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ABSTRACT

Quantum communication is a groundbreaking technology that is driving the future of information transmission
and communication technologies to a new paradigm. It relies on quantum entanglement to facilitate the trans-
mission of quantum states between parties. Quantum repeaters are crucial for facilitating long-distance quantum
communication. These quantum devices act as intermediaries between adjacent communication channel segments
within a fragmented quantum network, allowing for entanglement swapping between the channel segments.
This entanglement swapping process establishes entanglement links between the endpoints of adjacent segments,
gradually creating a continuous entanglement connection over the entire length of the transmission channel. The
established quantum link can be utilized for secure and efficient quantum communication between distant sender
and receiver nodes. This study focuses on quantum entanglement purification, a protocol aimed at maintaining high
fidelity entangled states above the operational threshold of the communication channel. This study investigates
the optimal stage for executing the purification protocol and applies optimization schemes to evaluate various
purification protocols. We use IBM Qiskit for circuit implementation and simulation. The results offer valuable
insights into future approaches to implementing practical quantum repeaters and shed light on existing and
anticipated challenges.
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1 Introduction

Quantum communication leverages the principles of quantum mechanics to transmit quantum
information between remote locations. The quantum information is encoded in a qubit, which is
the basic unit of quantum information. At the core of quantum communication is the principle
of quantum entanglement, which gives rise to the phenomena of quantum teleportation as a new
paradigm protocol for communication [1].

Presently, active experimental work in quantum communication channels is conducted either in
optical fibres or free space. Noise affects the transmission in both of those mediums. The photon
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intensity is attenuated exponentially with transmission distance [2,3]. This limits long-distance commu-
nication channels. Quantum repeaters were introduced to overcome this long-distance limitation [4,5].

Quantum repeaters are devices that extend the range of quantum channels. They achieve this
by distributing entangled states across distant nodes of a quantum network. Entanglement serves as
a resource for long-distance quantum communication. A full-scale quantum network implementing
quantum repeater technology is established through the aggregation and integration of multiple short-
distance quantum communication links. The multiple short-distance quantum communication links
are each carefully calibrated to have lengths shorter than the attenuation length of the quantum
communication channel [6]. The quantum repeaters are positioned as intermediaries between nodes
of the adjacent links, effectively bridging two communication links. The quantum repeater performs
entanglement swapping between the nodes of adjacent links, thereby creating entanglement links
between the endpoints or nodes of adjacent links. This process is iteratively performed across the
entire expanse of the transmission channel, ultimately leading to the entanglement of the sender and
receiver nodes [2,7]. Consequently, a robust quantum communication link is established between them,
facilitating direct, secure and efficient quantum communication. This ability to extend quantum entan-
glement over long distances is essential for the practical implementation of quantum communication
and quantum key distribution on a global scale.

The main components of a quantum repeater include; quantum entanglement switching for
swapping entangled states between adjacent nodes, quantum memory for storing quantum states for
efficient on-demand retrieval and quantum entanglement purification for enhancing the fidelity of the
entangled states. These components have a few limitations arising from imperfections in the source of
entangled particles, the quantum operations and the interconnecting communication channels [8].

Despite these limitations, quantum repeaters have been successfully demonstrated in experiments,
such as Herbst et al., who managed to use a quantum repeater to teleport an entangled state, a photon,
between the Canary Islands of La Palma to Tenerife, about 143 km [8]. The entanglement swapping
experiment used two polarization-entangled photon pairs generated in two identical spontaneous
parametric down-conversion (SPDC) sources using a non-linear crystal, β-barium borate (BBO) [8].

The quantum entanglement purification protocol is a key component in quantum repeaters and
is necessary for first generation or near-term quantum repeaters [9]. It is the process of distilling high-
quality entanglement from low-quality entanglement. It serves to ensure entangled states maintain
high fidelity throughout the transmission [10], thereby compensating for the loss of fidelity incurred
due to noise or imperfections in the communication channel. The two purification protocols employed
in this research are: Bennett’s protocol [10] and Deutsch’s protocol [11]. Performance aspects consid-
ered for the purification protocols are the fidelity of the purified Bell pair and the success probability
[12]. All protocols work towards obtaining shorter circuits that achieve higher success rates and
improved final fidelity [12].

