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Abstract: In this paper a boundary element method is
developed for the second-order analysis of frames con-
sisting of composite beams of arbitrary constant cross
section, taking into account shear deformation effect.
The composite beam consists of materials in contact,
each of which can surround a finite number of inclusions.
The materials have different elasticity and shear moduli
with same Poisson’s ratio and are firmly bonded together.
Each beam is subjected in an arbitrarily concentrated or
distributed variable axial loading, while the shear load-
ing is applied at the shear center of the cross section,
avoiding in this way the induction of a twisting moment.
To account for shear deformations, the concept of shear
deformation coefficients is used. Three boundary value
problems are formulated with respect to the beam de-
flection, the axial displacement and to a stress function
and solved employing a pure BEM approach, that is only
boundary discretization is used. The evaluation of the
shear deformation coefficients is accomplished from the
aforementioned stress function using only boundary inte-
gration. Numerical examples with great practical interest
are worked out to illustrate the efficiency, the accuracy
and the range of applications of the developed method.
The influence of both the shear deformation effect and
the variableness of the axial loading are remarkable.

1 Introduction

An important consideration in the analysis of the com-
ponents of plane and space frames or grid systems is the
influence of the action of axial, lateral forces and end mo-
ments on the deformed shape of a beam. Lateral loads
and end moments generate deflection that is further am-
plified by axial compression loading. The presence of

1 School of Civil Engineering, National Technical University, Zo-
grafou Campus, GR-157 80 Athens, Greece. Email: cvsa-
poun@central.ntua.gr

axial forces on the deformed shape of a beam leads to
second-order effects, which have been the subject of re-
search for many years.

Over the past twenty years, many researchers have de-
veloped and validated various methods of performing
second-order analyses on structures. Early efforts led
to methods based on accounting for the aforementioned
effect by using magnification factors applied to the re-
sults obtained from first-order analyses [Chen and At-
sura. (1977), Rutenberg, (1981)]. An example of such
a method is the “B1 and B2 factor approach” provided
in the AISC-LRFD specification [American Institute of
Steel Construction (AISC). (1994)]. Since the modifi-
cations used in this method are only applied to the mo-
ments of the columns and not of the beams, the results
obtained from this method are often unsatisfactory es-
pecially for cases involving moderate to large deforma-
tions [Goto and Chen. (1987)]. Consequently, due to
the demand of more rigorous and accurate second-order
analysis of structural components several research papers
have been published including a non-linear incremental
stiffness method [Chajes and Churchill, (1987)], closed-
form stiffness methods [Liew and Chen. (1994), Goto.
(1994)], the analysis of non-linear effects by treating ev-
ery element as a”beam-column” one [Vasek. (1993)], a
design method for space frames using stability functions
to capture second-order effects associated with P-δ and
P-Δ effects [Kim, Park and Choi. (2001)], uniform for-
mulae restricted to a single bar of a skeletal structure and
to only a few loadings [Rubin. (1997)], the finite element
method using cubic and linear shape functions [Torka-
mani, Sommez and Cao. (1997)] and a 3-D second-order
plastic-hinge analysis accounting for material and geo-
metric non-linearities [Kim, Lee and Park (2003), Kim
and Choi. (2005)]. In all these studies shear deformation
effect is ignored. Though these deformations are quite
small in most civil engineering applications, they may
be dominant in some situations, where bending moments
are small compared to shear forces acting on the mem-
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ber. This is normally true in short span beams or in struc-
tural plate systems stiffened by beams [Wen, Aliabadi,
and Young. (2002)].

Recently, Kim et al. presented a practical second-order
inelastic static [Kim, Lee and Kim, (2004)] and dynamic
[Kim, Ngo-Huu, and Lee. (2005)] analysis for 3-D steel
frames and Machado and Cortinez [2005], a geomet-
rically non-linear beam theory for the lateral buckling
problem of bisymmetric thin-walled composite simply
supported or cantilever beams, taking into account shear
deformation effect. Nevertheless, in all of the aforemen-
tioned research efforts the axial loading of the structural
components is assumed to be constant.

In this paper a boundary element method is developed for
the second-order analysis of frames consisting of com-
posite beams of arbitrary constant cross section, taking
into account shear deformation effect. The composite
beam consists of materials in contact, each of which
can surround a finite number of inclusions. The mate-
rials have different elasticity and shear moduli with same
Poisson’s ratio and are firmly bonded together. Each
beam is subjected in an arbitrarily concentrated or dis-
tributed variable axial loading, while the shear loading is
applied at the shear center of the cross section, avoiding
in this way the induction of a twisting moment. To ac-
count for shear deformations, the concept of shear defor-
mation coefficients is used. Three boundary value prob-
lems are formulated with respect to the beam deflection,
the axial displacement and to a stress function and solved
employing a pure BEM approach, that is only boundary
discretization is used. The evaluation of the shear defor-
mation coefficients is accomplished from the aforemen-
tioned stress function using only boundary integration.
The essential features and novel aspects of the present
formulation compared with previous ones are summa-
rized as follows.

1. The beam is subjected in an arbitrarily concentrated
or distributed variable axial loading.

2. The beam is supported by the most general linear
boundary conditions including elastic support or re-
strain.

3. Shear deformation effect is taken into account.

4. The shear deformation coefficients are evaluated
using an energy approach [Bach and Baumann

(1924), Stojek. (1964)], instead of Timoshenko’s
[Timoshenko and Goodier. (1984)], and Cow-
per’s [(1966)], definitions, for which several au-
thors [Schramm, Kitis, Kang and Pilkey, (1994),
Schramm, Rubenchik, and Pilkey. (1997)] have
pointed out that one obtains unsatisfactory results
or definitions given by other researchers [Stephen.
(1980), Hutchinson. (2001)], for which these fac-
tors take negative values.

