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Dynamic Effects on the Formation and Rupture of Aneurysms

J.S. Ren∗

Abstract: Dynamic analysis of an axially
stretched arterial wall with collagen fibers dis-
tributed in two preferred directions under a sud-
denly applied constant internal pressure along
with the possibility of the formation and rupture
of aneurysm are examined within the framework
of nonlinear dynamics. A two layer tube model
with the fiber-reinforced composite-based incom-
pressible anisotropic hyper-elastic material is em-
ployed to model the mechanical behavior of the
arterial wall. The maximum amplitudes and the
phase diagrams are given by numerical computa-
tion of the differential relation. It is shown that
the arterial wall undergoes nonlinear periodic os-
cillation and no aneurysms are formed under the
normal condition. However, an aneurysm may
be formed under such abnormal conditions as the
stiffness of the fibers is deduced or the direction
of the fibers is oriented towards the axial direc-
tion. Furthermore, the possibility for the rupture
of aneurysm is discussed with the distribution of
stresses.

Keywords: arterial wall with collagen fibers,
aneurysm, incompressible anisotropic hyper-
elastic material, nonlinear periodic oscillation,
formation and rupture

1 Introduction

In recent years, more and more people in
the world are suffering from aneurysms
(Humphrey2002, Humphrey2003b). Begin-
ning as a small dilatation of the arterial wall,
aneurysms may expand to over 10 cm in diameter
along with rapidly expanding as shown in Fig.1
(Watton et. al.2004). Finally, aneurysms might
rupture in some cases for a rate of 24.9 % and
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this will give rise to devastating consequences
for a rate of 90 % (He et al 1993, Lanne et al.
1992, Papahariluon et al. 2006, Volokh and
Vorp2008). Parts of the patients die whereas
many of the survivors suffer severe functional
deficits. It continues to be one of the main
causes of significant morbidity and mortality.
At the same time, current aneurysm treatment is
expensive and carries considerable morbidity and
mortality risks (Vorp2007).

 
Figure 1: Schematic representation of an
aneurysm (modified from Watton et al. 2003)

Clearly, there is a need to combine geo-
metrical, mechanical and histological methods
to understand the mechanism of aneurysms
(Humphrey2003b, Watton et. al. 2004, Wilmink
et al. 1995). It is also helpful for the development
of soft tissue biomechanics and tissue engineer-
ing (Neren and Selihtar 2001). There are some
theories with regard to the formation or patho-
genesis of aneurysms but little general agree-
ment (Humphrey2002, Humphrey2003a, David
and Humphrey2003, Volokh and Vorp2008,
Vorp2007). With regard to the rupture of
aneurysms, it is widely thought that the rupture
occurs when the wall stress of the aneurysm ex-



214 Copyright © 2010 Tech Science Press MCB, vol.7, no.4, pp.213-224, 2010

ceeds its wall strength following basic princi-
ples of material failure (Humphrey2003b, Volokh
and Vorp2008, Vorp2007). So it is vital to un-
derstand well the mechanism of aneurysm wall
(Kroon2008). However, the mechanical behavior
of arterial wall is complex and highly nonlinear
in general as they often involve three-dimensional
geometry, dynamic loading conditions and fluid-
solid interaction (Olsenl et. al. 1999, Holzapfel
et. al.2002, Humphrey2002).

From the point of histological view, arterial wall
is a layered structure composed of three layers:
intima, media, adventitia (Holzapfel et al. 2004).
The contribution of the intima to the mechanical
properties of the arterial wall is negligible. In
the media and adventitia, collagen fibers are ar-
ranged in helically distributed families which in-
duce the anisotropy in the mechanical response
of the arterial wall as shown in Fig.2 (Holzapfel
et. al.1998, Holzapfel et al. 2000, Driessen et.
al.2003, Humphrey 2002, Driessen et. al.2004).

 
Figure 2: Schematic representation of typical
fiber architecture in an arterial wall (Holzapfel et
al. 2000, with a modification by Driessen et al.
2004)

Pseudo-elasticity allows the use of nonlinear elas-
ticity theory to study as a first approximation for
many types of soft tissues (Fung1990). In prac-
tice, most researches, more commonly, simply
assume that the material is elastic with constitu-
tive relation based only on loading curves. This
approach has provided useful approximate re-
sults in a large number of problems (Ogden2002).

