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Computational Analysis of Surface and Subsurface Initiated Fatigue Crack
Growth due to Contact Loading
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Abstract: A computational model for simulation of
surface and subsurface initiated fatigue crack growth due
to contact loading is presented. The model is based
on fracture mechanics theory where the required mate-
rials properties are obtained from common fatigue tests.
For computational simulations an equivalent model of
two contacting cylinders is used instead of simulating
the actual contact of mechanical elements. The discre-
tised model with the initial crack on or under the sur-
face is then subjected to normal contact pressure, which
takes into account the elasto-hydro-dynamic (EHD) lu-
brication conditions, and tangential loading due to fric-
tion between contacting surfaces. The model considers
also the moving contact of mechanical elements and for
the surface initiated crack also the fluid trapped in the
crack. The virtual crack extension method, implemented
in the finite element method is then used for simulating
the fatigue crack growth from the initial crack up to the
formation of the surface pit. The numerical results cor-
respond well with available experimental data. The de-
scribed model can be used for simulation of pitting phe-
nomenon of contacting mechanical elements like gears,
bearings, wheels, etc.

keyword: Contact fatigue, Fracture mechanics, Pit-
ting, Computational analysis

1 Introduction

Mechanical elements subjected to rolling and sliding
contact conditions like gears, bearings, wheels, etc fail
by several mechanisms and the most prominent among
these is surface pitting [Lester (1986)]. Although surface
pitting is a well-known problem in engineering and many
hypotheses and models have been proposed to-date, the
general theory to realistically describe the complicated
mechanism completely has yet to be established. Pitting
strongly depends on surface finish, material microstruc-
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ture and operating conditions, such as type of the contact,
loading conditions, temperature, etc., and it is obviously
very difficult to take into account all the influential pa-
rameters.

Some early attempts to apply the fracture mechanics to
the study of pit formation mechanism [Keer and Bryant
(1983), Miller, Keer and Cheng (1985), Murakami and
Kaneta (1987), Bower (1988)] led to some very compre-
hensive computational models to be proposed recently
[Hanson and Keer (1992), Murakami, Sakae and Ichi-
maru (1994), Glodež, Ren and Fajdiga (2001), Flašker,
Fajdiga, Glodež and Hellen (2001)]. These models from
the onset assume that the crack is initiated on the sur-
face due to significant friction forces. Under cyclic con-
tact loading the crack then propagates at a shallow angle
to the core by the combined action of shear forces and
trapped fluid until the surface layer breaks away at a cer-
tain point.

In the case of high precision mechanical components
with fine surface finish and good lubrication (small co-
efficient of friction) the fatigue crack is usually initiated
under the contacting surface in the area of the largest
contact stresses [Leng, Chen and Shao (1988), Cheng,
Mura and Keer (1994), Glodež, Flašker and Ren (1997),
Glodež, Ren and Flašker (1988)]. The mechanism of
crack initiation and growth is here attributed to large
shearing stresses at the onset of cracking and mixed mode
fracture in the later stages of crack propagation when the
crack approaches the surface.

The proposed model comprises both, surface and subsur-
face initiated fatigue crack. Its growth is then simulated
using a two-dimensional computational model based on
fracture mechanics where the required materials proper-
ties are obtained from common fatigue tests. It is recog-
nised that surface pitting is a consequence of the dy-
namic character of contact loading and that it should be
treated as such. However, here it is assumed that the fa-
tigue cracks will always initiate in the region of the max-
imum contact stresses on or under the surface, dynamic
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or quasi-static. This enables quasi-static simulations of
fatigue crack propagation for the worst loading case of
cyclic load on top of the crack as it is described here.

For computational simulations of surface pitting it is ad-
vantageous to use an equivalent model of two contacting
cylinders instead of simulating the actual contact of me-
chanical elements. Using the equivalent contact model of
two cylinders the contact stresses can be determined by
utilising the Hertzian contact theory [Johnson (1985)].
The equivalent cylinders have the same radii as are the
curvature radii of the treated mechanical elements at the
point of the actual contact.

