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ABSTRACT

The present study delves into the application of investigating quantum state behaviour, particularly focusing on
coherent and superposition states. These states, characterized by their remarkable stability and precision, have
found extensive utility in various domains of quantum mechanics and quantum information processing. Coherent
states are valuable for manipulating quantum systems with accuracy. Superposition states allow quantum systems
to exist in numerous configurations at the same time, which paves the way for quantum computing’s capacity for
parallel processing. The research accentuates the crucial role of quantum error correction (QEC) in ensuring the
stability and reliability of quantum information processing systems. Quantum systems are prone to errors from
decoherence and environmental noise, making QEC essential for ensuring accurate results by employing the Shor
code, an error-correcting code devised by Peter Shor, it becomes feasible to detect and rectify errors that may arise
during quantum computations. The Shor code detects and corrects both bit-flip and phase-flip errors, greatly
enhancing the robustness of quantum information systems. This research offers insights into the multifaceted
utility of MZI (Mach-Zehnder interferometer) and its relevance in the advancement of quantum technology. By
integrating QEC with the capabilities of MZI, this study offers a holistic approach to advancing the precision and
reliability of quantum technologies.
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1 Introduction

In recent years, quantum computing has emerged as a groundbreaking and promising alternative
to classical computing, with the potential to solve complex problems much more rapidly [I,2].
Quantum computing woks based on the principles of quantum mechanics and quantum bits (Qubits)
to perform computations that are infeasible for classical computers to achieve [3—6]. One prominent
technique in this field is Linear Optical Quantum Computing (LOQC), which utilizes photon quantum
bits or qubits [7-10]. In LOQC, photonic qubits are used, which present several advantages, such as
rapid operation, easy manipulation, and the ability to travel long distances without significant loss,
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making them highly attractive candidates for future quantum information processing systems [1 1-13].
However, LOQC faces significant challenges, including photon loss, decoherence, and other sources
of noise [14,15].

The fragile nature of quantum states and the susceptibility of qubits to decoherence and noise
present major challenges to the development of viable quantum computers. Errors in quantum oper-
ations can also stem from hardware defects, environmental interference, and the intrinsic probabilistic
nature of quantum physics [16]. To address these issues, quantum error correction (QEC) techniques
have been developed which enhances the robustness and reliability of systems that rely on phonic
qubits [17-20]. The QEC encompasses strategies for preserving quantum states against the effects
of decoherence and noise, which introduce errors in quantum operations [21-23]. The QEC systems
encode information in an error-tolerant manner by distributing a quantum state across multiple qubits
and incorporating redundant information to detect and correct potential faults [24,25]. By integrating
QEC techniques, it is possible to construct robust and reliable quantum computers using photonic
qubits [26,27].

One of the powerful tools for quantum state preparation and quantum computing within
LOQC is the Mach-Zehnder interferometer (MZI) [28]. The MZI is an optical device, is a crucial
component in both classical optical interferometry and quantum optics for executing various quantum
operations [29-31]. Despite its advantages, MZI systems are also susceptible to errors from various
sources, such as phase fluctuations, imperfect interference, and detector inefficiencies [32—34]. Error
correction schemes in MZI systems, related to hardware error control strategies and random phase
error correction in balanced MZIs, are discussed in [35,36]. In this paper, we optimize quantum
error correction (QEC) techniques to enhance the robustness and reliability of LOQC systems. Our
objective is to enhance the fault tolerance and error resilience of the LOQC system by integrating error
correction techniques within the MZI framework. By meticulously designing Shor error correction
schemes within the MZI-based LOQC system, we significantly reduce errors during quantum gate
operations. Shor error correction is a quantum error-correcting code that correct bit-flip and phase-
flip errors in quantum states [37].

This paper is structured as follows: In Section 2, we discuss the methods and approaches for any
states passing through the MZI. Section 3 presents the results of our simulations and an assessment
of the performance of the proposed error correction schemes. Finally, we discuss the implications and
significance of our findings, followed by our conclusions.

2 Method: Mach-Zehnder Interferometry

The Mach-Zehnder interferometer (MZI) is pivotal in optical quantum computing due to its
ability to perform precise quantum state manipulations and measurements. It is particularly valuable
for implementing quantum error correction (QEC) because it enables accurate control over quantum
states, allowing for effective detection and correction of errors in optical quantum systems. The MZI’s
sensitivity to phase changes and its capability for high-fidelity operations make it an ideal tool for
ensuring robust and reliable quantum computations.