Following Fung, most pseudo-elastic constitutive
models for the arterial wall are build in the form
of exponential and logarithmic strain energy den-
sity functions (Vito and Dixon2003). While some
of the newest constitutive models are built in-
corporating the histology-derived micro-structure
(Holzapfel et. al. 2000, Ogden2003).

Till now, much of the literature on such me-
chanics deals with elasto-statics and they have
been extensively studied (Holzapfel and Og-
den2003, Ren2007). The mechanical behavior
of soft tissue under quasi-static loading is dom-
inated by the performance of its fibrous compo-
nents, primarily collagen and elastin fibers. How-
ever, many physical problems are inherently dy-
namic, so the analysis of elasto-dynamics is im-
portant (David and Humphrey2003, Holzapfel
et. al.2002, Humphrey2002). As an exam-
ple, intracranial aneurysms are typically subject
to periodic or nearly periodic internal pressures
(Humphrey1998, Haslach and Humphrey2004).
The system is autonomous when the forcing inter-
nal pressure is constant (Chou-wang and Horgan
1989).

The purpose of the present paper is to investi-
gate the dynamic effect on the possibility of the
formation and rupture of aneurysm within the
framework of nonlinear elasto-dynamics. Based
on the fiber-reinforced composite material model
developed by Holzapfel et. al. (Holzapfel et.
al. 2000) and view the arterial wall as a two
layer thin-walled tube, the dynamic response of
the arterial wall with collagen fibers distributed
in two preferred directions under a suddenly ap-
plied constant internal pressure is investigated.
An exact differential relation between the defor-
mation of the arterial wall and the applied pres-
sure is obtained at first. The maximum ampli-
tudes and the phase diagrams are given by nu-
merical computation. It is shown that the ar-
terial wall undergoes nonlinear periodic oscilla-
tion and no aneurysms are formed under the nor-
mal condition through dynamic analyzes as usual.
However, an aneurysm may be formed in arterial
walls under such abnormal conditions as the stiff-
ness of the fibers is decreased or the direction of
the fibers is oriented towards the axial direction.
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Through numerical computation of the distribu-
tion of stresses of the aneurysm, it is proved that
the rupture of aneurysm is doomed as the stress
under the normal blood pressure is larger than
the critical breaking stress of the aneurysm. It
is hoped that this paper will increase our under-
standing of the mechanics of aneurysm, including
its three phases: pathogenesis, enlargement, and
rupture.

2 Strain energy function

As shown in Fig.2, the collagen fibers of the arte-
rial wall are arranged in two helically distributed
families with a small pitch and very little disper-
sion in their orientation. Based on the study of
Holzapfel et al. (Holzapfel et al. 2000), the ar-
terial wall is modeled as an incompressible fiber-
reinforced composite material, in which the colla-
gen fibers are viewed as a one-dimensional mate-
rial which exerting only stress in the fiber direc-
tion. With the assumption of the incompressible
matrix and fiber, the strain energy function for the
arterial wall derived from hyper-elasticity can be
expressed as

W = WM +WF (1)

In which, WM is the strain energy function for the
matrix (Haugton et. al. 1978)

WM = ∑
r

µr

αi

(
λ

αr
r +λ

αr
θ

+λ
αr
z −3

)
(2)

with constants: α1 = 1.3,α2 = 5.0,α3 =
−2.0,µ1 = 1.491µ,µ2 = 0.003µ,µ3 =
−0.023µ ,µ is the shear modulus for the ar-
terial wall, λr,λθ ,λz are the principal stretches.
WF is the strain energy function for the collagen
fiber (Driessen et. al.2004)

WF =
k1

2k2
ek2(λ 2−1)2

(3)

In which, λ is the fiber stretch. Constant k1 is
the stiffness of the collagen fiber and k2 describes
the degree of its nonlinearity. The corresponding
Cauchy stress may be written as

σ =−p(r, t)I+ τ (B)+
2

∑
j=1

ψ
j
f

(
λ

2
j
)

e j
f e

j
f (4)

Where, p(r, t) is the hydrostatic pressure to be de-
termined, I is the unit tensor, τ is the isotropic ma-

trix stress, ψ f = 2k1λ 2
(
λ 2−1

)
ek2(λ 2−1)2

is the
fiber stress, B = F ·FT is the left Cauchy-Green
deformation tensor, F is the deformation-gradient
tensor, e f is the fiber direction in the deformed
configuration.

