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Failure Load of Frp Strengthened Masonry Walls: Experimental Results and
Numerical Models

G. Milani1, T. Rotunno2, E. Sacco3 and A. Tralli1,4

Abstract: Aim of the present work is the evaluation
of the ultimate load bearing capacity of masonry panels
reinforced with FRP strips. The investigation is devel-
oped performing both experimental and numerical stud-
ies. In particular, several panels subjected to different
loading conditions are tested in the Tests Laboratory of
the University of Florence (Italy). Then, numerical mod-
els based on combined homogenization and limit anal-
ysis techniques are proposed. The results obtained by
numerical simulations are compared with experimental
data. The good agreement obtained shows that the pro-
posed numerical model can be applied for the evaluation
of the ultimate load bearing capacity of reinforced ma-
sonry walls.

keyword: Masonry, FRP strengthening, Homogeniza-
tion, Limit analysis, FE models.

1 Introduction

The development and the use of new technologies and
materials for both restoring and reinforcing masonry
structures are technically and economically very inter-
esting (Di Tommaso 2000). In particular, fiber reinforced
polymers (FRP) have been already widely applied in sev-
eral cases of technical relevance. As a matter of fact, in
Italy the recent seismic events in Umbria and Marche in
1997-1998 led to accelerate the use of these materials on
existing masonry structures, because of the remarkable
lightness, non invasiveness and reversibility which char-
acterize this technology of consolidation (Corradi, Borri
and Vignoli 2002). FRP materials – which are typically

1 ENDIF, ENgineering Department In Ferrara, Università di Ferrara,
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versità di Cassino, Via Di Biasio 43, Cassino, Italy.

4 A short version of this paper was presented at the XXXIV Confer-
ence of the Italian Association for Stress Analysis (AIAS), Milan
Italy 14-17 September 2005.

made of Carbon (CFRP) and Glass (GFRP) fibers bonded
together with polymeric two-components epoxy resin –
offer to the designer a combination of properties, includ-
ing high strength in the direction of fibers, immunity of
corrosion, low weight and availability in form of lami-
nates, fabrics and tendons of practically unlimited length.

The research in this field was originally carried out in
U.S. and Japan where the first applications on concrete
structures were performed in the 1990’s. Afterwards, in-
terest focused also on masonry constructions and Schwe-
gler (1994) and Triantafillou and Fardis (1997) developed
experimental researches on the behavior of brickwork re-
inforced with CFRP.

A recent overview of research studies and application
fields on masonry strengthening with FRP composites
has been presented by Nanni and Tumialan (2003); they
discussed experimental results regarding both the in- and
out-of-plane behavior of walls, with issues related to de-
sign for the benefit of practicing engineers.

In order to predict the increasing of the load bearing ca-
pacity of masonry walls obtained by the introduction of
FRP strips, non-linear analysis methods should be used.
In fact, effective stress analyses of reinforced masonry
structures should consider the brittle behavior in trac-
tion of masonry, the limited strength of masonry in com-
pression accompanied by inelastic strains and damage ef-
fects, the activation of possible delamination phenomena
of the FRP from the brickwork and the brittle failure of
the reinforcement.

A further difficulty specific of the masonry modeling is
due to its heterogeneous character, since it is composed
of blocks joined together by thin layers of mortar. Never-
theless, in many cases of technical relevance, blocks are
regularly disposed and this allows, in the framework of
homogenization, to substitute, at a structural level, bricks
and mortar with a macroscopic homogeneous material,
once that a suitable boundary value problem is solved at
a cell level.

Non-linear homogenization procedures for the analysis
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Figure 1 : Panels series experimentally tested.

of reinforced masonry have been proposed by Luciano
and Sacco (1998) and by Marfia and Sacco (2001), where
damages of the mortar layer, of the block and of the
masonry-FRP interface are considered.

The typical strain softening behavior of the reinforced
masonry structures precludes, in principle, the use of
the classical limit analysis theorems. Nevertheless, in-
cremental step by step procedures could provide results
strongly dependent on the load process, on the presence
of self stress states and on the mechanical material pa-
rameters, which could vary from point to point and could
be difficult to evaluate. Furthermore, it has been shown

that simple at hand calculations based on limit analysis
(Limam, Foret and Ehrlacher 2003) give reliable estima-
tions of experimental collapse loads of FRP reinforced
concrete slabs; as consequence, the limit analysis can
represent a useful tool for designers and practitioners to
evaluate the ultimate load bearing capacity of reinforced
masonry structures.

Thus, the limit analysis combined with a homogenization
technique appears to be a powerful structural analysis
tool to predict masonry behavior at collapse in presence
of FRP reinforcements. This approach requires only a re-
duced number of material parameters, it allows to avoid
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Table 1 : Mortar compressive strength.

M1
MPa

M2
MPa

M3
MPa

M4
MPa

M5
MPa

M6
MPa

fM−m

MPa
sM

MPa
2.0 2.24 2.18 2.13 2.1 2.13 2.13 0.08
fM−m Average compressive strength
sM Standard deviation

Table 2 : Bricks compressive strength.

