose trace on d<Q is zero. Here (.,.) is the scalar product
in L, (Q) and H; 7 (Q) is the set of all real-valued functions u (x,v) € L, (Q) that
have generalized derivatives u,, uy,, tbyy;, yy; (i,j=1,2,...,n), which belong to
L, (Q). The standard spaces C" (G), Cy (G) and H*(G) are described in detail,
for example, in [9, 10].

'Department of Mathematics, Faculty of Arts and Sciences, Zonguldak Karaelmas University,
67100, Zonguldak, Turkey
%Intercyb company, Azerbaycan Academy of Science, Agaev st., 9, Baku, 370141, Azerbaycan



126 Copyright © 2009 ICCES ICCES, vol.12, no.4, pp.125-135

Problem 1. Determine the functions u(x,v) and A (x,v) defined in Q that satisfy
equation (1), assuming that the Hamiltonian H (x,v) € C*(Q), K (x,v,V') € C' (Q)
are given and the trace of the solution of equation (1) on the boundary dQ is
known: ul 3¢ = uo.

In this paper, we prove the solvability of Problem 1 and develope a numerical
approximation method for the solution of two dimensional inverse problem. To
demonstrate the feasibility of the given method, some numerical experiments are
performed in the last section of the paper.

Kinetic equations are widely used for qualitative and quantitative description of
physical, chemical, biological, and other kinds of processes on a microscopic scale.
They are often referred to as master equations since they play an important role in
the theory of substance motion under the action of forces, in particular, irreversible
processes. Equation (1) is extensively used in plasma physics and astrophysics [1,
8]. In applications, u represents the number (or the mass) of particles in the unit
volume element of the phase space in the neighbourhood of the point (x,v), V. H is
the force acting on a particle. Inverse problems for kinetic equations are important
both from theoretical and practical points of view. Interesting results in this field
are presented in [2, 6].

Remark 1. If condition (2) is not imposed on A, Problem 1 will have infinitely
many solutions. In many classical cases, the main difficulty in studying the in-
verse problems for kinetic equations lies in their over-determinacy. This over-
determinacy is due to the dependence of A only on x (see [2, 7, 12]). In [2], a
genereal scheme is presented for proving the solvability of these problems: It’s as-
sumed that the unknown function in the problem depends not only on the space
variables x but also on the direction v in a specific way, that is, LA =0.

Remark 2. The solvability of Problem 1 depends essentially on the geometry of the
domain Q. More precisely, it is important that L can be represented in the form of
the direct product of two domains D and G (see [2], p. 41).

_Solvability of the Problem
Let {wi,wp,..} CC3(Q) ={¢:9cC*(Q),p=00n0Q} be an orthonor-
mal set in L, (Q) and we suppose that the linear span of this set is everywhere
dense in L, (Q). We denote the orthogonal projector of L, (Q2) onto .4, by Z,,
where ., is the linear span of {w;,w,,...w,}. The set of all functions u with the
following two properties is denoted by I"(A):

i. For any u € L, (Q) there exists a function .# € L, (Q) such that for all ¢ €
Cy(Q), (u,A*p) = (F,¢) and Au = .#, where Au = LLu and A* is the
operator which is conjugate to A in the sense of Lagrange.
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ii. There exists a sequence {u} C 5(3) such that uy — uin Ly (Q) and (Aug, ux) —
(Au,u) as k — oo.

Theorem 1. Suppose that H € C* (ﬁ) and the inequalities:

n aZH ] 5 n aZH ] 1
Z (9\/(9\/]éé o &l Zlax éé 0, (O‘—E(l-l-Lo)) >0 3)

ij=1 ij=

hold for all & € R", (x,v) € Q. In (3), o is a positive number, Ly = Ko (mesG)zCo

where mesG is Lebesgue measure of G, Ky = max_{szi} and Cy is a constant
(x,v)€Q ’

occurred by virtue of Steklov inequality. Then Problem 1 has at most one solution

(u,A) suchthatu € T'(A) and A € L, (Q).

Proof. The proof of Theorem 1 is similar to Theorem 2.2.1 on p. 60 from [2]. But,
due to the scattered term, this proof requires non-trivial modifications. Let (u,A)
be a solution to Problem 1 such that u =0 on d€2 and u € I'(A) . Equation (1) and
condition (2) imply Au = 0. Since u € I'(A), there exists a sequence {ux} C C}
such that uy — u in L, (Q) and (Auy,u;) — 0 as k — oo. Observing that u; = 0 on
dQ, we have
L/ d
_ <Auk, uk> = Z <a— (Luk) ,ukx[> . (4)
i=1 \ Vi