The fiber stretch may be calculated from

λ =
√

e f 0 ·C · e f 0 (5)

Where, e f 0 is the fiber direction in the unde-
formed configuration and C = FT ·F is the right
Cauchy-Green deformation tensor. The fiber di-
rection in the deformed configuration is deter-
mined from that in the undeformed configuration
by

λe f = Fe f 0 (6)

3 Formulations

An axially stretched arterial wall subjected to a
constant internal pressure suddenly applied may
be considered as the dynamical response of a
two layer tube with inner radius A and outer
radiusB. The media and the adventitia of the
arterial wall are conglutinated at the interface
with radiusD(A < D < B). Assume that the un-
deformed and deformed configurations are de-
scribed by the cylindrical coordinate systems
(R,Θ,Z) and(r,θ ,z), respectively. The motion of
the tube is

r = r (R, t) > 0, A≤ R≤ B, θ = Θ, z = λzZ (7)

Where, r (R, t) is a function to be determined, λz

is the axial stretch of the tube.

The corresponding deformation-gradient tensor F
is

F = diag(ṙ (R, t) ,r (R, t)/R,λz)= diag(λr,λθ ,λz) ,
(8)

The principal stretches are

λr = ṙ (R, t) , λθ = r (R, t)/R, λz = λz (9)
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The corresponding right or left Cauchy-Green de-
formation tensor is

C = B = diag
(
ṙ2 (R, t) ,r2 (R, t)/R2,λ 2

z
)

(10)

The motion equations for the tube in the absence
of body forces are

dσm
rr

dr
+

1
r

[σm
rr −σ

m
θθ ] = ρ r̈ (11a)

dσa
rr

dr
+

1
r

[σa
rr−σ

a
θθ ] = ρ r̈ (11b)

Where, ρ is the density of the material.
σm

rr ,σ
m
θθ

,σm
zz represent stress components of the

media, and σa
rr,σ

a
θθ

,σa
zz represent stress compo-

nents of the adventitia given by Eq. (4), respec-
tively. Without special announcement in this pa-
per, the superscript m denotes the media part for
A ≤ R ≤ D and the superscript a denotes the ad-
ventitia part for D≤ R≤ B. The boundary condi-
tions are

σm
rr(a, t) =−p0, t ≥ 0

σa
rr(b, t) = 0, t ≥ 0

(12)

Where, p0 is the constant internal pressure sud-
denly applied on the inner surface. a = r (A, t)
and b = r(B, t) are the deformed inner and outer
surface, respectively.

From continuity of the radial stress σrr at the in-
terface of the media and the adventitia

σ
m
rr (r, t) = σ

a
rr (r, t) ,r = d (13)

Where, d = r (D, t). The initial conditions for the
arterial wall are

r(R,0) = R
ṙ(R,0) = 0

(14)

4 Solutions

The incompressibility condition of the material
may be expressed as

r2−a2 =
1
λz

(
R2−A2) (15)

Letting

v = v(r) =
r
R

=
(

λz

(
1− a2

r2

)
+

A2

r2

)− 1
2

(16)

Then,

λθ = v,λr = λ
−1
z v−1 (17)

Assume that the collagen fibers align with pre-
ferred directions ei

f 0, directed among the axial di-
rection with angle β . Then the directions for two
families of collagen fibers may be written as

e1
f 0 =


0

sinβ

cosβ

 , e2
f 0 =


0

−sinβ

cosβ

 (18)

Then, from Eq. (5), (10) and (18),

λ1 = λ2 = λ =
√

sin2
βv2 + cos2 βλ 2

z (19)