B1
MPa

B2
MPa

B3
MPa

B4
MPa

B5
MPa

B6
MPa

B7
MPa

B8
MPa

B9
MPa

B10
MPa

16.2 17.7 14.8 18.6 13.7 12.1 12.9 15.8 19.1 15.7
fb−m 15.66 MPa Average compressive strength
sb 2.49 MPa Standard deviation

independent modeling of units and mortar and it is able
to provide limit multipliers of loads, failure mechanisms
and, at least on critical sections, the stress distribution at
collapse.

In the present work, an experimental investigation on the
behavior of reinforced masonry elements is developed.
Then, a numerical procedure based on the limit analysis
within a homogenization technique is proposed. The re-
sults obtained by means of numerical models based on
combined homogenization-limit analysis techniques are
compared with experimental data for several panels rein-
forced in different ways.

In Section 2 the experimental set-up of the tests is de-
scribed in detail, whereas in Section 3 the homogeniza-
tion procedure adopted for obtaining macroscopic failure
surfaces for unreinforced masonry is developed.

In Section 4 lower and upper bound FE limit analyses
formulations applied to masonry panels reinforced with
FRP strips are proposed.

Finally, in Section 5 comparisons between numerical and
experimental results are discussed.

2 Experimental tests

2.1 Panels geometry and loading conditions

Experimental tests were performed for five different ma-
sonry walls series (series Pan A, Pan B, Pan C, PanWin
A and PanWin B).

In particular, 9 panels of dimensions 290x270 mm2

(L×H) and 3 panels of dimensions 416x414 mm2

(L×H) with a central hole of dimensions 184x156 mm2

(Lw×Hw), as illustrated in Figure 1, were tested for Pan
series and PanWin series, respectively. All the pan-
els were built by means of little clay bricks of dimen-
sions 56x15 mm2 (length×height) and cement-lime mor-
tar joints, being the thickness t of the walls equal to 30
mm.

3 samples were tested for Pan A, Pan B and Pan C se-
ries, respectively, whereas only 1 sample PanWin A and
2 samples Pan Win B were loaded until failure.

Series Pan A, Pan B and Pan C were placed on two steel
plates of length Ls = 40 mm disposed at the lower edge
corners and positioned on little steel rollers allowing ro-
tation of the supports (Figure 1). Series PanWin A and
PanWin B were placed on two steel plates positioned di-
rectly upon a stiff steel beam, in order to preclude rota-
tion of the supports.

CFRP strips of width lw = 12.5 mm and symmetrically
disposed on the two surfaces of the masonry panels were
introduced in series Pan B, Pan C and PanWin B, as
shown in Figure 1. Loading conditions for all the se-
ries of panels are shown in Figure 1. Loads were applied
upon a partitioning steel plate of dimensions 70x30 mm2

and making use of a suitable displacement control device.

Loads were registered by means of a 100 kN load cell,
whereas prescribed displacements were registered with
two symmetrically disposed transducers A and B placed
in correspondence of the loads, as shown in Figure 1.
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Table 3 : Masonry compressive strength.

Ma1
MPa

Ma2
MPa

Ma3
MPa

Ma4
MPa

Ma5
MPa

Ma6
MPa

fm−m

MPa
sm

MPa
7.16 5.7 6.63 7.72 6.58 6.8 6.76 0.67
fm−m Average compressive strength
sm Standard deviation

Table 4 : Mechanical characteristics adopted in the numerical simulations.

γ
N/m3

E
MPa

fc

MPa
ft
MPa

Mortar 18000 133 2.13 0.2
Brick 20000 1785 15.6 1.5
Masonry - 830 6.76 -

2.2 Materials mechanical characteristics

Uniaxial compression tests were conducted on bricks,
mortar and masonry specimens in order to determine
materials compressive strengths. Tests were conducted
in agreement with the Italian code of practice D.M.
20/11/1987.

For lime-cement mortar, classified by the Italian code as
M4, preliminary bending tests were conducted on 3 spec-
imens of dimensions 40x40x160 mm3, according to the
Italian code D.M. 3/6/1968 requirements. The resulting
6 samples obtained after failure in bending were finally
tested to uniaxial compression. Experimental results, av-
erage compressive strength and standard deviation (series
M) are shown in Table 1.

Bricks were tested directly to compression making
use of 10 samples of dimensions 56x15x30 mm3

(length×height×width). Experimentation results, av-
erage compressive strength and standard deviation are
shown in Table 2 (series B).

Finally, compression tests for masonry required the
construction of 6 samples (series Ma) of dimensions
114x104x30 mm3, in agreement with D.M. 20/11/1987.
The values of compressive strength obtained experimen-
tally for all the samples, average value of compressive
strength and standard deviation are reported in Table 3.

Characteristic values fk of compressive strength for
masonry can be obtained in agreement with D.M.

20/11/1987 as follows:

fk = fm −k s = 5.2 (MPa) (1)

with k = 2.33.

It is worth noting that tensile strength is estimated, as
commonly accepted, to be 1/10 of compressive strength.

