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Finite Element Analysis of Three-dimensional Periodic
Notched Plates

R. Afshar1 and F. Berto1,2

Abstract: Using the finite element method, three-dimensional models of a num-
ber of periodic blunt and sharp notches subjected to tension loading are carried
out. The aim of this research is to investigate the thickness effect on the location
of maximum stress and notch stress intensity factor (NSIF) of corresponding blunt
and sharp periodic notches respectively. With this aim, a wide range of notch ge-
ometries are examined. While for two-dimensional plates weakened by periodic
notches some results are available in the literature, this paper first faces with the
problem of three-dimensional cases. The total of about 100 geometrical configura-
tions are investigated.
It is found that, the effect of plate thickness of periodic notched components can be
characterized by its relative value with respect to the depth of the notch (H/t). For
the blunt periodic notches with relatively higher values of H/t ratio, the value of the
maximum tensile stress is located near the free surface. On the contrary for lower
values of H/t, it is placed at the middle plane. The same behaviour is observed for
sharp periodic notches in terms of notch stress intensity factors.

Keywords: Periodic notches, finite element analysis, three-dimensional, notch
stress intensity factor, tension loading.

Nomenclature

3D Three-dimensional
E Young’s modulus
FE Finite Element
H Plate thickness
L Plate length
N Number of notches
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NSIF Notch stress intensity factor
P Pitch of the notch
SCF stress concentration factor
SED Strain energy density
t Notch depth
Ux Applied displacement
W width of the plate
z Coordinate along the thickness of plate
zmax Maximum value of plate thickness (H)
2α Notch opening angle
σn Equivalent applied remote stress
ρ Notch radius
ν Poisson’s ratio
σmax Maximum stress value

1 Introduction

The fasteners such as bolts and nut are the well known examples of periodic notch-
es. In particular, bolt-nut connection play an important role in the safety and reli-
ability of structural systems. In [Pedersen (2013)] the reduction of stress concen-
tration is achieved by optimization of bolt thread geometry. Reduction of stress
concentration in bolt-nut connection by using a two dimensional axisymmetric fi-
nite element model is studied in [Venkatesan and Kinzel (2005)].

Due to convenience and relative simplicity of solutions of plane theory of elas-
ticity, they still are popular and serve a basis for many engineering design proce-
dures, standards and failure assessment codes. In terms of numerical costs, two-
dimensional models, based on plane stress or plane strain assumption, are much
more computationally efficient, much easy to build and verify in comparison with
the corresponding three-dimensional counterparts. Furthermore, three-dimensional
equations of elasticity are not very amenable to analytical techniques.

Dealing with crack problems, in order to evaluate the dominant state of stress,
a simple empirical rule as being thin and thick enough is based for plane stress
and plane strain condition respectively. On the other hand, until now there is no
generally accepted criterion for identifying what thicknesses correspond to plane-
stress or to plane-strain conditions.

Addressing the above mentioned issue, there are a large amount of publications in
the recent literatures [Kotousov (2005, 2007); Kotousov, Lazzarin, Berto, Harding
(2010); Lazzarin, Zappalorto (2012); Pook (1990, 1992, 2000, 2003)]. By con-
sidering some realistic crack shapes in three-dimensional (3D) finite element (FE)
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models and using automatic crack growth techniques, the extent of surface regions
in cracked bodies under tension loading condition was investigated in [Branco, An-
tunes, Ricardo, Costa (2012)]. Based on their findings, The extent of both regions
(extent of surface and near surface) was related with the elastic stress concentration
factor (SCF) of the corresponding uncracked geometries and a linear relationship
was found. In [May, Kilchert, Hiermaier (2012)] by using a user defined material
model based on analytical approach, simulation of brittle fracture in isotropic mate-
rials in 3D space was performed. In another work, some detailed 3D FE models of
spot welds for different ratio values of sheet metal thickness and spot-weld diam-
eter are investigated in [Deng, Chen, Shi (2000)] with the aim of investigating the
mechanical behavior of spot welds under tensile-shear and symmetric coach-peel
loading conditions. In [Darwish, Gharaibeh, Tashtoush (2012)] by using 3D FE
models, a modified equation for the SCF of an isotropic plate with a centered coun-
tersunk hole is proposed. Factorial and multi parameter fit analyses were conducted
on the FE results to formulate a general parametric equation for the maximum SCF
in terms of the four dimensionless geometric parameters. The advantage of pro-
posed equations is demonstrated by comparing with other method in the literature.