From Eq. (6), (18) and (19), we have

e1
f =

1
λ


0

sinβv
cosβλz

 , e2
f =

1
λ


0

−sinβv
cosβλz

 (20)

Here, the direction of collagen fibers β for the me-
dia and adventitia may take different values βm

and βa in Eq. (18), (19) and (20). Then, from Eq.
(4), non-zero stresses for the media and adventitia
are

σ
m
rr(r, t) =−pm(r, t)+∑

r
µ

m
αr

λ
−αr
z v−αr

σ
m
θθ (r, t) =−pm(r, t)+∑

r
µ

m
αr

vαr

+4km
1
(
λ

2
m−1

)
ekm

2 (λ 2
m−1)2

sin2
βmv2

σ
m
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r
µ

m
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λ
αr
z

+4km
1
(
λ

2
m−1

)
ekm

2 (λ 2
m−1)2

cos2
βmλ

2
z

(21a)

σ
a
rr(r, t) =−pa(r, t)+∑

r
µ

a
αr

λ
−αr
z v−αr

σ
a
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r
µ

a
αr
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)
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σ
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r
µ
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λ
αr
z

+4ka
1
(
λ

2
a −1

)
eka

2(λ 2
a−1)2
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βaλ

2
z
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(21b)

Differentiating Eq. (15) with respect to t,

r̈(R, t) =
1
r
[(1− a2

r2 )ȧ2 +aä] (22)

σ
m
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r
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m
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λ
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Substituting stresses (21a), (21b) and (22) into Eq.
(11a), Eq. (11b), integrating them [a,R] with re-
spect to r,

−pm(r, t)+ pm(a, t)+∑
r

µm
αr

λ−αr
z v−αr + Jm(r)

= ρ ȧ2 a2−r2+2r2 lnr−2r2 lna
2r2 +ρaä(lnr− lna)

(23a)

− pa(r, t)+ pa(a, t)+∑
r

µ
a
αr

λ
−αr
z v−αr + Ja(r)

= ρ ȧ2 a2− r2 +2r2 lnr−2r2 lna
2r2 +ρaä(lnr−lna)

(23b)

−pm(r)+∑
r

µ
m
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λ
−αr
z v−αr + pm (a)+ Jm (R) = 0

−pa(r)+∑
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µ
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where,

Jm (R) =
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λzv2R

R∫
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2
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)
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+
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R∫
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2
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)
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2(λ 2
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sin2
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]
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d = r(D, t) = [
1
λz

(D2−A2)+a2]
1
2

Substituting Eq. (23a) and Eq. (23b) into stresses
(21a) and (21b) and using the continuity condition
σrr (13),

pm (a, t) = pa (a, t) = p(a, t) (24)

Using the boundary conditions (12), we have
p(a, t) = p(t) and

q =
v(d)∫
v(a)

∑
r

µm
αr

(
λ−αr−1

z v−1−αr − vαr−1λ−1
z
)

−4km
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(
λ 2
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)
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2 (λ 2

m−1)2

sin2
βmλ−1

z v
λ
−1
z −v2 dv



+


v(b)∫

v(d)

∑
r

µa
αr

(
λ−αr−1

z v−1−αr − vαr−1λ−1
z
)

−4ka
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(
λ 2

a −1
)
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2(λ 2
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βaλ−1

z v
λ
−1
z −v2 dv


(25)
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p(t) = ρ
a2−b2 +2b2 lnb−2b2 lna

2b2 ȧ2

+ρaä(lnb− lna)− Ja(b)

With transformation Eq. (16), we have

p(t) = ρ
a2−b2+2b2 lnb−2b2 lna

2b2 ȧ2 +ρaä(lnb− lna)
−
∫ v(d)

v(a) [∑
r

µm
αr

(λ−αr
z v−αr − vαr)

−4km
1

(
λ 2

m−1
)

ekm
2 (λ 2

m−1)2

sin2
βmv2] v−1dv

1−λzv2

−
∫ v(b)

v(d) [∑r
µa

αr
(λ−αr

z v−αr − vαr)

−4ka
1

(
λ 2

a −1
)

eka
2(λ 2

m−1)2

sin2
βav2] v−1dv

1−λzv2

(26)

v(b) =
(

1
λz

(
1− a2

b2

)
+

r2 (a)
b2

) 1
2

, v(a) =
r (a)

a

This second-order nonlinear ordinary differential
equation provides an exact relationship between
the inflation deformation and the applied pressure.