A synopsis of the mechanical parameters values adopted
in the following for the numerical simulations is pre-
sented in Table 4, where γ is the bulk density, E is the
Young’s modulus, fc is the compressive strength and ft
is the tensile strength.

Table 5 : Mbrace System (MAC S.p.A.).
γ
N/m3

E
MPa

ft
MPa

Fiber C1-30 18200 230000 3430
Matrix 10200 3000 50

CFRP strips used for Pan B, Pan C and PanWin B se-
ries were constituted by ”Mbrace Fibers C1-30” high-
strength carbon fiber ribbons and a two-component
epoxy-base matrix, whose technical specifications were
furnished by MAC S.p.A (Table 5)

The testing equipment was designed and manufactured at
the Tests Laboratory of the University of Florence.

A critical discussion of tests results, i.e. experimen-
tal failure mechanisms, crack patterns and delamination
phenomena observed are reported in Section 5.
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Figure 2 : Possible models for the analysis at collapse of reinforced masonry walls. –a: heterogeneous model; -b:
micro-scale approach; -c: meso-scale approach; -d: macro-scale full homogenized approach.

3 Analysis at collapse of masonry walls reinforced
with FRP: brickwork failure surfaces

In this Section, a homogenization approach for deriving
brickwork failure surface is presented. A lower bound
approach is adopted, which consists in assuming poly-
nomial distributions for the micro-stress field in a suit-
able number of sub-domains in the unit cell and in im-
posing both equilibrium and admissibility conditions for
the constituent materials. In this way, a lower bound es-
timation of the masonry failure surface is obtained (cell

level). Such strength domain is then implemented both in
lower and upper bound FE limit analyses codes (see Sec-
tion 4), in order to perform static and kinematic analyses
at collapse of entire panels reinforced with FRP strips
(structural level).

The introduction of FRP external layers on masonry (Fig-
ure 2-a) is treated by means of a simplified multi step ap-
proach. In the first step, –micro-scale (Figure 2-b)- unre-
inforced masonry is studied by means of suitable homog-
enization techniques, for a periodic unit cell. In this way,
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Figure 3 : Subdivision in sub domains adopted. –a: subdivision and geometrical characteristics of one-fourth of the
elementary cell. –b: subdivision into 36 sub-domains for the entire cell.

an estimation of the homogenized unreinforced masonry
strength domain is obtained and masonry is substituted
with an equivalent macroscopic homogeneous material.
In the second step –meso-scale (Figure 2-c)- FRP rein-
forcement strips are introduced, in the framework of a
multi-layer approach, on the already homogenized ma-
sonry material.

A macro-scale analysis could also be developed (Cecchi,
Milani and Tralli 2004 and Figure 2-d), considering the
FRP reinforcement diffused on the entire external brick-
work surfaces. Nevertheless, this procedure cannot be
considered in practice when the reinforcement typology
consists in the application of strips and/or pultruded lam-
inates.

When a meso-scale approach is adopted, the homog-
enized strength domain for unreinforced masonry can
be recovered solving a suitable yield boundary problem
on the periodic unit cell. At this aim, both static and
kinematic approaches (de Buhan and de Felice 1997)
could be developed. Following Milani, Lourenço and
Tralli (2006a), in this study only the static approach is

adopted, providing a lower bound estimation of the ma-
sonry strength domain.

Adopting an associated flow rule for the constituent ma-
terials, Suquet (1983) proved that a lower bound approx-
imation of the mesoscopic strength domain Shom

meso−scale
of the unreinforced masonry can be obtained solving the
following problem:

Shom
meso−scale

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΣΣΣ = 〈σσσ(y)〉 = 1
|Y M |

R

Y M

σσσ(y)dY M (a)

σσσ(y) ·n(y) antiperiodic on ∂Y M (b)

divσσσ(y) = 0 on Y M (c)

with

⎧⎪⎨
⎪⎩

σσσ (y) ∈ Sblock ∀y ∈ block

σσσ (y) ∈ Smortar ∀y ∈ mortar (d)

(2)

Where Y M and ∂Y M are the periodic cell (bricks + mor-
tar joints) and its boundary (Figure 2-b); 〈·〉 is the av-
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erage operator, Sblock and Smortar represent the bricks
and the mortar strength domains, respectively. Condi-
tion (2) (a) defines the mesoscopic stress ΣΣΣ as an average
of the microscopic stress σσσ on the periodic cell, whereas
condition (2) (b) represents the continuity of the micro-
stress vector between two adjacent unit cells. Condition
(c) imposes micro-equilibrium on the cell and condition
(d) represents the strength requirement – material admis-
sibility - respectively for blocks and mortar.

In order to have a simple and efficient estimation of
masonry homogenized failure surfaces, the simplified
micro-mechanical model proposed by Milani, Lourenço
and Tralli (2006a) is adopted to solve problem (2) in an
approximated way. As shown in Figure 3, one-fourth of
the periodic unit cell is sub-divided into nine geomet-
rical elementary entities (sub-domains), so that all the
cell is sub-divided into 36 sub-domains. The subdivi-
sion adopted is the coarser (for 1/4 of the cell) that can
be obtained using rectangular geometries for each sub-
domain.