The Mach-Zehnder Interferometer (MZI) is a device consisting of beam splitters and mirrors
that divide an optical beam into two channels and then recombine them to produce an interference
pattern based on the relative phase difference between the paths Fig. 1. In the MZI setup, the initial
beam splitter serves to split singular input photons into two distinct channels. The configuration for
coherent states divides a single input photon into two channels.
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Figure 1: Schematic of the Mach-Zehnder interferometer setup

The photon then travels through the arms, where its phase may be altered due to relative phase
difference, before recombining at the second beam splitter. The interference pattern visible at the MZ1I’s
output is determined by the relative phase difference between the two arms. The phase of the coherent
state could be changed by altering the path length or applying phase shifts to one of the arms, resulting
in constructive or destructive interference at the output.

We examine the output probabilities for Detectors D1 and D2 using various forms of coherent
state inputs, such as superposition, and unknown states, in our research. We could effectively estimate
the phase shift or displacement applied to the input states by monitoring the output intensities at these
detectors. The MZI with coherent states identifies minor changes in optical path length and measures
external forces acting on the system. As a result, it is a versatile device for a variety of applications that
require high-precision measurements and interferometric techniques. We are using Wolfram Quantum
Framework for the simulation of quantum circuits, the implementation of quantum circuit for MZI is
shown in Fig. 2.
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Figure 2: Left: Quantum analogue circuit of MZI, Right: Qsphere (without measurement)
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The circuit starts with one qubit, represented by the labelled ¢0, then passes through the Hadamard
gates denoted by H, its put the qubit in a superposition of 0 and 1. A phase gate S having a phase of

T . .
5 passes through another Hadamard gate operates on qubit. Further measurement is done and the

output corresponds to the probability of photon in Detectors D1 and D2 as |0) and |1), respectively.
The right-side image shows a Bloch sphere, a tool for picturing quantum state.

Superposition coherent state pass through MZI

Optical qubits are encoded in photon polarization states, represented by
) =alH)+ BIV), (1)
where |H) and | V) are horizontal and vertical polarizations, respectively. For example, a superposition
state

1
¥) = —
V2
indicates an equal probability of measuring the photon in either polarization. Optical qubits excel in
long-distance communication but require precise control and detection. In contrast, superconducting

qubits are described by

H) +B1V), 2)

1Y) =al0) +B11), (3)
where |0) and |1) are the ground and excited states. An example state
1
=—10)+811), 4
1Y) 7 10) + B 11) “4)

represents a superposition of these states. Superconducting qubits offer faster operations and integra-
tion with electronics but need cryogenic temperatures and are prone to decoherence. Both optical and
superconducting qubits use superposition principles, represented by similar state vectors

1Y) =al0) + B11), (5)
but the physical systems differ in how they encode and manipulate these states.

The mathematical expression of superposition state using Dirac notation.
1Y) =2 i), (6)

where |1) represents the superposition state, |¢;) represents the individual states forming the super-
position, ¢; represents the probability amplitudes associated with each state, and the summation is
taken over all possible states forming the superposition. The superposition state (e.g., a qubit or
photon polarization state) is fed into the MZI, and the associated outcome is observed based on the
behaviour of the superposition state within the MZI. The histograms presented in Fig. 3 illustrate the
probabilities of the quantum states |0) and |1) for different coherent states.

These coherent states are specified by the complex parameter «. The dimension of the Hilbert
space used for these calculations is d = 2, corresponding to the lowest two Fock states. Among the
various histograms, the one located in the second row and first column (middle left panel) shows equal
probabilities for |0) and |1). This equal probability distribution indicates a balanced superposition
state. The parameter « that leads to this equal probability distribution was determined to be o« = 1.
This value of o represents a coherent state where the mean photon number is 1, resulting in equal
probabilities of 0.5 for both |0) and |1).
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Figure 3: Histograms showing the probabilities of the quantum states |0) and |1) for different coherent
states specified by «. The middle left panel (second row, first column) represents the equal probability
distribution where o = 1

3 Results: Circuit Evaluation and Error Correction

According to MZI quantum circuit, each qubit is susceptible to random errors introduced just
before the final Hadamard gate. Specifically, each qubit has a probability p of encountering an X
error, another probability p of encountering a Z error, and a probability 1-2p of experiencing no error
at all. The parameter p is adjustable, allowing us to control the error rate. For instance, setting p =
0.15 indicates a 15% chance of encountering an error. To simulate these errors, we utilize a Quantum
Channel box within our circuit. In the Fig. 4, MZI error scheme, we introduce errors in the first qubit
between the phase operation and the final Hadamard gate, utilizing the quantum channel.