Quantum repeaters are necessary for future quantum communication technologies such as
quantum internet [4,7]. They will extend the range of transmission links to an inter-continental global
scale, powering the future of a global quantum network. A notable endeavour in this regard involves
efforts to deploy quantum repeaters in already existing optical fibre infrastructure [13]. Experiments,
such as those conducted by Hu et al., where they successfully distributed a pair of polarization-
entangled states over an impressive 11 km distance using noisy multicore fibre cables [14], instil
confidence in the feasibility of establishing quantum communication links within the existing optical
fibre infrastructure. However, the implementation of practical full-scale quantum repeaters in the real
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world is a huge technological challenge. There is much ongoing research investigating the individual
components and full-scale architecture of quantum repeater systems.

This study presents the full-scale architecture of a quantum repeater designed and implemented
using quantum circuits executed on a quantum computer. We used the said quantum repeater
implementation to study quantum entanglement purification.

2 Experimental Setup
2.1 Research Approach

This study presents a theoretical and computational approach. The architectural design of the
quantum repeater is modelled based on the use of quantum optics as opposed to earth to satellite
links [15]. The conceptual implementation is however, the same.

This study uses quantum backends made available by IBM Quantum. The coding was done
using IBM Qiskit python library. The backends include either a native simulator, such as IBM’s
Qiskit’s QASM simulator, or a real quantum computer. The environment exposed to superconducting
qubits in the IBM quantum computers can ideally emulate the same environment to which quantum
repeaters will be exposed to in real-world operation [6]. Each execution stage and protocol of the
quantum repeater was translated into a modular quantum circuit that was independently executed
on the backends. The modularity approach facilitates testing various purification strategies, protocols
and components of the quantum repeater to enhance the analysis. The quantum circuits were first
executed on the native simulation backend with the incorporation of a noise model that emulated one
of IBM’s real quantum computers. Subsequently, the circuits were executed on physical IBM quantum
computers, scheduling their execution to the least bus available backend. The findings reported herein
stem from implementation on real quantum hardware. Performance analysis centres on the fidelity of
the purified Bell pair. Optimisation schemes were applied to the entanglement purification circuits to
analyse their performance.

2.2 Entanglement Generation

Quantum repeaters essentially teleport entangled states from one node to another. Entangled
states are therefore an integral element in quantum communication. The simplest entangled states
are of a two-qubit system AB in a 4-dimensional Hilbert space are the four Bell’s states. The Bell
states are also known as Einstein-Podolsky-Rosen (EPR) pairs. They are expressed in terms of the
computational basis states as follows:
∣∣Φ±〉 = 1√

2
(|0〉A |0〉B ± |1〉A |1〉B) (1)

∣∣Ψ±〉 = 1√
2

(|0〉A |1〉B ± |1〉A |0〉B) (2)

Qubits can be represented as tensor product states using the forms |A〉 ⊗ |B, |A〉 |B〉 or |AB〉.
The circuit implementation that prepares and generates them takes as input two qubits and performs
Hadamard and Controlled-NOT (CNOT) unitary gate operations on them as follows:

|A〉 ⊗ |B〉 Hadamard−−−−−−−→
1√
2

(|0〉 + |1〉) ⊗ |B〉 (3)

1√
2
(|0〉 + |1〉) ⊗ |B〉 CNOT−→ 1√

2
(|0〉 + |1〉) ⊗ | 1√

2
(|0〉 + |1〉) ⊕ |B〉〉 (4)
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1√
2

(|0〉 + |1〉) ⊗ |B〉 CNOT−→ 1√
2
(|0〉 ⊗ |B〉 + |1〉 ⊗ X|B〉) (5)

where X a Pauli gate operation that performs a bit-flip on qubits.

The Hadamard operation creates a superposition of qubits, mapping qubits from the basis states

|0〉 or |1〉 into |+〉 = 1√
2

(|0〉 + |1〉) or |−〉 = 1√
2

(|0〉 − |1〉), respectively. The CNOT operation acts

on two qubits, designating one as the control qubit and the other as the target qubit. It performs a bit
flip operation on the target qubit only if the control qubit is in the basis state |1〉.