Polynomial distributions of degree m are a priori as-
sumed for the stress components within each sub-
domain. Since stresses are polynomial expressions, the
generic ijth component can be written as:

σ(k)
i j = X(y)ST

i j y ∈ Y k (3)

where: - X(y) =
[

1 y1 y2 y2
1 y1y2 y2

2 . . .
]
;

- Si j =
[

S(1)
i j S(2)

i j S(3)
i j S(4)

i j S(5)
i j S(6)

i j . . .
]

is a vector of length Ñ = (m+1) (m+2)/2 that collects
unknown stress parameters of the sub-domain;

- Yk denotes the kth sub-domain.

It is worth noting that the imposition of equilibrium (with
zero body forces, as usually considered in homogeniza-
tion procedures) inside each sub-domain, the continuity
of the stress vector on interfaces and the anti-periodicity
of σn permit directly a strong reduction of the total num-
ber of independent stress parameters. The reader is re-
ferred to Milani, Lourenço and Tralli (2006a) for further
details.

Finally, assemblage operations on the local variables lead
to write the stress vector inside each sub-domain as fol-
lows:

σ̃(k) = X̃(k) (y) S̃

k = 1, . . ., number of sub−domains (4)

where S̃ is a vector of length N collecting all the N
(linearly independent) unknown stress parameters and
X̃(k) (y) is a 3xN coefficients matrix.

In this way, a suitable approximation of the failure sur-
face for unreinforced masonry is obtained solving the lin-
ear programming problem (2) with a limited number of
optimization unknowns.

Since FRP strips are introduced on masonry already ho-
mogenized, equilibrium and admissibility conditions for
FRP and for the interface masonry/FRP are discussed in
the next Section.

4 Lower and upper bound FE limit analyses on ma-
sonry walls reinforced with FRP

4.1 The lower bound approach

In this Section, a formulation based on equilibrated and
admissible stress fields for the analysis at collapse of FRP
reinforced masonry walls is discussed in detail.

According to the lower bound limit theorem for perfectly
plastic materials, any statically admissible stress field re-
sults in a lower bound estimation of the collapse load. A
statically admissible stress field satisfies equilibrium and
stress boundary conditions and does not violate the yield
criterion.

In this framework, a 2D finite element limit analysis pro-
gram, based on the equilibrated triangular element by
Sloan (1988), has been implemented.

The introduction of FRP reinforcement is treated in what
follows making use of the meso-model previously pre-
sented.

Let a reinforced masonry wall Ω be considered; it is re-

inforced by FRP strips characterized by width l
(k)
w , length

l(k)
s and fiber direction identified by the angle ϑ(k)

s , as
schematically reported in Figure 4. In what follows, the
superscript (k) indicates the kth strip, Ωm is the unrein-
forced part of Ω (Ω f ∪ Ωm = Ω), whereas s(k) and t(k)

represent the vectors parallel and orthogonal to the fiber
direction of the kth strip, respectively. A finite element
discretization is performed ensuring that there are no el-
ements in which the masonry is only partially reinforced,
as shown in Figure 4.

A typical element E(i) ∈ Ω f is regarded as constituted
by a central masonry layer of thickness t, subjected to
a plane stress state, and by two additional external FRP
layers of thickness s(k).
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It is assumed that only shear stresses τ(i) with direction
s(k) (see Figure 4) can act at the interface between the
masonry and the reinforcement.

For a typical element E(k) ∈ Ωm, the stress is assumed
varying linearly, in agreement with Sloan (1988) and
Poulsen and Damkilde (2000).

In this way, 9 unknown nodal stress parameters are intro-
duced for each element, so that 3 stress parameters (i.e.
σN

xx σN
xy σN

yy , Figure 5) are associated at each node

N(k)
E of the typical element. Statically admissible stress

discontinuities can occur at every edge between adjacent
triangles, assuming only the stress vector continuous at
interfaces.

For each E(i) ∈ Ω f , 2 equilibrium equations for the cen-
tral masonry layer are imposed taking into account the
shear actions due to the presence of the reinforcement
strips:

tdivσ+ tb−2τ = 0 (5)

where b denotes the body forces and τ is the interface
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shear stress vector. Being the interpolation of the stress
linear inside each element, 2 equilibrium equations can
be written for each element, one for the x-direction and
one for the y-direction. Such equations can be re-written
in terms of the nodal unknown stresses and of the shear
actions τ(i) as follows:

tA(i)
eqσ(i) = −tb(i) +2R

(
ϑ(k)

S

)
τ(i) (6)

where:

- A(i)
eq = 1

2A(i)

[
η1 0 ζ1 η2 0 ζ2 η3 0 ζ3

0 ζ1 η1 0 ζ2 η2 0 ζ3 η3

]
,

ζi = x j − xk ηi = yk − y j i = 1, 2, 3; k =
2, 3, 1; j = 3, 1, 2;

- A(i) is the area of the ith element;

- R
(

ϑ(k)
S

)
=

[
cos

(
ϑ(k)

S

)
sin

(
ϑ(k)

S

) ]T
;

- σ(i), b(i) represent the 9 nodal unknown stresses and the
body forces vector relative to the ithelement, respectively.