5. The effect of the material’s Poisson ratio ν is taken
into account.

6. The proposed method employs a pure BEM ap-
proach (requiring only boundary discretization) re-
sulting in line or parabolic elements instead of area
elements of the FEM solutions (requiring the whole
cross section to be discretized into triangular or
quadrilateral area elements), while a small number
of line elements are required to achieve high accu-
racy.

Numerical examples with great practical interest are
worked out to illustrate the efficiency, the accuracy and
the range of applications of the developed method. The
influence of both the shear deformation effect and the
variableness of the axial loading are remarkable.

2 Statement of the problem

Consider a component of a plane frame of length L
with a cross section of arbitrary shape, occupying the
two dimensional multiply connected region Ω of the y, z
plane bounded by the K + 1 curves Γ1,Γ2, ...,ΓK ,ΓK+1,
as shown in Fig.1. These boundary curves are piecewise
smooth, i.e. they may have a finite number of corners.
The material of the prismatic beam, with shear modu-
lus G and Poisson’s ratio v is assumed homogeneous,
isotropic and linearly elastic. Without loss of generality,
it may be assumed that the x−axis of the beam princi-
pal coordinate system is the line joining the centroids of
the cross sections. The beam is subjected to an arbitrar-
ily distributed axial loading px and to torsionless bend-
ing arising from arbitrarily distributed transverse load-
ing through the shear center pz and bending moment my

along z and y axes, respectively (Fig.1a).

According to the linear theory of beams (small deflec-
tions), the angle of rotation of the cross-section in the
x− z plane of the beam subjected to the aforementioned
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Figure 1 : Prismatic beam subjected to torsionless bending (a) with a cross-section of arbitrary shape occupying the
two dimensional region Ω (b)

loading and taking into account shear deformation effect
satisfies the following relations

cosωy � 1 (1a)

sinωy � ωy = −dw
dx

= θy − γz (1b)

where w = w(x) is the beam deflection, while the corre-
sponding curvature is given as

ky =
dθy

dx
= −d2w

dx2 +
dγz

dx
= −d2w

dx2 − pz

G1Az
(2)

where γy is the additional angle of rotation of the cross-
section due to shear deformation and G1Az is its shear
rigidity of the Timoshenko’s beam theory, where

Az = κzA =
1
az

A (3)

is the shear area with respect to z axis with κz the shear
correction factor, az the shear deformation coefficient and
A the composite cross section area, which due to the com-
mon Poisson’s ratio of the materials is given as

A =
K

∑
j=1

G j

G1

∫
Ω j

dΩ j =
K

∑
j=1

E j

E1

∫
Ω j

dΩ j (4)

Referring to Fig. 2b, the stress resultants Rx, Rz acting in
the x, z directions, respectively, are related to the axial N
and shear Qz forces as

Rx = N cosωy +Qz sinωy (5a)

Rz = Qz cosωy −N sinωy (5b)

which by virtue of eqns. (1) become

Rx = N −Qz
dw
dx

(6a)
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Figure 2 : Displacements (a) and forces (b) acting on the deformed element in the xz plane.

Rz = Qz +N
dw
dx

(6b)

The second term in the right hand side of eqn. (6a), ex-
presses the influence of the shear force Qz on the hor-
izontal stress resultant Rx. However, this term can be
neglected since Qz is much smaller than N and thus
eqn. (6a) can be written as

Rx � N (7)

The governing equation of the beam transverse displace-
ment w = w(x) will be derived by considering the equi-
librium of the deformed element in the x−z plane. Thus,
referring to Fig. 2b we obtain

dRx

dx
+ px = 0 (8a)

dRz

dx
+ pz = 0 (8b)

dMy

dx
−Qz +my = 0 (8c)

Substituting eqns. (7), (6b) into eqns. (8a,b), using
eqn. (8c) to eliminate Qz, employing the well-known re-
lation

My = E1Iyky (9)

where the moment of inertia of the composite cross sec-
tion with respect to y axis is given as

Iy =
K

∑
j=1

E j

E1

∫
Ω j

z2dΩ j (10)

and utilizing eqn. (2) we obtain the expressions of the an-
gle of rotation due to bending θy and the stress resultants
My, Rz as

θy = −dw
dx

+
1

G1Az

(
−E1Iy

d3w
dx3

− E1Iy

G1Az

(
dpz

dx
+N

d3w
dx3 −2px

d2w
dx2 − dpx

dx
dw
dx

)
+my

)

(11)

My = −E1Iy
d2w
dx2 − E1Iy

G1Az

(
pz +

dN
dx

dw
dx

+N
d2w
dx2

)
(12a)

Rz = −E1Iy
d3w
dx3

− E1Iy

G1Az

(
dpz

dx
+N

d3w
dx3 −2px

d2w
dx2 − dpx

dx
dw
dx

)

+my +N
dw
dx

(12b)

and the governing differential equation as

E1Iy

(
1+

N
G1Az

)
d4w
dx4 = pz − px

dw
dx

+N
d2w
dx2 +

dmy

dx

− E1Iy

G1Az

(
d2 pz

dx2 −3px
d3w
dx3 −3

dpx

dx
d2w
dx2 − d2 px

dx2

dw
dx

)

(13)

Moreover, the pertinent boundary conditions of the prob-
lem are given as

α1w(x)+α2Rz(x) = α3 (14a)
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β1
dw(x)

dx
+β2My(x) = β3 at the beam ends x = 0, l

(14b)

where αi, βi (i = 1,2,3) are given constants. Eqns. (14)
describe the most general boundary conditions associated
with the problem at hand and can include elastic support
or restrain. It is apparent that all types of the conventional
boundary conditions (clamped, simply supported, free
or guided edge) can be derived form these equations by
specifying appropriately the functions αi and βi (e.g. for
a clamped edge it is α1 = β1 = 1, α2 = α3 = β2 = β3 = 0).