2.3 Quantum Entanglement Distribution

To initiate the quantum repeater protocol, entangled Bell pairs must be distributed between nodes.
The transfer of the qubits serves to establish entangled links between network nodes. Upon generating
Alice’s and Bob’s EPR pairs, |Φ+〉AB and |Φ+〉CD, respectively, one qubit from each pair gets temporarily
stored in a quantum memory. This distribution is emulated using SWAP gates. SWAP gates operate
by exchanging the contents of the target and control qubits as follows:

|B〉control |Q〉target

SWAP−→ |Q〉control |B〉target (6)

The quantum repeater protocol inherently leads to the distribution of entanglement along the
transmission line from sender to receiver. This entanglement distribution relies on quantum memories,
entanglement purification protocols and entanglement swapping protocols to distribute entanglement
between nodes from the start of the communication link to the end. For instance, |Φ+〉AB represents
entanglement between nodes A and B, while |Φ+〉CD represents entanglement between nodes C and D.
The entanglement in AB is distributed to CD to form a new entangled links, AD and BC, before any
measurements are performed. This can be shown as follows:∣∣Φ+〉

AB
⊗ ∣∣Φ+〉

CD
−→ ∣∣Φ+〉

AD
⊗ ∣∣Φ+〉

BC (7)

2.4 Quantum Memory

Quantum memories offer on-demand reversible storage and buffering of qubits across a quantum
network without losing the qubit’s quantum properties. They can also store entangled states. We
momentarily store a qubit from the entangled state |Φ+〉AB in a quantum memory, only to retrieve
it when required for entanglement distribution between nodes B and C, yielding the entangled state
|Φ+〉BC. An effective quantum memory device must demonstrate the capability to endure extended stor-
age periods with high efficiencies [16]. This attribute holds particular significance in the preservation
of quantum properties, notably entanglement. Quantum memories ought to preserve entanglement
just as well as they preserve qubits. However, realizing quantum memories with long coherence times
remains a significant technical challenge that limits their implementation in quantum communication
and computation applications [17].

The importance of quantum memory in the realization of quantum repeaters has fuelled extensive
exploration of diverse technologies and different approaches in building and realizing quantum
memories. Notable among these technologies are those leveraging photonic channels [18] that use
optical fibres [19] and those employing diamond nanophotonic structures such as silicon-vacancy
centres within diamond nanophotonic cavities [20] and those that use nuclear spins associated with
nitrogen-vacancy centres [21]. One of the best and simplest quantum memories currently is a simple
fibre optic loop [7]. It leverages the time delay between entry and exit of the light through the optical
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fibre loop. Most approaches such as polarization of atom-photon systems and atomic ensembles
focus on storing single qubits of single modes. However, other approaches such as rare-earth offers
possibility of storing multiple qubits and modes.

Our circuit implementation emulates quantum memory by employing SWAP gates. It is imperative
to note that our present formulation does not explicitly address the introduction of decoherence errors
caused by quantum memory. We emphasize that this study, in the interest of scope, deliberately omits
further detailed discussion on the implementations of quantum memory.

2.5 Quantum Entanglement Purification

We focused our research on two general purification protocols: Bennett’s protocol [10] and
Deutsch’s protocol [11]. Each protocol has its own complexity of implementation, providing varying
fidelity levels and producing varying degrees of overhead during circuit operation. Deutsch’s proto-
col represents an enhancement over Bennett’s, introducing refinements to the purification process.
Successful purification using these protocol results in coinciding measurement outcomes as |00〉 or
|11〉. Any other measurement result, either |01〉 or |10〉, indicates a failed purification operation,
requiring a fresh restart of the purification protocol. Figs. 1 and 2 depict the implementation of the
two purification protocols. The quantum circuit implementing Deutsch’s protocol, depicted in Fig. 2
is an extension of the work by Das et al. [6] following the proposal made by Deutsch et al. [11].
The implementations involve three nodes: alice, charlie and bob as the communicating parties. Each
node initiates the protocol by generating their respective Bell pairs. Both protocols leverage CNOT
operations, utilizing the qubits of one pair as control qubits and those of the other as target qubits.

Figure 1: Quantum circuit implementation of Bennett’s purification protocol involves CNOT opera-
tions between the EPR pairs of each node. Alice’s pair serves as the control qubits while Charlie’s and
Bob’s pairs acts as target qubits. CNOT operations are performed between Alice’s qubits and Charlie’s
qubits. Subsequently, measurements are conducted on the target qubits. Coinciding measurement
outcomes, specifically |00〉 or |11〉, indicate a successful purification, permitting the control qubits to
advance to the next round with the subsequent node. Conversely, disparate measurement outcomes,
such as |01〉 or |10〉, necessitate the termination of the purification attempt, requiring the discarding of
all qubit pairs and a fresh restart of the purification process. The subsequent round follows a similar
pattern, involving Alice and Bob’s qubits. This iterative process continues until a successful purification
is achieved, or until a fresh restart is required
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Figure 2: Quantum circuit implementation of Deutsch’s purification protocol closely resembles
Bennett’s protocol but with a slight modification by introducing single-qubit rotation operations

before performing CNOT operations. The node with the control qubits, Alice, performs a Rx

(π

2

)

operation on all qubits while every other corresponding node performs the inverse Rx

(
−π

2

)
operation

on all their qubits. The rotation operations correspond to rotations by
π

2
and −π

2
about the x axis.