Regarding the external FRP layers of the typical element
E(i) ∈ Ω f , only the stress σss parallel to the fiber direc-
tion is assumed acting, whereas the other stresses are en-
forced to be zero, i.e.σtt = σts = 0, as reported in Figure
4 and Figure 6. Furthermore, the stress component σss is
assumed varying linearly inside each FRP element.

Equilibrium is satisfied by imposing the following addi-
tional equality constraint inside each element, that corre-
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sponds to impose equilibrium along the directions s:

s
[

η(i)
1

η(i)
2

η(i)
3

][
σ(1,i)

ss σ(2,i)
ss σ(3,i)

ss

]T

= −2A(i)τ(i) (7)

where:

- η(i)
q = tk − t j q = 1, 2, 3; k = 2, 3, 1; j = 3, 1, 2

(Figure 6).

It is worth noting that equilibrium along t (orthogonal to
s) is a-priori satisfied from the hypothesis σtt = σts = 0.

Additional constraints on the nodal stresses of each FRP
element are imposed in order to ensure the continuity of
the stress vector along the edges of adjacent triangles.

It can be demonstrated (Figure 6-a) that such condition
is satisfied by imposing σ(3,i)

ss = σ(3, j)
ss and σ(2,i)

ss = σ(1, j)
ss

where i and j are adjacent elements with common nodes
(3, i)≡ (3, j) and (2, i) ≡ (1, j).
It can be remarked that, in order to fully characterize the
behavior of the masonry-FRP reinforced system, the role
of delamination and of the limited tensile and compres-
sive strengths of the FRP should be taken into account,
i.e. the possible degradation of the interface between
masonry and composite and the failure of the compos-
ite should be modeled.

Indeed, the delamination of the composite sheet from a
masonry element can be regarded as brittle and mainly
due to the shear fracture (mode II of fracture) of ma-
sonry, rather than to the degradation of the glue (Figure
7). Moreover, a realistic representation of the composite
behavior, as reported also by Marfia and Sacco (2001),
can be obtained considering a linear elastic response with
brittle failure of the FRP, i.e. assuming that the compos-
ite collapses under normal actions once that the tensile or
the compressive stress reaches a threshold stress f +

d f in
tension and f−d f in compression.

Both the delamination and the FRP failure are crucial
problems, that obviously can be considered only in an
approximate way under the assumption of rigid-plastic
behavior of the components, which is the base of limit
analysis. In this framework, a treatment of brittle phe-
nomena, such as the brittle failure of the FRP and the
masonry-FRP delamination, is precluded.

Admissibility conditions for the reinforcement layers are
imposed on σss stress for each element in the form

− f−d f ≤ σ(r,i)
ss ≤ f +

d f ∀i r = 1, 2, 3 where f +
d f and f−d f are

the failure tensile and compressive strengths of the re-
inforcement, respectively. In a similar way shear inter-
face actions τ(i) are supposed to satisfy the inequality∣∣τ(i)

∣∣ ≤ fbd ∀i where fbd is the ultimate shear strength
of the interface.

N N

FRP/steel bar

Resin-primer 

Interface masonry
FRP

Masonry

Delamination

from the support

Axial failure of 

the strip

Figure 7 : Possible brittle phenomena for a masonry
panel FRP reinforced. Delamination of the strip, failure
of the composite.

The Italian CNR DT 200/2004 gives an estimation of fbd,
which can be obtained on the basis of the specific fracture
energy ΓFd :

ΓFd =
fbds f

γM
=

c1

γM

√
fmk fmtm [ f in N / mm2] (8)

where ΓFd is expressed in [N / mm], c1 is a parameter
usually assumed equal to 0.015 in absence of experimen-
tal results, fmtm = 0.1 fmk is the average bricks tensile
strength, γM is a coefficient that reduces characteristic
values to design values and s f [mm] is the sliding of FRP
when a full delamination of the strip occurs. Equation
(8) is similar to that proposed in the same code for con-
crete specimens, for which much more experimentations
are actually available.

Equilibrium constraints, boundary conditions on stresses
and admissibility conditions for masonry, FRP and inter-
faces masonry/FRP are suitably assembled and the fol-
lowing linear programming problem is derived at a struc-
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Figure 8 : Field of velocities and plastic dissipation inside an element (-a) and jump of velocities on interfaces.

tural level:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

max{λ}

subject to

⎧⎪⎨
⎪⎩

Aeq
[

XT λ
]T = beq

Ain
[

XT λ
]T ≤ bin

(9)

where λ is the failure load and X contains the (assem-
bled) masonry in-plane stress parameters, the reinforce-
ment stress vector σss and the interfaces shear stress
vector τ. Matrices Aeq and Ain collect the coefficients
of the equilibrium equations, previously discussed, and
the coefficients of admissibility inequalities, respectively,
whereas beq and bin are the corresponding right hand
sides.