In [Kotousov, Lazzarin, Berto, Harding (2010)] an extensive review of some recent
analytical, numerical and experimental results is performed to investigate the effect
of plate thickness on elastic deformation as well as quasi-brittle fracture of plate
components. For a plate under in-plane loading condition, two basic assumption for
the state of stress in the frame of plane theories of elasticity, namely as plane stress
(zero transverse stress) and plane strain (zero transverse strain), are commonly used
[Berto, Lazzarin, Kotousov, Pook (2012)].

Dealing with periodic blunt notches and by using the strain energy density (SED)
approach, plane strain condition is assumed to evaluate the SCFs of a number of
flat plates and round bars with periodic U- and V-notches. Tension, bending and
torsion loading conditions have been considered [Afshar, Berto (2011)].

In the presence of sharp periodic notches and by means of SED, the plane theory
of elasticity is assumed to study the variability of the notch stress intensity factors
(NSIFs) of periodic sharp notches in Ref. [Afshar, Berto, Lazzarin, Pook (2013);
Lazzarin, Afshar, Berto (2012)]. A new model of depth reduction factor for dif-
ferent ratios of relative depth of the notch is proposed to match the results from
the SED approach. In the case of shallow notches, the results are compared with
some semi-analytical solutions provided in [Savruk, Kazberuk (2008)]. In addition,
based on best fit of numerical data from the SED approach, some polynomials for
non-dimensional NSIFs in the case of intermediate and deep notches are presented.
In another work by the authors [Berto, Lazzarin, Afshar (2012)], some very sim-
ple expressions were derived for the direct evaluation of the SED and the NSIF of
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plates with infinite width as a function of the notch spacing in the case of narrow
sharp notches.

In this study, for the first time, an attempt is made to investigate the thickness effect
on the location of maximum stress and notch stress intensity factor (NSIF) of cor-
responding blunt and sharp periodic notches in three-dimensional plates weakened
by periodic blunt and sharp notches. A number of sophisticated three-dimensional
finite element models are built with this aim.

In addition, different number of periodic notches as well as different notch opening
angles are examined.

2 Geometry and boundary conditions

In the present paper, both types of 3D blunt and sharp periodic notches are analyzed
by means of the FE method within ANSYS software. The six models used in this
study are summarized in Table 1. The total of about 100 geometrical configurations
are investigated.

The geometrical parameters, namely as notch depth (t), notch radius (ρ), pitch of
the notch (p), notch opening angle (2α), plate thickness (H), width of the plate (W)
and plate length (L) and boundary conditions are shown in Fig. 1, in which E is
Young’s modulus of elasticity, υ is Poisson’s ratio, Ux is the applied displacement
and σn is the equivalent applied remote stress. For all the FE models the elastic
isotropic material with E=206 GPa, υ=0.3 is used. The value of σn=100 MPa for
all the models is assumed. Of course, the value of applied Uxis varied, depending
on the length of the plate (L), as it is shown in Fig.1.

Table 1: Different models with geometrical parameters (2α: notch opening angle;
ρ: notch radius; p: pitch of the notch; t: notch depth; H: thickness of the plate; N:
number of notches).

Model 2α(◦) ρ (mm) p (mm) t (mm) H (mm) N
1 60 0.1 2.5 0.5 10, 5.0, 2.0, 1.0 3-9
2 60 1.0 25 5.0 10, 5.0, 2.0, 1.0 3-5
3 120 0.1 2.5 0.5 10, 5.0, 2.0, 1.0 3-9
4 120 1.0 25 5.0 10, 5.0, 2.0, 1.0 3-5
5 60 0.0 2.5 0.5 10, 5.0, 2.0, 1.0 3-9
6 120 0.0 2.5 0.5 10, 5.0, 2.0, 1.0 3-9

As it can be seen from Table 1, the first four models correspond to blunt notches,
whereas the last two represent the sharp notch configurations. Furthermore, the
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Figure 1: The geometrical parameters of 3D periodic notched plate and boundary
conditions.

models 2 and 4 are the scaled-up geometries (only in xy-plane) of the corresponding
models 1 and 3 respectively. The sample mesh pattern of both types (blunt and
sharp periodic notches) have been depicted in Fig. 2.