Thereafter, the CNOT operations proceed as in Bennett’s procedure

2.6 Quantum Entanglement Swapping

The quantum entanglement swapping circuit has a construction approach similar to the telepor-
tation protocol [22]. In the entanglement swapping process, one qubit of Alice’s Bell pair becomes
entangled with another qubit from Bob’s Bell pair [6]. This is significant because it allows for states
previously not entangled and which had never interacted with each other before to become entangled
with each other. In essence, we are teleporting entanglement between nodes. This is the guiding
principle to extending the length of a quantum communication link.

The elementary construction of the entanglement swapping circuit contains two Bell pairs
collectively constituting a 4-qubit quantum state |ψ〉ABCD = |Φ+〉AB ⊗ |Φ+〉CD. Bell-state measurement
(BSM) operation is performed between the qubits in B and C. Based on the measurement outcomes,
an appropriate Pauli correction operation I, Z, X, Y is executed on the qubit in D [6]. This results in the
projection of qubits in A and D into the state |Φ+〉AD while simultaneously establishing entanglement
between nodes B and C in the state |Φ+〉BC. The achieved entanglement distribution from A to D
maintains a quantum communication link which enables direct teleportation from node A to D.
The scheme described is depicted in Fig. 3. The swapping protocol is represented by the following
equations:

|Ψi〉 = 1√
2

(|0A0B〉 + |1A1B〉) ⊗ 1√
2

(|0C0D〉 + |1C1D〉) (8)

where |Ψ_i〉 is the initial state of the entire system involving Alice and Bob. When the Bell-state
operation is performed just before measurements, we get the equation:
∣∣Ψf

〉 = 1√
2

(|0A0D〉 + |1A1D〉) ⊗ 1√
2

(|0B0C〉 + |1B1C〉) (9)
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where |Ψf〉 is the final state of the entire system.

Figure 3: Quantum circuit implementation for quantum entanglement swapping protocol involves the
teleportation of Alice’s quantum state |alice0〉 to Bob. To verify the success of the protocol, a random 2-
dimensional quantum state vector is used to create an initialisation instruction labelled init instruction
which is applied to Alice’s qubits transforming alice0 from |0〉 to some random state |ψ〉. Thereafter,
EPR pair generation occurs. Entanglement swapping is performed, establishing entanglement between
Alice’s |alice0〉 and Bob’s |bob1〉 qubits while the rest of the qubits are discarded post-measurement. To
validate successful entanglement, an inverse initialisation instruction labelled disentangler is applied
to the entangled state |alice0bob1〉 on |alice0〉 which should transform the teleported qubit from |ψ〉 to
|0〉, yielding an expected measurement outcome of |00〉

Notably, this study employs the conventional construction of entanglement swapping that requires
CNOT gates. However, there has been proposed an alternative approach that eliminates the need for
CNOT gates, leveraging the quantum Zeno effect which has the potential of reducing the quantum
repeater circuit complexity and potentially improving on the fidelity of quantum states [23].

The quantum circuit implementing the quantum entanglement swapping protocol extends the
work by Das et al. [6]. To facilitate results analysis, we introduced initialisation and inverse initial-
isation instructions. The circuit, illustrated in Fig. 3, was executed on the quantum backend, and
measurements were performed in the computational basis, yielding the verification results in Fig. 4
that provide insights into the success of the entanglement swapping process. An outcome of |00〉 for
Alice’s and Bob’s qubits, alice0 and bob1, respectively, indicates successful entanglement swapping.
Observe that this occurs on average half the time in our case. These results are consistent with the
findings of Das et al. [6] on the effect of entanglement swapping on the fidelity.