In the aforementioned boundary value problem the axial
force N inside the beam or at its boundary can be eval-
uated from the solution of the following boundary value
problem

E1A
d2u
dx2

= −px inside the beam (15)

c1u(x)+c2N(x) = c3 at the beam ends x = 0,l (16)

where u = u(x) is the beam axial displacement, A the
composite cross section area given from eqn.(4) and ci

(i = 1,2,3) given constants.

It is worth here noting that the reduction of eqns.(4), (9),
(10), (11), (12), (13) and (15) using the modulus of elas-
ticity E1 and of eqns. (4), (11) using the shear modulus
G1 of the first material, could be achieved using any other
material, considering it as reference material.

The solution of both of the aforementioned boundary
value problems, presumes the evaluation of the shear de-
formation coefficient az corresponding to the principal
centroidal system of axes Cyz. This coefficient is es-
tablished equating the approximate formula of the shear
strain energy per unit length [Schramm, Rubenchik and
Pilkey.(1997)]

Uappr. =
azQ2

z

2AG1
(17)

with the exact one given from

Uexact =
K

∑
j=1

E1

E j

∫
Ω j

(τxz)
2
j

2G1
dΩ j (18)

and is obtained as [Sapountzakis and Mokos. (2005)]

az =
1
κz

=
A

E1Δ2

K

∑
j=1

∫
Ω j

E j

(
(∇Φ) j −d

)
·
(
(∇Φ) j −d

)
dΩ j

(19)

where (τxz) j is the transverse (direct) shear stress com-
ponent, (∇) ≡ iy

(
∂
/

∂y
)
+ iz

(
∂
/

∂z
)

is a symbolic vector
with iỹ, iz̃ the unit vectors along y and z axes, respectively,
Δ is given from

Δ = 2(1+ν) IyIz (20)

ν is the Poisson ratio of the cross section materials, d is
a vector defined as

d = (νIzyz) iy +
(

νIz
z2−y2

2

)
iz (21)

and Φ (y, z) is a stress function evaluated from the so-
lution of the following Neumann type boundary value
problem [Sapountzakis and Mokos. (2005)]

∇2Φ = −2Izz in Ω (22a)

∂Φ
∂n

= n ·d on Γ =
K+1⋃
j=1

Γ j (22b)

where n is the outward normal vector to the boundary
Γ. In the case of negligible shear deformations az = 0.
It is also worth here noting that the boundary condition
(22b) has been derived from the physical consideration
that the traction vector in the direction of the normal vec-
tor n vanishes on the free surface of the beam.

The analysis of the plane frame requires the construction
of the 6x6 local stiffness matrix for each beam compo-
nent written as

[
ki]=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ei
1Ai/Li 0 0 −Ei

1Ai/Li 0 0
0 ki

2,2 ki
2,3 0 ki

2,5 ki
2,6

0 ki
3,2 ki

3,3 0 ki
3,5 ki

3,6
−Ei

1Ai/Li 0 0 Ei
1Ai/Li 0 0

0 ki
5,2 ki

5,3 0 ki
5,5 ki

5,6
0 ki

6,2 ki
6,3 0 ki

6,5 ki
6,6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(23)
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relating the nodal displacement vector in the local coor-
dinate system, as shown in Fig.1

{
Di}T =

{
ui

j wi
j (θy)

i
j ui

k wi
k (θy)

i
k

}
(24)

with the respective nodal load vector

{
Fi}T

=
{

Ni
j (Qz)

i
j (My)

i
j Ni

k (Qz)
i
k (My)

i
k

}
(25)

where the ki
l,m (l,m=2,3,5,6) coefficients are evaluated

from the solution of the boundary value problem (13),
(14) for appropriate values of the αi,βi (i = 1,2,3) con-
stants. The construction of these matrices is followed by
their composition leading to the final equations of equi-
librium of the plane frame. The arising system of equa-
tions is nonlinear due to the presence of the unknown
axial forces N.

3 Integral Representations − Numerical Solution

According to the precedent analysis, the nonlinear analy-
sis of a beam including shear deformation reduces in es-
tablishing the deflection w = w(x) with respect to zaxis,
the axial displacement u = u(x) and the stress function
Φ (y, z).

3.1 For the transverse displacement w.

The numerical solution of the boundary value problem
described by eqns (13), (14a,b) is accomplished using the
Analog Equation Method [Katsikadelis. (2002)]. This
method is applied for the problem at hand as follows.

Let w be the sought solution of the boundary value prob-
lem described by eqns (13) and (14a,b). Differentiating
this function four times yields

d4w
dx4 = qz (x) (26)

Eqn (26) indicates that the solution of the original prob-
lem can be obtained as the deflection of a beam with unit
flexural rigidity and infinite shear rigidity subjected to
a flexural fictitious load qz (x) under the same boundary
conditions. The fictitious load is unknown. However, it
can be established using BEM as follows.

The solution of eqn (26) is given in integral form as [Sa-
pountzakis. (2001)]

w(x) =
∫ l

0
qzΛ4z(r)dx

−
[

Λ4z(r)
d3w
dx3 +Λ3z(r)

d2w
dx2 +Λ2z(r)

dw
dx

+Λ1z(r)w

]l

0

(27)

where the kernels Λiz(r), (i = 1,2,3,4) are given as

Λ1z(r) = −1
2

sgnρ (28a)

Λ2z(r) = −1
2

l(1−|ρ|) (28b)

Λ3z(r) = −1
4

l2 |ρ| (|ρ|−2)sgnρ (28c)

Λ4z(r) =
1
12

l3
(

2+ |ρ|3 −3 |ρ|2
)

(28d)

Notice that in eqn.(27) for the line integral it is r = x−ξ,
x,ξ points inside the beam, whereas for the rest terms
r = x−ζ, x inside the beam, ζ at the beam ends 0, l.