Quantum channels, essential for transmitting quantum information, introduce errors like decoher-
ence and noise. Representing these channels as super operators or matrices enables precise modelling
and effective quantum error correction techniques.
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These errors could manifest as either bit flips or phase flips. For the second qubit, we exclusively
introduce bit flip errors within the quantum channel. This represents our quantum error generation
scheme, where errors are intentionally introduced to simulate real-world noise and disturbances. In
The quantum circuit implementing the MZI error scheme is executed with 10,240 shots. The resulting
output, highlighting the generated errors, is presented in Fig. 5.
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Figure 4: Error scheme using MZI setup
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Figure 5: Quantum measurement of error-prone MZI setup

Subsequently, we employ the Shor code to rectify these errors, implementing quantum error

correction techniques. The Shor code plays a pivotal role in mitigating the introduced errors, ensuring

the accuracy and reliability of quantum computations within the MZI setup. For error correction, we
implement the Shor code with certain assumptions:
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e Condition A: Only the 1st qubit and 2nd qubit may experience errors, including no error, bit-flip,
or phase-flip errors.
e Condition B: Any number of qubits may be subject to error without any specific restrictions.

In this approach, we introduce 8 ancillary qubits for the first logical qubit in Fig. 6, resulting in
a total of 9 qubits corresponding to the first logical qubit—designated as qubits [0,2,3,4,5,6,7,8,9].
Among these, 3 qubits are allocated for bit-flip codes, while 1 qubit serves as a phase-flip code. This
configuration, comprising 3 bit-flip codes and 1 phase-flip code, is widely recognized as the Shor code.
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Figure 6: Error correction circuit for the shor code

The depicted quantum circuit in Fig. 7 implements the Shor code within a Mach-Zehnder
interferometer to enhance error correction during interferometric measurements.
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Figure 7: Shor code applied on MZI circuit

The circuit initializes 22 qubits, applies Hadamard and Phase gates to create superpositions, and
uses a series of CNOT gates to entangle data qubits with ancillary qubits. This entanglement allows for
the detection and correction of errors without disrupting the interferometric measurement. Ancillary
qubits detect bit-flip and phase errors, which are subsequently corrected using conditional gates. This
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integration ensures high fidelity and coherence, demonstrating the practical application of the Shor
code to improve the robustness of quantum systems in real-world scenarios.

3.1 Condition A: Only the 1st Qubit and 2nd Qubit May Experience Errors, Including No Error,
Bit-Flip, or Phase-Flip Errors

We make particular assumptions about the error-prone qubits in our quantum error correction
system. These assumptions imply that only the first and second qubits may encounter faults, which
could be none, bit-flip errors (X), or phase-flip errors (Z). This limited error model allows us to
precisely analyse the success of mistake correction.

Error Combinations

We assume that only the first and second qubits may encounter faults. These faults can be:
e None (I)

e Bit-flip errors (X)

e Phase-flip errors (Z)

Combinations Analyzed

The Shor code’s performance in minimizing these faults is assessed by applying various combina-
tions of flaws to the first and second qubits. The combinations include scenarios where one or both
qubits are affected by mistakes. The specific combinations shown in the figure are:

e X & X (bit-flip on both qubits)

e X & I (bit-flip on the first qubit, no error on the second)

e X & Z (bit-flip on the first qubit, phase-flip on the second)
o I & X (no error on the first qubit, bit-flip on the second)

e [ & I (no error on both qubits)

e [ & Z (no error on the first qubit, phase-flip on the second)
e 7 & X (phase-flip on the first qubit, bit-flip on the second)
e Z & I (phase-flip on the first qubit, no error on the second)
e 7 & 7 (phase-flip on both qubits)

The results in Fig. 8 demonstrate the Shor code’s effectiveness in correcting various error combi-
nations applied to the first and second qubits.

The balanced counts of “00” and “10” across all combinations suggest that the Shor code
successfully mitigates the effects of these errors, aligning with the expectation of successful error
correction.

3.2 Condition B: Any Number of Qubits May Be Subject to Error without Any Specific Restrictions

In this particular quantum error correction condition, there are no specific restrictions on the
number of qubits that may be susceptible to errors. This condition allows for a more general and
unbounded scenario, where any number of qubits could potentially be affected by errors, reflecting a
realistic and challenging quantum environment.