3 Results and Discussion
3.1 Complete Quantum Repeater Architecture

By combining all the necessary components, we arrived at a complete implementation of a
quantum repeater and its complimentary elements within a quantum network [24]. The circuit
architecture is depicted in Figs. 5 and 6. It is important to note that the architecture presented is an
extension of the works by Das et al. [6].

Alice’s and Bob’s Bell pairs are first generated. One qubit from each Bell pair is transmitted to Alice
and Bob through a classical channel. The remaining qubits from each Bell pair get transmitted through
a classical channel to quantum memory devices found on the quantum repeater. The transmission of
these qubits is emulated using SWAP gates. Through heralding techniques [9,25], a classical signal
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is sent to the repeater, indicating that Alice’s and Bob’s qubits that are in memory are ready for the
swapping process [26]. The heralding helps to synchronize the swapping protocol. The qubits in the
quantum memory devices are transmitted to their respective quantum channels, ready for the swapping
process. This transmission is again represented by SWAP gates. As illustrated in Fig. 5, Deutsch’s
purification protocol is executed just before executing entanglement swapping. Finally, Alice’s and
Bob’s qubits undergo a Bell-state measurement.

Figure 4: Results obtained for the verification of the quantum entanglement swapping protocol.
Observe that for states |alice0〉 and |bob1〉, their measurement outcomes are measured to be in the
|0〉 state approximately half the time. This outcome indicates the successful execution of the swapping
protocol on roughly half of the executions

Figure 5: Quantum circuit for the full complete quantum repeater, implementing Deutsch’s purification
protocol just before the swapping protocol stage. qgen_alice and qgen_bob represent the modules
generating Alice’s and Bob’s entangled qubits respectively. qmem represents quantum memory devices
present in a quantum repeater. The transmission of qubits through classical channels to either quantum
channels of quantum memory is emulated using SWAP gates
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Figure 6: Quantum circuit for the full complete quantum repeater, implementing Bennett’s purification
protocol just before the swapping protocol stage

The presented circuit architecture provides a real-world implementation of the quantum repeater
protocol. We used it to investigate our remaining objectives regarding purification strategies and
optimization schemes.

3.2 Purification Strategy

Identifying an optimal purification strategy is crucial for enhancing the operational efficiency of
future practical quantum repeaters. This significance is exemplified by approaches such as the nested
purification strategy, which has been experimentally demonstrated to effectively minimise unwanted
noise during entanglement swapping, yielding high-fidelity entangled states [27,28].

In this study, three purification strategies are explored in the simulations. The strategies differ in
terms of the application stage of the purification protocol. These strategies are: (1) post swap, performs
purification after each entanglement swapping protocol; (2) repeated post swap, performs successive
iterative purification instances after each entanglement swapping protocol (with three instances in our
simulations); and (3) pre-and-post swap, alternating purification before and after an entanglement
swapping protocol.

The simulations were exclusively conducted using Deutsch’s purification protocol, under the
assumption that the outcomes would exhibit similarity across various purification protocols. This
allows for variation of only the purification stage while keeping other aspects constant.

To conduct the purification strategy simulations, a compact form of the circuit in Fig. 5 was used.
An initialization instruction was appended at the beginning of the circuit to perform a reset on Alice’s
qubit, setting it into the state |0〉 then applying gates to turn it into a random state |ψ〉. After the
initialization instruction followed the quantum repeater protocol after which an inverse initialization
instruction was appended. The inverse initialization instruction works to revert the random state |ψ〉
back to the state |0〉. Thus, upon measurement on Alice’s and Bob’s qubits at the end, ideally, one
should get the state |00〉. The entire circuit was executed 20 times, resulting in 20 independent sets of



34 JQC, 2023, vol.5

measurement results each with its own set of probabilities for the states |00〉, |01〉, |10〉 and |11〉. The
results were then averaged.

The averaged results obtained were used to verify that one qubit from Alice’s entangled qubit
pair had indeed been teleported to Bob. Measurements on either qubit should yield either the state
|0〉 or |1〉. The resulting plot is as illustrated in Fig. 7. Ideally, we would expect 100% probability of
measuring Bob’s qubit in the state |0〉. Higher estimated probabilities, indicate increased likelihood
of successful execution of the quantum repeater protocol as theoretically expected. As observed, this
success occurs approximately half the time, which is consistent with the inherent probabilistic nature
of the entanglement swapping and purification processes.