Differentiating eqn (27) results in the integral represen-
tations of the derivatives of the deflection w as

dw(x)
dx

=
∫ l

0
qzΛ3z(r)dx

−
[

Λ3z(r)
d3w
dx3 +Λ2z(r)

d2w
dx2 +Λ1z(r)

dw
dx

]l

0
(29a)

d2w(x)
dx2 =

∫ l

0
qzΛ2z(r)dx−

[
Λ2z(r)

d3w
dx3 +Λ1z(r)

d2w
dx2

]l

0

(29b)

d3w(x)
dx3 =

∫ l

0
qzΛ1z(r)dx−

[
Λ1z(r)

d3w
dx3

]l

0
(29c)

The integral representations (27), (29a) written for the
beam ends 0, ltogether with the boundary conditions
(14a,b) can be employed to express the unknown bound-
ary quantities w, w′, w′′ and w′′′ in terms of qz. This
is accomplished numerically. If Lis the number of the
nodal points along the beam axis, this procedure yields
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the following set of linear equations

⎡
⎢⎢⎣

[E11] [E12] [E13] [E14]
[0] [E22] [E23] [0]

[E31] [E32] [E33] [E34]
[0] [E42] [E43] [E44]

⎤
⎥⎥⎦

⎧⎪⎪⎨
⎪⎪⎩

{w}
{w′}
{w′′}
{w′′′}

⎫⎪⎪⎬
⎪⎪⎭

=

⎧⎪⎪⎨
⎪⎪⎩

{
az

3

}
{

βz
3

}
{0}
{0}

⎫⎪⎪⎬
⎪⎪⎭

+

⎡
⎢⎢⎢⎢⎣

[0]
[0]

[F3]
[F4]

⎤
⎥⎥⎥⎥⎦ {qz} (30)

in which [E22], [E23], [E1i], (i = 1,2,3,4) are 2 × 2
matrices including the nodal values of the functions
a1, a2,β1,β2 of eqns (14a,b) and [Ei j], (i = 3,4, j =
1,2,3,4) are square 2×2 known coefficient matrices re-
sulting from the values of the kernels Λiz at the beam
ends; {a3}, {β3} are 2× 1 known column matrices in-
cluding the boundary values of the functions a3,β3 in
eqns (14a,b) and [Fi] (i = 3,4) are 2 × L rectangular
known matrices originating from the integration of the
kernels on the axis of the beam. Finally, {w}, {w′}, {w′′}
and {w′′′} are vectors including the two unknown nodal
values of the respective boundary quantities and {qz} is
a vector including the L unknown nodal values of the fic-
titious load.

The discretized counterpart of eqn (27) when applied to
all nodal points in the interior of the beam yields

{W}= [F ]{qz}
−(

[E1]{w}+[E2]
{

w′}+[E3]
{

w′′}+[E4]
{

w′′′})
(31)

where [F ] is an LxL known matrix and [Ei], (i = 1,2,3,4)
are L×2 also known matrices. Elimination of the bound-
ary quantities from eqn (31) using eqn (30) for homoge-
neous boundary conditions (14a,b) (a3 = β3 = 0) yields

{W} = [Bz]{qz} (32)

where [B] is an LxL matrix.

Moreover, the discretized counterpart of eqns (29a,b,c)
when applied to all nodal points in the interior of the
beam, after elimination of the boundary quantities using
eqn (30) yields

{
W ′} =

[
B′

z

]{qz} (33a)

{
W ′′} =

[
B′′

z

]{qz} (33b)

{
W ′′′} =

[
B′′′

z

]{qz} (33c)

where
[
B′

z

]
,
[
B′′

z

]
,
[
B′′′

z

]
are known LxL coefficient ma-

trices. Note that eqns (32) and (33a,b,c) are valid for
homogeneous boundary conditions (a3 = β3 = 0). For
non-homogeneous boundary conditions, an additive con-
stant vector will appear in the right hand side of these
equations.

Finally, applying eqn (13) to the L nodal points in the in-
terior of the beam we obtain the following linear system
of equations with respect to qz[[

D′′′′
z

]
−[

D′′′
z

][
B′′′

z

]−[
D′′

z

][
B′′

z

]−[
D′

z

][
B′

z

]]{qz}
= {pz}+

{
m′

y

}− [Dz]
{

p′′z
}

(34)

where
[
D′′′′

z

]
,
[
D′′′

z

]
,
[
D′′

z

]
,
[
D′

z

]
, [Dz] are diagonal LxL

matrices whose elements are given from

(
D′′′′

z

)
ii
= E1Iy

(
1+

Ni

G1Az

)
(35a)

(
D′′′

z

)
ii =

3E1Iy

G1Az
(px)i (35b)

(
D′′

z

)
ii =

3E1Iy

G1Az

(
p′x
)

i +Ni (35c)

(
D′

z

)
ii =

E1Iy

G1Az

(
p′′x

)
i − (px)i (35d)

(Dz)ii =
E1Iy

G1Az
(35e)

at the L nodal points in the interior of the beam; {qz},
{pz},

{
m′

y

}
and

{
p′′z

}
are vectors with Lelements in-

cluding the values of the fictitious loading, the transverse
loading, the first derivative of the bending moment dis-
tributed loading and the second derivative of the trans-
verse loading at the L nodal points in the interior of the
beam. The values of the (my)

′, (pz)
′′, (px)

′ and (px)
′′

quantities result after approximating the corresponding
derivatives with appropriate central, forward or backward
finite differences. Following the estimation of the nodal
values of the axial force Ni, the solution of the linear sys-
tem of equations (34) and the evaluation of the fictitious
load qz, the transverse deflection w and its derivatives in
the interior of the beam are obtained using eqns (32) and
(33a,b,c).
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3.2 For the axial displacement u.