Quantum circuit corresponding to this condition is as depicted in Fig. 9. This circuit configuration
is designed to address scenarios where multiple qubits may be exposed to errors without constraints.
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The results obtained from this condition underscore the effectiveness of the error-correcting code
in mitigating errors introduced under the condition B error scheme. It demonstrates that our error
correction method performs well, even when a variable number of qubits are affected by errors.

However, it is worth noting that there are limitations to this error-correcting scheme when errors
are introduced at higher rates. This limitation becomes evident in Fig. 10, which compares the counts
obtained with and without errors. Here, a 15% error rate comprising both bit-flip and phase-flip errors
is examined, and the error correction method remains effective within this range.

Moreover, in Fig. 11, we further assess the scheme’s performance and increased error rate of
25% for both bit-flip and phase-flip errors, analyzed individually. Notably, while the error correction

method still effectively handles bit-flip errors, it struggles to resolve phase errors at this heightened
error rate.

Error combil

Error combination: X & | Error combination: X & Z
5091 5149

5024

4500 4500 4 4500 {

S 3000

Count

Count
8
=1
=1

1500 1500 1 1500 1

& g IS &
Error combination: | & | Error combination: | & Z
SI17 EIvI)

Error combi
5111

4500 - 4500 4500 -

3000

Count
Count
Count

1500 1 1500 - 1500 4

8 g

Error combination: Z & Z
LI EE) 5096

Error ¢ Error bi

4500 4500 1 4500 -

Count
Count
8
=1
=1
Count

1500 1500 1 1500

54

Figure 8: Error correction results with shor code
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Figure 9: Quantum circuit for condition B
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Figure 11: Left: Data with 25% error introduced, Right: Data after error correction

4 Discussion

The study presents significant advancements in understanding quantum error correction (QEC)
using a Mach-Zehnder interferometer (MZI), emphasizing the nuanced interplay between coherence,
interference, and error correction in quantum systems. The key finding is the demonstrated utility of
the MZI in effectively correcting errors for both known and unknown coherent states, highlighting
its robustness across various quantum scenarios. However, this robustness diminishes when faced with
unknown superposition states, indicating a critical limitation of current QEC methods within the MZI
framework. This discrepancy necessitates further research and development, such as enhanced error
correction codes or alternative interferometry setups, tailored to address the complexities associated
with superposition states.

The study also analyzes the output probabilities obtained from the quantum analogue circuit,
which align closely with those of the classical MZI, reinforcing the validity of quantum descriptions
in these systems. This alignment suggests that the quantum analogue approach is precise and reliable
in studying quantum systems, facilitating the advancement of more sophisticated QEC techniques.
Additionally, the research underscores the critical role of coherence and interference in quantum
information processing, with the observed symmetric output probabilities and the probabilistic nature
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of superposition states highlighting the intricate dynamics at play. These insights pave the way for
more advanced applications in quantum optics and a deeper understanding of quantum mechanics.
Furthermore, the research points towards integrating advanced error correction methods, such as
those proposed by Shor, to mitigate identified limitations. The interplay between bit-flip and phase-flip
errors at varying rates underscores the need for adaptive and robust QEC strategies capable of handling
diverse error scenarios, suggesting that future research should focus on these adaptive techniques and
their practical implementations in quantum computing and communication systems.

5 Conclusion

In conclusion, we have thoroughly investigated the performance of the Mach-Zehnder interferom-
eter (MZI) in correcting errors in known and unknown coherent and superposition states. Our findings
highlight the successful correction of errors in known coherent and superposition states and unknown
coherent states, while revealing the challenges posed by unknown superposition states for error
correction in MZI. These insights are crucial for developing more robust quantum error correction
(QEC) techniques. This study involved examining the behaviour of coherent states in an MZI and
creating a quantum analogue using the Wolfram Quantum Framework. The results confirm that the
quantum analogue circuit aligns with the classical MZI, supporting the application of coherent states
in quantum optics and information processing. While the effectiveness of MZI-based QEC for known
coherent states is evident, the significant challenges with unknown superposition states indicate a need
for further research and development. Our study emphasizes the limitations of current QEC methods
within the MZI framework and the importance of advancing more sophisticated and adaptive error
correction strategies. By addressing these limitations and exploring new avenues, such as integrating
advanced QEC methods or developing alternative interferometry setups, we can significantly enhance
the reliability and efficiency of QEC systems. These advancements are essential for the progression
of quantum computing and communication technologies, where robust error correction is vital for
maintaining the fidelity of quantum information.
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