Figure 7: Results verifying the success of the teleportation of entanglement in the quantum repeater
protocol between Alice and Bob under different strategies as indicated in the graph

These compelling results provide substantial evidence of the effectiveness of the employed
purification strategies in achieving the teleportation of quantum information between nodes. The close
alignment of the observed outcomes with theoretical predictions and prior literature, such as the work
by Das et al. [6], lends robust support to the accuracy and reliability of the quantum repeater protocol
strategies under investigation.

Fig. 8 presents the results depicting the impact of purification on the fidelity at different stages
within the quantum repeater protocol. The considered stages include the initial distribution stage
(dist), first swapping stage (aswap1), second swapping stage (aswap2) and ultimately the end of
the node. To obtain fidelity measurements at each stage, the quantum circuit was duplicated up to
the specific stage, executed, and measured. This process was repeated across the 20 simulation runs,
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resulting in 20 independent measurement sets, each containing four measurements corresponding to
the four considered stages. The results were averaged before performing the Hellinger fidelity operation
to obtain the fidelity between consecutive stages.

Figure 8: Effect of purification on fidelity across different purification strategies. The results were
obtained from a circuit implementing an intermediate quantum repeater and hence two entanglement
swapping procedures, labelled as aswap1 and aswap2

The Hellinger fidelity is used to compute and quantify the similarity between two probability
distributions. It is defined as:

FH = (
1 − H2

)2
(10)

where H is the Hellinger distance. It is equivalent to the standard classical fidelity:

F(Q, P) =
(∑

i

√
piqi

)2

(11)

where pi and qi are two probability distributions, which in this context, are the results obtained from
the circuit execution expressed as counts. The Hellinger fidelity metric helps us assess how similar the
results of each stage are to the measurement results after entanglement generation.

Evidently, initial entanglement distribution has no effect on the fidelity. Realistically, fidelity
loss occurs at this juncture, primarily influenced by the technology used in entanglement generation,
especially when employing a parametric-down-conversion source [25], and the characteristics of the
distribution channel. Heralded entanglement generation is the most practical method to suppress
errors at this stage [9]. The fidelity of the Bell-pairs takes a hit during entanglement swapping.

Combining all the collected data provides valuable insights into the optimal purification strategy
to be employed in practical quantum repeaters, especially in the Noisy Intermediate-Scale Quantum
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(NISQ) era [29], as per our formulation. All considered strategies consistently maintained a fidelity
level above the minimum required threshold of 50% to sustain a quantum communication link.

Multiple analyses underscored the robustness of the purification strategies for potential applica-
tion in the quantum repeater protocol. Notably, the pre-and-post swap purification strategy emerged
slightly favoured, consistently achieving a higher mean fidelity value FM = 0.79 at best across
numerous simulation iterations. Near similar results were obtained by Behera et al. [30], where they
demonstrated peak fidelity levels of up to F = 0.8456. Their stages of purification from Alice to
Charlie and then Charlie to Bob exhibited fidelities of FAC = 0.8086 and FCB = 0.7840, respectively
[30]. Hu et al. proposed a high efficiency long-distance polarization entanglement purification protocol
that makes use of only one pair of hyperentangled states, and which achieved fidelities of up to
F = 0.887 [14].

These results align with our findings, demonstrating the success of the purification protocols, even
with slightly different quantum repeater designs.

We observed consistent fidelities, in contrast to demonstrations by Das et al. [6], where there was
a progressively decreasing fidelity with each swap stage. Analysing the correlation between the fidelity
values at different stages of the quantum repeater protocol reveals a notable positive correlation among
the strategies, particularly between the pre-and-post swap and the repeated post-swap strategies. This
implies that the positive impact of purification is sustained through subsequent stages.

To evaluate the consistency of each purification strategy, an analysis of the fidelity value distribu-
tion was conducted. The pre-and-post swap purification strategy not only maintained a high average
fidelity but also exhibited lower variability, indicative of a more reliable performance compared to
alternative strategies. This underscores the effectiveness of a purification approach that executes before
and after entanglement swapping.

It is essential to acknowledge that, while there are minor differences in fidelities (see Fig. 8) and
quantum repeater verification results (see Fig. 7), these differences hold limited statistical significance
within the scope of our study. The main insight derived from this analysis is that we achieve nearly
identical results from our purification protocols, regardless of the specific strategy employed. The pre-
and-post swap strategy offers only a slight advantage, which can be attributed to its unique capability
to purify both the incoming generated EPR pairs from a source and the post-entanglement swap pairs.
This efficient purification circuit design balances the addressing of initialization or loss errors (arising
from imperfect raw Bell pairs) and operations errors arising from imperfect local operations [12].
Furthermore, compared to the repeated post-swap strategy, the pre-and-post swap strategy necessitates
purification only once. Repeated purification, as we have seen, fails to offer additional improvements
and only increases circuit complexity, overhead and the likelihood of contributing to additional errors
due to imperfect local operations [12].