4.2 The upper bound approach

The upper bound approach adopted in this Section is
based on the formulation originally developed by Sloan

and Kleeman (1995). Such formulation is based on a
triangular discretization of 2D domains and on the in-
troduction of discontinuities of the velocity field along
the edges of adjacent triangles. It has been shown (Mi-
lani Lourenço Tralli 2006b) that the definition of kine-
matically admissible velocity fields with discontinuities
at interfaces is adequate for purely cohesive or cohesive-
frictional materials, which is the case of masonry.

For each element E, two velocity unknowns per node i,
say ui

xx and ui
yy (one along x and one along y, see Figure 8-

a) are introduced, so that the velocity field is linear inside
each element, whereas the strain rate field is constant.

Jumps of velocities at interfaces are supposed to vary
linearly. Hence, four unknowns collected in the vector
ΔuI = [Δv1 Δu1 Δv2 Δu2]

T are introduced at each inter-
face; the components of the vector Δu represent the nor-
mal Δvi and tangential Δui jumps of velocities (with re-
spect to the discontinuity direction) evaluated at nodes
i = 1 and i = 2 of the interface (see Figure 8-b).
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Figure 9 : Field of velocities on FRP and on the interfaces masonry/FRP.

For any pair of nodes lying on the interface between the
two adjacent triangles m and n, the tangential and normal
velocity jumps can be written in terms of the Cartesian
nodal velocities of elements m−n; thus, four linear equa-
tions for each interface are obtained assuming the form:

Aeq
11uEm +Aeq

12uEn +Aeq
13ΔuI = 0 (10)

where uEm and uEn are vectors with six components, col-
lecting the velocities of elements m and n, respectively,
and Aeq

11, Aeq
12, Aeq

13 are matrices which depend only on
ϑ angle (Figure 8-b). Further kinematic variables are
introduced in order to model, in the framework of the
upper bound approach, the effect of the FRP strengthen-
ing (Figure 7). The sliding mode between masonry and
FRP is modeled considering a linear field Γ̇Eof interfa-
cial velocities inside each element E(i) ∈ Ω f , i.e. 3 fur-
ther velocity unknowns per element are introduced. On
the other hand, a possible plastic dissipation due to the
failure of the FRP subjected to axial stresses is taken into
account introducing a linear field uss of velocities inside
each FRP element, acting along the fiber direction de-
fined by the angle ϑ(k)

s .

As it is shown in Figure 9, the following compatibility
constraint involving uss, Γ̇E and ũE

M,i occur for each node

i ∈ E(i), with E(i) ⊂ Ω f :

uE
ss,i = ũE

M,i + Γ̇E
i (11)

Where ũE
M,i represents the velocity in the brickwork, eval-

uated along strips directions at node i.

After classical assemblage operations, a linear program-
ming problem is obtained, which results to be analogous
to that reported by Milani, Lourenço and Tralli (2006b)
and in which the objective function consists in the mini-
mization of the total internal power dissipated:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
{

CT
Eλ̇E,ass +CT

I λ̇I,ass

+CT
IFRP λ̇IFRP,ass +CT

FRPλ̇FRP,ass
}

such that

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ÃeqU = b̃eq

λ̇I,ass ≥ 0 λ̇E,ass ≥ 0

λ̇IFRP ,ass ≥ 0 λ̇FRP,ass ≥ 0

(12)

where:

- CT
E and CT

I are the assembled right-hand sides of the in-
equalities which determine the linearized failure surface
of the homogenized material in continuum and in the in-
terfaces, respectively;

- CT
IFRP and CT

FRP are the assembled right-hand sides of
the inequalities which determine the linearized failure
surfaces of the interface masonry/FRP and of FRP, re-
spectively;

- U =
[

uM λ̇E,ass ΔuI,ass λ̇I,ass

Γ̇ΓΓ λ̇IFRP,ass uss λ̇FRP,ass
]

is the assembled vector of kinematic unknowns and col-
lects the vectors of assembled nodal velocities uM, ele-
ments plastic multiplier rates λ̇E,ass, jump of velocities on
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Figure 10 : Strength domains for the constituent materials; interface strength domain for mortar joints (-a) and
Mohr-Coulomb in plane stress for bricks (-b).

interfaces ΔuI,ass, interface plastic multiplier rates λ̇I,ass,
masonry/FRP interface velocities Γ̇ΓΓ, masonry/FRP inter-
face plastic multiplier rates λ̇IFRP ,ass, FRP velocities uss

and FRP plastic multiplier rates λ̇FRP,ass.