For lu = {u,H},

i_kiz jo Ly (OH dmdm M Ju Ju
& 9x; v (tue) 2,2 \9vidv; 0x; dx;  Ixiox; Ivi Iv;

1
3 9%, \ 9% 9v; v dxi )| T2 % 9 \ v, ax, 9,
1,]=

2 4 a_vj
8uk &uk(?H &uk(?H 1 & 0 8H8uk8uk
52 % [av, (a—ﬂa—vﬁa—via—ﬂ)] 2.2 (axl 2%, av])@

1 & 9 [(%tk (%%_%%)] LI <8H8uk8uk>
1]*1
1]1

If the geometry of the domain Q and the condition u; = 0 on JQ are taken into
account, then from (5) we obtain

— (Aug, up) = J (ur) + Z< () kaj> (6)
where
- 1 & 82H 8uk 8uk 82H 8uk 8uk
=3 2_1/ <—aviavj Ix 9 dndn a—via—vj) aQ
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We now estimate the second term on the right hand side of (6). Using the Cauchy-
Schwarz inequality and the condition uy|,, = 0, we have

i < (I ug) ”kx,> Z /”kx dQ+ Z mesG /uk dQx (1)

Q

where Ky, Ly, Cyp and mesG are given in the satement of the theorem. Thus from
(3), (6) and (7), we obtain the following inequality

n n a
J (ur) + Z < (Dyug) ”kx_,> > o zi/uixjdﬂ—l- 21 <a—vj(11uk) v”kx_,>
j= j=

AV

Z/ukx a0 3 ( (1+Lo) [ i, a0

Q

1 n
_ (a—i 1+ Lo ) g/uixjdﬂ ®)

and using definition of I"(A) we have /qu\de < 0 where Vou = (uy,, ..., uy,).

Q
Since u = 0 on JdQ, it follows that u = 0 in Q. Then (1) implies A (x,v) = 0. Hence

uniqueness of the solution is proven. U
Problem 2. Determine the pair (u,A) from the equation

Lu=MA+F )

provided that F € H? (Q), the trace of the solution u on the boundary dQ is zero
and A satisfies condition (2).

Problem 1 can be reduced to Problem 2, (see [2], p. 65).

Theorem 2. Assume H € C* (Q ( ) and the following inequalities hold for all (x,v) €
Q EcR":

o OPH i !, 0°H
Zava éé al‘é‘ Zax

i,j=1 i,j=1

& &< —ar|Ef (10)

where oy and oy are some positive numbers and F € H 2 (Q). Then there exists a
solution (u,A) of Problem 2 such thatu € T'(A), u € H' (Q), A € L, (Q).
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Proof. We will utilize the proof of Theorem 2.2.2 on p. 60 from [2] and take into
account the scattering term. Applying the operator L on both sides of (9), the
following auxiliary problem

Au=F (11)
ulpg =0 (12)
is obtained where .# = LF. An approximate solution to the Problem (11) — (12)

N

is sought in the form uy = Y an,wi, 0y = (@, Oy, ..., 0t ) With the help of the
i=1

following relations:

(Auy — F,w) =0, i=12,.,N. (13)

Equalities (13) form a system of linear algebraic equations for the vectors oty. Let’s
multiply ith equation of the homogeneous system (% = 0) by —2o, and sum from
1 to N with respect to 7, then —2 (Auy, uy) = 0 is obtained. If the following identity
is considered

<AuN,uN MN + Z< I]MN uNXj>

then the assumptions of Theorem 2 imply Vuy =0, Vuy = (”le ooy UG UN 5 oo ”M,,)

and due to the conditions uy =0on T and uy € 5(3) (Q), we have uy = 01in Q. Since
the system {w;} is linearly independent, we obtain oy, =0, i = 1,2,...,N. The ho-
mogeneous version of system (13) has only trivial solution and thus, system (13)
has a unique solution ay = (aty;,), i = 1,..., N for any function F € H? (Q).

Now we estimate the solution uy in terms of F. We multiply the ith equation
of the system by —2ay, and sum from 1 to N with respect to i. Since .# —LF,

—2 (Auy,uy) = —2 <ZF, uN> (14)

is obtaned. Observing that uy = 0 on dQ and transferring derivatives with respect
to x; on the function uy, the right-hand side of (14) can be estimated as

~2(TFuy) < B/WVF\ZdQ+B_1/quN\2dQ
Q Q

where B! < oy and V,F = (F,,,...,F,,). In the proof of Theorem 1, we showed
that (Auy, uy) is equal to

Z /uNXj/vauNdv'dQ.
Jj=1 G
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Then using (7), (10) and (14) we have

az/\Vqu\de+a3/quN\2dQ§B/WVF\de+B_1/quN\2dQ
Q Q Q Q

where o3 = o1 — % (1+Lp). Recalling that Q is bounded and uy = 0 on Iy, the
last inequality implies