2 Fatigue crack initiation under contact loading

The initiation of fatigue cracks represents one of the
most important stages in the pitting process. Position
and mode of fatigue crack initiation depends on the mi-
crostructure of a material, the type of the applied stress
and micro- and macro-geometry of the specimen [Zhou,
Cheng and Mura (1989]. Cracks are usually initiated
in the area of the largest stress. Depending on differ-
ent combinations of rolling and sliding contact condi-
tions the crack initiation periods can be very different and
crack can be initiated either on or under the surface.

The majority of structural materials are polycrystalline,
i.e. they consist of aggregates of grains, each of which
has a particular crystal orientation. There are many pos-
sible stress concentrations due to grain boundaries, crys-
tal voids, triple points, machining marks, inclusions and
large notches, which separately, or in a variety of com-
binations, can upon loading immediately initiate a crack
either on or under the surface [Miller (1993)]. The sur-
face cracks can also be initiated as a consequence of a
mechanical and thermal treatment of the material.

However, in high precision mechanical components with
smooth surfaces and good lubrication, the largest contact
stresses always appear at a certain depth under the con-
tacting surfaces. Therefore, the fatigue cracks leading to
pitting are here usually initiated under the surface along
persistent slip band inside a crystal grain. The average
length of the initial crack is in this case equal to the grain
size D, i.e. a0 = D. If shearing, principal and von Mises
equivalent stresses are computed, the positions of their
maxima under the contacting surfaces almost coincide.
This leads to the conclusion that any of these can be used
to determine the position of the crack, from which the
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Figure 1 : Formulation of the short crack growth

likelihood of the fatigue crack initiation is the highest.

3 Fatigue crack propagation under contact loading

The presented model is based on the theory of the short
fatigue crack growth, where the crack growth rate da/dN
is proportional to the crack tip plastic displacement δpl

[Navarro and Rios (1988), Sun, Rios and Miller(1991)]

da
dN

= Co · (δpl)mo , (1)

where Co and mo are material constants, that can be de-
termined experimentally. It is known that short cracks do
not behave in accordance with LEFM. However, in view
of the numerical simulation, it is beneficial to express the
plastic displacement δpl in terms of the stress intensity
factor K. This relationship has been provided in the fol-
lowing form [Navarro and Rios (1988)]:

δpl =
2 · (1−ν)

G
√

π
·
√

1−n2

n
·K(a) ·√a , (2)

where G is the shear modulus and ν is the Poisson’s ratio.
Parameter n = a/c describes relative position of crack tip
to the grain boundary, where a is the crack length and c
is the crack length together with the plastic zone ahead of
the crack, which extends to the grain boundary, see Fig.
1. During short crack growth the material microstructure
has a significant influence on crack propagation, which is
characterised by successive blocking of the persistent slip
bands by grain boundaries and subsequent initiation of
the slip band in the following grain. This implies the dis-
continuous character of the crack growth process, since
in each grain the crack growth rate decreases as the crack
approaches the grain boundary. However, at the moment
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when the stress concentration ahead of the crack is able to
initiate the plastic slip in the next grain, the crack growth
rate increases and the process is repeated. The complete
procedure is fully described in [Glodež, Ren and Flašker
(1998)].

The purpose of this study was only the determination
of the functional relationship between the stress inten-
sity factor K and crack length a, which is necessary to
solve Eq. (2) and consequently Eq. (1). For the purpose
of the fatigue crack growth simulation the virtual crack
extension (VCE) method in the framework of the finite
element method (FEM) has been applied. The VCE-
method, as proposed by [Hellen (1975)], is based on the
criterion of released strain energy dV per crack extension
da (G =dV /da), which serves as a basis for determining
the combined stress intensity factor K around the crack
tip for the plane strain conditions. The complete proce-
dure is described in [Glodež, Flašker and Ren (1997)].