It is worth noting that CT
IFRP λ̇IFRP ,ass and CT

FRPλ̇FRP,ass in
equation (12) represent the total power dissipated on ma-
sonry/FRP interfaces and on FRP, respectively. Within
each triangle E of area A, it can be shown that the power
dissipated on the interface masonry/FRP is expressed by
the linear equation:

PE
IFRP =

A
3

3

∑
q=1

fbd

(
λ̇+(q)

EIFRP
+ λ̇−(q)

EIFRP

)
(13)

where λ̇+(q)
EIFRP

and λ̇−(q)
EIFRP

are the plastic multiplier rates of
the triangle E associated to node q and corresponding
to plastic dissipation on interfaces when τ(q) = fbd and
τ(q) = − fbd respectively.

In a similar way, the power dissipated on the FRP can be
written as:

PE
FRP =

A
3

3

∑
q=1

(
f +
d f λ̇

+(q)
EFRP

+ f−d f λ̇
−(q)
EFRP

)
(14)

where λ̇(q)
EFRP

and λ̇−(q)
EFRP

are the plastic multiplier rates of
the triangle E associated to node q and corresponding to
plastic dissipation of FRP when σ(q)

ss = f +
d f and σ(q)

ss = f−d f
respectively.

Finally, Ãeq and b̃eqin equation (12) denote the overall
constraints matrix and constraints right hand sides, re-
spectively, and they collect velocity boundary conditions,
relations between velocity jumps on interfaces and ele-
ments velocities, constraints for plastic flow in velocity
discontinuities, constraints for plastic flow in continuum
and compatibility conditions between uss, Γ̇ΓΓ and uM.

5 Comparison between experimental evidences and
numerical results for masonry walls reinforced
with FRP

In this Section, the accuracy of the results obtained by
means of the numerical model proposed in Section 3 is
assessed through a comparison with experimental results.

For each tested panel, force-displacement curves, crack
patterns and FRP strips delamination were registered dur-
ing the experimental campaign.

The first and second analyzed structural examples consist
in masonry panels acting as deep beams (Pan B and Pan
C series, Figure 11), equipped with a horizontal and a
symmetrically disposed diagonal reinforcement, respec-
tively. The third case is represented by a masonry wall
with a central square opening subjected to a vertical con-
centrated load applied on the top edge (PanWin B se-
ries, Figure 18), strengthened with two diagonal strips
disposed immediately under the load.

Failure loads (both upper and lower bounds), stress dis-
tribution at collapse on critical sections and failure mech-
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Figure 11 : Mesh used for Pan B series (-a) and Pan A and Pan C series (-b).

anisms are provided by the previously discussed numeri-
cal procedure. For all the analyzed cases, a further com-
parison with experimental results for the same unrein-
forced panels is reported (Pan A series and PanWin A
series, respectively) in order to predict the failure loads
increase due to the strengthening introduction.

5.0.1 Mechanical properties adopted

In the framework of limit analysis, a linearized frictional-
type failure surface is chosen for joints reduced to inter-
faces, as shown in Figure 10-a, according to Lourenço
and Rots (1997) and Sutcliffe, Yu and Page (2001).

Mechanical characteristics of mortar at failure are shown
in Table 6. It is worth noting that joints compressive
strength fc adopted in the numerical simulations is as-
sumed equal to the experimental masonry compressive
strength value, since 3D effects and brittle behavior of

Table 6 : Mechanical characteristics adopted for mortar
joints reduced to interfaces.

fc ft(c = 1.6 ft) Φ1 Φ2

6.76 0.2 36 ˚ 30 ˚
MPa MPa - -

bricks can not be reproduced with the proposed rigid
plastic homogenization approach, as discussed by Mi-
lani, Lourenço and Tralli (2006a).

Finally, in accordance with experimental data, a Mohr-
Coulomb plane stress failure criterion is adopted for
brick, with fc = 15.66 N/mm2 and ft = 1/10 fc (Figure
10-b).
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Figure 12 : Pan A series, comparison between failure loads obtained by means of the upper and lower bound
approach and experimental force-displacements curves.

-a

-b

Figure 13 : Stress distribution at collapse (-a) and field of velocities at collapse (-b), series Pan A.
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Figure 14 : Pan B series, comparison between failure loads obtained by means of the upper and lower bound
approach and experimental force-displacements curves.

-a

-b

Figure 15 : Stress distribution at collapse (-a) and field of velocities at collapse (-b), series Pan B.
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Figure 16 : Pan C series, comparison between failure loads obtained by means of the upper and lower bound
approach and experimental force-displacements curves.

-a

-b

Figure 17 : Stress distribution at collapse (-a) and field of velocities at collapse (-b), series Pan C.
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qq q

-a -b -c 
Figure 18 : Meshes used for the the analysis of PanWin A and PanWin B. –a: Mesh 1 (121 elements); -b: Mesh 2
(422 elements); -c: Mesh 3 (706 elements).

5.1 Panels Pan A Pan B and Pan C

The FE discretizations adopted for the analyses of Pan
B and Pan C series are reported in Figure 11-a and -b,
respectively.

For Pan A, without reinforcement, the same mesh used
for Pan C has been adopted. As shown in Figure 11
the symmetrical steel supports disposed at the base of
the wall preclude only vertical/horizontal displacements,
whereas rotation is allowed by the introduction of little
steel rollers immediately under the supports.