[Jun < C[IVvFlll, (15)

HI(Q)

where the constant C > 0 does not depend on N. Since H' (Q) is a Hilbert space,
there exists a subsequence in this set, denoted again by {uy}, converges weakly

< ClI[VFl 1,0

o < lim (Juy|
HY(Q) ™ Now HYQ)

holds. Transferring the operator L to w; in (13) and passing to the limit as N — oo
yield to

[e]
to a certain function u € H' (Q) and ||u

<Lu—F,Zn>:o (16)

forany n € H;»(Q). Setting A = Lu— F, we see that A satisfies the condition (2)
forany n € Hy, () and using (15) we obtain

1AM L@) < CIVFl @) + 1P (|, @) - (17)

In expression (17), C stands for different constants that depend only on the given
functions and the measure of the domain D. Thus we have found a solution (#,1) to

Problem 2, where u € H' (Q) and A € L, (Q2). Now it will be proven that u € T'(A).
Since u € L, (Q), F € H*>(Q) and .# =LF, from (16) it follows that .# = Au €
L, (Q) in the generalized sense. Indeed, for any n € Cy (€2) we have

(u,A"n) = <u, (ZL>*11> = <Lu,Zn> = <F,Zn> =(Z,n).

To complete the proof, it remains to show the convergence (Auy,uy) — (Au,u) as
N — oo. From (13), it follows that ZyAuy = Pn.%. Since Py is an orthogo-
nal projector onto .#,, #y.% strongly converges to .% in L, (Q) as N — oo, i.e.,
PNAuy — F = Au strongly in Ly (Q) as N — oo. Then, (PyAuy,un) — (Au,u)
as N — oo because {uy} weakly converges to u in L, (Q) as N — . By the
definition of &y and uy (since the operator Py is self adjoint in L), (Auy,uy) =
(Aun, Pnun) = (PnAuy,uy). Hence (Auy,uy) — (Au,u) as N — oo, which com-
pletes the proof. O
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The Finite Difference Method (FDM)
Now we concern with the construction of finite difference approximation for

the following 2-dimensional inverse problem: Find (#,A) from the relations

H, (x,v) uy (x,v) — Hy (x,v) uy (x,v) = 4 (x,v) (18)
u (xv V) ‘BQ =Uuo (xv V)
IA=0

where Q = { (x,v)| x € (a,b) CR, v € (¢c,d) C R}. By applying operator L to both
sides of the equation (18), the following auxiliary Dirichlet boundary value prob-
lem for third order partial differential equation is obtained:

Au= uxvav - uvvax + uxvav - uvaxx + uvavx - uvaxv + uvavx - uvHxvx =0
(19)
ulyq = Uo. (20)
Using the central finite difference formulas in (19), we obtain the following system
of simultaneous algebraic nodal equations:

(—ki +ko)tii—y j—1+ (2ky —ks +ke) i j—1 + (—ki — ko) i1 j—1
+(—2ky + k3 —ks) iii—1 j+ (—2kz +2ks ) il; j + (2ko + k3 + ks) 11
+ (ki +ko) dii—1 1+ (—2ki —ka —ke) i j1 + (ki — ko) fi1 j41
— 0=, L j=1,..J Q1)
where 1, J are positive integers, Ax = (b—a)/(I+1) and Av = (d—¢)/(J+ 1)

are step sizes in the directions x, v, respectively and #; ; is the finite difference
approximation for the solution u(x;,v;) = u(a+iAx,c+ jAv),

hijiv—hij—1 iy j—hioy
ki = 2 7 ko= 2 2
4 (Ax)” (Av) 4 (Ax)” (Av)
hijy1—2h; j+h; hiv1,;—2h; j+hi_q
ks = 2 2 cky = 2 2
(Ax)” (Av) (Ax)” (Av)
ks = hivtjr1—2hip1j+hivr o1 —hio1jrr +2hioj—hioy
4(Ax)* (Av)? 7
ke = hivtj1—2hi jp1+hioy jor —hivj—1+2h jo1 —hi—q -1
4(Ax)* (Av)? .