3 Results and discussions

In order to present the results in a more systematic manner, the selected results for
each FE model (tabulated in Table 1) are presented and discussed in that order. For
the case of blunt notches, the stresses shown in figures are notch tip stresses which
could be converted into stress concentration factors.

3.1 Model 1: 2α=60˚; ρ=0.1mm; p=2.5mm; t=0.5mm (H=10, 5.0, 2.0 and 1.0
mm; N=3-9)

Fig. 3 shows the variation of tensile stress at the middle notch of periodic notched
plates along the thickness of the plate (H=10 mm) for different number of notches.

From Fig. 3, two essential trends can be observed. The first feature belongs to
periodic notches, which shows the effect of number of notches on the variation of
tensile stress. In fact, as it is expected, increasing the number of notches leads to
decrease in the value of tensile stress at the middle notch of periodic notched plate.
The second characteristic is that the maximum tensile stress is not placed on the
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Figure 2: Sample mesh pattern used for: (a) blunt periodic notches (ρ 6=0.0); (b)
sharp periodic notches (ρ=0.0).
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Figure 3: The variation of tensile stress at the middle notch of periodic notched
plates along the thickness of the plate (H=10 mm) for different number of notches
(Model 1).
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surface nor at the middle of the plate (2D assumption), but very close to the surface
(at a distance z≈0.5 mm).

The variation of normalized tensile stress (σx/σmax) at the middle notch of periodic
notched plate (N=3) as a function of normalized thickness (z/zmax) of the plate for
different values of plate thickness (H) is depicted in Fig. 4 (z varies along the
thickness of the plate and zmax is equal to H)
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Figure 4: The variation of normalized tensile stress (σx/σmax) at the middle notch
of periodic notched plate as a function of normalized thickness (z/zmax) of the plate
for different values of plate thickness (H) (Model 1).

According to Fig. 4, the effect of thickness of plate on the tensile stress is clearly
evident. For the relatively thinner plates, the maximum stress appears to be at the
middle of the plate and that confirms the plane stress assumption of 2D FE models.
However, increasing the thickness of the plate leads to generate the maximum ten-
sile stress at the near surface location. In particular, for the case of thicker plates
(H=5 and 10 mm), the shift of maximum stress from the mid plane to the closer
location of the free surfaces is clearly evident.

3.2 Model 2: 2α=60˚; ρ=1.0 mm; p=25mm; t=5.0 mm (H=10, 5.0, 2.0 and 1.0
mm; N=3-5)

As it is mentioned earlier (Section 2), Model 2 is the scaled-up geometry (only in
xy-plane) of Model 1.

Fig. 5 shows the variation of tensile stress at the middle notch of periodic notched
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plates along the thickness of the plate (H=10 mm) for different number of notches
(N=3-5).

 

340

390

440

490

0 1 2 3 4 5 6 7 8 9 10

N=3

4

5

σ
x
 (

M
P

a)
  

 

z (mm)

2α=60°, ρ=1.0mm, p=25mm, t=5.0mm

 H=10 mm

Figure 5: The variation of tensile stress at the middle notch of periodic notched
plates along the thickness of the plate (H=10 mm) for different number of notches
(Model 2).

As it can be seen from Fig. 5, although the plate seems thick (H=10 mm), no effect
of number of notches on the tensile stress is observed. In addition, in contrast to
Model 1, the maximum tensile stress is located at the mid-plane. This behavior
will be discussed in Fig. 6 by comparing the different thicknesses of the plates with
periodic notches.

The variation of normalized tensile stress (σx/σmax) at the middle notch of periodic
notched plate (N=3) as a function of normalized thickness (z/zmax) of the plate for
different values of plate thickness (H) is depicted in Fig. 6 (z varies along the
thickness of the plate and zmax is equal to H).