The solution of eqn (15) is given in integral form as

u(x) = − 1
E1A

∫ l

0
pxΛ2x(r)dx−

[
Λ2x(r)

du
dx

−Λ1x(r)u

]l

0

(36)

where r = x−ξ, x, ξ points of the beam and the kernels
Λix(r), (i = 1,2) are given as

Λ1x(r) =
1
2

sgnr (37a)

Λ2x(r) =
1
2
|r| (37b)

Notice that in eqn.(36) for the line integral it is r = x−ξ,
x,ξ points inside the beam, whereas for the rest terms
r = x−ζ, x inside the beam, ζ at the beam ends 0, l.

Differentiating eqn (36) with respect to xresults in the
following integral representation

du(x)
dx

=
1

E1A

∫ l

0
pxΛ1x(r)dx+

[
Λ1x(r)

du
dx

]l

0
(38)

Eqn (36) can give the beam axial displacement at any in-
terior point if the two unknown quantities, i.e. u, du/dx
at the beam ends, are first established. Eqn (38) writ-
ten for the boundary points of the beam z = 0,l and the
boundary condition (16) constitute a system of two si-
multaneous linear equations. These equations can be
solved to yield the aforementioned required unknown
quantities.

Subsequently, using the discretized form of eqn (36), the
axial displacement at any interior point of the beam is
computed as

u(x) = Bx +
{ {Ax1} {Ax2}

}{ {u} {u′} }T
(39)

while the beam axial force which at any interior point is
given as

N (x) = E1A
du
dx

(40)

is computed using the discretized form of eqn (38) as

N (x) = Dx +{Ax2}
{

u′
}T (41)

where {Axi} (i = 1,2) are 1x2 known coefficient row ma-
trices originating from the values of the kernels at the

beam ends, {u}, {u′} are 1x2 row matrices including the
values of the boundary quantities u, du/dx, respectively
and Bx, Dx are known coefficients arising from the axial
loading of the beam px.

As it was already mentioned, the final equations of equi-
librium of the plane frame constitute a nonlinear system
of equations due to the presence of the unknown axial
forces N. For the solution of this system an initial vector
N(0) = 0 including zero nodal values of the axial forces
is assumed. Using this vector and eqns. (34), (39), (41)
the nodal values of the deflection w, of the axial deforma-
tion u and of the axial force N are obtained leading to the
computation of the vector N(1) (solution of the first-order
theory). Subsequently the vector N(k), k ≥ 2 is obtained
as

N(k)
i = aN(k−1)

i +βN(k−2)
i (42)

where a+β = 1. The procedure converges to the solution
vector N by choosing appropriately the weight factors a
and β.

3.3 For the stress function Φ (y, z)

The evaluation of the stress function Φ (y, z) is accom-
plished using BEM as this is presented in Sapountzakis
and Mokos [27].

Moreover, since the torsionless bending problem of
beams is solved by the BEM, the domain integrals for
the evaluation of the area (eqn. 4), the bending moments
of inertia (eqn. 10) and the shear deformation coefficient
(eqn. 19) have to be converted to boundary line integrals,
in order to maintain the pure boundary character of the
method. This can be achieved using integration by parts,
the Gauss theorem and the Green identity. Thus, the mo-
ments of inertia and the cross section area can be written
as

Iy =
1

E1

K

∑
j=1

∫
Γ j

(E j −Ei)
(
yz2cosβ

)
ds (43a)

Iz =
1

E1

K

∑
j=1

∫
Γ j

(E j −Ei)
(
zy2sinβ

)
ds (43b)

A =
1

2G1

K

∑
j=1

∫
Γ j

(G j −Gi) (ycosβ+ zsinβ)ds (43c)

while the shear deformation coefficient az is obtained
from the relation

az =
A

E1Δ2

(
(4v+2)IzIΦz +

1
4

v2I2
z Ied − IΦd

)
(44)



Shear Deformation Effect in Second-Order Analysis of Composite Frames 215

HEB200

HEB200 HEB200

4.00 4.00 

350k350k

70k

A B C 

h

z

x

 span section 

             (a)

180 

 IPE200 

1
5
 C20/25 

     (b)

Figure 3 : Structural model (a) and transverse span section (b) of the two span plane frame of example 1.

where

IΦd =
K

∑
j=1

∫
Γ j

(E j −Ei) (Φ) j (n ·d)ds (45a)

Ied =
K

∑
j=1

∫
Γ j

(E j −Ei)

(
y4z sinβ+ z4ycosβ+

2
3

y2z3 sinβ
)

ds (45b)

IΦz =
1
6

K

∑
j=1

∫
Γ j

(E j −Ei)

[−2Izzz
4ycosβ+(3Φ j sinβ− z(n ·d)) z2]ds (45c)

4 Numerical examples

On the basis of the analytical and numerical procedures
presented in the previous sections, a computer program
has been written and representative examples have been
studied to demonstrate the efficiency and the range of ap-
plications of the developed method. In all the examined
cross sections steel with Es = 210GPa, Gs = 81GPa and
concrete C20/25 with Ec = 29GPa, Gc = 12.08GPa ma-
terials have been used.

4.1 Example 1

A two span plane frame of a composite span cross
section (az = 9.4128) consisting of a steel IPE200
(As = 28.49cm2, Is

y = 1943.0cm4, Is
z = 142.42cm4)

firmly bonded with a rectangular concrete C20/25 (Ac =
2700.0cm2, Ic

y = 50630.0cm4, Ic
z = 7290000.0cm4) and

of a steel HEB200 (az = 4.690, As = 78.08cm2, Is
y =

5695.0cm4, Is
z = 2004.0cm4) column cross section sub-

jected to concentrated loading, as shown in Fig.3 has
been studied. In Table 1 the maximum displacements
umax and wmax along x and z axes, respectively for various
column heights are presented as compared with those ob-
tained ignoring or taking into account shear deformation
and second-order effects. Moreover, in Table 2 the reac-
tions Rx, Rz and My at A,B, C supports for two different
column heights are presented as compared with those ob-
tained ignoring or taking into account shear deformation
and second-order effects. From both of the aforemen-
tioned tables the discrepancy of the results arising from
the ignorance of shear deformation or the second-order
effect is remarkable.