Let a
A = x(t),δ1 = B2

A2 −1,δ2 = D2

A2 −1

Then b2

B2 =
1

λz
δ1+x2

1+δ1
, d2

D2 =
1

λz
δ2+x2

1+δ2
, b2

a2 = 1 +
1

λz
δ1

λ 2 , d2

a2 = 1+
1

λz
δ2

λ 2

Eq. (26) may be rewritten as

p(t) = ρA2xẍ ln

√
1+

λ
−1
z δ1

x2

+ρA2ẋ2

ln

√
1+

λ
−1
z δ1

x2 −
λ−1

z δ1

2(x2 +λ
−1
z δ1)


− f (x,δ1,δ2) (27)

In which,

f (x,δ1,δ2) =
∫√ λ

−1
z δ2+x2

1+δ2
x [∑

r
µm

αr
(λ−αr

z v−αr − vαr)

−4km
1

(
λ 2

m−1
)

ekm
2 (λ 2

m−1)2

sin2
βmv2] v−1dv

1−λzv2

+
∫√ λ

−1
z δ1+x
1+δ1√

λ
−1
z δ2+x2

1+δ2

[∑
r

µa
αr

(λ−αr
z v−αr − vαr)

−4ka
1

(
λ 2

a −1
)

eka
2(λ 2

m−1)2

sin2
βav2] v−1dv

1−λzv2

The corresponding initial conditions are

x(0) = 1, ẋ(0) = 0 (28)

Observing V = dx
dt ,

d2x
dt2 = V dV

dx and integrating Eq.
(27) with respect to x,

(x2−1)p(t) = x2V 2 ln

√
1+

λ
−1
z δ1

x2

−2
∫ x

1
x f (x,δ1,δ2)dx (29)

From the theory of vibrations, the motion x(t) is
periodic if and only if the x ∼ ẋ = V curve in the
phase diagram is closed and owns a finite period
T =

∮ dx
V . For a given constant pressure p0, the

period motion x(t) will occur if there is a root x >
0 for Eq. (29) when V = 0. Letting V = 0 in Eq.
(29) leads to

(x2−1)p0 =−2
∫ x

1
x f (x,δ1,δ2)dx (30)

For a given pressure p0, if there is a root x > 0 for
Eq. (30), then it is the maximum radius of the in-
ternal surface of the tube in the oscillation process
and denotes by xmax. Thus the internal surface of
the tube will expand until its radius reaches the
maximum value xmax, then it would contract and
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repeat the cycle process.

σm
rr =−q−
v(R)∫
v(a)

∑
r

µm
αr

(
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z
)
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m−1
)
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= ∑
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

−
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5 Results

5.1 Results for the normal condition

Curves xmax ∼ p0 for the arterial wall with dif-
ferent axial stretches from numerical computation
of Eq. (30) are shown in Fig.3. Phase diagrams
(x∼V curves) of the oscillation corresponding to
different pressures from numerical computation
of Eq. (29) are shown in Fig.4. The geometri-
cal and material parameters as well as the load-
ing conditions used in calculations are taken from
Holzapfel et al. 2000, Holzapfel et al. 2002 and
Driessen et al. 2003. Reference values are sum-
marized in Table 1.

It is shown that the maximum value xmax for the
motion of the internal surface of the arterial wall
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Figure 3: xmax ∼ p0 curves

increases with the increasing of the pressure and
the corresponding phase curves in the phase plane
are closed curves which are symmetric about x-
axis. Thus the arterial wall undergoes nonlinear
periodic oscillation and no aneurysms are formed
under a suddenly applied constant internal pres-
sure in the case of the normal condition. The ax-
ial stretch of the deformation may effect on the
deformation and stresses but it is not too large.