By comparing the different plate thicknesses of periodic notches in Fig. 6, the loca-
tion of maximum tensile stress evidently is placed at the middle of the plate. This
can be explained by the value of plate thickness to the notch depth ratio (H/t). For
instance, considering Model 1 (Fig.3), when the ratio H/t=1.0/0.5=2.0, the maxi-
mum stress appears to be at the middle of the plate. Similarly, for Model 2, with
the same ratio of H/t=10/5.0=2.0, the same behaviour can be observed. In other
words, the effect of plate thickness of notched components can be characterized
by its relative value with respect to the depth of the notch (H/t). This is especially
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Figure 6: The variation of normalized tensile stress (σx/σmax) at the middle notch
of periodic notched plate as a function of normalized thickness (z/zmax) of the plate
for different values of plate thickness (H) (Model 2).

important in investigation of one-plane scaled geometries (e.g. Model 2, which the
geometry of Model 1 is scaled-up 10 times in only in xy-plane).

3.3 Model 3: 2α=120˚; ρ=0.1mm; p=2.5mm; t=0.5mm (H=10, 5.0, 2.0 and1.0
mm; N=3- 9)

Model 3 is similar to Model 1, with the only difference of the notch opening angle.
In Model 3 a larger notch opening angle (2α=120◦) is considered in comparison
with 2α=60◦ used in Model 1. Fig. 7 shows the variation of tensile stress at the
middle notch of periodic notched plates along the thickness of the plate (H=10 mm)
for different number of notches.

From Fig. 7 it is evident a similar trend of Fig. 3. The variation of the tensile stress
at the middle notch of the plate along the thickness as well as the effect of number
of notches on the tensile stress can be observed from the Figure.

The variation of the normalized tensile stress (σx/σmax) at the middle notch of the
periodic notched plate (N=3) as a function of the normalized thickness (z/zmax) of
the plate for different values of plate thicknesses (H) is depicted in Fig. 8 (z varies
along the thickness of the plate and zmax is equal to H).
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Figure 7: The variation of tensile stress at the middle notch of periodic notched
plates along the thickness of the plate (H=10 mm) for different number of notches
(Model 3).
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Figure 8: The variation of normalized tensile stress (σx/σmax) at the middle notch
of periodic notched plate (N=3) as a function of normalized thickness (z/zmax) of
the plate for different values of plate thickness (H) (Model 3).
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3.4 Model 4: 2α=120˚; ρ=1.0 mm; p=25mm; t=5.0 mm (H=10, 5.0, 2.0 and 1.0
mm; N=3-5)

Model 4 is also similar to Model 2, with the difference of the notch opening angle.
In Model 4 a notch opening angle equal to 120◦ is considered in comparison with
2α=60◦ investigated in Model 2. In addition, Model 4 is the scaled-up geometry
(only in xy-plane) of Model 3.

The variation of normalized tensile stress (σx/σmax) at the middle notch of periodic
notched plate (N=3) as a function of normalized thickness (z/zmax) of the plate for
different values of plate thickness (H) is depicted in Fig. 9 (z varies along the
thickness of the plate and zmax is equal to H).
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Figure 9: The variation of normalized tensile stress (σx/σmax) at the middle notch
of periodic notched plate (N=3) as a function of normalized thickness (z/zmax) of
the plate for different values of plate thickness (H) (Model 4).

As it can be seen from Fig. 9 and similarly to Fig. 6, the location of the max-
imum tensile stress clearly is placed at the middle of the plate for different plate
thicknesses. The reason for this behaviour was explained in the discussion of Fig.
6.

It is worth noting that in all Figs 3-9, stresses decrease towards the surface due to
the influence of corner point effects.
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3.5 Model 5: 2α=60˚; ρ=0.0 mm; p=2.5mm; t=0.5mm (H=10, 5.0, 2.0 and1.0
mm; N=3-5)

Models 5 and 6 represent the sharp periodic notch configurations. The only differ-
ence between the two models is the notch opening angle. In Model 5 a relatively
medium notch opening angle 2α=60◦ is considered in comparison with a larger
notch opening angle 2α=120◦ in Model 6.