216 Copyright c© 2006 Tech Science Press SDHM, vol.2, no.4, pp.207-223, 2006

Table 1 : Maximum displacements (cm) for various heights of the two span plane frame of Example 1.

1
st
-order analysis 

ignoring shear def. 

1
st
-order analysis

with shear defor.

2
nd

-order analysis

ignoring shear def.

2
nd

 -order analysis

with shear defor.

h=3.0m 

maxu 0.524 0,581 0.535 0.595 

maxw -0.589 -0,696 -0.591 -0.698 

h=5.0m 

maxu 2.33 2.43 2.46 2.56 

maxw -0.0410 -0.0413 -0.0413 -0.0416 

h=7.0m 

maxu 6.11 6.26 6.80 6.98 

maxw -0.0633 -0.0638 -0.0644 -0.0649 

4.2 Example 2

A plane frame subjected to concentrated loading and
having a composite span cross section (az = 12.02689)
consisting of a steel HEA500 (As = 197.53cm2, Is

y =
86930.0cm4, Is

z = 10370.0cm4) firmly bonded with a
rectangular concrete C20/25 (Ac = 6000.0cm2, Ic

y =
0.002m4, Ic

z = 0.45m4) and a composite column cross
section (az = 1.502) consisting of a steel HEB300 (As =
149.07cm2, Is

y = 25160.0cm4, Is
z = 8564.0cm4) totally

encased in a circular concrete C20/25 (Ac = 2315.0cm2,
Ic
y = 458500.0cm4, Ic

z = 474180.0cm4), as shown in
Fig.4 has been studied. In Table 3 the maximum dis-
placements umax and wmax along x and z axes, respec-
tively for various span lengths are presented as compared
with those obtained ignoring or taking into account shear
deformation and second-order effects. As it was expected
from this plane frame the influence of second-order ef-
fect can be ignored, while that of shear deformation ef-
fect is remarkable, especially in short span length frames.
This is clearly presented in Fig.5, where the error aris-

ing from the ignorance of the shear deformation effect
is plotted with respect to the span length. Moreover, in
Table 4 the reactions Rx, My at A,B supports for various
span lengths are presented as compared with those ob-
tained ignoring or taking into account shear deformation
and second-order effects. From this table the aforemen-
tioned conclusions are once more verified.

4.3 Example 3

A two-storey plane frame of a composite span cross
section (az = 12.428) consisting of a steel HEA320
(As = 124.36cm2, Is

y = 22920.0cm4, Is
z = 6987.0cm4)

firmly bonded with a rectangular concrete C20/25 (Ac =
4800.0cm2, Ic

y = 0.0096m4, Ic
z = 0.23m4) and of a

steel HEB240 (az = 4.7533, As = 105.99cm2, Is
y =

11260.0cm4, Is
z = 3923.0cm4) column cross section sub-

jected to concentrated loading multiplied by a magnifica-
tion factor µ, as shown in Fig.6 has been studied. In Table
5 the maximum displacements umax and wmax along x and
z axes, respectively for various values of the load magni-
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Table 2 : Reactions at A, B, C supports for various heights of the two span plane frame of Example 1.

1
st
-order analysis 

ignoring shear def. 

1
st
-order analysis

with shear defor.

2
nd

-order analysis

ignoring shear def.

2
nd

 -order analysis

with shear defor.

 h=3.0m 

A
xR  (kN) 6.20 4.69 6.03 4.51 

B
xR  (kN) -26.37 -26.12 -26.03 -25.75 

C
xR  (kN) -49.80 -48.50 -50.00 -48.70 

A
zR  (kN) 119.10 119.50 118.80 119.20 

B
zR  (kN) 437.30 436.50 437.50 436.70 

C
zR (kN) 143.60 144.00 143.80 144.10 

A
yM (kNm) -7.78 -11.09 -8.34 -11.72 

B
yM (kNm) -40.26 -39.99 -40.89 -40.70 

C
yM (kNm) -63.60 -61.00 -64.40 -61.90 

 h=7.0m 

A
xR  (kN) -15.81 -15.70 -17.34 -17.24 

B
xR  (kN) -25.05 -25.02 -22.73 -22.68 

C
xR  (kN) -29.13 -29.28 -29.93 -30.08 

A
zR  (kN) 93.68 94.99 90.53 91.75 

B
zR  (kN) 453.20 450.70 453.70 451.20 

C
zR (kN) 153.10 154.30 155.70 157.00 

A
yM (kNm) -66.58 -66.65 -75.16 -75.42 

B
yM (kNm) -88.13 -88.15 -95.27 -95.53 

C
yM (kNm) -97.63 -97.97 -106.20 -106.80 

fication factor µ are presented as compared with those ob-
tained ignoring or taking into account shear deformation
and second-order effects. Moreover, in Fig.7 the influ-
ence of the second-order effect taking into account shear
deformation and in Fig.8 the influence of the shear de-
formation effect in both the first- and the second-order
analysis in the maximum horizontal displacement umax

is presented for various values of the load magnification
factor µ. From the aforementioned table and figures the

discrepancy of the results arising from the ignorance of
shear deformation or the second-order effects is remark-
able.