Assuming the validity of the maximum energy release
criterion, the crack will propagate in the direction cor-
responding to the maximum value of G, i.e. in the di-
rection of the maximum stress intensity factor K. The
computational procedure is based on incremental crack
extensions, where the size of the crack increment is pre-
scribed in advance. For each crack extension increment,
the stress intensity factor is determined in several differ-
ent possible crack propagation directions (Fig. 2) and the
crack is actually extended in the direction of the maxi-
mum stress intensity factor, which requires local remesh-
ing around the new crack tip. When the fatigue crack
reaches the critical crack length ac, i.e. when K exceeds
the critical stress intensity factor Kc, the crack growth
becomes uncontrolled. Kc has to be determined experi-
mentally for a given material and boundary conditions,
and is generally not available. However, Kc can be esti-
mated from the critical stress intensity factor for Mode
I fracture KIc, which is available for different materials
from the literature [Glodež (1996), Ewalds and Wanhill
(1991)]. For high quality steels for mechanical elements
like gears and bearings KIc is in the range KIc = 2000
to 3000 Nmm−3/2. In fatigue crack propagation, cracks
usually grow such that the Mode I behaviour dominates,
and at critical values the use of KIc is valid.

4 Parameters influencing the fatigue crack growth

The used computational model attempts to account
for different parameters influencing the pitting pro-
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Figure 2 : Virtual crack extensions of the crack tip

cess: Hertzian contact pressure, friction between contact-
ing surfaces, EHD-lubrication, moving contact of gear
flanks, fluid trapped in the crack (only for surface initi-
ated cracks).

4.1 Normal and tangential contact loading

The normal contact loading p(x) and the maximum con-
tact pressure p0 in the middle of the contact zone can
be determined using the Hertzian contact theory as de-
scribed in [Johnson (1985)]. The distribution of tan-
gential contact loading q(x) due to the relative sliding
of the contacting surfaces is here determined using the
Coulomb friction law

q(x) = µ · p(x), (3)

where µ is the coefficient of friction between the contact-
ing surfaces.

4.2 Influence of the EHD-lubrication

In the proposed computational model, the normal contact
loading distribution p(x) considers also the influence of
the elasto-hydro-dynamic (EHD) lubrication conditions,
which appear in the contact of mechanical elements like
gears and bearings. Under such conditions, the con-
tacting surfaces are separated with a thin lubricant film.
However, the presence of the viscous lubricant in the con-
tact area of the sliding surfaces affects the contact pres-
sure distribution in a way that is illustrated in Fig. 3.
This pressure distribution can be determined experimen-
tally or with the use of appropriate computational models
[Williams (1994)]. A significant pressure spike develops
in the outlet contact region and strongly depends on the
lubricant’s pressure-viscosity characteristic.
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Figure 3 : Contact loading distribution

In all computations the dimensionless pressure spike am-
plitude Y and dimensionless pressure spike location X
(see Fig. 3) have been determined using the following
empirical equations [Hamrock, Lee and Houpert (1987)]:

Y = 0.267 W−0.375U0.174 G0.219 (4)

X = 1− 2.469 W−0.941U0.206 G−0.848 (5)

Here, W , U and G are dimensionless load, speed and ma-
terial parameters that are determined as follows:

W =
FN

E∗R∗ (6)

U =
ηo u
E∗R∗ ; ηo = ρ ·ν (7)

G = αE∗ (8)

where FN is the normal force per unit contact width,R∗

and E∗are the equivalent radius and the equivalent
Young’s modulus of the equivalent contact model [John-
son (1985)], ηo is the dynamic viscosity at the atmo-
spheric pressure, u=(u1 + u2)/2 is the mean surface ve-
locity and u1 and u2 are respective surface velocities, ρ is
the lubricant density, ν is the kinematic viscosity and α
is the pressure-viscosity coefficient.

4.3 Influence of moving contact and lubricant
trapped in the crack

For a more realistic simulation of the fatigue crack
growth, it is necessary to consider the moving contact
of the gear flanks. The moving contact can be simulated
with different loading configurations, as shown in Fig.
4. In all configurations, the normal p(x) and tangential

q(x) contact loading distributions are of the same magni-
tude, however they are acting at different positions with
respect to the crack.