Expressions of (21a) and (21b) yield the distribu-
tion of stresses for the arterial wall. Distribution
of stresses for the arterial wall under a given nor-
mal state (λz = 1.6, p0 = 15.5kPa,xmax = 1.8) is
shown in Fig.5. The change of stresses at the in-
ner surface with its deformation in the case of a
normal state λz = 1.6 is shown in Fig. 6.

It is shown that all stresses for the media part of
the arterial wall are larger than that for the adven-
titia part and the circumferential stress is much
larger than the other stresses. The circumferen-
tial stress and the axial stress increase with the
increasing of radius, and they are discontinuous
with a jumping at the interface of the media and
the adventitia. The radial stress is so little that it
may be ignored. At the same time, all the stress
components increase with the increasing of the in-
flation of the arterial wall and the circumferential
stress increases most sharply. Results from this
model are coincident with the clinical or experi-
ment observations (Chyatte et al 1999, Humphrey
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Table 1: Reference values of the parameters used in the model

Parameter Description Value
a Inner radius (undeformed configuration) 0.71mm
d Interface for the media and adventitia 0.97mm
b Outer radius 1.1mm

µm Shear modulus for the media 3.0kPa
µa Shear modulus for the adventitia 0.3kPa
k1m Fiber parameter for the media 1.18 kPa
k1a Fiber parameter for the adventitia 0.28 kPa
k2m Fiber parameter for the media 0.84
k2a Fiber parameter for the adventitia 0.71
q Internal pressure 13.0 kPa

Axial stretch 1.6∼1.2
βm Initial fiber direction for the media 800

βa Initial fiber direction for the adventitia 500
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Figure 4: Stress distributions (λz = 1.6, p0 =
15.5kPa,xmax = 1.8)

2003).

5.2 Results for abnormal conditions

To analyze the possibility of the formation of
aneurysm, we need to consider situations of some
abnormal conditions, such as the change of the
shear modulus of the matrix and the change of the
stiffness and the directions of the fibers. These
changes may take place due to ages and vascular
disease or disorders (Holzapfel and Ogden 2003,
Humphrey 2003a). These effects may be reflected
by different values of material parameters for the
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 Figure 5: Change of stresses (λz = 1.6)

strain energy function of the arterial wall. Curves
xmax ∼ p0 and the phase diagrams for the arterial
wall under abnormal conditions with certain ma-
terial parameters from numerical computation of
Eq. (30) and (29) are shown in Fig.7∼9. It is
found that the decrease of the shear modulus of
the matrix does not give rise to any obvious dif-
ference to the xmax ∼ p0 curves. This is due to the
fact that the fibers are much stiffer than the matri-
ces and they bear the main part of the load.

The xmax ∼ p0 curves and the phase diagrams
change with the change of the stiffness or the
directions of fibers. Typical xmax ∼ p0 curve
as shown in Fig.7 or Fig.9 shows typical insta-
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Figure 6: xmax ∼ p0 curves (λz = 1.6,k1m =
0kPa,k1a = 0kPa)
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 Figure 7: Phase diagram (λz = 1.6,k1m =
0kPa,k1a = 0kPa)

bility of nonlinear response for the arterial wall
with highly reduced fiber stiffness or with colla-
gen fibers orient toward the axial direction to a
certain degree.

There generally exhibit a maximum (xmax,1, p0,1)
and a minimum(xmax,2, p0,2) on the curves. When
the pressure is less than the maximum value, the
oscillation amplitude keeps increasing. However,
when it reaches the maximum value, the oscilla-
tion amplitude will decrease with it. Finally, when
it reaches the minimum value, the oscillation am-
plitude will increase with it again. At the same
time, when the pressure is less than the maximum
value, the phase curves are closed curves. Thus
the arterial wall will take periodic oscillation. But
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Figure 8: xmax ∼ p0 curves (λz = 1.6,βm =
50,βa = 50)

when the pressure reaches the maximum value,
the phase curves are not closed curves. Thus
the curve between (xmax,1, p0,1) and (xmax,2, p0,2)
is unstable and a large jump in deformation and
stresses responses occur. An aneurysm is formed
and it may get a quickly expanding following its
formation. So the maximum pressure may be
taken as the critical pressure for the formation of
aneurysm. It is shown that the critical pressure
decreases with the decreasing of the stiffness for
the fibers or with the adjacent of the fibers to the
axial direction.