5 Concluding remarks

In this paper a boundary element method is developed for
the second-order analysis of frames consisting of com-
posite beams of arbitrary constant cross section, taking
into account shear deformation effect. The composite
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Figure 4 : Structural model (a) and transverse span (b) and column (c) sections of the plane frame of example 2.
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Figure 5 : Error (%) arising from the ignorance of the
shear deformation effect for various span lengths of the
plane frame of Example 2.

beam consists of materials in contact, each of which
can surround a finite number of inclusions. The mate-
rials have different elasticity and shear moduli with same
Poisson’s ratio and are firmly bonded together. Each
beam is subjected in an arbitrarily concentrated or dis-
tributed variable axial loading, while the shear loading is
applied at the shear center of the cross section, avoiding
in this way the induction of a twisting moment. To ac-
count for shear deformations, the concept of shear defor-
mation coefficients is used. Three boundary value prob-
lems are formulated with respect to the beam deflection,
the axial displacement and to a stress function and solved
employing a pure BEM approach, that is only boundary
discretization is used. The evaluation of the shear defor-
mation coefficients is accomplished from the aforemen-
tioned stress function using only boundary integration.
The main conclusions that can be drawn from this inves-
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Figure 6 : Structural model (a) and transverse span (b) and column (c) sections of the two-storey plane frame of
example 3.

tigation are

1. The numerical technique presented in this investi-
gation is well suited for computer aided analysis for
composite beams of arbitrary cross section.

2. The significant influence of second-order analysis
in plane frames subjected in intense axial loading is
verified.

3. The discrepancy between the results of the first- and
the second-order analysis demonstrates the signifi-
cant influence of the axial loading.

4. The discrepancy in the obtained deformations and
stress resultants arising from the ignorance of shear
deformation effect is remarkable.

5. The developed procedure retains the advantages of
a BEM solution over a pure domain discretization
method since it requires only boundary discretiza-
tion.

Acknowledgement: Financial support for this work
provided by the “Iraklitos Research Fellowships with
Priority to Basic Research”, an EU funded project in the
special managing authority of the Operational Program
in Education and Initial Vocational Training.

References

American Institute of Steel Construction (AISC)
(1994): Load and Resistance Factor Design Specifica-
tions for Buildings. Chicago, Ill.



220 Copyright c© 2006 Tech Science Press SDHM, vol.2, no.4, pp.207-223, 2006

Table 3 : Maximum displacements (cm) for various span lengths of the plane frame of Example 2.

1
st
-order analysis 

ignoring shear def. 

1
st
-order analysis

with shear defor.

2
nd

-order analysis

ignoring shear def.

2
nd

 -order analysis

with shear defor.

l=3.0m 

maxu 0.437 0.553 0.437 0.554 

maxw -0.225 -0.569 -0.225 -0.569 

l=5.0m 

maxu 0.495 0.569 0.496 0.570 

maxw -0.784 -1.370 -0.784 -1.370 

l=7.0m 

maxu 0.570 0.633 0.571 0.634 

maxw -1.880 -2.730 -1.880 -2.730 

0

5

10

15

20

25

30

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Load magnification factor μ

m
a
x
.h

o
ri
z
.d

is
p
la

c
e
m

e
n
t 
(c

m
)

1st order 2nd order

Figure 7 : Maximum horizontal displacement umax from
first- and second-order analysis taking into account shear
deformation for various values of the load magnification
factor µ of the plane frame of Example 3.

Bach, C.; Baumann R. (1924): Elastizität und Fes-
tigkeit, 9th edn., Springer, Berlin.

Chajes, A.; Churchill, J.E. (1987): Nonlinear frame
analysis by finite element methods. ASCE, J.Struct. En-
grg. Vol. 113(6), pp. 1221-1235.

Chen, W.F.; Atsura, T. (1977); Theory of Beam-
Column: McGraw-Hill Inc.: New York, N.Y., Vol. I..

Cowper, G.R. (1966): The Shear Coefficient in Timo-
shenko’s Beam Theory. Journal of Applied Mechanics,
ASME Vol. 33(2), pp. 335-340.

Goto, Y. (1994): Second-order elastic analysis of frames.
Advanced analysis of steel frames, W. F. Chen and S.
Toma, eds., CRC Press, Inc., Boca Raton, Fla., Vol 47-
90.

Goto, Y.; Chen, W.F. (1987): Second-order elastic anal-
ysis for frame design. ASCE, J. Struct. Engrg., Vol.
113(7), pp. 1501-1529.

Hutchinson, J.R. (2001): Shear Coefficients for Timo-
shenko Beam Theory. ASME Journal of Applied Me-
chanics, Vol. 68, pp. 87-92.



Shear Deformation Effect in Second-Order Analysis of Composite Frames 221

Table 4 : Reactions at A, B supports for various span lengths of the plane frame of Example 2.

1
st
-order analysis 

ignoring shear def. 

1
st
-order analysis

with shear defor.

2
nd

-order analysis

ignoring shear def.

2
nd

 -order analysis

with shear defor.

 l=3.0m 

A
xR  (kN) -23.47 -25.83 -23.48 -25.84 

B
xR  (kN) -76.53 -74.17 -76.53 -74.16 

A
yM (kNm) -44.46 -51.54 -44.49 -51.58 

B
yM (kNm) -88.07 -88.40 -88.11 -88.45 

 l=5.0m 

A
xR  (kN) 8.242 3.716 8.253 3.734 

B
xR  (kN) -108.2 -103.7 -108.3 -103.7 

A
yM (kNm) -20.15 -29.19 -20.16 -29.21 

B
yM (kNm) -115.8 -111.0 -115.8 -111.1 

 l=7.0m 

A
xR  (kN) 44.22 37.61 44.28 37.68 

B
xR  (kN) -144.2 -137.6 -144.3 -137.7 

A
yM (kNm) 7.421 -4.621 7.442 -4.598 

B
yM (kNm) -146.9 -137.8 -147.1 -137.9 

Katsikadelis, J.T. (2002): The Analog Equation
Method. A Boundary-only Integral Equation Method for
Nonlinear Static and Dynamic Problems in General Bod-
ies. Theoretical and Applied Mechanics, Vol. 27, pp.
13-38.