The simulation of the surface initiated fatigue crack prop-
agation also has to consider the influence of the lubricant
pressure acting on the crack faces. The lubricant pressure
is not constant but depends on the contact loading posi-
tion, i.e. the contact pressure distribution position with
respect to the crack, see Fig. 4.

5 Practical applications

The presented model has been used for simulation of
pitting phenomenon on the equivalent model of two
cylinders made from through-hardened steel 42CrMo4
(according to DIN standard), which is often used for
high loaded mechanical elements. The average grain
size of this material is D ≈0.05 mm. The equivalent
cylinders with radii R1 = R2=10 mm, Young’s modulus
E1 = E2=2.06·105 N/mm2 and Poisson ratio νx = νy=0.3
was loaded with the maximum contact pressure p0=1550
N/mm2. In that case the half-length of the contact area is
equal to b=0.274 mm.

The normal contact loading distribution p(x) has been
determined using the Hertzian contact theory as de-
scribed in section 4.1. The tangential loading q(x) has
been determined using Eq. (3), where the coefficient of
friction µ=0.04 has been used. It is the average value for
well-lubricated contact of mechanical elements like gears
and bearings [Winter and Knauer (1988)].

The influence of EHD-lubrication on the normal loading
distribution p(x) has been estimated using eqs. (4) to
(8) for the lubricant oil ISO-VG-220, with the kinematic
viscosity ν40= 220 mm2/s, density ρ15= 0.9 kg/dm3 and
pressure-viscosity coefficient α=0.18·10−7 m2/N. The
mean surface velocity of the contacting surfaces has been
taken as a constant value u=5 m/s, which is common
value for gears [Glodež (1996)]. Using these parame-
ters, the dimensionless pressure spike amplitude Y and
the dimensionless pressure spike location X (see Fig. 3)
are: X= 0.9462 and Y = 0.8146.

The finite element mesh showed in Figure 5, and the
boundary conditions as described above, have then been
used in the subsequent numerical analysis. The simula-
tion of pitting phenomenon has been studied for surface
and subsurface initiated fatigue crack growth.
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Figure 4 : Different load cases and lubricant pressure acting on the crack faces
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Figure 5 : FE model and configuration of the initial crack

5.1 Surface initiated fatigue crack growth

For the surface initiated crack it was assumed that the ini-
tial length of the crack is equal to ao=15 µm, with the ini-
tial inclination angle towards the contact surface equal to
αo=22 ˚ . This configuration follows the metallographic
investigations of initial cracks appearing on gears, which
are a consequence of mechanical or heat treatment of
the material as well as the running in process [Raymond
(1992)]. In numerical computations, the crack increment
was of size ∆a = 1.5 µm. The stress intensity factor K
was estimated in each crack increment for 30 different
virtual crack tip extensions (see Fig. 2). Five different
load cases have been considered in each computation for
the purpose of simulating the effect of the moving contact
(only three are presented on Fig. 4). For each crack in-

crement, the crack was actually extended in the direction
of the recorded Kmax from all calculated load cases. Fig.
6 shows the relationship between stress intensity factor
K and the crack length a, and also the shape and magni-
tude of the surface pit. It can be seen that the computed
stress intensity factor K is quite small at the beginning,
but later increases as the crack propagates towards the
contact surface. Numerical simulations have shown that
at the moment when the crack reaches the vicinity of the
contact surface, the stress intensity factor is extremely
high. At that moment it can be expected that the mate-
rial surface layer breaks away and the pit occurs on the
surface. Because of the very small dimensions of surface
pits, they can be termed as micro pitting.