These insights emphasize the importance of selecting an appropriate purification strategy based
on the employed protocol. It is anticipated that substantial differences may arise when considering a
broader and diverse array of purification protocols and strategies beyond what has been explored in
this study. Further investigations into the scalability and adaptability of these strategies will be crucial
for the continued development of quantum repeater systems.

3.3 Purification Optimization Scheme

The purification circuits underwent two levels of optimization—a light optimization scheme and a
heavy optimization scheme. The IBM Qiskit transpiler is responsible for the optimization levels used.
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The purification optimization scheme was carried out for all purification strategies tested out earlier
using the two major purification protocols-Bennett’s and Deutsch’s protocols.

For each of the three purification strategies, the circuit would initially implement Deutsch’s
purification protocol starting with light optimization. Then execution would be repeated using heavy
optimization. This was followed by implementation of Bennett’s purification protocol with both the
light and heavy optimization schemes. The aim was to evaluate if the optimization schemes employed
favour any of the purification protocols employed in the purification circuits in terms of efficiency and
performance within the quantum repeater protocol.

There were 20 independent measurement results obtained from 20 iterations of the circuit runs
per purification strategy. The probabilities were then averaged for each purification strategy to get
the estimate of the true probability. These results were used for each purification strategy, in finding
the difference between Deutsch’s and Bennett’s estimate of probability under the light optimization
scheme then the heavy optimization scheme before plotting them as shown in Fig. 9. The differences
were plotted as percentages.

Figure 9: The results of experiments testing the differences of various purification protocols under
different optimization schemes. The experiments were carried out for different purification strategies
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The classical bits represent the classical states obtained after measurement by Alice and Bob
at the end of the communication channel. Lower percentage values indicate less distinction in the
measurement outcomes between Deutsch’s and Bennett’s purification protocols when executed under
the indicated optimization scheme. Specifically, lower percentage values imply a convergence in the
measurement results, demonstrating a similarity in the efficacy of the purification protocols.

The results from this experiment demonstrate and provide compelling evidence to confirm
that despite the differences in experimental requirements and efficiencies, the choice of purification
protocols used in this study has no significant impact on the overall purification optimization scheme
employed in the purification circuits, in line with the findings by Muralidharan et al. [9]. Further
research can explore the incorporation of more purification optimization schemes, such as the discrete
optimization algorithms approach that can generate efficient purification circuits said to outperform
many other general-purpose purification protocols [12].

4 Conclusions

This study has presented a quantum repeater design setup and its implementation, providing valu-
able insight into entanglement purification. We have demonstrated various entanglement purification
protocol strategies and their subsequent circuit optimizations using the presented architecture. The
research focused on investigating entanglement purification strategies and the impact of optimization
schemes applied under two purification protocols, in the context of near-term quantum repeaters [9].

Three distinct purification strategies were tested using Deutsch’s purification protocol. The results
consistently highlight the pre-and-post swap strategy as the most favourable approach in the scope of
our quantum repeater studies, owing to its consistent high performance. Nevertheless, it is important to
note that all strategies exhibited robustness and efficiency in preserving entanglement and optimizing
quantum communication.

Notably, the purification protocols yielded similar results across various strategies employed
in our study. Furthermore, the different levels of optimization had no significant impact on the
performance of these purification strategies. The optimization schemes did not favour any of the
employed purification protocols.

This research underscores the significance of thoughtfully considering purification strategies
and optimization approaches to achieve significant improvements in quantum repeater performance,
ultimately enhancing the efficiency of future practical quantum repeaters. We anticipate continued
research efforts aimed at enhancing the success rate of entanglement swapping. Operational errors and
loss errors remain persistent challenges in near-term quantum repeaters. It is evident that operational
errors and loss errors persist as challenges in near-term quantum repeaters. Therefore, ongoing efforts
should be directed toward the continual improvement and refinement of purification protocols and
strategies. Through these endeavours, the realization of a practical quantum repeater operating in the
NISQ era becomes an increasingly promising prospect.
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