Kim, E.S.; Choi, S.H. (2005): Practical second-order
inelastic analysis for three-dimensional steel frames sub-
jected to distributed load. Thin-Walled Structures, Vol.
43, pp. 135-160.

Kim, E.S.; Lee, J.; Kim, E.S. (2004): Practical second-
order inelastic analysis for steel frames subjected to dis-
tributed load. Engineering Structures Vol. 26, pp. 51-61.

Kim, E.S.; Lee, J.; Park JS. (2003): 3-D second-order

plastic analysis accounting for local buckling. Engineer-
ing Structures Vol. 25, pp. 81-90.

Kim, E.S.; Ngo-Huu, C.; Lee, D.H. (2005): Second
– order inelastic dynamic analysis of 3-D steel frames.
International Journal of Solids and Structures, pp. 1-17.

Kim, E.S.; Park, M.; Choi, S.H. (2001): Direct Design
of Three Dimensional Frames Using Practical Advanced
Analysis. Engineering Structures Vol. 23, pp. 1491-
1502.

Liew, J.Y.R.; Chen, W.F. (1994): Trends toward ad-
vanced analysis. Advanced analysis of steel frames: W.F.
Chenand S. Tom, eds., CRC Press, Inc. Boca Raton, Fla,
pp. 1-45.



222 Copyright c© 2006 Tech Science Press SDHM, vol.2, no.4, pp.207-223, 2006

Table 5 : Maximum displacements (cm) for various values of the load magnification factor µ of the two-storey plane
frame of Example 3.

1
st
-order analysis 

ignoring shear def. 

1
st
-order analysis

with shear defor.

2
nd

-order analysis

ignoring shear def.

2
nd

 -order analysis

with shear defor.

 μ=1.0 

maxu 1.29 1.46 1.30 1.47 

maxw 0.0587 0.0756 0.0587 0.0756 

 μ=4.0 

maxu 5.18 5.82 5.30 5.98 

maxw 0.235 0.302 0.235 0.303 

 μ=7.0 

maxu 9.06 10.2 9.45 10.7 

maxw 0.411 0.529 0.411 0.530 

 μ=10.0 

maxu 12.9 14.6 13.8 15.6 

maxw 0.587 0.756 0.588 0.757 

Machado, P.S.; Cortinez, V.H. (2005): Lateral buckling
of thin-walled composite bisymmetric beams with pre-
buckling and shear deformation. Engineering Structures,
Vol. 27, pp. 1185-1196.

Rubin, H.. (1997): Uniform formulae of first - and sec-
ond - order theory for skeletal structures. Engineering
Structures, Vol.19, pp. 903-909.

Rutenberg, A. (1981): A direct P-delta analysis using
standard plane frame computer programs. Comp. and
Struct., Vol. 14(1-2), pp. 97-102.

Sapountzakis, E.J. (2001): Nonuniform Torsion of
Multi-Material Composite Bars by the Boundary Ele-
ment Method. Computers and Structures, Vol. 79, pp.

2805-2816.

Sapountzakis, E.J.; Mokos, V.G. (2005): A BEM So-
lution to Transverse Shear Loading of Beams. Computa-
tional Mechanics, Vol. 36, pp. 384-397.

Schramm, U.; Kitis, L.; Kang, W.; Pilkey, W. D.
(1994): On the Shear Deformation Coefficient in Beam
Theory. Finite Elements in Analysis and Design, Vol. 16,
pp. 141-162.

Schramm, U.; Rubenchik, V.; Pilkey, W D. (1997):
Beam Stiffness Matrix Based on the Elasticity Equations.
International Journal for Numerical Methods in Engi-
neering, Vol. 40, pp. 211-232.



Shear Deformation Effect in Second-Order Analysis of Composite Frames 223

1st order analysis

0

5

10

15

20

25

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Load magnification factor μ 

m
a

x
.h

o
ri
z
.d

is
p

la
c
e
m

e
n

t(
c
m

)

ignoring shear def. with shear def.

(a) 

2nd order analysis

0

5

10

15

20

25

30

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Load magnification factor μ

m
a
x
.h

o
ri

z
.d

is
p

la
c
e

m
e

n
t 

(c
m

)

ignoring shear def. with shear def.
(b)

Figure 8 : Shear deformation effect in maximum horizontal displacement umax arising from first- (a) and second-
order (b) analysis for various values of the load magnification factor µ of the plane frame of Example 3.

Schramm, U.; Rubenchik, V.; Pilkey, W. D.(1997):
Beam Stiffness Matrix Based on the Elasticity Equations.
International Journal for Numerical Methods in Engi-
neering, Vol. 40, pp. 211-232.

Stephen, NG. (1980): Timoshenko’s Shear Coefficient
from a Beam Subjected to Gravity Loading. ASME Jour-
nal of Applied Mechanics, Vol. 47, pp. 121-127.

Stojek, D. (1964): Zur Schubverformung im Biege-
balken. Zeitschrift für Angewandte Mathematik und
Mechanik, Vol. 44, pp. 393-396.

Timoshenko, S.P.; Goodier, J.N. (1984): Theory of
Elasticity. 3rd edn, McGraw-Hill: New York.

Torkamani, M.; Sommez, M.; Cao, J. (1997): Second-
Order Elastic Plane-Frame Analysis Using Finite-
Element Method. Journal of Structural Engineering, pp.
1225-1235.

Vasek, M. (1993): The non-linear behaviour of large
space bar and beam structures Proc. Space Struct. 4
Conf. Thomas Telford Series, London, England, Vol. 1,
pp. 665-673.

Wen, P.H.; Aliabadi, M.H.; Young, A. (2002): Bound-
ary element analysis of shear deformable stiffened plates.
Engineering Analysis with Boundary Elements. Vol. 26,
pp. 511-520.