Taking into account (20), we have the following discrete boundary conditions
o, = u(a,v;), drs1,;=u(b,v;)
;0 = u(x;,¢), i1 = u(vi,d)
(i=0,1,...,0+1, j=0,1,....,J+1).
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The approximate solution #; ; is obtained at I x J mesh points of € by solving the
matrix equation

TU=V
where T is a block tridiagonal matrix
AL g o ... 0 ]
c® AQ@ p@©
T=| 0 ¢® 0
.. pU-1
0 - 0 c)  A0) Vi
and AV, BU), CU) are given by
[ agl’j) agl’j) 0 0 ]
agl,j) agl,j) agl,j)
) = 3
AV =10 a’ 0
. ° (1_]=])
R T
B b(] ) bgl-,]) 0 0 7
b(2 ) bgz-,]) bgz-,])
) — 3, .
B 0o 0
° bgl_lvj)
Lo S
B cgl ]) Cglj) O T
CgZ J) cglj) 652 J)
() — 3
V=1 0 &7 0
: . . cgl_]"j)
Lj Lj
| 0 0 cg']) cg J) 1

where a1 = —2k3 +2k4, ap =2ky + ks +ks, a3 = —2ky + ks — ks, by = —2k1 — k4 —
k(,, b2 = k] —kz, b3 = k] —|—k2, Ccl1 = 2k1 —k4 —k(,, C) = —kl —kz, Cc3 = —k] —|—k2.

V is a column matrix, which consists of boundary values f ;, @711, i; o and
dij+1 (i=0,1,...,/+1, j=0,1,....J+1) and U is the solution vector:

P - - . ~ ~ . ~ 1T
U:[”1,17”2,1,7-"au1,17u1,27u2,27"'7”1,27"'7141,!7”2,!7"'aul,J] .
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To calculate A numerically, the central-difference formulas are used in (18) and the
following difference equation is solved:

AXAV [k iy j— ki1 j — kol jo1 + kol j—1) = A
i=1,2,...,1, j=1,2,....J, where ii,j is the approximation to the function 4 (x;,v;) =
A(a+iAx,c+ jAv).
Numerical Experiments
Example 1. Let’s consider the problem of finding (u,A) in Q = (—1,1) x (1,2)

from equation (18) provided that H (x,v) = Evz and the boundary conditions

u(—1,v) = 2—v(2—v)2,u(l,v):2—v(2—v)2
ulx,1) = Zivxz,u(x,Z):%(xz—l)

1
are given. The exact solution of the problem is u(x,v) = > <x2 +(2—v)*— 1),
v
A (x,v) =x. In the following figures, a comparison between the exact solution (pur-
ple surface) and the finite difference solution (black points) of the inverse problem
for I =J =39 is presented. The computations are performed using MATLAB 7.0
program on a PC with Intel Core 2 T7200 2.00 GHz CPU, 1 Gb memory, running

under Windows Vista.

Figure 1: (a) Exact and approximate values of u (b) Exact and approximate values
of A.

The obtained numerical results for u (x,v) and A4 (x,v) on some points of the
domain Q for the different values of I and J are shown in Table 1 and Table 2,
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respectively. In the calculation of u (x,v), the maximum error occured for [ = J =7
is -0.00373585544664928330 and -0.00000095343455730479 for I =7,J = 511.

Consequently, the computational experiments show that the proposed method
gives efficient and reliable results.

Table 1: Exact u (x,v) and the finite difference solutionfor / =J =7 and [ =7,/ =

511.

(x,v) Exact u (x,v) FDM I =J=17 FDM =7, =511
(=0.75,1.25) | 0.050000000000000003 | 0.049713684855366862 | 0.049999926776574929
(=0.75,1.75) | -0.107142857142857140 | -0.107291337599467250 | -0.107142894775529030

(0,1.25) -0.175000000000000020 | -0.175654434616304120 | -0.175000167367829080
(0,1.50) -0.2500000000000000000 | -0.250607618136903350 | -0.250000154528931650
(0,1.75) -0.2678571428571428500 | -0.268196526757965900 | -0.267857228874678780
(0.75,1.25) | 0.0500000000000000030 | 0.049713684855366917 | 0.049999926776574846
(0.75,1.75) -0.107142857142857140 | -0.107291337599467210 | -0.107142894775529270

Table 2: Exac
511.

t A (x,v) and the finite difference solutionfor/ =J=7and I =7,J =

(x,v) Exact A (x,v) FDMI=J=7 FDM I =17,J =511
(=0.75,1.25) | -0.750000000000000000 | -0.751227064905570670 | -0.7500003138146791300
(70.75, 1,75) -0.750000000000000000 | -0.750890882739660650 | -0.7500002257960318700

(0,1.25) 0.0000000000000000000 | 0.0000000000000002220 | 0.0000000000000021094
(0,1.50) 0.0000000000000000000 | 0.0000000000000001110 | 0.0000000000000032196
(0,1.75) 0.0000000000000000000 | 0.0000000000000000000 | 0.0000000000000029976
(0.75,1.25) | 0.7500000000000000000 | 0.7512270649055701200 | 0.7500003138146779100
(0.75,1.75) | 0.7500000000000000000 | 0.7508908827396604300 | 0.7500002257960316500
%
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