It is widely thought that if the stress induced
by pressure is less than the strength of the ar-
terial wall, the aneurysm will keep its infla-
tion state. But if this stress is larger than the
strength of the arterial wall, the rupture will oc-
cur (Humphrey 2003b). Based on the observa-
tion of Humphrey (Humphrey 2003b), two hu-
man secular aneurysms exhibited critical break-
ing stresses on the order of σc = 1 ∼ 2MPa,
σc = 1.6MPa is taken out to model the rupture
of the aneurysm. The change of stresses at the in-
ner surface with the increasing of deformation in
two typical abnormal states βm = 50,βa = 50 and
k1m = 0kPa,k1a = 0kPa is shown in Fig. 10 and
Fig.11.

It is shown in the figures 10∼11 that the stress
components increase with the increasing of pres-
sure. The axial stress may reach σc = 1.6MPa for
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Figure 9: Change of stresses for aneurysm (λz =
1.6,βm = 50,βa = 50)
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 Figure 10: Change of stresses for aneurysm (λz =
1.6,k1m = 0kPa,k1a = 0kPa)

pressurep0 = 0.874KPa (xmax = 8.9) while the
circumferential stress may reach σc = 1.6MPa for
pressure p0 = 1.143KPa(xmax = 10.0) under the
first state. The axial stress or the circumferen-
tial stress may reach σc = 1.6MPa for pressure
p0 = 0.879KPa (xmax = 11.1) under the second
state. So the normal blood pressure (13.0KPa)
is large enough for the rupture of the aneurysm.
Thus the aneurysm will expand rapidly to a cer-
tain extent as large as xmax = 11 after its formation
and will rupture at last. This procedure is agree-
ment with the observation for intracranial saccular
aneurysms described by Humphrey (Humphrey
2003b).

6 Discussions

The dynamical response along with the possibility
of the formation and the rupture of an aneurysm
for arterial wall with collagen fibers distributed
in two preferred directions under a suddenly ap-
plied constant internal pressure may be described
by the model presented in the paper. The arte-
rial wall undergoes nonlinear periodic oscillation
and no aneurysms are formed under the normal
condition. However, the effect of collagen fibers
distributed in the arterial wall is remarkable. Both
of the stiffness and the distribution direction of
the collagen fibers affect on the deformation and
stress distribution of the arterial wall. They also
affect on the formation and rupture of aneurysm.
An aneurysm may be formed if the stiffness of
the fibers is decreased to a certain degree or the
direction of the fibers is orient towards the axial
direction to a certain degree. These cases may be
engendered by some risk factors such as hyperten-
sion, heavy alcohol consumption, cigarette smok-
ing. The aneurysm may expand to much large
extent after its formation. Finally, the aneurysm
may rupture if the stress in the aneurysm is larger
than the critical breaking stress. The normal blood
pressure is large enough for the rupture of the
aneurysm.

Compared to the corresponding static problem, it
is easier to form an aneurysm under a suddenly
applied constant pressure. For example, the crit-
ical pressure for the formation of aneurysm is
0.44KPa under a suddenly applied constant pres-
sure in the case of λz = 1.6,k1m = 0kPa,k1a =
0kPa in this paper, while it is 0.59KPa under the
same static uniform pressure (Ren 2007). So the
effect of dynamical response of the arterial on the
formation and rupture of aneurysm can not be ig-
nored.

Some dynamical responses along with the pos-
sibility of the formation and the rupture of an
aneurysm have been described, but in fact the ar-
terial wall experiences a periodic or nearly peri-
odic internal pressure. Here is a need to under-
stand well the formation and rupture of aneurysms
under a periodic or nearly periodic internal pres-
sure and our continued efforts will be directed to-
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ward this.
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