In the FE limit analysis models, this is taken into account
by imposing for the lower bound the moment on the sup-

ports t
Ls/2R

−Ls/2
Σyyxsdxs = 0, where Ls is the support length,

t is masonry thickness, Σyy is the vertical stress in cor-
respondence of the edges of the elements adjacent to the
support and xs is a horizontal abscissa measuring support
length with origin in correspondence of the middle of the
support (Figure 11-a).

In a dual manner with respect to the lower bound ap-
proach, in the upper bound approach, a rotation velocity
ϕ̇ is allowed on the supports constraining vertical veloci-
ties of the nodes belonging to the support to have a linear
dependence on vertical velocities v−s and v+

s = −v−s of
the nodes with abscissa xs = ±Ls/2, so that ϕ̇ = 2v−s /Ls

(Figure 11-b).

It is worth noting that experimental evidences show a
crack pattern with a preferentially oriented vertical frac-
ture line, due to the reduced masonry tensile strength.

Furthermore a relatively ductile behavior of the speci-
mens is observed.

In Figure 12 a comparison between failure loads obtained
by means of the upper and lower bound approaches and
experimental force-displacements curves is reported for
Pan A series.

Principal stress distribution at collapse and failure mech-
anism are reported in Figure 13-a and -b. It is evident
the internal definition of a simple two-strut model in the
masonry panel, that allows to transfer the load from the
point of application to the supports.

In Figure 14 a comparison between a numerical eval-
uation of the failure loads and experimental force-
displacements curves is reported for Pan B series.

The experimental crack pattern presents almost symmet-
rical diagonal fracture lines (perpendicular to the com-
pressed struts) and a decohesion of the FRP strip in cor-
respondence of its terminal parts is observed. Further-
more, the experimental data show a quite limited ductile
behavior of the specimens.

As the FE lower and upper bound simulations show (Fig-
ure 15-a and -b), the horizontal strip acts as a tie. Even
though the two-strut model of the unreinforced case re-
mains essentially unchanged, both the compressed sec-
tions increase as well the intensity.

Finally, in Figure 16 and Figure 17 the same comparisons
shown for Pan B are reported for Pan C series.

In this case the experimental crack pattern presents ver-
tical and diagonal fracture lines combined with a delam-
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-a

-b

Figure 19 : Comparison between force displacement experimental curves and failure loads numerically evaluated.
–a: unreinforced case (PanWin A series); –b: reinforced case (PanWin B series).

ination of the FRP strips at the lower extremes. On the
other hand, the principal stress distribution at collapse
and the failure field of velocities provided by the numeri-
cal simulations result in a change both of the direction of
the compressed struts and in the failure mechanism. The
deformed shape at collapse shows compression near the

supports, shear under the load and delamination of the
diagonal reinforcement.

The comparisons between numerical failure loads and
experimental force-displacement curves (Figure 12, Fig-
ure 14 and Figure 16) show that the presented model is
able to predict the strong increase of the ultimate load,
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-a -b 
Figure 20 : Principal stress distribution at collapse. –a: unreinforced case (PanWin A series); –b: reinforced case
(PanWin B series).

q q

-a -b 
Figure 21 : Field of velocities at collapse. –a: unreinforced case (PanWin A series); –b: reinforced case (PanWin B
series).

which results to be 150% greater than the one obtained
for the unreinforced case, both for the diagonal and hor-
izontal reinforcements. On the other hand, experimenta-
tion shows that Pan B series presents a vertical displace-
ment at collapse approximately one half with respect to
Pan C series, which exhibits a relatively ductile behavior.

5.2 PanWin A and PanWin B series

Three meshes have been adopted both for PanWin A and
PanWin B series, as shown in Figure 18, in order to study
mesh dependence of the model when lower and upper
bound FE limit analyses are performed.

Experimental tests demonstrate that the introduction of
FRP does not determine, in this case, a significant change
of the failure load. This is kept by the proposed numer-
ical model. Furthermore, the experimental crack pattern
observed in the unreinforced panel presents almost ver-
tical fracture lines and experimental evidences show that
the introduction of FRP reinforcement does not vary the
direction of cracks significantly. Besides, in PanWin B
series a delamination of the FRP strips in correspondence
of the lower extremes is observed.

In Figure 19–a and –b, a comparison between force-
displacement experimental curves and failure upper and
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lower bound loads obtained for progressively refined
meshes, is reported for the unreinforced and reinforced
panels, respectively.

Principal stress distributions at collapse provided by the
FE lower bound approach are shown in Figure 20–a and
–b for the unreinforced and reinforced case, respectively.

Finally, in Figure 21-a and -b, failure mechanisms ob-
tained with the upper bound approach are reported for
the unreinforced and reinforced case, respectively.

As it is possible to note, numerical simulations confirm
that both stress distribution at collapse and failure field
of velocities remain essentially unchanged after the in-
troduction of the reinforcement. In particular, Figure 21
shows that the collapse mechanism of the panel does not
vary significantly, so justifying the limited increase of the
failure load.
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