Due to existence of singularity point at the tip of sharp notches and in order to
evaluate the results in different locations of the 3D FE models, in addition to the
along-thickness path for study the variation of tensile stress along the plate thick-
ness, a path for different distance from the tip of the notch is considered.

By examining the different distances from the notch tip, the distance d=0.01 m-
m from notch tip is considered to present the results in terms of NSIF along the
thickness for both Models 5 and 6.

Fig. 10 shows the variation of NSIF at the middle notch of periodic notched plates
along the thickness of the plate (H=5 mm) for different number of notches.
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Figure 10: The variation of NSIF at the middle notch of periodic notched plates
along the thickness of the plate (H=5 mm) for different number of notches (Model
5).

According to Fig. 10, the maximum NSIF appears to be at the location of very
close to the surface of the plate with periodic notches (z≈0.5 mm). This behaviour
is similar to the one found in Fig. 2 (Model 1) in terms of tensile stress for the blunt
notches. Furthermore, the NSIF decreases as the number of notches increase.
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3.6 Model 6: 2α=120˚; ρ=0.0 mm; p=2.5mm; t=0.5mm (H=10, 5.0, 2.0 and 1.0
mm; N=3-5)

As it is mentioned in section 3.5, Model 6 is the same of Model 5 with the only
difference of the notch opening angle which is 2α=120◦ in the latter case.

Fig. 11 shows the variation of the NSIF at the middle notch of periodic notched
plates along the thickness of the plate (H=5 mm) for different number of notches.
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Figure 11: The variation of NSIF at the middle notch of periodic notched plates
along the thickness of the plate (H=5 mm) for different number of notches (Model
6).

A similar trend of Fig. 10 in both in terms of NSIF variation and the effect of
number of notches is observed in Fig. 11.

It should be noted that on the contrary of blunt notches, the strength of the sharp
notch tip singularity is a function of the included angle as it is shown in Figs 10 &
11. In addition and similar to the case of blunt notches, the notch stress intensity
factors decrease towards the surface due to the influence of corner point effects.

4 Comparison with 2D plane solution

In order to validate the 3D FE analyses, Model 2 (see Table 1) with following
geometrical dimensions is selected:

-2α=60˚; ρ=1.0 mm; p=25mm; t=5.0 mm; H=10 mm; W=290 mm; N=3.

The results in terms of σmax at the middle notch of plate with periodic notches have
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been compared with the those from 2D plane element models, as it is shown in Fig.
12.
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Figure 12: Comparison of 3D and 2D models in term of σmax.

As it can be seen from Fig. 12, the σmax=461.8 MPa of plane model (a) is about 5%
lower than σmax=484.8 MPa of 3D model (b). The location of σmax in 3D model is
placed in this case at the middle of the plate, in contrast to some other cases where
the maximum of the principal stress is placed close to the surfaces (see Fig. 3).

5 Conclusions

This study is aimed to face for the first time with three-dimensional effects in plates
weakened by periodic notches. While some recent papers provide useful informa-
tion for plane plates with periodic notches (blunt and sharp), no results have been
presented up to now to discuss the 3D effects due to finite values of the plate thick-
ness. This paper is mainly focused to close this gap and to present some results
from 3D plates weakened by periodic notches of both sharp and blunt types. Dif-
ferent geometrical parameters have been varied in the models to have results form
about one hundred new accurate 3D models. In particular the thickness of the plate,
the notch opening angle, the pitch of the notch and the notch depth have been varied
to investigate a wide number of geometrical configurations.

The main result of this study is that the effect of the plate thickness in periodic
notched components can be characterized by the relative value between the plate
thickness and the notch depth (H/t). For blunt periodic notches under tension with
relatively higher values of H/t ratio (H/t>2.0), the value of maximum tensile stress
is located near the free surfaces while, on the contrary, for lower values (H/t<2.0)
it is placed at the mid-plane. The same behaviour is observed for sharp periodic
notches subjected to tension loading, in terms of notch stress intensity factors. The
number of notches has been also investigated showing that a saturation effect is
always found for N=9.
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