Micro pitting as shown in Fig. 6 is not the final and most
critical surface failure. Further operation of the mechani-
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Figure 6 : Stress intensity factor for surface initiated crack growth
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Figure 7 : Stress intensity factor for crack propagation from the existing micro pit

cal components results in the formation of larger pits, and
consequently progressive pitting. In this respect, simi-
lar numerical simulations as described above have been
continued for two more steps, as shown in Fig. 7. In

these calculations, it was assumed that the initial crack
of length ao=7.5 µm started from the bottom of the exist-
ing surface pit. For all numerical computations, the crack
increment was of size ∆a = 2 µm.
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Figure 8 : Numerical simulation of the subsurface initiated fatigue crack growth
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Figure 9 : Comparison of numerically and experimentally obtained pit shapes

5.2 Subsurface initiated fatigue crack growth

Following the assumptions made in Section 2, the initial
crack of length ao = D=0.05 mm has been positioned at
the point of the maximum equivalent stress, i.e. at depth
H=0.192 mm under the contact surface, see Fig. 5. The
crack increment has been set to da=0.03 mm. Numerical
analyses have shown, that upon initial crack appearance,
the stress intensity factor is much higher in the crack
tip, which coincides with the direction of applied friction
force, which is the right crack tip for the treated case,
see Fig. 8. Therefore it is safe to assume that the crack
will start to propagate in this direction. At the present
the computational model can follow only the growth of a
single crack tip and it was necessary to assume that the
crack will grow only in one direction until it reaches the
surface. Only then will the crack start to propagate from
the other initial crack tip.

Fig. 8 illustrates the simulation of the fatigue crack
growth for data set po=1550 MPa and R∗=10 mm. The
local finite element discretisation around the crack is
shown for some typical crack extensions. Step 1 shows
the initial crack, while steps 4-11 illustrate the right crack
tip propagation towards the surface. Step 15 depicts the

crack propagating from the left crack tip after the initial
crack has broken through to the surface. During the fi-
nite element analysis the computed stress intensity factor
is very small at the beginning but later increases as the
crack propagates towards the contact surface. Numeri-
cal simulations have shown that at the moment when the
crack breaks through to the contact surface, the stress in-
tensity factor in the other initial crack tip exceeds the crit-
ical stress intensity factor KIc for high quality steels, see
chapter 3. This implies that when the subsurface crack
first reaches the contact surface the corresponding crack
length can be taken as the critical crack length ac.

6 Concluding remark

Rolling contact fatigue cracks are one of the most com-
mon forms of failure in gears, railway track and bearings.
There are two different types of contact fatigue crack:
the crack may either be initiated at the contacting sur-
faces, and thereafter propagate at a shallow angle to the
surface; alternatively, the cracks may be initiated at large
non-metallic inclusions below the surface, in the region
of the maximum cyclic shear stress. In both cases, the
cracks continue to propagate in this region before either
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detaching lumps of surface material, or changing direc-
tion to cause catastrophic failure.

A computational model based on fracture mechanics has
been developed to demonstrate the concept of predic-
tive damage modelling for contacting mechanical com-
ponents like gears, bearings, wheels, etc. A simple equiv-
alent model with applied Hertzian boundary conditions
has been used for simulation of surface and subsurface
initiated fatigue crack growth under conditions of rolling
and sliding contact. The model also considers the EHD-
lubrication conditions, the moving contact of mechani-
cal elements and for the surface initiated crack the fluid
trapped in the crack.

Simulation of the surface and subsurface fatigue crack
propagation from the initial crack up to the formation of
the surface pit and dependence of the stress intensity fac-
tor on the crack length are determined by the finite ele-
ment method, where the required functional relationship
between the stress intensity factor at the crack tip and
the crack length is determined using the virtual crack ex-
tension method. On the basis of computed relationships
between the stress intensity factor and crack length and
with consideration of some particular material parame-
ters, the service life of mechanical component can then
be determined as described in [Glodež, Flašker and Ren
(1997)].

Comparison of numerically predicted and experimentally
recorded [Elstorpf (1993)] pit shapes show that they are
in a very good agreement, see Fig. 9. However, the
model should be improved with additional theoretical,
numerical and foremost experimental research, since it
relies mostly on experimentally determined material pa-
rameters.
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